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Çàäà÷à îá ýôôåêòèâíîì âîçâåäåíèè â ñòåïåíü

Çàäà÷à: âû÷èñëèòü ñòåïåíü xn ïî äàííûì x è íàòóðàëüíîìó n.

Âû÷èñëåíèå x16: x2, x4, x8, x16 (5 îïåðàöèé óìíîæåíèÿ).

Âû÷èñëåíèå x23: x2, x4, x5, x10, x11, x22, x23 (7 îïåðàöèé óìíîæåíèÿ).

Î÷åâèäíî, ÷òî, ñ îäíîé ñòîðîíû, äëÿ âû÷èñëåíèÿ xn òðåáóåòñÿ íå ìåíåå log n

îïåðàöèé óìíîæåíèÿ, à ñ äðóãîé, � äëÿ ëþáîãî n ìîæíî ïðåäëîæèòü ìåòîä

âû÷èñëåíèÿ xn, èñïîëüçóþùèé íå áîëåå 2 log n (òî÷íåå, íå áîëåå log n+s(n), ãäå

s(n) � êîëè÷åñòâî åäèíèö â äâîè÷íîé çàïèñè ÷èñëà n) îïåðàöèé.

Âîïðîñ î íàèáîëåå ýêîíîìè÷íîì ñïîñîáå âû÷èñëåíèÿ xn ñ ïîìîùè îïåðàöèé

óìíîæåíèÿ � êëàññè÷åñêàÿ çàäà÷à, êîòîðàÿ îáû÷íî ôîðìóëèðóåòñÿ â àääèòèâ-

íîé ïîñòàíîâêå êàê çàäà÷à îá àääèòèâíûõ öåïî÷êàõ.
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Çàäà÷à îá àääèòèâíûõ öåïî÷êàõ

Àääèòèâíîé öåïî÷êîé äëÿ íàòóðàëüíîãî ÷èñëà n íàçûâàåòñÿ ïîñëåäîâàòåëü-

íîñòü öåëûõ ÷èñåë

a0 = 1, a1, . . . , ar = n,

óäîâëåòâîðÿþùàÿ ñâîéñòâó: äëÿ êàæäîãî k, 1 ≤ k ≤ r, íàéäåòñÿ äâà öåëûõ

÷èñëà (íå îáÿçàòåëüíî ðàçëè÷íûõ) i è j, 0 ≤ i, j ≤ k− 1, òàêèõ, ÷òî ak = ai+ aj.

×èñëî r íàçûâàåòñÿ äëèíîé ýòîé àääèòèâíîé öåïî÷êè. Ìèíèìàëüíàÿ äëèíà

àääèòèâíîé öåïî÷êè äëÿ n íàçûâàåòñÿ àääèòèâíîé ñëîæíîñòüþ âû÷èñëåíèÿ

íàòóðàëüíîãî ÷èñëà n è îáîçíà÷àåòñÿ ÷åðåç l(n).

Î÷åâèäíî, ÷òî ìèíèìàëüíîå ÷èñëî îïåðàöèé óìíîæåíèÿ, äîñòàòî÷íîå äëÿ

âû÷èñëåíèÿ xn, ðàâíî l(n). Ïîýòîìó èíîãäà âìåñòî l(n) áóäåò èñïîëüçîâàòüñÿ

îáîçíà÷åíèå l(xn).
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Çàäà÷à â îáùåì âèäå
Ïóñòü A = (aij) � öåëî÷èñëåííàÿ ìàòðèöà ðàçìåðà p×q ñ íåîòðèöàòåëüíûìè

êîýôôèöèåíòàìè áåç íóëåâûõ ñòðîê.

Àääèòèâíîé öåïî÷êîé äëÿ ìàòðèöû A íàçûâàåòñÿ ïîñëåäîâàòåëüíîñòü q-

ìåðíûõ âåêòîðîâ (íàáîðîâ) âèäà

v1 = (1, 0, . . . , 0), v2 = (0, 1, . . . , 0), . . . ,vq = (0, 0, . . . , 1),vq+1,vq+2, . . . ,vq+r,

íà÷èíàþùóþñÿ ñ q åäèíè÷íûõ âåêòîðîâ è óäîâëåòâîðÿþùóþ óñëîâèÿì:

1) äëÿ êàæäîãî k, q + 1 ≤ k ≤ q + r, íàéäåòñÿ äâà íàòóðàëüíûõ ÷èñëà (íå

îáÿçàòåëüíî ðàçëè÷íûõ) i è j, 1 ≤ i ≤ k−1, 1 ≤ j ≤ k−1, òàêèõ, ÷òî vk = vi+vj

(ñëîæåíèå âåêòîðîâ ïîêîìïîíåíòíîå);

2) {(a11, a12, . . . a1q), (a21, a22, . . . a2q), . . . , (ap1, ap2, . . . apq)} ⊆ {v1,v2, . . . ,vq+r}.
×èñëî r íàçûâàåòñÿ äëèíîé öåïî÷êè.

