AJITEBPA
XVIII-XIX BB.

B pa3sutun anrebpbl 3TOro nepmoga MOXKHO BbiAeNUTb ABa OCHOBHbIX
HanpaBNeHUA WuccneloBaHW, B NpoUecce KOTOopbIX CPOopMMPOBAIUCH
NOHATMA TPYyNNbl U NONA: 3TO — UCcNeaoBaHUAa dnnepa, JlarpaH»a u laycca,
OTHOCALLMECA K OCHOBHOWU Teopeme anrebpbl, 1 nccnegoBaHma no obuien
TEeopuUn anredbpamyeckmux ypaBHEHWM, CBA3aHHbIE C MOMbITKAMU peLleHUA
YPaBHEHUN CTENEHMU Bbille YETBEPTOM B pagUuKanax.

B xone nocneaHUX U3bICKaHMIN HA NepPBbIN NJ1aH BbIWIO NOHATUE rPyNMbl
N 6blAM YCTAaHOBNEHbI NMepBble BaXKHble TEOpemMbl Teopuun rpynn (teopema
JlarpaH)ka O nopsiaKax KOHEeYHOW Trpynnbl M ee noArpynn, Teopema o
BO3MOXHOCTU NpeAcTaBAeHUA KOMMYTAaTMBHOM Tpynnbl B BUAE MNPSAMOro
NPOM3BEeAEHMNA UUKINYECKUX, coaeprkallaaca yxKe B pabortax laycca no
TEOPUN YPaBHEHUA AENEHUA Kpyra u ap.).



1. OcHoBHasA Teopema anrebpoi.
1572 Padasn BOMBENIIU KOMMNEKCHble Yncna
1591 (on. 1646) ®paHcya BUET
— OYKBEHHOE UCYUCTIEHMNE;

— $OopMyNbl CBA3U MeEXAY KOPHAMM N KO3IPPUUMeHTamm
ana n=2,3,4,5;

— MOCTPOUA YypaBHEHUE 511 cTeneHun, umetowee 5 KopHen 1
«3Mom MemoO MOMCHO pacrnpocmpaHums Ha ntobyro cmerneHsb»

1629 Anbbep XUPAP «Hoesoe uszobpemeHue 8 anzebpex:

«Bce ypasHeHus aneebpbl  noaAy4Yarom  CMoOsAbKO — peweHud,
CKO/IbKO UX OKa3bleaem HauMeHoB8aHuUe 8bicuieli 8esUYUHbI».

be3 goKa3aTenbCTBa. YUMTbIBAOTCA HEBO3MOXHbIE KOPHMU.
Obobwunn yrBepKaeHna Bneta o cBA3U KOpHeU ¢ KoOaddULUUEHTaMMN.



1637 PeHe OEKAPT:

«... BCAKOE YypasHeHUe Moxtem UMemb CMOsbKO M e Ppa3/iuUYHbIX KOpHel,
Uunu 3Ha4yeHUU Heu38ecmHoU 8esIU4UHbI, CKO/IbKO MOoC/AeO0HAa umeem
usmepeHud...

.Kak ucmuHHble, mMaK U 70X HblIE KOpHU Mo2ym 6bimb  Unau
deucmeumefleb//vnu usu soobpaxcaemsiMmu (imaginaire)».

JTa Teopema «OCHOBHaaA», T.K. A0 cepeaunHbl 19 BeKa anrebpa = «aHanus
VPABHEHUMN»: BblYNCNEHME KOPHEWN, NX OLUEHKWN, Pa3NnNYHbIEe NPaBuaa O Yncne
KOPHEW, UX 3HaKax 1 T.n.

BHayane nbiTaaAnMCb YCTAaHOBUTbL 00LWME POpMY/bl KOPHEN, @ HE A0Ka3aTb
nx cyuwecrsoBaHue. [lpobnema cywecrtBoBaHMA WU  HeobXoAMMOCTb
IOKa3aTenbCTBa BO3HMKNA W3 33a4a4M WMHTErPUPOBAHUA paLMOHANbHbIX
apoben metogom SlembHmnua n bepHynnum (pasnoxeHme npasmuabHOMN ApodU B
CYMMY NPOCTEULLMX 3aBUCUT OT NOJIA, B KOTOPOM Mbl €r0 ULLEM).




dopmynmnposKa 0CHOBHOU Teopembl anrebpobi 8 XVIII B.

1742 SU/EP:

Jllobol  aneebpauyecKkul  MHoO204sn1eH €  OelicmeumesibHbIMU
KoaghgpuyueHmamu passnaz2aemca 8 ripoussedeHue  AUHEeUHbIX  unau
KeaopamHbix MHOXUmMerneu.

1746 (on.1748)  AANAMBEP
«VccnedosaHUA MO UHMeE2pasbHOMY UCHUCAEHUIO Y.

JTO yTBEepXKAeHne Haa0 paccMaTpmuBaTb Ha NpaBax Teopembl.
[lokasaTtenbctso [lanambepa — nepBoe, aHaNUTUYECKOE, HECTPOroe.



[okKasatenbctBo [lanambepa aHasumu4vecKoe:

OnunpaeTcH Ha PACCMOTPEHMNE KPUBbIX 7 6ecKOHEeYHbIX
nocnepoBatesibHocTern. COCTOUT U3 TPEX TEOPEM U TPEX CNEeACTBUIM K NepBOM
Teopeme.

Ona kpneon y = f(Z) B OKPECTHOCTM KOMMAEKCHOM TOUKN  Zz = ()
[Janambep 3agaetT cxogAwmMuca pag  No APOOHbIM - cTeneHAmM €
NEeNCTBUTENbHbIMU, MOHOTOHHO BO3pacTaloWwWMMnN KosdduumeHTamm

m Tr

y = aizZn + ayzs + -

T.K. Z mano, 1o B aTOoM pAaay [anambep otbpacbiBaeT BCe YNE€Hbl KPpOme
NepBoro M 3aTem MNOKa3blBaeT, YTO I3TOT pALd €eCTb AEUCTBUTENIbHOE WU
KOMMIEKCHOEe YMCNO B 3aBUCMMOCTU OT YETHOCTU-HEYETHOCTM 3HaMeHaTenA B
CTENEHN HEU3BECTHOro. [Mpn 3TomM yTBEPHKAAET, YTO Cymma byaet Toxe nmbo
NencTBUTeNbHOM, TIMOO KOMNAEKCHOW BEIMYNHOM.

B pganbHenmwem UCNoNb3yeT TaKXKe YTBEPXKAEHUE O [AOCTUKEHUMU
anrebpanyeckon GyHKUMM CBOUX Sup w inf .



[oka3satenbctBo [anambepa OCHOBHOU Teopembl anrebpboil.

Teopuei ypaBHEHUN B TO BPpeMA He 3aHMMAJICS, Lenbto 6bi1o nonydyeHume
aHanUTUYecKkoro pesynbrata. OnupaeTcd Ha pacCMOTPEHUEe KPUBbIX W
6eCcKoHeYHbIX Noc/ief0BaTe/IbHOCTEMN.

1746 (on. 1748) "UccnedoeaHusa no uHmMez2panbHOmMy ucqucneHuro"

Teopema 1. Tyctb TM — HeKOTOpasa KpuBasa, KOOPAMHATbI KOTOpou TP = z
mn PM =y (1.e. paccmaTtpusaetca ¢yHKumA y = f(z)). Nyctb npn z=0y = 0 nnau

CO,

Toropa ntobomy 6ecKoOHEeYHO MasioMy 3Ha4YeHUIo Z COOTBeTCTBYeT AMbo
nencTBuTenbHoe, IM60 KOMMN/IeKCHOE 3HaYeHune .

B cBoem agoKasatenbctBe [anambep npednosnazaem, YTO B OKPECTHOCTU

z=0 nepemMmeHHyY y MOXHO 3a4aTb CXO4AWMMCA PAAOM
m p

y=a.zn +ayz9 + - (*),
roe a; € R , nokasatenn € Q 1 MOHOTOHHO BO3pPacTaloT.



T.K. z 6ecKkoHe4yHO mano, 1o B (*) MOKHO OTOPOCUTL BCE YNEeHbl Kpome
nepsoro. 3atem [lanambep NoKasbiBaeT, YTO B 3aBUCUMOCTM OT YETHOCTU-
m

HEYETHOCTU 3HAMeHaTenss N B NOKasaTene NepBOro C/Aaraemoro aqZn OHO
bynetr A4encTBUTE/IbHbIM MW KOMMAEKCHbIM YNCAOM, YYUTbIBAA MPU 3TOM, YTO
OTOpOLLUEHHbIE YNeHbl B cymme Toxe byayt anbo aencrtsutenbHow, nmbo
KOMNJIEKCHOW BENYMHOWN, BECKOHEYHO MaJIoOM MO OTHOLUEHUIO K NEepBOMY
charaemomy. Teopema 1 AOKa3aHa.

OT1ctona Janambep BbIBOAUT TPU CNeACTBUA:

Cneocmeue 1. Ecnn pgna 3TOM  KPUBOU  AEUCTBUTE/IbHOU TOYKE Zo
COOTBETCTBYET KOMMJIEKCHOE Vo, TO AnA Anwboro z, GEeCKoOHeYHO Mmano
OT/INYAIOLLIErocA OT Zo, COOTBETCTBYIOWEE 3HAYEeHUEe y TOoxKe ©byaer
KOMMNIEKCHbIM.

