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detA =
∑
σ∈Sn

sgn(σ)a1σ(1) · · · anσ(n)

è

perA =
∑
σ∈Sn

a1σ(1) · · · anσ(n),

çäåñü A = (aij) ∈ Mn(C), Sn � ãðóïïà ïåðåñòàíîâîê {1, 2, . . . , n},

sgn(σ) ∈ {−1, 1} � çíàê σ.



det per

Ãåîìåòðèÿ Îðèåíòèðîâàííûé îáúåì Êîìáèíàòîðíàÿ ãåîìåòðèÿ

Àëãåáðà λ1 · · ·λn Ãðàíèöû

Ñëîæíîñòü O(n3) ∼ (n− 1) · (2n − 1)



Ôîðìóëà Ðàéçåðà

per(A) =

n−1∑
t=0

(−1)t
∑

X∈Λn−t

n∏
i=1

ri(X)

ri(X) =
t∑

j=1
xij � iàÿ ñòðî÷íàÿ ñóììà

Λn−t � ìíîæåñòâî âñåõl n× (n− t) ïîäìàòðèö A



Êîëè÷åñòâî îòîáðàæåíèé, ñîõðàíÿþùèõ èíâàðèàíò, îïðåäåëÿåò �ìåðó�

åãî ñëîæíîñòè

Òåîðåìà 1 [Ôðîáåíèóñ, 1896]

T : Mn(C)→Mn(C)

� ëèíåéíîå, áèåêòèâíîå
det(T (A)) = detA ∀A ∈Mn(C)

⇓
∃P,Q ∈ GLn(C), det(PQ) = 1 :

T (A) = PAQ ∀A ∈Mn(C) èëè T (A) = PAtQ ∀A ∈Mn(C)



Òåîðåìà 2 [Marcus, May] Ëèíåéíîå îòîáðàæåíèå T ñîõðàíÿåò ïåðìà-

íåíò ⇐⇒

T (A) = P1D1AD2P2 ∀A ∈Mn(F), èëè

T (A) = P1D1A
tD2P2 ∀A ∈Mn(F)

çäåñü Di � îáðàòèìûå äèàãîíàëüíûå ìàòðèöû, i = 1, 2

Pi � ìàòðèöû ïåðåñòàíîâêè, i = 1, 2



Ïîëèà, 1913:

n = 2:

det

 a b

c d

 = per

 a b

−c d





Ïðîáëåìà.Ïîëèà, 1913. ∃ åäèíûé ñïîñîá ïðèïèñûâàíèÿ ± ýëåìåíòàì

A = (aij) ∈Mn(F), ò.÷. per(aij) = det(±aij)?

n = 2:

 a b

c d

 7→
 a b

−c d



Ñåãå, 1914. n > 2: ÍÅÒ.



Ïî÷åìó?

n = 3: ðàññìîòðèì J3 =
(

1 1 1
1 1 1
1 1 1

)
.

Òîãäà per J3 = 6, íî

det


±1 ±1 ±1

±1 ±1 ±1

±1 ±1 ±1

 < 6

ò.ê. −1 âõîäèò â 2 ñëàãàåìûå, ò.å. âñå 6 ñëàãàåìûõ íå ìîãóò áûòü

ïîëîæèòåëüíû.



Ïîäìíîæåñòâà Mn?

Èíîãäà âîçìîæíî:

1.


a b 0

c d e

f g h

 7→


a b 0

−c d e

f −g h


2. A: aij = 0, åñëè j − i ≥ 2 (ìàòðèöû Õåññåíáåðãà)

A 7→ Ã = (ãij): ãij =


−aij, åñëè j − i = 1

aij, èíà÷å



3. A � (3-äèàãîíàëüíàÿ) ìàòðèöà ßêîáè

A 7→ Â = (âij):

âst =


i ast, åñëè s 6= t

ass, åñëè s=t



Ïðîáëåìà. Ïðè êàêèõ óñëîâèÿõ ñóùåñòâóåò îòîáðàæåíèå Φ :

Mn(F)→Mm(F), óäîâëåòâîðÿþùåå

perA = det Φ(A)?



Ëèíåéíûå ?

Òåîðåìà (Ìàðêóñ, Ìèíê, 1961).Íå ñóùåñòâóåò ëèíåéíûõ îòîáðàæå-

íèé Φ : Mn(F) → Mn(F), n > 2, óäîâëåòâîðÿþùèõ perA = det Φ(A)

∀ A ∈Mn(F).

Òåîðåìà (É. ôîí çþð Ãàôåí, 1987).Ïóñòü F áåñêîíå÷íî, char(F) 6= 2.

Íå ñóùåñòâóåò àôôèííûõ áèåêòèâíûõ îòîáðàæåíèé Φ : Mn(F) →

Mn(F), n > 2 óäîâëåòâîðÿþùèõ perA = det Φ(A) ∀ A ∈Mn(F).