Ìèíèìàëüíàÿ äëèíà àääèòèâíîé öåïî÷êè äëÿ ìàòðèöû A íàçûâàåòñÿ àä-

äèòèâíîé ñëîæíîñòüþ (âû÷èñëåíèÿ, ïîðîæäåíèÿ, ðåàëèçàöèè) ìàòðèöû A è

îáîçíà÷àåòñÿ ÷åðåç l(A).
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Çàäà÷à îá àääèòèâíîé ñëîæíîñòè ìàòðèö ïî-ñóùåñòâó ñîâïàäàåò ñ èçâåñòíîé

çàäà÷åé î ñëîæíîñòè âû÷èñëåíèÿ ñèñòåì îäíî÷ëåíîâ (ñèñòåì êîììóòàòèâíûõ

ìîíîìîâ) � âåëè÷èíà l(A) ÷èñëåííî ðàâíà ìèíèìàëüíî âîçìîæíîìó ÷èñëó îïå-

ðàöèé óìíîæåíèÿ, äîñòàòî÷íîìó äëÿ âû÷èñëåíèÿ ïî ïåðåìåííûì x1, x2, . . . , xq

çàäàâàåìîé ìàòðèöåé A ñèñòåìû îäíî÷ëåíîâ

f1 = xa111 xa122 . . . xa1qq ,

f2 = xa211 xa222 . . . xa2qq ,

. . . ,

fp = x
ap1
1 x

ap2
2 . . . xapqq

(ïðè ýòîì äîïóñêàåòñÿ ìíîãîêðàòíîå èñïîëüçîâàíèå ïðîìåæóòî÷íûõ ðåçóëüòà-

òîâ). Äëÿ âåëè÷èíû l(A) èñïîëüçóåòñÿ òàêæå îáîçíà÷åíèå l(f1, f2, . . . , fp).
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¾Âû÷èñëåíèå ñèñòåìû îäíî÷ëåíîâ¿

¾Âõîäû¿ : x1, x2, . . . , xq;

èñïîëüçóåìûå îïåðàöèè: óìíîæåíèå;

âû÷èñëÿåìûå ôóíêöèè: xa111 xa122 . . . x
a1q
q , . . . , x

ap1
1 x

ap2
2 . . . x

apq
q ;

ìåðà ñëîæíîñòè: l(A).

¾Âû÷èñëåíèå ñèñòåìû öåëî÷èñëåííûõ ëèíåéíûõ ôîðì¿

¾Âõîäû¿ : x1, x2, . . . , xq;

èñïîëüçóåìûå îïåðàöèè: ñëîæåíèå è âû÷èòàíèå;

âû÷èñëÿåìûå ôóíêöèè: a11x1 + . . .+ a1qxq, . . . , ap1x1 + . . .+ apqxq,

ìåðà ñëîæíîñòè: l2(A).

¾Âû÷èñëåíèå ñèñòåìû ýëåìåíòîâ ñâîáîäíîé àáåëåâîé ãðóïïû¿

¾Âõîäû¿: x1, x2, . . . , xq, x
−1
1 , x−12 , . . . , x−1q ;

èñïîëüçóåìûå îïåðàöèè: óìíîæåíèå;

âû÷èñëÿåìûå ôóíêöèè: xa111 xa122 . . . x
a1q
q , . . . , x

ap1
1 x

ap2
2 . . . x

apq
q ;

ìåðà ñëîæíîñòè: lF (A).
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¾Ðåàëèçàöèÿ öåëî÷èñëåííûõ ìàòðèö

âåíòèëüíûìè ñõåìàìè ñ êðàòíûìè ïóòÿìè¿

Ïóñòü A = (aij) � öåëî÷èñëåííàÿ ìàòðèöà ðàçìåðà p×q ñ íåîòðèöàòåëüíûìè
ýëåìåíòàìè.

Îðèåíòèðîâàííûé ãðàô S áåç îðèåíòèðîâàííûõ öèêëîâ áóäåì íàçûâàòü âåí-

òèëüíîé ñõåìîé ñ êðàòíûìè ïóòÿìè (èëè âåíòèëüíîé ñõåìîé ñ ïðåäïèñàííûì

÷èñëîì ïóòåé), ðåàëèçóþùåé ìàòðèöó A, åñëè:

1) â S âûäåëåíî p âåðøèí � âõîäíûõ ïîëþñîâ è q âåðøèí � âûõîäíûõ

ïîëþñîâ, ïðè÷åì â S íåò îðèåíòèðîâàííûõ ïóòåé îò îäíîãî âõîäà ê äðóãîìó, îò

îäíîãî âûõîäà ê äðóãîìó, îò âûõîäà ê âõîäó;

2) äëÿ ëþáîé ïàðû (i, j), 1 ≤ i ≤ p, 1 ≤ j ≤ q, ÷èñëî îðèåíòèðîâàííûõ ïóòåé

îò i-ãî âõîäà ê j-ìó âûõîäó ðàâíî â òî÷íîñòè aij.

Ñëîæíîñòü l(S) âåíòèëüíîé ñõåìû S � ýòî ÷èñëî ðåáåð (âåíòèëåé) â ñõå-

ìå S. Ïîëîæèì l(A) = min l(S), ãäå ìèíèìóì áåðåòñÿ ïî âñåì ñõåìàì, ðåàëèçó-

þùèì ìàòðèöó A.
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Â 1937 ã. À. Øîëüö ââåë ïîíÿòèå àääèòèâíîé öåïî÷êè.

À. Áðàóýð, 1939:

l(n) ∼ log n;

l(n) ≤ log n+
log n

log log n
+O

(
log n log log log n

(log log n)2

)
.

Ï. Ýðä�åø, 1960: äëÿ ïî÷òè âñåõ n

l(n) = logn+
log n

log logn
+ o

(
log n

log log n

)
.

