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����� I. ��Ǒ������������ ���������.����� �������������.[3, á.43{47, 59{61, 71{73, 190{260℄; [9, á.292{310℄; [11, á.60{70, 80{131℄;[12, á.11{13, 52{62, 193{207℄; [14, á.23{81,403-413℄.
§1. �ë¢®¤ ãà ¢¥¨ï � « ¬¡¥à .�à ¢¥¨¥ � « ¬¡¥à 

∂2u
∂t2 (x, t) = a2 ∂2u

∂x2 + f(x, t), x ∈ [0, l℄, t > 0. (1.1)®¯¨áë¢ ¥â ¬ «ë¥ ¯®¯¥à¥çë¥ ª®«¥¡ ¨ï  âïãâ®© áâàãë ¨ ¯à®¤®«ìë¥ª®«¥¡ ¨ï ã¯àã£®£® áâ¥à�ï. Ǒà¨¢¥¤¥¬ ªà âª¨© ¢ë¢®¤ íâ®£® ãà ¢¥¨ï(¡®«¥¥ áâà®£¨© ¢ë¢®¤ á¬. ¢ [3, 12, 14℄.1. Ǒ®¯¥à¥çë¥ ª®«¥¡ ¨ï áâàãë.
�¨á. 1

Ǒãáâì áâàã  ¤«¨®© l  âïãâ  áá¨«®© T . � ¯à ¢¨¬ ®áì Ox ¢¤®«ìáâàãë,  å®¤ïé¥©áï ¢ ¯®«®�¥¨¨à ¢®¢¥á¨ï, ¨ ¯ãáâì x = 0 | «¥¢ë©ª®¥æ áâàãë. �®£¤  x = l|¯à ¢ë©ª®¥æ áâàãë. �®§ì¬¥¬ ®áì Ou,¯¥à¯¥¤¨ªã«ïàãî ª Ox, ¨ ¡ã¤¥¬à áá¬ âà¨¢ âì «¨èì ¯®¯¥à¥çë¥ª®«¥¡ ¨ï áâàãë, ª®£¤  ª �¤ ï â®çª  x á¬¥é ¥âáï â®«ìª® ¢¤®«ì ®á¨
Ou. �«ï á®§¤ ¨ï â ª¨å ª®«¥¡ ¨© ¬®�®,  ¯à¨¬¥à, ª®æë áâàãë§ ªà¥¯¨âì ¥¯®¤¢¨�® ¨«¨ ¯à¨ªà¥¯¨âì ¨å ª ª®«¥çª ¬, ª®â®àë¥ ¤¢¨�ãâáï¯® ¢¥àâ¨ª «ìë¬ áâ¥à�ï¬, ª ª   à¨á. 3.�¡®§ ç¨¬ ç¥à¥§ u(x, t) á¬¥é¥¨¥ â®çª¨ x áâàãë ¢ ¬®¬¥â ¢à¥¬¥¨ t.Ǒà¥¤¯®«®�¨¬, çâ® ã£«ë, ®¡à §ã¥¬ë¥ áâàã®© á ®áìî x, ¬ «ë: |α|, |β| ≪ 1(á¬. à¨á. 2). �®ª �¥¬, çâ® u(x, t) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (1. 1). �«ïíâ®£® § ¯¨è¥¬ ¢â®à®© § ª® �ìîâ®  ¢ ¯à®¥ªæ¨¨   ®áì Ou ¤«ï ãç áâª áâàãë ®â x ¤® x+�x:

aum = Fu. (1.2)
�¨á. 2



�¤¥áì au ≈ ∂2u
∂t2 (x, t); m = µ ·�x, £¤¥ µ | ¯«®â®áâì («¨¥© ï) áâàãë,â. ¥. ¬ áá  ¥¤¨¨æë ¤«¨ë (¤«ï ®¤®à®¤®© áâàãë),  