[loka3aTenbCTBO MCMOAb3YET MNapasnenbHbln nepeHoc (yo, zo) B (0,0) u
Teopemy 1.



Cnedcmeue 2. Teopema 1 BepHa He TO/NbKO AnA 6€CKOHEeYHO Manoro z, HO U
NNA HEKOTOPOro KOHEYHOro 2.

Jlokazamenocmeo Cneactsma 2 onupaeTca Ha YTBEPXKAEHME O TOM, YTO
noboe KoHeyHoe 3HaAYeHMe MOXKHO ucyepnaTtb OECKOHEeYHO MabiMu
3HayeHuammn. (PaccyxcoeHusa o becKkoHe4YHo masbix Hecmpoeaue!)

Cnedcmeue 3. Jllobomy AencTBUTEIbHOMY 3HAUYEHUI0 Z COOTBEeTCTBYeT Nnbo
nencTBuTenbHoe, IMb60 KOMN/IeKCHOe 3HaYeHue .

Llokazamenoscmeo: MycTb NpU HEKOTOPOM KOMMIEKCHOM Yy CYLLECTBYET Z1
TaKkoe, uYto P(y; z1) =0, a z2 He yoOBNETBOPAET 3TOMY YPAaBHEHUIO, NPUYEM Z2 >
Z1.

PaccmoTpum zZo — MaKCMMa/ZibHOe M3 Z, yAOBNETBOPAKOWMX YPABHEHUIO
Kpusomn P(y, z1) = 0. Mo CheactButo 1 BCe Z U3 OKPECTHOCTU Zo YAOBNETBOPAIOT
3TOMY YpPaBHEHUIO, CneaoBaTeNnbHO, CYWECTBYET Z' TaKoe, YTO 2o < Z' < Zz2, HO
NO YCNIOBUKD Zo — MaAKCMMaANbHOE 3HayeHue z, cnegosaTtesibHO, MOAYYEHO
npoTuBOpeumne, AoKasbiBatouwee cneacteue 3. (Asnzebpauyeckasa yHKUUA He
06s3aHa 0ocmuz2ame ceoux epaHel.)



Teopema 2. Echm mHorouneH
y*+ay™t+.+a, yv+a, #0

Ans noboro AenNCcTBUTENBHOIO ¥, TO CYLLECTBYET KOpeHb Buaa p + gv—1.

LZlokazamesnbcmaeo BbiTeKkaeT n3 Cneacrasma 3: NyCcTb
z=P)=y" +ay" "+t apo1y

3adaeT Kpusyto n3 Teopembl 1 (T.K. npu y = 0 z = 0). B cuny Cnepcteusa 3
nobomy NencTtBUTENbHOMY Z COOTBETCTBYET Yy [AENCTBUTENbHOE WU
KOMMNNIEKCHOE, HO U3 ycnoBua Teopembl 2 nosaydaem, YTo Y — KOMIJIEKCHOE.
[lonoXus z = —a,, , NOAY4YUM Teopemy 2.

Teopema 3. J/liobon mHoOroysneH moxeT ObiTb Pa3N0XKEH B MNpou3BeaeHue
JIMHENHDbIX NN KBAAPATUYHbIX MHOXUTENEWN.

Ona storo Janambep ycTaHaBAMBaeT: ecam p + gV —1 — KOpeHb,
TO p — gV —1 — TOXKe KopeHb.




Yike B 1799 r. laycc KpuTMKoBan 3TO JAoKasaTenbctBo [lanambepa:
anrebpanyeckan PyHKUMA He 0D6sA3aHA AOCTUTaTb CBOEN BEPXHEU N HUKHEWN
rpaHen, paccyXaeHmsa Hectporme!

Ha ocHoBe 3tux wnaen [anambepa [aycc paeTr cBoe NepBoOe
nokKasatenbctso OTA B ancceptaunmn "Hosoe 00Kazamesnbcmeo meopembsl O
mom, Ymo 6csAKaa anz2ebpauyvecKasa yenasa pPayuoHANbHAA YHKYUA om
OOHOU nepemeHHOU Mox3cem bbimb pasnoxceHa Ha oOelcmeumesnbHole
MHOMXcUumenu nepeou usnu emopol cmeneHu".

[locne 3TOro nHTepec K AoKasatenbctBy [lanambepa Obin yTpavyeH n oHO
6bino 3abbiTo. Jlemma [anambepa, KOTOpas 4YacTO WUCMNOJb3yeTcA B
noKasatenbctee OTA B coBpemMeHHbIX yyebHWKax, Oblna aoKasaHa MK.P.
ApraHom B 1806 r. B pabote "Onbim Hekomopoao criocoba npedcmasneHus
MHUMBbIX B8€e/IUMUH 8 2eoMempuyeckKux nocmpoeHusx', coaeprHallen
N3BECTHYIO MHTEPNpPETALMIO KOMMJEKCHOTO YMC/1a KaK TOYKM HA MAOCKOCTMU.

Jlemma_ Lfanambepa: Ecnmn Kakoe-nmbo 3HayeHne mHorouneHa f(zy) # 0,
TO CYLLECTBYeT CKO/Mb yrogHo 61AM3KOoe K Z, 3Ha4yeHue Z;, AN KOTOPOro

f (20| < 1f (zo)l.




JoKa3atenbcTBo dinepa OCHOBHOU Teopembl anrebpboi.

B 1748 r.,, Korga 6bin0 onybnnkoBaHo aokasaTtenbctso OTA [lanambepa,
dnnep npeactaBun B bepIMHCKYO akagemMunto HayK cBoe AoKa3aTenbcTBo. OHO
O6bino BKAOYEHO B Memyap "'NccnegoBaHMA O MHUMMbIX KOPHAX YpaBHEHUIN',

Boweawmnmn B "3annuckm bepnanHckom akagemumm 3a 1749 r.", onybanKoBaHHbIE
B1/51r.

3TO — nepBan NoNbITKAa YMCTO anarebpanyeckoro aokasatenbcrea, HO oHa
COAEPKUT ABa TOMONOTMYECKUX NPeasIOKEeHUSA:

1. /ltoboe  ypaBHEHME  HEYETHOM CTeNeHW C  AeNCTBUTENbHbIMU
KO3dPULUMEHTAMN MMeeT N0 KpanHen mepe OAUH AEeUCTBUTE/IbHbIN
KOPEHb.

2. Jlioboe ypaBHEHUE YEeTHOW cTeNeHwu C NENCTBUTENIbHbIMMU
KoapPuumnmeHtamm un oTpuuaTe/IbHbIM CBODOAHLIM Y/IEHOM MMEET Mo
KpanHen mepe ABa AeNCTBUTENbHbIX KOPHA.

Bce ocTanbHble yTBEPKAEHUA B AOKA3aTe/IbCcTBe anrebpanyecKkue.



Hanomuum, yto B XVIIl B. npegnonaranocb, 4To N10O6OMU MHOro4yneH
n-U CTeneHun Bcerga npeactaBMM B BUAE NPOU3BEAEHMA MHOXKUTENEU
nepson creneHn Bmaa (X — ;) , rAe @; — HEKOTOPble CMMBOAbI, O
KOTOPbIX W3BECTHO, 4YTO apudmeTnyecKkue onepaumm C HUMMU
NPOMU3BOAATCA TaK e, KaK U C AeUCTBUTENbHbIMU Yucnamu. [ostomy

OTA 3aKn4vanacb B A0OKa3aTe/ibCTBe YTBepXAEeHWA, 4ToO Bce ; —
NEeNCTBUTENIbHbIE NI KOMMEKCHbIE.

[lycTb 3a4aHO YypaBHeHue
PB,(x) = x"+ Ax" '+ Bx" 4 +--4+ N =0.

nnep: NnpunuLLem 3sToMy YPaBHEHUIO N KOPHEN:
Px)=(x+a)x+pB)..(x+v), (*)

rae a, 3, ...,V — AENCTBUTE/IbHbIE, KOMNNIEKCHbIE WX NtObble apyrue

MHUMbIE Be/IMYUHbI, C KOTOPbIMM MOXHO OnepupoBaTb NO OObIYHbIM
npasuiaam.



B atux npepgnonoxeHmax OTA cCOCTOUT B AOKa3aTenbCTBe TOro, 4Yto BCe
"MHUMOCTH" nmeloT BUA p +qVv—1.

3Ta noctaHoBKa TpaauuuoHHa ana XVl seka (/larpaHX, Jlannac u ap.).
[lepeMHOKMB CKOOKM B npaBoM 4actu (*), nonyymm ytBepKaAeHMnA TeopeMb
Buera:

(a+B+-+v=A (1)
saf +ay +--+uv==0B (2)
o af..v=N (N)

dunep: 1. Nockonbky NtobOM MHOroYNEH HEYETHOM CTENEHM BCEraa UMeeT
ANEeNCTBUTENbHbLIM KOPEHb, TO HY)XHO pPacCcMaTpuMBaTb MHOMOYNEHbl YETHOM
cteneHn n = 21.