Ãèïîòåçà Øîëüöà�Áðàóýðà:

l(2m − 1) ≤ m− 1 + l(m).

À. Øåíõàãå, 1975:

l(n) ≥ log n+ log s(n)− 2,13,

ãäå s(n) � ÷èñëî åäèíèö â äâîè÷íîé çàïèñè ÷èñëà n.
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Â 1963 ã. Ð. Áåëëìàí, à çàòåì â 1964 ã. Å. Ñòðàóñ ñôîðìóëèðîâàëè çàäà÷ó î

ñëîæíîñòè âû÷èñëåíèÿ îäíî÷ëåíà îò q ïåðåìåííûõ l(xa11 x
a2
2 . . . x

aq
q ).

Â 1969 ã. Ä. Êíóò [Èñêóññòâî ïðîãðàììèðîâàíèÿ, ò. 2, ðàçä. 4.6.3., óïð. 32]

ïîñòàâèë çàäà÷ó î ñëîæíîñòè âû÷èñëåíèÿ p ñòåïåíåé îäíîé ïåðåìåííîé ò. å.

íàõîæäåíèÿ âåëè÷èíû l(xa1 , xa2 , . . . , xap).

Å. Ñòðàóñ, 1964: äëÿ ëþáîãî ôèêñèðîâàííîãî q

l(xa11 x
a2
2 . . . xaqq ) ∼ log(max ai).

À. ßî, 1976: äëÿ ëþáîãî ôèêñèðîâàííîãî p

l(xa1 , xa2 , . . . , xap) ∼ log(max ai).

Ä. Äîáêèí è Ð. Ëèïòîí, 1980 (ñ èñïîëüçîâàíèåì ðåçóëüòàòà Ò. Ñîóçàðäà,

1974):

l
(
x1

2

, x2
2

, . . . , xp
2
)
∼ p.
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¾Äâîéñòâåííîñòü¿

Íåçàâèñèìî (1981) À. Ô. Ñèäîðåíêî; Äæ. Îëèâîñ; Ä. Êíóò è K. Ïàïàäèìèò-

ðèó: çàäà÷è Áåëëìàíà è Êíóòà ýêâèâàëåíòíû.

Óòâåðæäåíèå. Äëÿ ëþáîé öåëî÷èñëåííîé ìàòðèöû A ñ íåîòðèöàòåëüíûìè

ýëåìåíòàìè ðàçìåðà p× q áåç íóëåâûõ ñòðîê è ñòîëáöîâ âûïîëíÿåòñÿ ðàâåíñòâî

l(A) + p = l
(
AT
)
+ q.

Óòâåðæäåíèå. Äëÿ ëþáîé öåëî÷èñëåííîé ìàòðèöû A ðàçìåðà p×q âûïîë-
íÿþòñÿ íåðàâåíñòâà −q ≤ l2

(
AT
)
− l2(A) ≤ p.

Â îòëè÷èå îò ìåð ñëîæíîñòè l è l2, ìåðà ñëîæíîñòè lF íå îáëàäàåò ñâîéñòâîì

äâîéñòâåííîñòè:

lF
((
2k, 2−k

))
= k + 1, lF

((
2k, 2−k

)T)
= 2k.

À äëÿ ìåðû ñëîæíîñòè l ðàâåíñòâî l(A) = l(AT ) î÷åâèäíî.
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Ï. Äîóíè, Á. Ëåîíã, Ð. Ñåòè (1981) óñòàíîâèëè, ÷òî çàäà÷à ðàñïî-

çíàâàíèÿ ïî íàáîðó íàòóðàëüíûõ ÷èñåë (n1, n2, . . . , np, l) ñóùåñòâî-

âàíèÿ àääèòèâíîé öåïî÷êè, èìåþùåé äëèíó l è ñîäåðæàùåé ÷èñëà

n1, n2, . . . , np, ÿâëÿåòñÿ NP -ïîëíîé.

Ïîýòîìó åñòåñòâåííî ðàññìàòðèâàòü èñõîäíûå çàäà÷è â àñèìïòî-

òè÷åñêîé ïîñòàíîâêå (ïðè
∑
|aij| → ∞) � òðåáóåòñÿ íàéòè ìåòîä

âû÷èñëåíèÿ ìàòðèöû A ñî ñëîæíîñòüþ â òîì èëè èíîì ñìûñëå áëèç-

êîé ê çíà÷åíèþ l(A), l2(A) èëè lF (A) ñîîòâåòñòâåííî (äëÿ âñåõ èëè

ïî÷òè äëÿ âñåõ ìàòðèö).
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Âåðõíèå îöåíêè äëÿ çàäà÷è Áåëëìàíà�Êíóòà

Ïóñòü N = n1n2 . . . nm,
∑
ni →∞.