Fu ≈ (F«)u + (F¯)u + ~f(x, t)�x.�¥à¥§ F«(F¯) ®¡®§ ç¥  á¨« , ¤¥©áâ¢ãîé ï   ãç áâ®ª [x, x +�x℄ á®áâ®à®ë «¥¢®£® (¯à ¢®£® ªãáª  áâàãë,   (F«)u((F¯)u) | ¥¥ ¯à®¥ªæ¨ï  ®áì Ou; ~f(x, t) | ¯«®â®áâì ¯®¯¥à¥çëå ¢¥è¨å á¨«. � ¯à¨¬¥à, ¢¯®«¥ âï�¥áâ¨ �¥¬«¨ ¥á«¨ áâàã  £®à¨§®â «ì ,   ®áì Ou  ¯à ¢«¥ ¢¥àâ¨ª «ì® ¢¢¥àå, â® ~f(x, t) = −gµ, £¤¥ g ≈ 9,8¬/á2.Ǒ®¤áâ ¢«ïï au,m ¨ Fu ¢ (1. 2), ¯®«ãç ¥¬
∂2u
∂t2 µ�x ≈ (F«)u + (F¯)u + ~f(x, t)�x. (1.3)� «¥¥, ¤«ï £¨¡ª®© áâàãë á¨«   âï�¥¨ï T  ¯à ¢«¥  ¢ ª �¤®© â®çª¥¯® ª á â¥«ì®© ª áâàã¥. Ǒà¨¬¥¬, çâ® T ¯®áâ®ï  ¯® ¢¥«¨ç¨¥ (á¬.[3℄). �®£¤  (F«)u = −T sinβ; (F¯)u = T sinα (1.3′)¨ (1.3) ¯à¨¨¬ ¥â ¢¨¤

∂2u
∂t2 µ�x ≈ −T sinβ + T sinα+ ~f(x, t)�x. (1.4)Ǒ®áª®«ìªã ¬ë à áá¬ âà¨¢ ¥¬ \¬ «ë¥" ª®«¥¡ ¨ï áâàãë, ¯à¨ ª®â®àëå

|α| ¨ |β| ≪ 1, â® á â®ç®áâìî ¤® ¡¥áª®¥ç® ¬ «ëå ¢ëáè¥£® ¯®àï¤ª  ¯®
α ¨ β sinβ ≈ tg β = ∂u

∂x
(x, t); sinα ≈ tgα = ∂u

∂x
(x+�x, t) (1.4′)Ǒ®¤áâ ¢«ïï íâ¨ ¢ëà �¥¨ï ¢ (1.4), ¨¬¥¥¬ á â®© �¥ â®ç®áâìî

∂2u
∂t2 µ�x ≈ T

(
∂u

∂x
(x+�x, t) − ∂u

∂x
(x, t))+ ~f(x, t)�x. (1.5)�âáî¤ , ¤¥«ï   �x, ¯à¨ �x → 0 ¯®«ãç ¥¬ á ãª § ®© â®ç®áâìîãà ¢¥¨¥ (1.1), ¢ ª®â®à®¬

a =√T

µ
; f(x, t) = ~f(x, t)

µ
. (1.5′)� ¬¥ç ¨¥ 1.1. �§  è¥£® ¯à¥¤¯®«®�¥¨ï ® á¨«¥  âï�¥¨ï ¢ëâ¥ª ¥â,çâ® ¯à®¥ªæ¨¨   ®áì Ox á¨« F« ¨ F¯ à ¢ë −T osβ ¨ T osα á®®â-¢¥âáâ¢¥®. Ǒ®íâ®¬ã ¨å áã¬¬  (T osα− T osβ) ¥áâì ¢¥«¨ç¨  ¯®àï¤ª 

O(α2+β2) ¨, á«¥¤®¢ â¥«ì®, ¯à®¥ªæ¨ï   ®áì Ox à ¢®¤¥©áâ¢ãîé¥© á¨«,



¤¥©áâ¢ãîé¨å   ãç áâ®ª áâàãë ®â x ¤® x+�x, ¥áâì ¬ « ï ¢¥«¨ç¨ ¢ à áá¬ âà¨¢ ¥¬®¬ ¯à¨¡«¨�¥¨¨. �«¥¤®¢ â¥«ì®, ¯à¨ â ª®¬ ¯à¥¤¯®«®-�¥¨¨ ® á¨«¥  âï�¥¨ï ¬ «ë¥ ª®«¥¡ ¨ï áâàãë á â ª®© â®ç®áâìîï¢«ïîâáï ¯®¯¥à¥çë¬¨.� ¬¥ç ¨¥ 1.2. �§ (1.3′) ¨ (1.4′) ¢ëâ¥ª ¥â, çâ®
T
∂u