2. OH yTBep)KaaeT, uto nobon MHorouyseH 4yetHon crtenenHn P, (x) c
NencTBUTE/IbHbIMU KO3DPULUMEHTAMM BCEraa MOXKHO NpeacTaBUTb B BUAE
P, (x) = fi(x) g,(x),
rae fi(x) wn g;(x) — mHoroyneHbl cteneHn | c pencTBUTENBHBIMY
KO3adpdUUMEeHTaMMN.



dnep 3aMeyaeT, YTO AOCTAaTOYHO PAacCMOTpPETb ypaBHeHuAa P, (x) npw
n = 2% (Tak KaK UMEHHO B HUX COCPELOTOYEHA BCA TPYAHOCT).

[etictButensHo, ecnm n # 2%, 1o Hatgem Takoe k, uto 251 < n < 2%, u nomHOXMM MHOrouneH

ok

f,(x) Ha 2% — n MmHOuTenel, Hanpumep, x2 " = x - x -...-x (2% — n pa3 ucnonbsyem KopeHs x = 0).

B atom cnyvae P,k(x) = P,k-1(x) Q,k-1(x) — npoussegeHune aByx
MHOIOY/1EHOB C HeonpeaeneHHbIMU KO3PpPUUMEHTAaMUM, KOTOPbIE MOMKHO
UCKaTb U3 Teopembl Buera.

Npea panbHenwero AoKa3aTenbCTBa JMiepa COCTOUT B NpoBeAeHUM
PeayKUMK, CBOAALLEN peLueHue ypaBHeHUA cTeneHn 25m, rae m HeuyeTHo,
K ypaBHeHuto ctenenun 25 1m,, roe m: HeyeTHo.

dnnep pokasbiBaeT Teopemy ana P, (x) npu n = 4, 8, 16, a 3aTem
nepexoamT K obuiemy cayyato n = 2%,



YT0ObI NOACHUTL MEeToAbI dNiepa, PaCCMOTPUM BCaes 3a HUM cnyvan n=4. MycTb
3agaHo ypasHenne P (x) = x* +ax? + bx +c = 0.

MeTtogom HeonpeaeneHHblXx Ko3dOUUMEHTOB Pas/ioKMM MHOTOYIEH HA
MHOXUTENN BUAA: (x?4+ux+d)(x?*—ux+f) = (*)

= x*+x?d+f—u?) +x(f —du + df.

[MpunpaBHMBAA KOIPOULMEHTbI NPU CTENEHAX U PELLIas BO3HMKAKOLLYIO NMPU 3TOM
CUCTEMY, MOJIYYAEM:

u® + 2au* + (a? —40)u®* —b* =0

— YypaBHEHWEe YETHOM CTeneHn C OoTpuuaTeNbHbIM CBODOAHBIM Y/IEHOM,
CnefoBaTeNbHO, Y HEero CylecTByeT ABa AeNCTBUTENbHbIX KOpPHA. Bo3bmem oanH m3
HMX B KayecTBe U M noactaBum B (*), ncnonbv3ya f, d, pauMoHaNbHO BblparKEHHbIE
yepes U B Mpouecce pelweHuAa CUCTEMbl MeEeTOAOM  HeonpeaesieHHbIX

Ko3dPULMEHTOB: f=0p)eR, d=vyYueR,

TakMm 06pasom HalaeHo uckomoe pasnoxeHne P,(x) = f,(x) g,(x) ¢
ANENCTBUTENbHbIMU KO3PPUNLMEHTaMMN.



YT06b1 0606LLUTE CBOE YTBEPXKAEHUE Ha Ntoboe ypaBHeHue ctenenmn 2,
dnnep nosiydaer Te XKe pe3yabratbl M3 obwmux coobparkeHun, Oe3
BbluncneHun. Npum astom 6e3 gokasarenncrsa (!) npumeHnser:

(A) Jllobaa pauuoHanbHas cUMMeTpuyeckas OYHKUMA KOpPHeWM
YPaBHEHUA ABNASAETCA PaUMOHANIbHOU (PYHKUMEN OT KOIPPULUMEHTOB 3TOrO
ypaBHeHUA (OCHOBHOA meopema 0 CUMMeMPUYECKUX (PyHKUUSAX).

(B) PaunoHanbHas QyHKUMA KOPHEN ypaBHEHUA @(Xq1,Xo, ..., Xn),
NPUHMUMAIOWAA NPU  BCEX BO3MOMKHbIX MEpPecTaHOBKAaX KOPHEW POBHO k
PA3/INYHbIX  3HA4YEeHWUW, YAOBNETBOPSAET  YPABHEHUIO  CTeneHun Kk,
KO3PPMLUMEHTbI KOTOPOTrO PaLMOHA/IbHO BblparxKatoTca Yepe3 KOIPPUUUEHTDI
NCXOAHOro yPaBHEHMA.

(A) n (b) ctann no3xe UEHTPANbHbIMU YTBEPKAEHMAMU B TEOPUMU
JlarpaHXXa ny lanya.



N3 0bLimx coobparkeHnn dmnep HaxoAuUT N ypaBHEHMe ANA U:

NycTb ypasHeHue P,(x) = x* + ax? + bx + ¢ = 0 umeeT KopHU , B, 7, 6.
Torpa U pOMKHO OblTb CYMMOM KaKUX-HMOYAb ABYX W3 HUX, T.K. U —
KO3dPULUMEHT Npu MepBOMN CTeneHn B OAHOM U3 ABYX KBaApPaATHbIX
TpexuneHoB pas3noxeHua. CnefosaTeslbHO, U MOXeT NpuHMmaTtb 6 = C7
pPa3/IMYHbIX 3HaYeHn u (no (b)) onpepenaetca ypaBHeHUEM 6-11 CTENEHMN.

[TOCKO/IbKY paccmaTpuBasiocb ypaBHeHUe 6e3 Kybuyeckoro ciaraemoro, To

CYMMa Bcex KopHen paBHa 0: a+f+y+06=0.
Toraa BO3SMOXHbIMW 3HAaYEHUAMMU ANA U byayT
uy=a+pf=p U, =a+y=gq U3 =a+0=r
U=y +06=-p us =0+ =—q Us=a+y=-r

CJ'Ie,LI,OBaTEIIbHO, UCKOMOE ypaBHEHNE ON1A UMmeeT BUA.
2 2 2 2 2 2\ —
(u* —p*)w* —q°)(w* —7r°) =0.



3TO — ypaBHEHME YETHOM CTEMNEHM C OTPULLATENIbHBIM CBODOOAHBIM Y/IEHOM,
paBHbIM —p%q?r?,rae pqr €R, Tk pqgr=(a+ B)(a+y)(a+ 8)
HE MEHAETCA HU NPU KaKUX MepecTaHOBKAX KOPHEM U NO3TOMY PaLMOHabHO
BbiparkaeTcs vepe3 KoadppuumeHTbl ypaBHeHna a,b,c € R. UTak, n3 obwmx
coobpaXKeHUn [OOKa3aHo, 4YTO KodpduumeHT U MOXKHO BblbpaTtb

AEeNCTBUTENbHbIM.
NoKa3aTenbcTBo cayyas n = 2 (teopema 7) y ditnepa To/bKO HaMeYeHO.

Muorounen
k Ko k
fa(@)=2%* +- Ba2 24 Ca? 3L .., (4)
OH IpefCTAaBJIAECT B BHUAe NPOU3BEJeHUA OBYX MHOMKHTeNell cremeHm 2F1
C HeompefeleHHRMHU KoadpduruerTaMu

b . 1 b . 1
(2" w2 —pa T e e ),
Itux Kospdummento 6ymer 2¥ — 1, cTOXBKO Ke, CKONBKO OMPeNeNAIOMAX
COOTHOINEHAH.



[TockonbKy u ABAAeTcA cymmoir 2' -1 KopHeit u3 Bceir coBokymEocT: 2°
KOpPHe#, To 9MCJ0 pPa3JMYAbBIX 3HaYeHHH, KOTOpOe MOKeT NPAHHMATH U, PaB-

k-1 ]
o Cik = 2N, rme N — meuernoe. IlokazaB aro, Jiimep s3aKI09aer, 9TO

W YAOBJeTBOpAeT ypapHeHHIO cTremenw 2/V ¢ JeiicTBHTeNbHBIMH KoadpdmmueHn-
TaMi. JTO ypaBHeHHe, KAK HeTPYIHO BHUETh, OyIeT UMeTh TY Ke CTPVKTYPY,
9170 ¥ ypaBHeHue (3), a UMeHHO:

(* — pi) (2* — p3)... (2* — p¥\) = 0.
diimep paccMaTpUBAeT ero cBOGOXHEIN 9iIeH — pipips ... Pn M YTBEpKIaer,
910 0H Oy/eT OTPHIATENBHEIM (YTO HETPYIHO mOKasaTh). UOTci0a OH 3aKiII09a-
eT, 9T0 ¥ MOKHO BEIOpaTh meiicTBuTenbHEIM. OTHOCHTENBHO OCTAJMBHEIX KO3(]-
¢unuesToB A, W, ..., A, p’, ... Jilnep yTBep:KEaer, 4To OHH MOTYT OBITH
BEIDAKeHLl PANHOHAIBHO 4epe3 ¥ W KoahduunmeETH MEOrowiena (4) B, C,
D... Tpyono cxa3aTh ¢ OINpefeIeHHOCTH0, KAKOBH OBIJIH cooOpayKeHHd, IPH-
Beqpe Jiiepa K 9TOMY 3aKIIYeHHIO.