Òåîðåìà.

l(xn1
1 x

n2
2 . . . xnm

m ) ≤ logN

log logN

(
1 +O

((
log log logN

log logN

)1/2
))

+

+O(m+ logmaxni),

Òåîðåìà (ñîâìåñòíî ñ Ñ. Á. Ãàøêîâûì).

l(xn1
1 x

n2
2 . . . xnm

m ) ≤ logmaxni+

+
logN

log logN

(
1 +O

((
log log logN

log logN

)1/2
))

+O(m),
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Òåîðåìà. Ïóñòü ôóíêöèÿ f(x) ïðè x → ∞ óäîâëåòâîðÿåò óñëîâèÿì

f(x)→∞, log f(x) = o(log x). Òîãäà âûïîëíÿþòñÿ íåðàâåíñòâà

l(xn1
1 x

n2
2 . . . , xnm

m ) ≤ log(maxni)(1 + o(1)) +
logN

log logN
(1 + o(1))+

+
m∑
i=1

(⌈
log(m/(f(m))2) ni

⌉
− log(m/(f(m))2) ni

)
,

l(xn1 , xn2 , . . . , xnm) ≤ log(maxni)(1 + o(1)) +
logN

log logN
(1 + o(1))+

+
m∑
i=1

(⌈
log(m/(f(m))2) ni

⌉
− log(m/(f(m))2) ni

)
−m.

Ñëåäñòâèå.

l(xn1
1 x

n2
2 . . . , xnm

m ) . log(maxni) +
logN

log logN
+m,

l(xn1 , xn2 , . . . , xnm) . log(maxni) +
logN

log logN
.
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Íèæíèå îöåíêè äëÿ çàäà÷è Áåëëìàíà�Êíóòà
Òðèâèàëüíàÿ îöåíêà:

l(xn1
1 x

n2
2 . . . xnm

m ) ≥ max(log(maxni),m
′ − 1) +m− 1,

ãäå m′ � ÷èñëî ðàçëè÷íûõ ÷èñåë â ìíîæåñòâå {n1, n2, . . . , nm}.
Ìîùíîñòíàÿ îöåíêà:

Ïóñòü ïîñëåäîâàòåëüíîñòü íàáîðîâ ñ(s) =
(
n1(s), n2(s), . . . , nm(s)(s)

)
, s =

1, 2, . . . , óäîâëåòâîðÿåò óñëîâèþ N =
∏m(s)

i=1 ni(s) → ∞ ïðè s → ∞. Òîãäà äëÿ

ëþáîãî ε > 0 äîëÿ íàáîðîâ (k1, k2, . . . , km), ãäå ki ≤ ni, óäîâëåòâîðÿþùèõ ñîîò-

íîøåíèþ

l
(
xk11 x

k2
2 . . . xkmm

)
≥ logN

log logN

(
1 + (1− ε) log log logN

log logN

)
,

ñòðåìèòñÿ ê åäèíèöå ïðè s→∞.

14



Äëÿ ïðîèçâîëüíîãî íàáîðà ñ = (n1, n2, . . . , nm) ðàçëè÷íûõ íàòóðàëüíûõ ÷èñåë ÷å-

ðåç σ îáîçíà÷èì ïåðåñòàíîâêó, óïîðÿäî÷èâàþùóþ íàáîð ñ ïî âîçðàñòàíèþ: nσ(1) <

nσ(2) < . . . < nσ(m). Ïîëîæèì

M (ñ) =
{
(k1, k2, . . . , km) |

k1 < k2 < . . . < km, ki ∈ N, 1 ≤ ki ≤ nσ(i), i = 1, 2, . . . ,m
}
.

Òàêæå ïîëîæèì K = k1k2 . . . km.

Òåîðåìà. Ïóñòü ïîñëåäîâàòåëüíîñòü íàáîðîâ ñ(s) =
(
n1(s), . . . . . . , nm(s)(s)

)
,

s = 1, 2, . . . , ðàçëè÷íûõ íàòóðàëüíûõ ÷èñåë óäîâëåòâîðÿåò óñëîâèþ
∏m(s)
i=1 ni(s) →

∞ ïðè s→∞. Òîãäà ñóùåñòâóþò òàêèå ïîëîæèòåëüíûå êîíñòàíòà c è ôóíêöèÿ

f(x), ñòðåìÿùàÿñÿ ê 0 ïðè x → ∞, ÷òî äîëÿ íàáîðîâ (k1, k2, . . . , km) èç M (ñ(s)),

óäîâëåòâîðÿþùèõ ñîîòíîøåíèþ∣∣∣∣l (xk1 , xk2 , . . . , xkm)− (log km +
logK

log logK

)∣∣∣∣ ≤ f(K)
logK

log logK
+ cm,

ñòðåìÿòñÿ ê åäèíèöå ïðè s→∞.
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Òàêèì îáðàçîì, äëÿ ïî÷òè âñåõ íàáîðîâ ñ = (n1, n2, . . . , nm) ïðè

óñëîâèè m = o
(
log(maxni) +

logN
log logN

)
ñïðàâåäëèâû ñîîòíîøåíèÿ

l(xn11 x
n2
2 . . . xnmm ) ∼ log(maxni) +

logN

log logN
,

l(xn1, xn2, . . . , xnm) ∼ log(maxni) +
logN

log logN
.
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Îäíî ïðèìåíåíèå çàäà÷è Êíóòà
Ïîñëåäîâàòåëüíîñòü S ñëîâ (íàáîðîâ) èç êîíå÷íîãî àëôàâèòà A

τ̃1, τ̃2, . . . , τ̃r = α̃

íàçûâàåòñÿ ñõåìîé êîíêàòåíàöèè, ðåàëèçóþùåé (âû÷èñëÿþùåé) ñëîâî (íàáîð)

α̃, åñëè äëÿ êàæäîãî i, i = 1, 2, . . . , r, ñëîâî τ̃i ìîæíî ïðåäñòàâèòü â âèäå τ̃i =

β̃i1 β̃i2 , ãäå äëÿ j = 1, 2 ëèáî βij � áóêâà èç àëôàâèòà A, ëèáî βij = τm äëÿ

íåêîòîðîãî m, óäîâëåòâîðÿþùåãî óñëîâèþ m ≤ i− 1. Ñëîæíîñòüþ lc(S) ñõåìû

êîíêàòåíàöèè S íàçûâàåòñÿ ÷èñëî r. Ïîëîæèì lc(α̃) = min lc(S), ãäå ìèíèìóì

áåðåòñÿ ïî âñåì ñõåìàì êîíêàòåíàöèè, ðåàëèçóþùèì ñëîâî α̃ â àëôàâèòå A.