∂x
(x, t) (1.6)¥áâì ¢¥àâ¨ª «ì ï ¯à®¥ªæ¨ï á¨«ë  âï�¥¨ï áâàãë ¢ â®çª¥ x ¢ ¬®¬¥â¢à¥¬¥¨ t.� áá¬®âà¨¬ £à ¨çë¥ ãá«®¢¨ï ¤«ï áâàãë.�. �á«¨ «¥¢ë© ª®¥æ áâàãë x = 0 § ªà¥¯«¥, â® ¥£® á¬¥é¥¨¥ à ¢®ã«î:

u(0, t) = 0, t > 0. (1.6′)�. Ǒà¥¤¯®«®�¨¬, çâ® «¥¢ë© ª®¥æ áâàãë ¯à¨ªà¥¯«¥ ª ª®«ìæã ¯à¥¥-¡à¥�¨¬® ¬ «®© ¬ ááë, ª®â®à®¥ ¬®�¥â á¢®¡®¤®, ¡¥§ âà¥¨ï ¤¢¨£ âìáï¯® ¢¥àâ¨ª «ì®¬ã áâ¥à�î (â ª®© ª®¥æ ¬®�®  §¢ âì á¢®¡®¤ë¬).�®£¤  ¢¥àâ¨ª «ì ï á®áâ ¢«ïîé ï á¨«ë ¤¥©áâ¢¨ï áâ¥à�ï   «¥¢ë©ª®¥æ áâàãë à ¢  ã«î. �«¥¤®¢ â¥«ì®, ¯® âà¥âì¥¬ã § ª®ã �ìîâ® ,¢¥àâ¨ª «ì ï á®áâ ¢«ïîé ï (1.6) á¨«ë  âï�¥¨ï áâàãë ¯à¨ x = 0â ª�¥ à ¢  ã«î:
∂u

∂x
(0, t) = 0, t > 0. (1.6′′)�. � ¡®«¥¥ ®¡é¥¬ á«ãç ¥, ª®£¤    «¥¢®¬ ª®æ¥ ª áâàã¥ ¯à¨ªà¥¯«¥£àã§ ¬ áá®© m, ¢ë¯®«ï¥âáï ªà ¥¢®¥ ãá«®¢¨¥

m
∂2u
∂t2 (0, t) = T

∂u

∂x
(0, t), t > 0 (1.7)�á«¨, ªà®¬¥ â®£®, £àã§ ¯à¨ªà¥¯«¥ ª ¯àã�¨¥ (á¬. à¨á.3) �¥áâª®áâ¨ k,

�¨á. 3
â® ¢ ¯à ¢®© ç áâ¨ (1.7) ã�® ¤®¡ -¢¨âì á¨«ã ã¯àã£®áâ¨ −ku(0, t). �á«¨�¥   £àã§ ¤¥©áâ¢ã¥â ¥é¥ ¨ á¨«  âà¥-¨ï, ¯à®¯®àæ¨® «ì ï áª®à®áâ¨, â®¢ ¯à ¢®© ç áâ¨ (1.7) ¤®¡ ¢«ï¥âáï ¨-«  âà¥¨ï −η ∂u

∂t (0, t). � ª¨¬ ®¡à §®¬¯®«ãç ¥âáï ä¨§¨ç¥áª¨ ®á¬ëá«¥®¥«¨¥©®¥ ªà ¥¢®¥ ãá«®¢¨¥ ¢¨¤ 
m
∂2u
∂t2 (0, t) = T

∂u

∂x
(0, t)− ku(0, t)− η

∂u

∂t
+ f(t). (1.8)�¤¥áì f(t) | ¥ª®â®à ï ¢¥èïï á¨« , ¯à¨«®�¥ ï ª «¥¢®¬ã ª®æãáâàãë ¨ ¯ à ««¥«ì ï ®á¨ Ou.