Äîêàçàòåëüñòâî: îñíîâàíî íà àëãåáðàè÷åñêîé ãåîìåòðèè.



Ïðèìåð. Ñóùåñòâóþò íåáèåêòèâíûå íåëèíåéíûå êîíâåðòåðû Φ :

Mn(F)→Mm(F) ìåæäó per è det:

Φ : A 7→

 1 1
2(detA− perA)

1 1
2(detA + perA)

⊕ Idm−2 .

Òîãäà perA = det Φ(A) è detA = per Φ(A).



Ïðèìåð.Ñóùåñòâóþò áèåêòèâíûå íåëèíåéíûå êîíâåðòåðû ìåæäó per

è det íàä áåñêîíå÷íûìè ïîëÿìè:

Äëÿ ëþáîãî áåñêîíå÷íîãî F è ëþáûõ λ, µ ∈ F

card {A ∈Mn(F)| detA = µ, perA = λ} =

= cardF

= card {A ∈Mn(F)| detA = λ, perA = µ},

ñëåäîâàòåëüíî, áèåêöèè ìåæäó ýòèìè ìíîæåñòâàìè ñóùåñòâóþò, ñëå-

äîâàòåëüíî, ñóùåñòâóåò îáùàÿ áèåêöèÿ.



ÊÎÍÅ×ÍÛÅ ÏÎËß ?

Òåîðåìà. [Ãóòåðìàí, Äîëèíàð, Êóçìà, Îðåë] ∀ n ≥ 3 ∃ q0 = q0(n):

∀ êîíå÷íîå ïîëå F, chF 6= 2, |F| ≥ q0 íå ñóùåñòâóåò áèåêòèâíûõ

îòîáðàæåíèé Φ : Mn(F)→Mn(F), óäîâëåòâîðÿþùèõ

perA = det Φ(A). (1)

Åñëè n = 3 âûâîä ñïðàâåäëèâ ∀ êîíå÷íîãî ïîëÿ, chF 6= 2.



|Dn| = |Mn| − |GLn|

⇓

åñëè n ≥ 4

|Dn| = qn
2
−

n∏
k=1

(qn − qk−1) = qn
2−1 + qn

2−2 + O(qn
2−5)



|Dn| = qn
2
−

n∏
k=1

(qn − qk−1) = qn
2−1 + qn

2−2 + 0 + 0 + O(qn
2−5)

Ln = qn
2−1 − qn

2−2 + O(qn
2−3) (n ≥ 4),

Un = qn
2−1 + 0 + O(qn

2−3) (n ≥ 4).

Ln ≤ Pn ≤ Un < Dn



Âåðîÿòíîñòü

[Ï. Ýðäîø, À. Ðåíüè] Êàêîâà âåðîÿòíîñòü òîãî, ÷òî ïåðìàíåíò äàííîé

ìàòðèöû ðàâíÿåòñÿ 0?

Òåîðåìà.Ïóñòü F � êîíå÷íîå ïîëå, chF 6= 2. Òîãäà ∀ λ ∈ F

P (perA = λ) =
1

q
+ O(

1

q2
).



Òåîðåìà (Áóäðåâè÷, Ãóòåðìàí).Ïóñòü F � êîíå÷íîå ïîëå, chF 6= 2.

∀ n ≥ 3 ÷èñëî íóëåé per ≤ ÷èñëî íóëåé det.

Òåîðåìà (Áóäðåâè÷, Ãóòåðìàí).Ïóñòü F � êîíå÷íîå ïîëå, chF 6= 2.

Òîãäà ∀ n ≥ 3 íå ñóùåñòâóåò áèåêòèâíîãî îòîáðàæåíèÿ

T : Mn(F)→Mn(F), óäîâëåòâîðÿþùåãî

perA = detT (A).



Ïðîáëåìà (Ïîëèà).Äëÿ äàííîé (0,1)-ìàòðèöû A ∈ Mn(F), ∃ ëè B,

ïîëó÷åííàÿ èçìåíåíèåì íåêîòîðûõ +1 ýëåìåíòîâ A íà −1, ò.÷.

perA = detB?



Ñëåäóþùèå ïðîáëåìû åé ýêâèâàëåíòíû:

1. ×åòíûé öèêë: ∃ îðèåíòèðîâàííûé öèêë ÷åòíîé äëèíû â îðãðàôå?

2. Çíàêîâàÿ ðàçðåøèìîñòü: Êîãäà A ∈Mn(R) îáëàäàåò ñâîéñòâîì, ÷òî

êàæäàÿ ìàòðèöà ñ òîé æå çíàêîâîé ñõåìîé íåâûðîæäåííà?