Ïóñòü A = {0, 1}.
Îáîçíà÷èì ÷åðåç Mk

n ìíîæåñòâî âñåõ äâîè÷íûõ íàáîðîâ (ñëîâ) äëèíû n,

ñîäåðæàùèõ ðîâíî k åäèíèö. Ïîëîæèì

lc(k, n) = max
α̃∈Mk

n

lc(α̃), k = 0, 1, . . . , n.
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Äîîïðåäåëèì âûðàæåíèå logCk
n/ log logC

k
n ïðè k = 0 è k = n íóëåì.

Òåîðåìà. Ïóñòü {(km, nm)},m = 1, 2, . . . , � ïîñëåäîâàòåëüíîñòü ïàð öåëûõ

÷èñåë, óäîâëåòâîðÿþùàÿ óñëîâèÿì:

0 ≤ km ≤ nm,

nm →∞ ïðè m→∞.

Òîãäà ïðè m→∞ ñïðàâåäëèâî àñèìïòîòè÷åñêîå ðàâåíñòâî

lc(km, nm) ∼ log nm +
logCkm

nm

log logCkm
nm

.
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Ôóíêöèè Øåííîíà
Ïðè K ≥ 2 ïîëîæèì L(p, q,K) = max l(A), ãäå ìàêñèìóì áåðåòñÿ ïî âñåì

öåëî÷èñëåííûì ìàòðèöàì A = (aij) ñ íåîòðèöàòåëüíûìè ýëåìåíòàìè áåç íóëå-

âûõ ñòðîê ðàçìåðà p× q, óäîâëåòâîðÿþùèì óñëîâèÿì aij ≤ K − 1, i = 1, . . . , p,

j = 1, . . . , q.

Àíàëîãè÷íî, ïðè K ≥ 2 ïîëîæèì L2(p, q,K) = max l2(A), LF (p, q,K) =

max lF (A), ãäå ìàêñèìóì áåðåòñÿ ïî âñåì öåëî÷èñëåííûì ìàòðèöàì A = (aij)

ðàçìåðà p×q, óäîâëåòâîðÿþùèì óñëîâèÿì |aij| ≤ K−1, i = 1, . . . , p, j = 1, . . . , q.

Òåîðåìà (Í. Ïèïïåíäæåð, 1980). Ïðè óñëîâèè pq logK →∞

L(p, q,K) = min(p, q) logK+

+
pq logK

log(pq logK)

(
1 +O

((
log log(pq logK)

log(pq logK)

)1/2
))

+O(max(p, q)).
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Òåîðåìà. Ïðè óñëîâèè pq logK →∞

L2(p, q,K) = min(p, q) logK+

+
pq log(2K − 1)

log(pq logK)

(
1 +O

((
log log(pq logK)

log(pq logK)

)1/2
))

+O(max(p, q));

Òåîðåìà. Ïðè óñëîâèè pq logK →∞

LF (p, q,K) ≤ min(p, q + 1) logK+

+
pq log(2K − 1)

log(pq logK)

(
1 +O

((
log log(pq logK)

log(pq logK)

)1/2
))

+O(max(p, q));

LF (p, q,K) ≥ max

(
min(p, q + 1) logK,

pq log(2K − 1)

log(pq logK)

)
+O(max(p, q)).
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Íàêîíåö, ïðè K ≥ 2 ïîëîæèì L(p, q,K) = max l(A), ãäå ìàêñèìóì áåðåòñÿ

ïî âñåì öåëî÷èñëåííûì ìàòðèöàì A = (aij) ñ íåîòðèöàòåëüíûìè ýëåìåíòàìè

ðàçìåðà p× q, óäîâëåòâîðÿþùèì óñëîâèÿì aij ≤ K− 1, i = 1, . . . , p, j = 1, . . . , q.

Òåîðåìà (Í. Ïèïïåíäæåð, 1979). Ïðè óñëîâèè pq logK →∞

L(p, q,K) = 3min(p, q) log3K+

+
pq logK

log(pq logK)

(
1 +O

((
log log(pq logK)

log(pq logK)

)1/2
))

+O(max(p, q)).
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Óíèâåðñàëüíàÿ íèæíÿÿ îöåíêà
Ïóñòü A = (aij) � ïðîèçâîëüíàÿ ìàòðèöà ðàçìåðà p× q, à ÷èñëî k óäîâëåòâîðÿåò

íåðàâåíñòâàì 1 ≤ k ≤ min(p, q). Äëÿ íàáîðîâ èíäåêñîâ (i1, i2, . . . , ik) è (j1, j2, . . . , jk),

òàêèõ ÷òî 1 ≤ i1 < i2 < . . . < ik ≤ p, 1 ≤ j1 < j2 < . . . < jk ≤ q, îáîçíà÷èì ÷åðåç

A(i1, i2, . . . , ik; j1, j2, . . . , jk) êâàäðàòíóþ ìàòðèöó ïîðÿäêà k, ñîñòîÿùóþ èç ýëåìåíòîâ,

íàõîäÿùèõñÿ íà ïåðåñå÷åíèè ñòðîê ñ íîìåðàìè i1, i2, . . . , ik è ñòîëáöîâ ñ íîìåðàìè

j1, j2, . . . , jk. Ïîëîæèì

D(A) = max
k : 1≤k≤min(p,q)

(
max

(i1,...,ik; j1,...,jk)
|detA(i1, i2, . . . , ik; j1, j2, . . . , jk)|

)
.