Ctporomy AoKasaTenbCTBy AEUCTBUU IiN1epa NOCBATUA cBOto paboty 1772
"O ¢popme MHumbix KopHel ypaeHeHuu'" X.-J1. JlarpaH}X, NOAHOCTbIO
BOCMPUHABLLUM TOYKY 3peHnA dnepa o TOM, YTO II0OOMY YpaBHEHUIO MOXKHO

NMPUNNCATb N KODHEI\/JFCMN\BO!'IOB, C KOTOPbIMN ONEepunpvyiroT 0ObIYHbIM o6pa30N\.
B wactHOCTH, ANA OOKa3aTelIbCTBA YTBepKAeHHA Jiljaepa O BO3MOKHOCTH
pPauMoOHAJBHO BHPasuTh A, U, . . ., A, u' 4epe3 u m KoapdUIHMEHTH MHOTOYJIe-
Ha (4) Jlarpam:x mpuBIeKaeT cBOI TEOPHIO MONOOHBIX QYHKRIMUIA, M3I0KeHHYIO
mM B 1771 r. B ero 3gaMenunThix «PasMbinuiernsax o6 anredpandeckoM peneHAN
YpPaBHEeHH»
C npyroit croponsl, pax marematukos X VIII B. crapanmes ympocTHTh
penyknuio Jitnepa. llepseiM ua Eux 6b1a [[. me @oncere (1759), 3a HUM mocie-
noBaa Jlanmac (1795) u gp. OgEako Bce oHM 0e30TOBOPOYHO NMPUHUMAJIH TIO-

CTAHOBKY BOIpoOca, JaHHYIO JiljlepoM, T. e. moJjarajau, 4To, KakoBa Obl HI ObI-
Jla CTeleHb YpaBHEHHA

" + Ax™t 4 Bgn-? ...+ N = 0,
ero BCerjla MO;KHO MpeJCTaBUTHL B BHJE
(r + o) (x + a) ... (x + a,) =0,

THEe Cly, Clyy » « «, O, — CHUMBOJIBI, HAJl KOTOPLIMH, OJTHAKO, MOKHO OIIEPAPOBAThH
II0 TeM Ke MpaBHJIaM, 9TO M HaJ BeI[eCTBeHHBIMH YHCJIAMHM.



Kputuka laycca

1799 [1OKTOpCKasa auccepraums «Hoeoe 00Ka3zamesnbCcmeo
meopembl 0 MOM, YMO 6CAKAA danzebpauvyecKasa yenas pPayUOHA/NbHAA
yHKyua om o0O0HOoU nepemeHHOU moXdem b6bimb pasnoxceHa HaA
delicmeumersnbHble MHOXcUMenu nepeou usau emopoli cmeneHu»

— KPUTUKA AOKa3aTenbcTBa [lanambepa,
— Nan ue/IMKOM aHa/IMTUYeCcKoe A0Ka3aTe/IbCTBO;
— KPUTMKA NOCTaHOBKKM BOMpoOca y dunepa.

1815 «Bmopoe 0oKazamenbcmeo meopembl 0 mMOomM, Ymo...»

— H6e3ynpeyHo cTporoe B anrebpanyeckom 4YacTu AOKa3aTenbCTBo, 6aM3Koe
K AJOKa3aTeNbCTBY dNNepa;

— 06BMHWA DAnepa B NOPOYHOM Kpyre:

«3mo npeodsioxceHUe [0 BO3MOMCHOCMU pPa3/OHEHUA MHO204Y/1eHA Ha
MHOXUMenuj, no KpauHeu mepe 8 mom mecme, 20e peys uoem ob obuwem
0oKazamesibcmee smol pa3siouMocmu, ecme He 4ymo uHoe, KaK Petitio
principii»



U3 poKtopckou gucceptauum K.®. lNycca (1799):

«TaK Kak, nmomumo oOelicmeumesibHbIX U MHUMbIX Kosauyecme a+bv-1,
Heslb3A MNpedcmasums HUKAGKUX Opya2ux U008 Koau4yecms, mo He cO8CeM ACHO,
yem omsau4yaemcsa mo, Ymo Haoo 00Ka3ames, OM Mo20, Ymo npeornosna2aemcs
8 Kayecmee OCHOBHO20 T[1peodsioHeHUd, HO oaxe ecau bbl MOoXHO bbino
npudymame ewe u opyaue suobl Kosauyecms, Kak F, F, F”,..., mo u moeoa
Hesnb3a bblno bbl NpuHAMb 6e3 0oKazamesnbecmaed, Ymo Kaxooe ypasHeHue
yoossnemeopsaemcsa nubo delicmeumesnibHbIM 3HAYeHUem X, nubo 3HayeHuem
guoa a+bv-1, nubo suoa F, nubo suda F' u m.o0. [loamomy s3mo OCHOBHOEe
MpeosIOHeHUEe MOXem umems MosibKO MAKOU CMbICA:

Kaxcooe ypasHeHUe mMoxem yoossemeopamsca nubo odelicmeumesioHbIM
3Ha4YeHUemMm Heu3secmHou, 1ubo MHUMbIM suda a+bv-1, nubo, moxem bbimeo,
HEeKomopbiM 3HaYeHUem opy2020, ewje Heu3zsecmHoz20 suoa, 1ubo 3Ha4YeHuem,
Komopoe He cooepxcumca HU 8 Kakom sude. Kak amu Konuvyecmed, O
KOMOPbIX Mbl HE MOX(eM COCMABUMb HUKAKO20 rnpeocmassaneHus, — amu meHu
meHel, — 00/1HCHbI CKAA0bIBAMbLCA UAU YMHOMAMbCA, 3M020 HEsb3A MOHAMb C
ACHOCMbIO, mpebyrowelica 8 MOMEMAMUKE. »



K.®. TAYCC

NCXOAUN U3 TOro, YTO NOJsIe KOMMJIEKCHbIX YNCen 3apaHee onpeaeneHo, u
NOKa3biBasa, YTO Yy  Ka)Kgoro anrebpanyeckoro ypaBHEHUSA C
NEencTBUTENbHbIMU KO3IPPUUMEHTAMMN B 3TOM MNOJIE MMEETCA KOPEHb, UK
YTO TO K€ Camoe, AO0Ka3blBaa, 4YTO PaA3N0KMMOCTb COOTBETCTBYHOLLErO
MHOro4/sieHa Ha [AeNCTBUTesibHble MHOXKuUTenun 1 mam 21m crenenHun (6es
npeAno/ioXKEHMNA O CYLLLeCTBOBAHUU KOPHEN).

O6BMHEHME DWNepa B NOPOYHOM Kpyre HecnpaBea/MBO, T.K. MOXHO
CTPOMUTb MNOJIe pPa3/IoKEeHUA MHOroudJieHa, He npegnosarad 3apaHee
CYLLLeCTBOBAHMA MONA KOMMIEKCHbIX uucen. TaKoe MNOCTPOEHUE ecCcTb
KoHcTpyKumAa J1. KPOHEKEPa (1882). Torna ocHOBHasa Teopema anrebpbl
byaeT cocToAaTb B TOM, YTO NMOCTPOEHHOE MNOoJie PAa3N0XKEHMA MHOroY/ieHa
ecTb NoAnosie NoAA KOMNAEKCHbIX Yncen nam n3omopdHoO ero NnoAnonto.

B pgokasatenbctBe [laycca 1815 r. copepXuUTcA KOHCTPYKUMA nonA
PA3/10KEeHNA MHOro4YneHa, HO B O4YeHb 3aBYa/IMPOBaHHOU popMme.



Hesasucumo ot [aycca O.-/1. KOWWU noctpounn none pasnoKeHwuA
MHorouyneHa x’+1 =0.

lfepmaH Beunnb (1885-1955) Ha3Ban TOUKY 3peHMA DNUNepa XxapaKTepHOM
ana anrebpbl, a TOYKY 3peHuna laycca B ero nepBbixX AoKa3atenbcrsax OTA —
XapaKTepHOW ANA aHa/M3a B KOMNJIEKCHOW oba1acTu.

K XX BeKy o0ba AoKa3aTenbcTBa ObiM NPUHATDI.

2. PewneHune anrebpanueckux ypaBHeHMU B pagnKanax

B XVIII B. 3aHUManucb: 3.B. YmpHrays (1651-1708),
J1. dnnep (1707-1783),
3. besy (1730-1783),
.. lTarpaHx (1736-1813),
A.T. BaHaepmoHg, (1735-1796) n ap.



1683 YupHrays
MNyTb: HaltTK noacTaHoBky BMaa x =y* 1+ ay™ 2+ ...+ B,

VHUYTOXAKLWYIO ABa, TPWU, ..., h — 1 cnaraemoe, 4Tobbl NONYYNTb ABYYIEHHOE
YpaBHeHMe Tnna y' '+ A=0.

YnpHraysy yaanocb caenatb 3TO B C/yyae Kybuyeckoro ypasHeHuA. [ns
n=4 ynanocb caenatb Innepy, HoO Ana n=5 cteneHb pe3oabBeHTbI BbipOCaa A0
24. B pe3ynbraTe:

1) mHoro paboT no npubanKeHHOMY BblUMCNAEHUIO KOpHeun (/lonuTans,
CtupnuHr, bepnynnu, HetoToH, Kpamep n ap.);

2) HanaeHbl HEKOTOPbIE cneyuasibHble KAaccbl YypaBHEHUI, pa3peLlummbix
B paAuKanax: YypaBHeHMA 5-n  cTteneHn, KOTopble Mbl  MOXKem
OXapaKTepn3oBaTb KaK YPaBHEHMA C LUMKANYECKOM rpynnon lanya (unep) u
OZ1MH U3 KNACCOB YPAaBHEHUIN C NONYMETALUMNKANYECKOWN rpynnou (Annep).

dnnep TakKe Hawen obuwmnm BMAO, KOPHEN ypaBHEHMA 5-U cTeneHun, ecau
OHO pa3peLlnmo B pagunKkanax. Bnocneactsmm stot pesynbraT CTan OTNPABHOM
TOYKOM ANnA nccneposaHum Abens.