[Brualdi, Shader, 1991]: Îõàðàêòåðèçîâàíû êîíâåðòèðóåìûå (0,1) ìàò-

ðèöû, êîòîðûå èçìåíåíèå ∀ 0 íà 1 ïðåâðàùàåò â íåêîíâåðòèðóåìûå

. . . . . . . . .

Ñóùåñòâóåò áîëåå 30 ýêâèâàëåíòíûõ ïðîáëåì [ W. McCuaig, The

Electronic Journal of Combinatorics 11 (2004), R79].



Ïóñòü Mn � ìíîæåñòâî âñåõl n × n {0, 1} ìàòðèö íàä R � êîëüöî

õàðàêòåðèñòèêè 0.

Sn ⊆Mn � ïîäìíîæåñòâî ñèììåòðè÷íûõ ìàòðèö.

v(A) � ÷èñëî åäèíèö 1 â A. NB: v(A) =
∑

âñåõ ýëåìåíòîâ A.

X ◦A îáîçíà÷àåò ïðîèçâåäåíèå Àäàìàðà (ïîêîìïîíåíòíîå) äâóõ ìàò-

ðèö.



Îïðåäåëåíèå.

A ∈Mn êîíâåðòèðóåìà åñëè ∃ X ∈Mn(±1):

perA = det(X ◦ A) .

A ∈ Sn ñèììåòðè÷íî êîíâåðòèðóåìà, åñëè ∃ X ∈ Sn(±1):

perA = det(X ◦ A) .

A ∈ Sn ñëàáî ñèììåòðè÷íî êîíâåðòèðóåìà, åñëè ∃ X ∈ Sn(±1):

perA = | det(X ◦ A)| .



ÍÀÁËÞÄÅÍÈÅ

A ∈ Sn ñëàáî ñèììåòðè÷íî êîíâåðòèðóåìà.

Òîãäà A êîíâåðòèðóåìà.

Äîìíîæèì ñòðîêó A íà −1.



Ìîæåò ëè ìàòðèöà ñ ïðîèçâîëüíûì ÷èñëîì åäèíèö áûòü êîíâåðòèðóåìîé?

Òåîðåìà. [Ãèáñîí, 1971] Ïóñòü A ∈Mn � êîíâåðòèðóåìà, perA > 0.

Òîãäà v(A) ≤ Ωn :=
n2 + 3n− 2

2
.

Ðàâåíñòâî ⇔ ∃ ìàòðèöû-ïåðåñòàíîâêè P,Q: A = PTnQ.



Çäåñü ìàòðèöà Ãèáñîíà Tn = (tij) ∈Mn, Gn = (gij) ∈Mn,

tij =


0, åñëè 1 ≤ i < j < n

1, åñëè i ≥ j or j = n

, gij =


0, if i + j ≤ n− 1

1, èëè i + j > n− 1

Çàìåòèì, ÷òî Gn = TnQn äëÿ Qn = Q(σ), ò.÷.

σ = (1, n− 1)(2, n− 2), . . . , (bn/2c, b(n + 1)/2c),

çäåñü bxc � íàèáîëüøåå öåëîå ≤ x.

T5 =

(
1 0 0 0 1
1 1 0 0 1
1 1 1 0 1
1 1 1 1 1
1 1 1 1 1

)
G5 =

(
0 0 0 1 1
0 0 1 1 1
0 1 1 1 1
1 1 1 1 1
1 1 1 1 1

)



Òåîðåìà. [Ãóòåðìàí, Äîëèíàð, Êóçìà]

n ≥ 3, A ∈ Sn, perA > 0, A êîíâåðòèðóåìà.

Òîãäà v(A) ≤ Ωn =
n2 + 3n− 2

2
.

Ïóñòü v(A) = Ωn òîãäà A ÿâëÿåòñÿ êîíâåðòèðóåìîé⇔ A = PGnP
t

äëÿ ìàòðèöû-ïåðåñòàíîâêè P .



Ñèììåòðè÷íàÿ êîíâåðòèðóåìîñòü ñ ìàêñèìàëüíûì ÷èñëîì åäèíèö

Òåîðåìà (Ãóòåðìàí, Äîëèíàð, Êóçìà). n ≥ 3, A ∈ Sn, perA > 0,

v(A) = Ωn = n2+3n−2
2 è A ÿâëÿåòñÿ êîíâåðòèðóåìîé. Òîãäà

n 6= 2 (mod 4) =⇒ A ÿâëÿåòñÿ ñèììåòðè÷íî êîíâåðòèðóåìîé.

n = 2 (mod 4) =⇒ A ÿâëÿåòñÿ ñëàáî ñèììåòðè÷íî êîíâåðòèðóåìîé,

íî íå ñèììåòðè÷íî êîíâåðòèðóåìîé.