Òàêèì îáðàçîì, D(A) � ýòî ìàêñèìóì àáñîëþòíûõ âåëè÷èí ìèíîðîâ ìàòðèöû A,

ãäå ìàêñèìóì áåðåòñÿ ïî âñåì ìèíîðàì.

Òåîðåìà. Äëÿ ëþáîé íåíóëåâîé öåëî÷èñëåííîé ìàòðèöû A ñïðàâåäëèâû íåðàâåí-

ñòâà:

l(A) ≥ logD(A), l2(A) ≥ logD(A), lF (A) ≥ logD(A), l(A) ≥ 3 log3D(A).
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Âû÷èñëåíèå ñèñòåì
öåëî÷èñëåííûõ ëèíåéíûõ ôîðì

Òåîðåìà. Ïóñòü ïîñëåäîâàòåëüíîñòü öåëî÷èñëåííûõ ìàòðèö A(n) =(
aij(n)

)
ðàçìåðà p(n)× q(n) ïðè n→∞ óäîâëåòâîðÿåò óñëîâèþ

p+ q

(log logD(A))1/2
→ 0.

Òîãäà

logD(A(n)) ≤ l2 (A(n)) ≤ logD(A(n)) + o
(
logD(A(n))

)
.

Òàêèì îáðàçîì, äëÿ ñàìîé ¾ñèëüíîé¿ âû÷èñëèòåëüíîé ìîäåëè äëÿ ëþáûõ

ôèêñèðîâàííûõ (è äàæå ñëàáîðàñòóùèõ) ðàçìåðîâ ìàòðèöû óñòàíîâëåíà àñèìï-

òîòèêà ðîñòà ñëîæíîñòè:

l2(A(n)) ∼ logD(A(n)).
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Ðåçóëüòàò ïðåäûäóùåé òåîðåìû ïåðåíîñèòñÿ íà ñëåäóþùóþ âû÷èñëèòåëü-

íóþ ìîäåëü.

Îáîçíà÷èì ÷åðåç l{−}(A) ìèíèìàëüíî âîçìîæíîå ÷èñëî îïåðàöèé âû÷èòàíèÿ,

äîñòàòî÷íîå äëÿ âû÷èñëåíèÿ ïî ïåðåìåííûì x1, x2, . . . , xq, ñèñòåìû ëèíåéíûõ

ôîðì {ai1x1 + ai2x2 + . . . + aiqxq, i = 1, 2, . . . , p}, çàäàâàåìûõ öåëî÷èñëåííîé

ìàòðèöåé êîýôôèöèåíòîâ A.

Îáîçíà÷èì ÷åðåç ϕ ¾çîëîòîå ñå÷åíèå¿ , ò. å. âåëè÷èíó
√
5+1
2

.

Òåîðåìà. Ïóñòü ïîñëåäîâàòåëüíîñòü öåëî÷èñëåííûõ ìàòðèö A(n) =(
aij(n)

)
ðàçìåðà p(n)× q(n) ïðè n→∞ óäîâëåòâîðÿåò óñëîâèþ

p+ q

(log logD(A))1/2
→ 0.

Òîãäà

l{−}(A) ∼ logϕD(A(n)).
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Âû÷èñëåíèå ñèñòåì îäíî÷ëåíîâ

Òåîðåìà. Äëÿ ïðîèçâîëüíîé ïîñëåäîâàòåëüíîñòè öåëî÷èñëåííûõ ìàòðèö

A(n) = (aij(n)) ðàçìåðà 2× 2 ñ íåîòðèöàòåëüíûìè ýëåìåíòàìè è áåç íóëåâûõ

ñòðîê, óäîâëåòâîðÿþùåé ïðè n→∞ óñëîâèþ

max
aij∈A(n)

aij(n)→∞,

ñïðàâåäëèâû îöåíêè

logD(A(n)) ≤ l (A(n)) ≤ logD(A(n)) +O

(
logmax aij(n)

log logmax aij(n)

)
.
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Òåîðåìà. Äëÿ ïðîèçâîëüíûõ ïîñëåäîâàòåëüíîñòåé öåëî÷èñëåííûõ ìàòðèö

A(n) = (aij(n)) è B(n) = (bij(n)) ðàçìåðîâ, ñîîòâåòñòâåííî, p(n)×2 è 2×q(n) ñ
íåîòðèöàòåëüíûìè ýëåìåíòàìè è áåç íóëåâûõ ñòðîê, óäîâëåòâîðÿþùèõ ïðè

n→∞ óñëîâèÿì

max
aij∈A(n)

aij(n)→∞, max
bij∈B(n)

bij(n)→∞,

ñïðàâåäëèâû îöåíêè

logD(A(n)) ≤ l (A(n)) ≤ logD(A(n)) + o

(
p(n) logmax aij(n)

log logmax aij(n)