MepenomHbI MOMEHT:
1771-72 KN, NATPAHX
«Pa3moeiwineHus ob anzebpauyeckom pewieHUU ypasHeHUU »
1. cchepoBan Bce meToabl npeallecTBeHHUKOB:

«A Hamepesarocb uccsedosamse pa3/uUYHble Memoobl
asz2ebpauyecKko2o peweHuUs ypasHeHUU, Komopbie 8CMpeyasnucs 00 cux rop,
cgecmu ux K obwum rpuHyuUnam u rnokasamse anpuopu, rnoyemy smu
MemoOobl rnpusoosm K ycriexy 07149 mpemeel U Yyemeepmol cmereHu u
Herpu200HbI 018 bosiee 8bICOKUX cmerneHeu. »

2. [lokasan, 4TO BCe TnpeXHue meTodbl CBOAMIIUCL K OTbICKAHUIO
paunoHanbHbIX GYHKUMMA KOPHEW, KOTopble nMnpu BCEX BO3MOMKHbIX
nepecTtaHoOBKax KOpHer NpuHUManm ool k (< n) pa3nIMYHbIX 3HAYEHUI.

Ceen sonpoc o peweHuUuU ypasHeHUl 8 paduKaaax K paccMompeHUo
2pynnosl M0OCMAHOBOK KOpHeU U ee nooz2pyni.



JlarpaH» paccmaTpuBan MHOMXECMB0 M00CMAHOBOK KOPHEW YPaBHEHMSA,
B KOTOpPOM oOnpeaennn, 4Yto TaKoe NoACTaHOBKA, MNpou3BeaeHue AByX
NoACTaHOBOK, eAMHWYHAA NOoACTaHOBKA n obpaTHaa nNOACTAaHOBKA,
pe3o/ibBeHTa. TakMm o06pa3om, daKTuyeckm JlarpaH»K paccmaTpuBaeT
rpynny noaCTaHOBOK KOPHEW, He WUCNonb3ya TepMWH «rpynna» (oH
NnosiBUACA MO3JHEEe), U ero paccMoTpeHne umeeT abCcontoTHO o0bLWmm
XapaKTep.

MN3yyad noACTAaHOBKU, MPU KOTOPbIX HE MEeHAeTcA BBeAeHHAA WM
pauMoHanbHaA GYHKLUMA KOPHEN ypaBHEHUS, JlarpaHK Nosyyma, YTo Takue
NoACTaHOBKM 00pa3yloT noarpynny MCXOAHOWM rpynnbl U OTCioaa cheayet
Teopema JlarpaHXa O TOM, YTO MOPAAOK noArpynnbl AennT MNOopPAOOK
rpynnoi.

«[loOcmaHoBKU fA6AAIOMCA UCMUHHOU memagu3ukolu peweHus
aneebpauvyecKux ypasHeHuu... Becoma coMHUMENBHO, YMO 3mu Memoobl
moenu bbbl 0amb peweHue ypasHeHUA 5U cmeneHu u b6osiee B8biCOKUX
cmeneHeu».



BbiBOopA, J/larpaHKa:

Echn takaa (k < n) HeTpuMBManbHaa noarpynna CcyuwecrByer, TO
NCXOAHOE YpaBHEHUE pa3peLlmnmo.

[lna nokasatenbcTBa 3TOro ¢dakTa B cayyae ypaBHeHUA 51 cteneHn emy
He XBaTano:

1) ycTaHOBUTb, YTO S HE MMeeT NoArpynn UHAEKCOB OT 2 A0 5;

2) [0O0KasaTb, UTO BCAKUW MPOMENKYTOYHbIA pPaguKan saBAAeTcA
PAaUMNOHANbHOU GYHKUMEN KOPHEN YPaBHEHMUA.

B npouecce co3maer y4vyeHue O NOAO0OHbLIX (QYHKUMAX, KOTOpOe
YCTaHAaBAMBAET coomeemcmeue mexcoy nooz2pynnamu  2pynnbi
rnepecmaHOB0K KOpHell YypaeHeHUs U noomnoaAsmMmu nosaf pa3noMceHUsA

MHO2041€eHd.

Bnocneactemm 3To COOTBETCTBME CTaN0 LLeHTPasibHbIM mecToM Y Maycca
ny lanya (3aHoBO AoKa3an B 1829).



[Mocne JlarpaHrKa — ABa HanpaBAEeHUA UCCneno0BaHUMN:

UccnedoeaHue ypasHeHuUl ¢
byKe8eHHbIMU KO3hpuyueHmamu:

[Maono Pyppuumn 1799

OrtocteH-/lym Kown 1815
OcHo8bl meopuu NoOCMaHoOB80K

Hunbc NleHpuk Abenb 1824/26

Llokazamesnobcmaeo
Hepa3pewumocmu ypasHeHuUl ¢
byK8eHHbIMU KO3gpuyueHmamu
cmeneHu 2 5

JBapuct lNanya 1832

Knaccoel paspewumsix ypasHeHul u
yPAaeHeHUA ¢ 4Uca08bIMU
KoaghgpuyueHmamu:

Kapn ®puapux faycc 1801
YpasHeHue OeneHuUsa Kpyaa

Hunbc leHpuk Abenb 1828/29
Pa3spewumocmb HOPMAsbHbIX
ypasHeHul u ¢ abenesou 2pynnou

JBapuct laya 1832
Teopua lanya.

Kpumepuu pa3pewumocmu
ypasHeHuUA. [pynnbl, nonA.



Naono PYOOUHMU (1765-1822)

1799 PaccmoTpen NoACTaHOBKU Ana nh = 5 n nx npousBeneHus;

NOKasan: ecanm y OPYHKUMM OT 5 nepemeHHbIX MeHee 5

PA3/INYHbIX 3HAaYEHUUN, TO UX He bosblue ABYX —> HEBO3MOXKHO MOCTPOUTH
Pe30/1bBeHTY JlarpaHXa cteneHun Huxe 5.

HO nocbinka PygpPpunHm He BepHa: KOPHU pe30/IbBEHTbI He 06Aa3aTenbHo
PaLMOHANIbHO BbIPaXKaloOTCA Yepe3 KOPHU UCXOAHOro YpaBHEHMUA.

OrtocTteH-J/lyn KOLLUU (1789-1857)

1815 O606wmnn pesynbrat PydpPpmnHm Ha BCe n n AOKa3aa, 4To rpynmna
NnoACTaHOBOK nNpu n > 5 He wvmeeTr noarpynn mHAaekca, 6osnbwero 2 um
MEHbLUE HaMMEHbLLEro NPOCTOro YNCAa, HE NPEBOCXOAALLErO N.

Ha atom nytn Abenb (1826) nosnyynn csoe NO/IHOE A0Ka3aTeNbCTBO.

Kowwu 3an10Xnn ocHoBbl TEOPUU NOACTAHOBOK: YA0bHble 0603Ha4YeHunA
(4o cux nop), npomsseaeHmne AByx NOACTAHOBOK, ob6paTHaA MOACTAHOBKA,
NnopAaoOK NOACTaHOBKU U T.1.



Hunbc XeHpuk ABE/Ib (1802-1829)

— 13 begHOMN NAaCTOPCKON CEMbBMU;
— 3aCTEHYMBbIN, BNeYaT/INTEe/IbHbIN;

1822 Hayan y4yntbCA B YHUBEpPCUTETE B
XpUCTUaHUW;

1823 nepBas paboTa 0 cywecTBOBaHUM
pelleHns ypaBHeHnAa 51 ctenenu;

1825 yyeba B bepanHe n 3HAKOMCTBO C
Kpenne;

1826 nonHoe «/loka3aTenbCTBO
HEBO3MOXHOCTWU...»;

3aTem — nyTewecTtsune B Itanutio,
noe3sakKa B MapuiK, «XonoaHbIN»
npuem...

1827 BO3BpalleHne nomoun, bonesHb
obocTpunaceo...




1801 FAYCC «ApudpmemuyecKue uccned0os8aHUA»

Hawen (1796) nepsBbii BaXHbI KAAcC ypaBHEHUM, paspelumbiX B
paguKanax — ypasHeHuUs 0esneHus Kpyaa
n-1 k
Z x4y 244 x4+1=0 npun=22 + 1 paspewnmbl 8

x—1
KBa[pPaTHbIX paJuKanax.

[MToKa3an, 4yTo Atboro npocroro n
— ypaBHEHMe HeNpmBoOaAMMO;

— KOPHW BCEraa Bblpa3mMMbl B paguKkanax; Aasl KopUTepPUN pas3pelmmocTm B
KBaApaTHbIX paauKanax;

— rpynna ypaBHEHMA UMKANYHA;
— paccMmoTpen Bce ee NoArpynnbl U NOCTPOUA COOTBETCTBYIOLLIME NOASA;

— coOpMynnpoBan BbIBOA O BO3MOXKHOCTK 0606LLEHNA.