Ñóùåñòâóåò ëè ωn: ∀ A: v(A) < ωn ⇒ A � êîíâåðòèðóåìà ?

ωn = n + 5



Òåîðåìà. [Ëèòòë, 1972] n ≥ 2, A ∈Mn,

v(A) ≤ n + 5 ⇒ A ÿâëÿåòñÿ êîíâåðòèðóåìîé.



n + 5 � ìàãè÷åñêîå ÷èñëî ?

Òåîðåìà (Ãóòåðìàí, Äîëèíàð, Êóçìà). n ≥ 3, A ∈Mn, v(A) = n+ 6.

Òîãäà A íå ÿâëÿåòñÿ êîíâåðòèðóåìîé ⇔ ∃ ñóùåñòâóþò ìàòðèöû-

ïåðåñòàíîâêè P,Q: PAQ = Idn−3⊕J3, ãäå J3 =
(

1 1 1
1 1 1
1 1 1

)
.



Ñèììåòðè÷íûå ìàòðèöû Sn ?

Òåîðåìà. [Ãóòåðìàí, Äîëèíàð, Êóçìà]

1. n ≥ 2, A ∈ Sn, v(A) ≤ n+ 5 ⇒ A ñëàáî ñèììåòðè÷íî êîíâåðòè-

ðóåìà.

2. n ≥ 3, v(A) = n + 6. Òîãäà A íå êîíâåðòèðóåìà ⇔ ∃ ìàòðèöû-

ïåðåñòàíîâêè P,Q: PAQ = Idn−3⊕J3.

3. A êîíâåðòèðóåìà, v(A) = n + 6, ⇒ A ñëàáî ñèììåòðè÷íî êîí-

âåðòèðóåìà.



Ìåæäó ωn è Ωn ?

Òåîðåìà. [Ãóòåðìàí, Äîëèíàð, Êóçìà] Ïóñòü r ∈ Z: ωn ≤ r ≤ Ωn.

Òîãäà

1. ∃ A ∈ Sn: ñëàáî ñèììåòðè÷íî êîíâåðòèðóåìà, per(A) 6= 0, v(A) = r

2. ∃ B ∈ Sn: íå êîíâåðòèðóåìà, v(B) = r



Ìîæíî ëè óëó÷øèòü ìàãè÷åñêîå ÷èñëî äëÿ �õîðîøèõ� ìàòðèö?

Îïðåäåëåíèå.

1. Ìàòðèöà A ÿâëÿåòñÿ ðàçëîæèìîé åñëè ñóùåñòâóåò ìàòðèöà-

ïåðåñòàíîâêà P ∈Mn : A = P
(
B 0
C D

)
P t, ãäå B,D � êâàäðàòíûå.

2. A ∈ Mn ÷àñòè÷íî ðàçëîæèìà, åñëè ñóùåñòâóþò ìàòðèöû-

ïåðåñòàíîâêè P,Q ∈ Mn òàêèå, ÷òî A = P
(
B 0
C D

)
Q, ãäå B,D �

êâàäðàòíûå ìàòðèöû.



3. Åñëè A íå ÿâëÿåòñÿ ÷àñòè÷íî ðàçëîæèìîé, òî âïîëíå íåðàçëîæèìà.

• A ∈Mn âïîëíå íåðàçëîæèìà =⇒ A, òî íåðàçëîæèìà.

Ïðèìåð.Ìàòðèöà

A =
(

0 1
1 1

)
∈M2

íåðàçëîæèìà, íî íå âïîëíå íåðàçëîæèìà: P =
(

0 1
1 0

)
, Q = I .



Äëÿ âïîëíå íåðàçëîæèìûõ ìàòðèö

Òåîðåìà (Áóäðåâè÷, Ãóòåðìàí, Äîëèíàð, Êóçìà).Ïóñòü A ∈ Mn �

âïîëíå íåðàçëîæèìà, v(A) ≤ 2n + 2. Òîãäà A � êîíâåðòèðóåìà.



Ïðèìåð.Ïóñòü A =
(

1 1 1
1 1 1
1 1 1

)
. Òîãäà A � âïîëíå íåðàçëîæèìà, íåêîí-

âåðòèðóåìà è v(A) = 9 = 2 · 3 + 3.

Ïðèìåð.Ïóñòü

A =


0 1 1 1 0 0 ... 0
0 1 1 1 0 0 ... 0
0 1 1 1 0 0 ... 0
0 0 0 0 1 0 ... 0... . . . . . . ...
0 0 ... ... ... 0 1 0
0 0 ... ... ... ... 0 1
1 0 ... ... ... ... 0 0


Òîãäà A íåðàçëîæèìà, íå ÿâëÿåòñÿ âïîëíå íåðàçëîæèìîé, íå êîíâåð-

òèðóåìà è v(A) = n + 6.