)
,

logD(B(n)) ≤ l (B(n)) ≤ logD(B(n)) + o

(
q(n) logmax bij(n)

log logmax bij(n)

)
.
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Òåîðåìà. Äëÿ ïðîèçâîëüíîé ïîñëåäîâàòåëüíîñòè öåëî÷èñëåííûõ ìàòðèö

A(n) = (aij(n)) ðàçìåðà 3× 3 ñ íåîòðèöàòåëüíûìè ýëåìåíòàìè è áåç íóëåâûõ

ñòðîê, óäîâëåòâîðÿþùåé ïðè n→∞ óñëîâèþ

max
aij∈A(n)

|aij(n)| → ∞,

ñïðàâåäëèâû íåðàâåíñòâà

logD(A(n)) ≤ l (xa11ya12za13 , xa21ya22za23 , xa31ya32za33) ≤
≤ logD(A(n)) + o (logD(A(n))) .
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Îáîçíà÷èì ÷åðåç A(t, n) êâàäðàòíóþ ìàòðèöó ïîðÿäêà 2t, t ≥ 2, îïðåäå-

ëÿåìóþ ñëåäóþùèì îáðàçîì. Ïåðâîé ñòðîêîé ìàòðèöû A(t, n) ÿâëÿåòñÿ íàáîð

äëèíû 2t, ïåðâàÿ ïîëîâèíà ðàçðÿäîâ êîòîðîãî ðàâíà n, à âòîðàÿ ïîëîâèíà � 0.

Îñòàëüíûå 2t − 1 ñòðîêè ìàòðèöû A(t, n) ïîëó÷àþòñÿ èç ïåðâîé ñòðîêè ïîñëå-

äîâàòåëüíûì öèêëè÷åñêèì ñäâèãîì íà îäèí ðàçðÿä âïðàâî.

Òåîðåìà. Ïðè óñëîâèè t = o
(

logn
log logn

)
ñïðàâåäëèâî àñèìïòîòè÷åñêîå ðàâåí-

ñòâî

l(A(t, n)) ∼ 2t

t+ 1
logD(A(t, n)).

Ñëåäñòâèåì ýòîé òåîðåìû ÿâëÿåòñÿ òîò ôàêò, ÷òî ïðè âû÷èñëåíèè ñèñòå-

ìû îäíî÷ëåíîâ, çàäàâàåìîé ìàòðèöåé A(t, n), ïðè t ≥ 3 ïðè âñåõ äîñòàòî÷íî

áîëüøèõ n â ñèëó íåðàâåíñòâ 2t
t+1

log x ≥ 1, 5 log x > logϕ x áîëåå ýôôåêòèâíîé

îïåðàöèåé ÿâëÿåòñÿ íå óìíîæåíèå, à äåëåíèå.
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Ðåàëèçàöèÿ ìàòðèö
âåíòèëüíûìè ñõåìàìè ñ êðàòíûìè ïóòÿìè

Òåîðåìà. Äëÿ ïðîèçâîëüíîãî íàòóðàëüíîãî m è ïðîèçâîëüíîé ïîñëåäîâà-

òåëüíîñòè ìàòðèö {An} ñ íåîòðèöàòåëüíûìè ýëåìåíòàìè, êàæäàÿ èç êî-

òîðûõ èìååò ðàçìåð ëèáî 2 × qn, ãäå qn ≤ m, ëèáî pn × 2, ãäå pn ≤ m, ëèáî

3× 3, ïðè óñëîâèè D(An)→∞ âûïîëíÿåòñÿ ñîîòíîøåíèå

l(An) ∼ 3 log3D(An).

Òåîðåìà. Ïðè óñëîâèè t = o
(

logn
log logn

)
ñïðàâåäëèâî àñèìïòîòè÷åñêîå ðàâåí-

ñòâî
l(A(t, n)) ∼ 6t

t+ 1
logD(A(t, n)).

Òàêèì îáðàçîì, ïðèâåäåí ïðèìåð ïîñëåäîâàòåëüíîñòè ìàòðèö ðàçìåðà

2t× 2t, äëÿ êîòîðîé óíèâåðñàëüíóþ íèæíþþ îöåíêó ìîæíî óñèëèòü àñèìïòî-

òè÷åñêè â 2t/(t+ 1) ðàç.
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Âû÷èñëåíèå ñèñòåì ýëåìåíòîâ
àáåëåâûõ ãðóïï

Îöåíêà lF (A) ≥ logD(A) ìîæåò áûòü çíà÷èòåëüíî óëó÷øåíà óæå â ïðîñòåé-

øåì ñëó÷àå: lF

((
2k, 2−k

)T)
= 2 logD

((
2k, 2−k

)T)
.

Ïóñòü A � ïðîèçâîëüíàÿ ìàòðèöà ðàçìåðà p× q. Ïîëîæèì

T (A) = max
j : 1≤j≤q

{max{a1j, a2j, . . . , apj, 0} |min{a1j, a2j, . . . , apj, 0}|} .