�¨á. 42. Ǒà®¤®«ìë¥ ª®«¥¡ ¨ï ã¯àã£®£® áâ¥à�ï.Ǒãáâì ¨¬¥¥âáï ®¤®à®¤ë© ¥ ¯àï�¥ë© áâ¥à�¥ì ¤«¨®© l. � ¯à ¢¨¬®áì Ox ¢¤®«ì áâ¥à�ï â ª, çâ®¡ë ¥£® «¥¢ë© ª®¥æ  å®¤¨«áï ¢ â®çª¥
x = 0, â®£¤  x = l | ¥£® ¯à ¢ë© ª®¥æ. �ã¤¥¬ à áá¬ âà¨¢ âì «¨èì¯à®¤®«ìë¥ ª®«¥¡ ¨ï áâ¥à�ï. �¥à¥§ u(x, t) ¡ã¤¥¬ ®¡®§ ç âì á¬¥é¥¨¥â®çª¨ x ¢ ¬®¬¥â ¢à¥¬¥¨ t ¢¤®«ì ®á¨ Ox.�®ª �¥¬, çâ® u(x, t) ã¤ ¢«¥â¢®àï¥â ãà ¢¥¨î (1.1). �«ï íâ®£® § ¯¨è¥¬¢â®à®© § ª® �ìîâ®  ¢ ¯à®¥ªæ¨¨   ®áì Ox ¤«ï ãç áâª  áâ¥à�ï ®â
x ¤® x+�x:

axm = Fx; ax ≈ ∂2u
∂t2 (x, t); m = µ�x. (1.9)�¨«  Fx ¨¬¥¥â ¢¨¤

Fx = F« + F¯ + ~f(x, t)�x. (1.9′)£¤¥F«(F¯) | á¨«  ¢¤®«ì ®á¨ Ox, ¤¥©áâ¢ãîé ï   ãç áâ®ª [x, x+�x℄ á®áâ®à®ë «¥¢®£® (¯à ¢®£®) ªãáª  áâ¥à�ï,   ~f(x, t) | ¯«®â®áâì ¢¥è¨åá¨«,  ¯à ¢«¥ëå ¢¤®«ì ®á¨ Ox. � ¯à¨¬¥à, ¥á«¨ áâ¥à�¥ì ¢¨á¨â¢¥àâ¨ª «ì® ¢ ¯®«¥ âï�¥áâ¨ �¥¬«¨ â ª, çâ® ®áì Ox  ¯à ¢«¥  ¢¨§,â® ~f(x, t) = gµ.Ǒ®¤áâ ¢«ïï Fx ¢ (1.9), ¯®«ãç ¥¬
∂2u
∂t2 (x, t)µ�x ≈ F« + F¯ + ~f(x, t)�x. (1.10)�â®¡ë  ©â¨ ¢¥«¨ç¨ë F« ¨ F¯ , ¢®á¯®«ì§ã¥¬áï § ª®®¬ �ãª 

σ(x, t) = Eε(x, t). (1.11)�¤¥áì σ(x, t) |  ¯àï�¥¨¥ áâ¥à�ï ¢ â®çª¥ x , â.¥. σ(x, t) = T (x, t)/S,£¤¥ T (x, t) | á¨«   âï�¥¨ï áâ¥à�ï ¢ â®çª¥ x,   S | ¯«®é ¤ì¯®¯¥à¥ç®£® á¥ç¥¨ï; E | ¬®¤ã«ì �£  ¬ â¥à¨ «  áâ¥à�ï,   ε(x, t) |®â®á¨â¥«ì ï ¤¥ä®à¬ æ¨ï ¢ â®çª¥ x. �«ï ãç áâª  áâ¥à�ï [x, x+h℄ ¥£®¤«¨  ¢ ¥ ¯àï�¥®¬ á®áâ®ï¨¨ à ¢  h,   ¢  ¯àï�¥®¬ h+ u(x+
h, t)−u(x, t). Ǒ®íâ®¬ã ¥£®  ¡á®«îâ®¥ ã¤«¨¥¨¥ à ¢® u(x+h, t)−u(x, t),  ®â®á¨â¥«ì®¥ ã¤«¨¥¨¥ à ¢®

u(x+ h, t)− u(x, t)
h

−→ ∂u

∂x
(x, t), h→ 0.