B 4yepHOoBMKax W AHeBHWUKax [aycca ecTb npumepbl MUCCAeAOBaHUA U
HEKOTOPbIX APYIrMX YPaBHEHUMN:

1) ypaBHeHMe aeneHuMA Kpyra nNpu cocTaBHOM n: Toraa rpynna lanya He
LMKAMYECKass, HO KOMMYTaTUBHAA, CNeAoBaTe/IbHO, «KPyrosble GYHKUUM
MOHO paccMaTpmMBaTb BO BCEN BCEOOLLLHOCTUNY;

2) peneHne NEeMHUCKATbl Ha N PaBHbLIX YacTeM NPUBOAUT K YpPaBHEHWUIO
cTeneHun n?, NoACTaHOBKU = KOMMYTaTUBHaA rpynna;

Ho He nybauKosan.

. Ctunnsenn: «Omeem Ha 3a0a4y OesneHus AeMHUCKaOMbl HG N PABHbIX
yacmel HalioeH Abenem (1827), Komopsili npeobpa3oeasn MymMaHHOCMb
[aycca 8 KpucmanbHylO ACHOCMb: OesieHUe C NnomMouwbio AUHEUKU U UUPKY/A
B803MOMCHO O/11 MOYHO MAKO20 He N, KAK U 0189 Kpy2a. Imom yousumesibHbll
pe3ysnbmam Cayxum, 803MOMCHO, Ay4due, yem aobou opyaol, nooyepKusaHUo
obveduHAaweld poau 3naunmu4Yeckux @yHKyulu 8 zceomempuu, dsnzebpe u
meopuu Yucesn».




1829 H.X. ABEJ1b «Memyap 06 oOHom ocobom Knacce
anzebpauyecKux paspewumsix ypasHeHUlU»

— BBe/ «06s10CMb payuoHAAbHOCMU» YPaBHEHUA — MHOXeCTBO BCEX
BE/IMYMH, KOTOpble pauMOHANbHO BblpaXKaloTcaA 4epe3 KO3IPPUUMEHTDI
YPAaBHEHUA M pPaUMOHaANbHblIE 4Yucna (T.e. MHOXEeCTBO pPaLUOHANbHbIX
bGYHKUUN OT KO3IPPULMEHTOB YPABHEHMUSA).

Mbil: asnzebpauyecKoe pacwupeHue nos4, Nnoay4YeHHoe
npucoegmHeHnem KospPuumMeHToB N KOPHEN YPaBHEHNA, OCHOBHOE None.

— Hawen (ewe oanH, nocne ypaBHEHMIN AeNeHUs Kpyra) cneumnanbHbIi,
OYEeHb LWWMPOKNUN KNacC ypaBHEHUU NOOOU cTeneHun, paspemmbiX B
paauKanax:

1) HopmanbHOoe ypaBHeHUe, T.e. NOOOM KOPEHb PaLUMOHAIbHO
BblparKaeTca Yyepes3 Kakon-HnMbyab oauH;

2) rpynna NoACTaHOBOK KopHen kommymamueHa: 9(0.(x,))= 0(0/(x,)).



daKkTnyeckn ABEJIb nccneposan CTPYKTYpPYy KOMMYTATUBHbDIX rpynn
N A0Ka3an, YTO OHU ABNAKOTCA Npoun3sedeHnem LUUKINYECKUX.

HO noHATUK rpynnbl U TEPMUHOB HET.

[MocnegHnn roa  CBOEM  XU3HM  UCKAn  OOWUN  KpUTepUuwn
pa3pewmnMmocTM B paauKanax nwboro ypaBHEHMA C  3aAaHHbIMU
YMCNOBLIMU KO3DDOULIMEHTAMM, HO HE yCnen.

[lonHoe peweHune — Isapuct rAJ1IyA.




dBapuct 'AJIYA (1811-1832)
— N3 ceMmbWh mapa r. byp-na-PeH;

B 12 netr yexan B [lapux, noctynun B
Koponesckun konnex Jlyn-ne-fpaH, roe ¢ 15 net
n3ydyan Tpyabl JlexaHapa, JlarpaHXa, [aycca,
Kowwu.

1828-1829 — TAXenble NCNbITaHUA:
camoybumncTBo oOTLaA;, ABa pa3a MNPOBAMIACA Ha
3K3ameHax B [1o/IMTeXHNYECKYIO LLKONY.

[TpnHAT B HOpMmanbHyto WKOAY. AKTUBHAA
NO/INTUYECKAA AeATe/IbHOCTb.

1831 — wucKknwuveHMe U3 LWKOAbl; apecTbl WU
3aK/toyeHune B Tiopbmy CeH-lMenaXxu.

1832 — neyebHunua PonbTpue, Ayans.




B 1829 oH oTtnpasun Ha peueH3uto Kowwu csoto paboTy B ABYX 4acTaAX, U
OHa b6blna opobpeHa Kowwu, HO 3aTem yTepAHa M He nonana B MapuKcKyto
AKagemMumnto Ha KOHKYPC MmaTemaTnyeckmnx pabor.

B 1830 oH nocnan dypbe memyap O CBOMX OTKPLITUAX ANA y4acTuA B
KOHKypce Ha npu3 AKagemMun, HO CNyCcTA HECKO/IbKO aHen Pypbe
HEOXUAAaHHO yMmep, TaK N He YyCNeB UM 3aHATbCA, @ CaMa PYKONUCb MeMyapa
ucyesna — B OCTABLUMXCA MOC/AEe CMepTU ydyeHoro bymarax oHa He b6bina
obHapy*KeHa. Mpn3 nonyumnn Abenb. Bce ke 3 cTaTbU € N3NOXKEHMEM OCHOB
csoeu Teopumn lanya onybanKoBaTb yaanoco.

[Mo3ke cTaTbA, nocnaHHasa llyaccoHy, OGblia OTBEPrHyTa CO CreAyioLlen
pe3ontoumnen:

«Bo 8caKkom cny4ae, Mol cOenasnu 8ce om Hac 3asucauee, Ymobol MOHAMb
doKazamenoscmeo e-Ha [lanya. E2o paccymwoOeHua He obaadarom Hu
docmamoYyHoU ACHOCMbIO, HU 00CMamoyHoU nosaHomou 0719 moeo, Ymobuobl
Mbl Mo2/au cyoums 06 ux moYyHoCcmu, NO3MoOmMy Mbl HE 8 COCMOAHUU 0aMb O
HUX nNpedcmassieHue 8 3mom O00Kaoe».



Kputuka MNanya pabortbl HayyHbIX yYpeXaeHUMn:

«TwemHo xomam aHAAUMUKU CKPbIMb 3mM0O om camux cebsa: oHU He
00Ka3bl8arom, @ KOMbUHUpPyom, cocmasaaom...»

«Hy}HO cmame Ha noysy B8bIKAAOOK, epyrnnuposams orepauuu,
copmuposame ux rno mpyoHocmu, a He rno ¢popme — makosd, rno-moemy,
muccusa byoywux 2eomempos; mMakos rnyms, Ha KOmMopbil A BbIXOMHY 8
amou pabome...»

N3 paboTbl NO nHTErpanam ot anrebpanyeckmx PyHKUMMN, HANUCAHHOMN
B Ttopbme CeH-llenaxxku, 1831 .



U3 nucbma . Nanya K O. LeBanbe
oT 29 mana 1832 .

«A 8 ceoell #U3HU Yacmo rno3e0s14s cebe 8bICKA3bI8AMb MNPEOIOHEHUSA, 8
Komopbix He bbla yeepeH, HO 8ce, Ymo A HANnucasa 30ecb, yHe OKosaA0 200d 8
moel 20s08e, U CAUWKOM 8 MOUX UHMepecax He owubumosca, Ymobsl MmeHs
Moesu 3anoodo3pumes 8 mom, Ymo A 06bABAAK meopemMbl, 0719 KOMOPbIX He
umers 6ol NosHO20 00KA3amesibCmeaa.

Tol nybau4Ho nonpocuws AKobu unu faycca 0ames ux 3aKAKLYEHUE, He O
cripasedsu8ocmu, HO 0 8AX¥CHOCMU SMUX MeopeM.

[locne amo2o byoym, A Haoderocb, 100U, Komopbie Halidym c80H 8bl200Y
8 pacwWugposKe sceli amoul nymaHuuybi».



1832 (on. 1846) dBapuct NANIYA
«Memyap o6 ycnosusax paspewiumocmu YpasHEeHUA 8 paocuKanax»

...MOMX(HO YC/I0BUMbCA pACCMamMpueams Kak payuoHasbHocmu 8ce
PAyUOHAbHbLIE PYHKUUU OM HEKOMOPO20 YUCAA OrpeodesneHHbIX Koauvyecms,
rpeornosiOHEeHHbIX a priori U38eCMHbIMU.

Hanpumep, MOXHO 8biIbpamb HEKoOmMopsil KOpeHb U3 Uesno2o0 4ucaa u
paccmampusams KaK payUuoHAs1IbHOCMU 8Ce PayUOHAsbHbIE YHKUUU om
amoeo paodukana. To2da, Ko20a Mbl yCnasnueaemMca paccmampusamse KaK
U3gecmHsle HeKomopsble Koauvyecmea, Mbl 2080pUM, 4YmMO Mbl  UX
rnpucoeduHsaem K yYpPABHEHUID, O peweHUU Komopoz2o udem peys. Mol
2080PUM, YMO 3Mu Koau4Yecmaa rnpucoeouHeHb! K ypasHEHUIO.