Òàêèì îáðàçîì, T (A) � ýòî ìàêñèìóì àáñîëþòíûõ âåëè÷èí ïîïàðíûõ ïðîèçâå-

äåíèé ýëåìåíòîâ ìàòðèöû A, ãäå ìàêñèìóì áåðåòñÿ ïî âñåì ïàðàì ýëåìåíòîâ,

óäîâëåòâîðÿþùèì äâóì óñëîâèÿì � ýòè ýëåìåíòû äîëæíû íàõîäèòüñÿ â îäíîì

ñòîëáöå è èìåòü ðàçíûå çíàêè.

Òåîðåìà. Äëÿ ïðîèçâîëüíîé íåíóëåâîé öåëî÷èñëåííîé ìàòðèöû A ñïðàâåä-

ëèâî íåðàâåíñòâî lF (A) ≥ logmax{D(A), T (A)}.

30



Òåîðåìà. Äëÿ ïðîèçâîëüíîé ïîñëåäîâàòåëüíîñòè öåëî÷èñëåííûõ ìàòðèö

A(n) = (aij(n)) ðàçìåðà 2× q(n), óäîâëåòâîðÿþùåé óñëîâèþ

q(n)

log logmax
i, j
|aij(n)|

→ 0

ïðè n→∞, ñïðàâåäëèâî àñèìïòîòè÷åñêîå ðàâåíñòâî

lF (A(n)) ∼ logmax{D(A(n)), T (A(n))}.
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Ïóñòü ìàòðèöà A = (aij) èìååò ðàçìåðû 3 × 2. Ïîä çàïèñüþ ast ïðè s > 3

è/èëè t > 2 áóäåì ïîíèìàòü ýëåìåíò aij, ãäå i è j îïðåäåëÿþòñÿ èç óñëîâèé

1 ≤ i ≤ 3, i ≡ s (mod 3); 1 ≤ j ≤ 2, j ≡ t (mod 2).

Ýëåìåíò aij ìàòðèöû A ðàçìåðà 3×2 íàçûâàåòñÿ îñîáûì, åñëè âûïîëíÿþòñÿ

ñëåäóþùèå óñëîâèÿ:

aij 6= 0, aijai+1,j ≤ 0, aijai+2,j ≤ 0, |ai+1,j|+ |ai+2,j| 6= 0.

×åðåç A(s, t) îáîçíà÷èì ìàòðèöó ðàçìåðà 2×2, â êîòîðîé ïåðâîé ñòðîêîé ÿâëÿ-

åòñÿ ñòðîêà ìàòðèöû A, ñîäåðæàùàÿ ýëåìåíò as1, à âòîðîé � ñòðîêà ìàòðèöû

A, ñîäåðæàùàÿ ýëåìåíò at1.
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Ïóñòü aij � îñîáûé ýëåìåíò ìàòðèöû A ðàçìåðà 3× 2. Îïðåäåëèì âåëè÷èíó r(aij)

ñëåäóþùèì îáàçîì:

1) åñëè âûïîëíÿþòñÿ íåðàâåíñòâà detA(i + 1, i + 2) detA(i + 2, i) ≥ 0 è detA(i +

1, i+ 2) detA(i, i+ 1) ≥ 0, òî ïîëàãàåì

r(aij) = |aij detA(i+ 1, i+ 2)| ;

2) åñëè âûïîëíÿåòñÿ íåðàâåíñòâî detA(i+ 1, i+ 2) detA(i+ 2, i) < 0, òî ïîëàãàåì

r(aij) = |aij detA(i+ 1, i+ 2)| max{|ai1|, |ai2|, |ai+2,1|, |ai+2,2|}
D(A(i+ 2, i))

;

3) åñëè âûïîëíÿåòñÿ íåðàâåíñòâî detA(i+ 1, i+ 2) detA(i, i+ 1) < 0, òî ïîëàãàåì

r(aij) = |aij detA(i+ 1, i+ 2)| max{|ai1|, |ai2|, |ai+1,1|, |ai+1,2|}
D(A(i, i+ 1))

.
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Äëÿ ýëåìåíòîâ aij, íå ÿâëÿþùèõñÿ îñîáûìè â öåëî÷èñëåííîé ìàòðèöå A ðàç-

ìåðà 3×2, ïîëîæèì r(aij) = 0. Äàëåå, äëÿ ìàòðèöû A îïðåäåëèì âåëè÷èíó R(A)

ðàâåíñòâîì

R(A) = max
aij∈A

r(aij).

Òåîðåìà. Äëÿ ïðîèçâîëüíîé ïîñëåäîâàòåëüíîñòè öåëî÷èñëåííûõ ìàòðèö

A(n) = (aij(n)) ðàçìåðà 3× 2, óäîâëåòâîðÿþùåé ïðè n→∞ óñëîâèþ

max
aij∈A(n)

|aij(n)| → 0,

ñïðàâåäëèâî àñèìïòîòè÷åñêîå ðàâåíñòâî

lF (A(n)) ∼ logmax{D(A(n)), T (A(n)), R(A(n))}.
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Òåîðåìà. Ïðè óñëîâèè t = o
(

logn
log logn

)
ñïðàâåäëèâî àñèìïòîòè÷åñêîå ðàâåí-

ñòâî

lF (A(t, n)) ∼ (t+ 1) log n ∼ logD(A).

Òåîðåìà. Ïðè óñëîâèè t = o(log n) ñïðàâåäëèâî àñèìïòîòè÷åñêîå ðàâåí-

ñòâî
l(A(t, n))

lF (A(t, n))
∼ 2t

t+ 1
.
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