�â ª,
ε(x, t) = ∂u

∂x
(x, t) (1.12)�âáî¤  ¯® § ª®ã �ãª  (1.11)

T (x, t) = Sσ(x, t) = SEε(x, t) = SE
∂u

∂x
(x, t) (1.13)�â¬¥â¨¬, çâ® § ª® �ãª  (1.11) | íâ® «¨¥©®¥ ¯à¨¡«¨�¥¨¥ ¤«ï§ ¢¨á¨¬®áâ¨ σ(x, t) ®â ε(x, t) ¨ ® ¯à¨¬¥¨¬ «¨èì ¯à¨ ¬ «ëå ¤¥ä®à¬ æ¨ïå,â.¥. ¬ «ëå ε(x, t).�ç¨âë¢ ï  ¯à ¢«¥¨¥ á¨« F« ¨ F¯, ¯®«ãç ¥¬

{
F« = −T (x, t) = −SE∂u

∂x
(x, t),

F¯ = −T (x+�x, t) = −SE∂u
∂x

(x+�x, t). (1.14)�¥©áâ¢¨â¥«ì®, ¥á«¨,  ¯à¨¬¥à, u(x, t) ¬®®â®® ¢®§à áâ ¥â ¯® x, â®áâ¥à�¥ì à áâïãâ, § ç¨â F« ≤ 0 ,   F¯ ≥ 0. � â® �¥ ¢à¥¬ï ∂u
∂x ≥ 0.íâ® ®§ ç ¥â, çâ® § ª¨ ¢ (1.14) ¢ë¡à ë ¢¥à®.Ǒ®¤áâ ¢«ïï (1.14) ¢ (1.10), ¯®«ãç ¥¬

∂2u
∂t2 (x, t)µ�x ≈ SE

∂u

∂x
(x+�x, t)− SE

∂u

∂x
(x, t) + ~f(x, t)�x. (1.15)�âáî¤ , ¤¥«ï   �x, ¯à¨ �x→ 0, ¯®«ãç ¥¬ (1.1) á

a =√SE

µ
=√E

ρ
; f(x, t) = ~f(x, t)

µ
(1.16)£¤¥ ρ = µ/S | (®¡ê¥¬ ï) ¯«®â®áâì áâ¥à�ï.� áá¬®âà¨¬ £à ¨çë¥ ãá«®¢¨ï ¤«ï áâ¥à�ï.�. ¤«ï § ªà¥¯«¥®£® ª®æ  áâ¥à�ï ¯à¨ x = 0 ¯®«ãç ¥âáï ªà ¥¢®¥ãá«®¢¨¥ (1.6′).�. �«ï á¢®¡®¤®£® ª®æ  áâ¥à�ï ¯à¨ x = 0  âï�¥¨¥ (1.13) à ¢®ã«î. Ǒ®íâ®¬ã ¢ë¯®«ï¥âáï (1.6′′).�. � ¡®«¥¥ ®¡é¥¬ á«ãç ¥ ¯à¥¤¯®«®�¨¬, çâ® ª «¥¢®¬ã ª®æã x = 0 áâ¥à�ï¯à¨ªà¥¯«¥ £àã§ ¬ áá®© m, § ªà¥¯«¥ë©   ¯àã�¨¥ á �¥áâª®áâìî

k > 0, ¯à¨ç¥¬ ¯àã�¨   å®¤¨âáï ¢ ¥ ¯àï�¥®¬ á®áâ®ï¨¨, ª®£¤ á¬¥é¥¨¥ «¥¢®£® ª®æ  à ¢® ã«î.
�¨á. 5



Ǒãáâì £àã§ ¤¢¨�¥âáï á «¨¥©ë¬ âà¥¨¥¬: Fâà = −ηv, £¤¥ η > 0, v |áª®à®áâì £àã§ . �®£¤  ¯à¨ x = 0 ¢ë¯®«ï¥âáï ªà ¥¢®¥ ãá«®¢¨¥
m
∂2u
∂t2 (0, t) = −ku(0, t) + SE

∂u

∂x
(0, t)− η

∂u

∂t
(0, t) + f(t), (1.17)£¤¥ f(t) | ¢¥èïï á¨« , ¤¥©áâ¢ãîé ï   «¥¢ë© ª®¥æ áâ¥à�ï ¢¤®«ì®á¨ Ox.