[lonoxue smo, Mmbl bydem HaA3bI6AMb PAYUOHAABHLIM  B8CAKOE
Kosuyecmao, Komopoe bydem 8bipaxambCAa pAauuoOHaAs16HOU yHKUuelu om
KoagpuyueHmos ypasHeHUA U HEKOMOPOo20 YUCAA npou380s1bHO 8bI6PAHHbIX
MpUcoeoOUHEeHHbIX Koau4yecms.

Kozda mbl bydem rnosnb3o8ameca 8CrioMmo20mesibHbIMU YPABHEHUAMU, OHU
6yoym pauyuoHaAsIbHbIMU, ecau UX KoagguuueHmsl payUuoHasbHbl 8 HAWeMm
cMbICrIe.



anya o rpynne ypaBHeHMUA:

«lycmob O0aHO ypasHeHue u a,b,c,... cymb m e20 KopHeu. Cyuwecmayem
gce20a epyrrna nepecmaHoeok byks a,b,c,... , obaadarowaa caeoyrowumu
ceolicmeamu:

1) ecakaa ¢yHKUUA om KopHel, UHBAPUAHMHAA OMHOCUMEsbHO
no0cmMaHoB80K amoli 2pynrbl, PAUUOHA/IbHO U38ECMHQ;

2) obpamHo, 8CAKAA paUUOHAbHO orpedensaemas PyHKUUS om KopHel
UHBAPUAHMHA OMHOCUMEbHO 3MUuX MOOCMAHOBOKY.

CnepoBaTenbHO, He HY)KHO MCC/leloBaTb BCe NepecTaHOBKM KOPHEM, a
AOCTAaTOYHO HEKOTOPOM noarpynnbl U3 S, , KOTopyto 06pas3yrOT NOACTAHOBKM,
COXPaHAoLWMEe BCe COOTHOLIEHUA MEeXKAY KOPHAMU U, cnenoBaTesibHO, BCe
MHOrOYNeHbl OT KOPHEW, 3HaYeHMsA KOTOpPbIX MNpPUHaANEeXKaT OCHOBHOMY
noto.



OcHoBHbIe pe3ynbTaTtbl ldnya:

— YTOYHW/1 NOHATUE OCHOBHOTO MOAA; BBEN «NPUMMUTUBHbLIA 3NIEMEHTY,
«rpynny nOACTAaHOBOK», «CMEXKHble K/acCbl», «KOMMO3ULUOHHbLIA pAaadY,
«pa3peLnmyto rpynmny»;

— YCTAaHOBM/1 COOTBETCTBUE MeXAy noarpynnamu rpynnbl lanya
VPaBHEHUA U NOANOAAMM MONAA PA3NOXNKEHUA MHOroYNeHa, KOTOopble
COCTOAT W3 3/1IeMEHTOB, MHBAPUAHTHbLIX OTHOCUTE/IbHO MNOACTAHOBOK 3TUX

noarpynn;
— BbiBe/1 06WMNA KpUTEpUU Pa3PELUMMOCTM HA OCHOBE PaCCMOTPEHUSA

rpynnbl NOACTaHOBOK KOPHEW ypaBHEHWUS, HE MEHAILWMX PaALMOHAJIbHbIX
OTHOLUEHUMI, CYLLLECTBYIOLWMX MeXay KopHAmK (rpynna Manya):

ypaBHEeHWe paspelmmo Toraa M TONbKO Torda, Korga paspelinma ero
rpynna lanya, T.e. CyLLecTBYeT LLleno4vKa BAOKEHUN

¢G> H, OH, D> DHy,

rae H,, —HopmasibHble AennTenu ¢ npocTbiMn MHAEKCaMM.



Takoe paccmoTpeHune rpynnbl BMecTe CO MHOXXeCTBOM ee MHBApPMaHTOB
CTano BeaAylWMM B maTemaTuke XIX B.

H.l. YeboTapes:

«llonyyeHHble pe3ysnbmameol [03807410M pewums 018 B8CAKO20
3000HHO020 YpPABHEHUA rnpu nomMmouwju KOHe4YHo20 4Yucsaa oelicmesulli 80Mpoc,
pewaemcsa su OHO 8 padukanax. Ho HecpasHeHHO 606wy UeHHOCMb 014
mMamemMamuKu umeem rnocmpoeHHbIU UM annapam, rnpu nomowu Komopozo
OH docmuz C8oUX pe3ys1bmamos.

Boipaxcasacb cospemMeHHbIM f3blKoM, [laaya npeoaoxcun u3y4yameo
CMpPYKmMypy danz2ebpauyeckux nosaei, conocmMasanfaa ¢ HUMU CMPYKMypy
2pynn KOHEe4YHo20 4ucsaad CcumMeosioe (noodcmaHOB0K), O00MnyCcKarowux
ceoeobpa3Hbie 3aKOHbI 0elicmaull ¢ HUMU .

A.H. Koamoropos:

«Ha cmeHy anzopummy ¢hopmyn npuwien an20pumm noHAMuU».



1846 K. JinyBunnb 1854 K. Ceppe

cobpan u onybaukosan Bce M3NoXun Teoputo lanya B CBOem
paboTtbl lanya co cBoMmu yyebHnKe «Kypc Bbicwen anrebpbi»
KOMMEHTAPUAMM. (bbiln n3BecteH B AHranm, fepmaHum)



1870 Kamunb }KOPAAH (1838-1922) (yueHuk Ceppe)
«TpaKmam o NnoOCMAHOBKAX U anzebpauvyecKux ypasHeHUsaX»

C 1865 wuHTepecoBanca wuccneaoBaHUAMU
[anya.

B Tpaktate 1870 BnepsBble Teopua rpynn
NoACTaHOBOK n3naraeTtcs NOJIHO 7
cMctemaTuyHo. MNMpuBoAATCA €e NPUNOXKEHUA K
reoMeTpumn, TEOPUN SANNNTUYECKUX PYHKUUN K
anrebpe.

*KopaaH onpegensaet nonyrpynny, HO obuwyto
TEOPUI0 KOHEYHbIX rpynn pasBuBaeT Ha
npumepe rpynnbi NOACTaHOBOK.

ABHO BBOAUT «HOPMaNbHbIN AENUTENDLY,
«MPOCTYIO rpynny», «Mepmn3apUYeCcKnin
M30MOpPPU3IMY, «roNn034pUNYeCcKnm
N30MOPPU3IMP».




[10Ka3blBaeT, YTO CME)KHble KNacCbl MO HOPManbHOMY AeNuTento
obpa3ytoT rpynny «no moaynato ocobown noarpynnbl» (pakTop-rpynna c
1873).

BBOAUT NOHATUE KOMMNO3MLIMOHHOIO psaaa
GoG, 5G,>.. 2G,..2G_Dle}

roe Kaxgaa noarpynna G,,, — HOpManbHbIN Aenutenb G, , Nnpuyem BCe
daktop-rpynnel G, /G, npocToro nopagka. [oKasbiBaeT, YTO 4YMUCNO
4/1IeHOB OAMHAKOBO C TOYHOCTbIO A0 NopAAKa cnefoBaHMA U MOPAAKK Te
Xe.

B cneunanbHOM rnase Hayan pacCMOTpPeHMe npeacTaB/ieHUua rpymnn

NoACTaHOBOK € MOMOLLbIO MaTpPUL, — C NMOMOLLbIO JIMHENHbIX NoArpynn
06paTUMbIX KBAAPATHbLIX MaTPUL, C anemeHTamun us nonen Fo, Ruan C.,

Taknm obpasom bblna 3as10XKeEHa OCHOBa TEOPUWU MPeACTaBAEHUN U
[OKa3aHa BO3MOXXHOCTb NpuBeAeHUA MaTpuubl K HOpmanbHou popme —
OCHOBHas Teopema JIMHeNnHou anrebpoil.



HoBbin ypoBeHb abcTpakumm n onpeaeneHue abcrpakTHOU rpynnoil
Y aHINMMNCKUX CUMBOINCTOB.

1854  Aptyp K3J/1U (1821-1895) «O meopuu 2pynn, 3aeUucawux
OMm CUMBO0/UYECKO20 ypasHeHuUs 9"'=1»

— MNMOHATHME TPpynnbl HE 3daBUCUT OT KOHKPETHbIX O6'b€KTOB, Ha/[d, KOTOPbIMHU
OHWU onpeaenenHobl.

« MHoxcecmeso cumsosnos 1,a,6, ..., omauyHbix Opye om Opyea u Makux,
ymo rnpoussedeHue ntobbix 08yx U3 HUX (HEBAMHO, 8 KAKOM ropAOKe) usu
rnpou3sedeHue 00HO020 U3 HUX HG camoz20 cebsa npuHaoexum MHOXecmasy,
Ha3osem 2pynnoii». TepmuH «rpynna» B YecTtb [anya.

— onepauus yYMHOXeHMA He o06sA3aTenbHO KOMMYTAaTUMBHA, HO Bceraa
accouMaTUBHaA;

— MNP YMHOXEHNU BCEX CUMBOIOB rpynnbl Ha 0AMH U3 HUX (cneBa/cnpaBa)
BHOBb MOJ/Iy4aeTcs BCA rpynna;

— CYLWEeCTBYEeT HEUTPA/IbHbIN SN1EMEHT.



[na noscHeHUs aaet Tabanuy:

Further faetors
i & o
1 1 a 3 |
a & o Ba

Neaver factors

that as well each line as each column of the square will contain =all the symbols
1, a, B,.... It also follows that the product of any number of the symbols, with or
without repetitions, and in any order whatcever, is a symbol of the group.

B KaXK[40M CTPOKe U B KaxKA0M cToNbLe AO0NKHbI ObITb BCE CUMBObI.



B aton pabote KI3JIU

— paccmoTpen 3adaHue rpynn pPasM4yHOro NopAaaKa KaK C MOMOLLbHO
TabAnu, yMHOXKeHMA, TaK 1 C MOMOLLbIO 00pa3yroLWmnUX COOTHOLIEHUN;

— MOKa3a/, YTO CYLLECTBYIOT ABe pa3/InyHbie rpynnbl 4ro nopaaka, Ase —
LLecToro, NATb — BOCbMOTO;

— MoKasan, 4to pAana nwboro npocrtoro nopsaAaka p cyulecrtsyet
eANHCTBEHHaA UMKAMYeCcKan rpynna nopsagka p.

OAaHaKo He BCe cpa3y BOCNPUHANKN naeun Kanu, nepenom Cayynanca nullb
nocsie ero Hosou paboTbl No Teopuun rpynn 1878 r.



1882 Banbtep ¢poH AuK (1856-1934) (yyeHnk KneiHa)
«UccnedosaHua no meopuu 2pynmn»

nan onpeaeneHne ¢BoboaHOM rpynnbl, NPUroaHOe Kak AN
KOHEUHDbIX, TaK U ANA 6eCKOHeYHbIX rpynm.

ObLWwenpuHATaA akCMOMaATUKa TEOPUM TPYNN U3N0XKEHA:
1898 [eHpux Bebep (1842-1913)
«Kypc anzebpeoi» (3 Toma)
[pynna G — MHOXXeCTBO 3/IEMEHTOB NPOU3BOJIbHOW NPUPOAbI, B KOTOPOM:
1) 3apaHa onepauus;
2) cywecTByeT HEUTPANIbHbIN 3IEMEHT;
3) onepauma acCoUMaATUBHA;
4) npna ntoboro anemeHTa CyllecTsyet obpaTHbIN.



NOBEAHOE LUECTBUE TEOPUU FPYMMN
K. opaaH (1871 r. u no3xe)

NnocTpoun Ana NNHenHbiX anddepeHuUnanbHbIX YpPaBHEHUN TEOPWUIO,
aHanornyHyto Teopum [anya, B KOTOpouM poab rpynnbl  [anya
anrebpanyeckoro yYpaBHEHUSA nurpaet rpynna MOHOAPOMUMU
cooTBeTcTBYlOWEro AnddepeHuUManbHOro ypasHeHuA. ITa Teopua bHbina
3aBepuleHa 3. [NMnKapom.

®. KneuH (1872)

NPUMEHUAN TPyNnbl B CBOEW IDPNAHFEHCKOW nporpamme ANA
KnaccnpumKkauum reomeTpum.

A. NMyaHKape (80—e rogpbi)

BBeN PyHAAMeEHTa/ibHble rpynnbl B Tononornto. 3atem Obliv BBEAEHDI
rpynnbl romonorun (A. MNyaHkape, snocneactsmu M1.C. AnekcaHapos, A.H.
Koamoropos).



A. MNyaHKape (80—e roapbi)

BBE/l rpynnbl B MaTemaTU4yeCcKMiM aHanmM3  Ana  umccnepoBaHUs
aBTOMOpP®HbIX PYHKUMM (Takke D. Knenn, J1. LBapu,).

C.Iu u ®. KnenH (c 1870 r.)

Ha4yann pa3BMBaTb TEOPUIO HEMPEPbLIBHbLIX FPynn, KOTOpble Urpann ANA
andbdepeHUnanbHbIX YPaBHEHMM C YAaCTHbIMU NPOU3BOAHBIMMU TY KE PO/ib,
4TO U FrPYynNnbl NOACTaHOBOK B Teopuu lanya.

K. opaaH

Hayas paccmaTpmBaTb npeactaBneHmne rpynn matpmuamu. Obwan teopus
npeacrasneHun rpynn noctpoeHa ¢.3. Moanubim n .. PpobeHnycom

(90—e rogpbl).




[. Beunnb (Hauyan), J1.C. MoHTpAruH (rnasHbie pe3ynbraTtbl, 30e roabl XX BeKa)

noctpounn andbdepeHUnasbHOE WU UHTErpasbHOe  WUCYUCNEHUE  Ha
TONONOTMYECKUX rpynnax (rapmMmoHUYeCcKmnii aHanms).

E.C. PepopoB (1890)

nan  KhaccuduKaumilo (C nomolbilo  Teopuu  Tpynn)  npPaBUAbHbIX
NPOCTPAHCTBEHHbIX CUCTEM To4yeK (Kpucrtannos). OKasasnocb, YTO Ha
NAoCKocTU (3apaya y3opos) cywectsyetr 17 ¢$enopoBCKMX rpynn, a B
npocTtpaHcTee — 230.

B. Maynu (20e rogb! XX B.)

TeopmA Trpynn B COBPEeMEHHOU KBAHTOBOU U3MKE nNPUHAANEKUT 'K
Hanbonee MOLLHbIM NHCTPYMEHTAM COBPEMEHHOM dn3nKn",
NA0AO0TBOPHOCTb 3TUX MAEN "AaneKo euwe He ncyepnaHa'. Matpuupbl Maynu
— 3T0 HAabop M3 TPEX IPMUTOBLIX N OAHOBPEMEHHO YHUTAPHbIX 2X2 MmaTpul,
cocTaBnAowmMmM 6a3mc B MPOCTPAHCTBE BCEX IPMUTOBLIX 2X2 maTpuu, C
HyneBbIM cneaom. bbin npeanoxKeHbl Ansa ONMCaHUA CNMHA SNEKTPOHa.



Teopwua lanya ABnAaCb TONYKOM ANA
LLMPOKOro pa3suTUA anrebpol B cepeaguHe n sTopon nonosuHe XIX B.

1. [lMosBunacb TEeopuAa nNonen anrebpanyeckmx Yucen wu NOJen
anrebpanyeckmnx GyHKUUN, TEOPUA NAEaN0B:

3. Kymmep, /1. KpoHekep, P. leneknHa, E.N. 3onotapes, [.O. BopoHown.

2. BO3HMKNA Teopua rmnepKoMnIEKCHbIX CUCTEM = Teopua anrebp:
K. bynb (1815-1864) anrebpa noruku
Y.P. lamnnbtoH (1805-1865) BEKTOPbI M KBATEPHUOHDI
[. NpaccmaH (1809-1877) TeopunA TMNepPKOMMAEKCHbIX CUCTEM

A. Kann (1821-1895) anrebpa maTpuL,, OKTaBbl Kanu
®.3. MonunuH (1861-1941) TeopPuA BbICLLMUX KOMMNEKCHbIX Ynucen

3. Pabotbl P. leneknnpa n . fTmnbbepta No akcmomatusaumm anrebpboi
npuBenun B XX B. K CO3A4aHUIO WKoAbl 3. ApTUHA U . HeTep, B KOTOpOU
anrebpa ctazia HayKomn, n3yyatowen anrebpanyeckme CTpyKTypbl.



MHoroe B n1ekunmn He 3aTPOHYTO. Hanpumep:

1) nmHenHaA anrebpa (CunbBecTtp, Kann);

2) anrebpa mHorouyneHos (/lobayesckun, Nypsuu,);

3) Hayana co3aaBaTbcA anrebpanyeckan reomeTpus
(M. Hetep, NyaHKape).



Bonbdranr IpHct MAY/IU (1900-1958) BOWEN B UCTOPUIO HE TOJIbKO KaK
bnectawmMm Hemeuknmn ©GU3NK-TEOPETUK, NMOHEepP B 061aCTU  KBAHTOBOM
MeXaHUKN n naypeat Hobenesckon npemunmn no dusmke 1945 ropa, HO M Kak
4yenoBeK, YbMM MMEHEM HA3BAHO 3arajoyHoOEe WU
ManonoHATHoe AsBneHne — «3dpdeKkTt Maynu», cyTb
KOTOPOro COCTOUT B TOM, YTO TMPUCYTCTBUE
. HEeKOTOpbIX J/I0fenN HeraTMBHO BAMAET Ha XOf4
| 3KCMEPUMEHTOB 1 PaboTy TOYHbIX NPMOOPOB.

C T[llaynn TaKoe cAaydasocb NoOCToAHHO. Ero
HecnocobHoCTb 3acTaBuUTb paboTaTb AaxKe cambie
3/IEMEHTapHble 3KCcnepumeHTanbHble npubopbl, a
TAaKXe TO, YTO BELLUM U TEXHWUKA MPUN ero noas/eHnUn
NIOMAANCb WU BXOAMAN BO BHELUTATHbIA PEXUM
pPaboTbl, CTana NereHaapHoM.

https://monster-evo.ru/belinskijj/v-pauli-
biografiya-i-ego-princip-biografiya-pauli-volfganga-
obuchenie-i/
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