§2. �¥áª®¥ç ï áâàã .1. � ¤ ç  �®è¨ ¤«ï ãà ¢¥¨ï � « ¬¡¥à .� áá¬®âà¨¬ ãà ¢¥¨¥ � « ¬¡¥à  (1.1)   ¢á¥© ç¨á«®¢®© ®á¨:
∂2u
∂t2 = a2 ∂2u

∂x2 , −∞ < x <∞, t > 0. (2.1)�â® á®®â¢¥âáâ¢ã¥â ä¨§¨ç¥áª®© § ¤ ç¥ ® áâàã¥ ®â®á¨â¥«ì® ¡®«ìè¨åà §¬¥à®¢. �«ï ¯à®áâ®âë ¬ë áç¨â ¥¬, çâ® f(x, t) ≡ 0, â.¥.¢¥è¨å á¨«¥â.�¨�¥ ¬ë ã¢¨¤¨¬, çâ® à¥è¥¨© ã ãà ¢¥¨ï(2.1) ¡¥áª®¥ç® ¬®£®, ¨ ¤«ï®¤®§ ç®£® § ¤ ¨ï ¤¢¨�¥¨ï áâàãë ¤®áâ â®ç® § ¤ âì  ç «ìë¥¯®«®�¥¨ï ¨ áª®à®áâ¨ ¢á¥å â®ç¥ª áâàãë (ª ª ®¡ëç® ¢ ¬¥å ¨ª¥):
u(x, 0) = ϕ(x), ∂u

∂t
(x, 0) = ψ(x), x ∈ IR (2.2)�¤¥áì ϕ ¨ ψ | § ¤ ë¥ äãªæ¨¨, ϕ(x) |  ç «ì®¥ ®âª«®¥¨¥, ψ(x)|  ç «ì ï áª®à®áâì â®çª¨ x áâàãë.� ¤ ç  (2.1) | (2.2)  §ë¢ ¥âáï § ¤ ç¥© �®è¨ (¨«¨  ç «ì®© § ¤ ç¥©)¤«ï ãà ¢¥¨ï � « ¬¡¥à  (2.1). � ¢¥áâ¢  (2.2)  §ë¢ îâáï  ç «ìë¬¨ãá«®¢¨ï¬¨,   äãªæ¨¨ ϕ(x), ψ(x) |  ç «ìë¬¨ ¤ ë¬¨.2. �¥â®¤ � « ¬¡¥à .�¥â®¤ � « ¬¡¥à  ®á®¢    â®¬, çâ® ®¡é¥¥ à¥è¥¨¥ ãà ¢¥¨ï (2.1)¨¬¥¥â ¢¨¤

u(x, t) = f(x− at) + g(x+ at), (2.3)£¤¥ f ¨ g | ¯à®¨§¢®«ìë¥ äãªæ¨¨ ®¤®© ¯¥à¥¬¥®©.� ¬¥ç ¨¥ 2.1. �á«¨ f ¨ g ª« áá  C2(IR), â® u(x, t) â ª�¥ ¤¢ �¤ë¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ ï äãªæ¨ï. �¤ ª®, ®ª §ë¢ ¥âáï, f ¨ g¬®�® ¡à âì ¥¤¨ää¥à¥æ¨àã¥¬ë¬¨ ¨ ¤ �¥ à §àë¢ë¬¨. �®£¤  u(x, t)â ª�¥ ¡ã¤¥â à §àë¢®© äãªæ¨¥©.� ª ¡ã¤¥â ¯®ª § ® ¢ §6 £«.IV, â ª ï à §àë¢ ï äãªæ¨ï ã¤®¢«¥â¢®àï¥âãà ¢¥¨î (2.1) ¢ á¬ëá«¥ â¥®à¨¨ ®¡®¡é¥ëå äãªæ¨©.



�â®¡ë ¤®ª § âì (2.3), á¤¥« ¥¬ § ¬¥ã ¯¥à¥¬¥ëå ¢ ¤¨ää¥à¥æ¨ «ì®¬ãà ¢¥¨¨ (2.1)
ξ = x− at, η = x+ at (2.4)3. � ¬¥  ¯¥à¥¬¥ëå ¢ ¤¨ää¥à¥æ¨ «ì®¬ ãà ¢¥¨¨.�ëà §¨¬ äãªæ¨î u(x, t) ¢ ®¢ëå ª®®à¤¨ â å ξ, η:

u(x, t) = v(ξ, η), (2.5)£¤¥ ξ, η á¢ï§ ë á x, t á®®â®è¥¨ï¬¨ (2.4). � ¯à¨¬¥à:
u(x, t) = x⇒ v(ξ, η) = 12 (ξ + η).�¤¥« âì § ¬¥ã ¯¥à¥¬¥ëå ¢ ¤¨ää¥à¥æ¨ «ì®¬ ãà ¢¥¨¨ (2.1) |§ ç¨â  ©â¨ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ ¤«ï äãªæ¨¨ v(ξ, η), íª¢¨-¢ «¥â®¥ (2.1).�«ï íâ®£® ã�® ¢ëà §¨âì ∂2u

∂t2 ¨ ∂2u
∂x2 ç¥à¥§ ¯à®¨§¢®¤ë¥ äãªæ¨¨ v(ξ, η)¯® ¯¥à¥¬¥ë¬ ξ, η ¨ ¯®¤áâ ¢¨âì íâ¨ ¢ëà �¥¨ï ¢ (2.1). �ã�ë¥¢ëà �¥¨ï ¯®«ãç îâáï ¯à¨ ¯®¬®é¨ â¥®à¥¬ë ® ¤¨ää¥à¥æ¨à®¢ ¨¨á«®�®© äãªæ¨¨ ¨§ â®�¤¥áâ¢ 

u(x, t) = v
(
ξ(x, t), η(x, t)) (2.6)� ¨¬¥®, ¤¨ää¥à¥æ¨àãï (2.6) ¯® t ¨ ¯® x, ¯®«ãç ¥¬ ¯® â¥®à¥¬¥ ®¤¨ää¥à¥æ¨à®¢ ¨¨ á«®�®© äãªæ¨¨

{
∂u
∂t = ∂v

∂ξ
∂ξ
∂t + ∂v

∂η
∂η
∂t ,

∂u
∂x = ∂v

∂ξ
∂ξ
∂x + ∂v

∂η
∂η
∂x .

(2.7)� «®£¨ç® ¬®�® ¢ëà §¨âì ¨ «î¡ë¥ ¤àã£¨¥ ¯à®¨§¢®¤ë¥. �¨ää¥à¥-æ¨àãï ¯¥à¢®¥ â®�¤¥áâ¢® ¢ (2.7) ¯® t, ¯®«ãç ¥¬:
∂2u
∂t2 = ( ∂

∂t

∂v

∂ξ

)
∂ξ

∂t
+ ∂v

∂ξ

∂2ξ
∂t2 +( ∂

∂t

∂v

∂η

)
∂η

∂t
+ ∂v

∂η

∂2η
∂t2 (2.8)�å®¤ïé¨© áî¤  ®¯¥à â®à ∂

∂t ¢ëà � ¥¬ ¨§ â®£® �¥ ãà ¢¥¨ï (2.7):
∂

∂t
= ∂ξ

∂t

∂

∂ξ
+ ∂η

∂t

∂

∂η
(2.9)�á¯®«ì§ãï íâ® ¢ëà �¥¨¥ ¢ (2.8), ¯®«ãç ¥¬

∂2u
∂t2 = (∂ξ

∂t

∂2v
∂ξ2 + ∂η

∂t

∂2v
∂η∂ξ

)
∂ξ

∂t
+ ∂v

∂ξ

∂2ξ
∂t2++(∂ξ

∂t

∂2v
∂ξ∂η

+ ∂η

∂t

∂2v
∂η2) ∂η

∂t
+ ∂v

∂η

∂2η
∂t2 == (∂ξ

∂t

)2
∂2v
∂ξ2 + 2∂ξ

∂t

∂η

∂t

∂2v
∂ξ∂η

+(∂η
∂t

)2
∂2v
∂η2 + ∂v

∂ξ

∂2ξ
∂t2 + ∂v

∂η

∂2η
∂t2 . (2.10)



�¤¥áì ¬ë ¨á¯®«ì§®¢ «¨ â®�¤¥áâ¢®
∂2v
∂η∂ξ

= ∂2v
∂ξ∂η

.�¥©áâ¢ãï   «®£¨ç®, ¬®�® ¯®«ãç¨âì (§ ¬¥ïï ¢ (2.10) t   x) ä®à¬ã«ã
∂2u
∂x2 = ( ∂ξ∂x)2

∂2v
∂ξ2 + 2 ∂ξ

∂x

∂η

∂x

∂2v
∂ξ∂η

+(∂η
∂x

)2
∂2v
∂η2++ ∂v

∂ξ

∂2ξ
∂x2 + ∂v

∂η

∂2η
∂x2 . (2.11)�¯à �¥¨¥. �ë¢¥áâ¨ ä®à¬ã«ã

∂2u
∂t∂x

= ∂ξ

∂t

∂ξ

∂x

∂2v
∂ξ2 +(∂ξ∂t ∂η∂x + ∂η

∂t

∂ξ

∂x

)
∂2v
∂ξ∂η

++ ∂η

∂t

∂η

∂x

∂2v
∂η2 + ∂2ξ

∂t∂x

∂v

∂ξ
+ ∂2η
∂t∂x

∂v

∂η
.

(2.12)� ¬¥ç ¨¥ 2.2. �¡ëç® ä®à¬ã«ë (2.7) ¨ (2.10){(2.12) § ¯¨áë¢ îâ, § ¬¥ïï
v   u. � ¯à¨¬¥à, (2.7) § ¯¨áë¢ îâ ¢ ¢¨¤¥

{
∂u
∂t = ∂u

∂ξ
∂ξ
∂t + ∂u

∂η
∂η
∂t ,

∂u
∂x = ∂u

∂ξ
∂ξ
∂x + ∂u

∂η
∂η
∂x .

(2.13)�¤ ª® ¯à¨ íâ®¬ á¨¬¢®« ∂u
∂ξ

( ¨ ∂u
∂η

) ¢ ¯à ¢®© ç áâ¨ ã�® ¯®¨¬ âìª ª ¯à®¨§¢®¤ãî ¢¤®«ì «¨¨¨ η = const (¨«¨ ξ = const):
∂u

∂ξ
≡ d

dξ

(
u

∣∣∣∣
η=const

)
, (2.14)â.¥. ä ªâ¨ç¥áª¨ ª ª ∂v

∂ξ

( ¨«¨ ∂v
∂η

),   ¥ ª ª \ç áâãî ¯à®¨§¢®¤ãî u(x, t)¯® ξ (¨«¨ η) " | íâ® ¢ëà �¥¨¥ «¨è¥® á¬ëá« , ¯®ª  ¥ ¢ë¡à  ¢â®à ï ª®®à¤¨ â  η (¨«¨ ξ).�¥©áâ¢¨â¥«ì®, ¨§ (2.14) ¢¨¤®, çâ® ∂u
∂ξ § ¢¨á¨â ¥ â®«ìª® ®â ¢ë¡®à ¯¥à¥¬¥®© ξ, ® ¨ ®â ¯¥à¥¬¥®© η, å®âï íâ® ¨ ¥ ®âà �¥® ¢ ®¡®§ ç¥¨¨

∂u
∂ξ . � ª¨¬ ®¡à §®¬, ¨á¯®«ì§®¢ ¨¥ ¡ãª¢ë u ¢ ¯à ¢®© ç áâ¨ (2.7) ¢¬¥áâ®
v, ª ª ¢ (2.13), ¬®�¥â ¯à¨¢®¤¨âì ª ¥¤®à §ã¬¥¨ï¬.�¯à �¥¨¥. � ©â¨ ∂u

∂ξ , ¥á«¨ u(x, t) = t, ξ = x,   η = t+ x.�¥è¥¨¥. t = η − x = η − ξ =⇒ ∂u
∂ξ = −1.�¯à �¥¨¥. � ©â¨ ∂u

∂ξ , ¥á«¨ u(x, t) = t, ξ = x,   η = t− x.�¥è¥¨¥. t = η + x = η + ξ =⇒ ∂u
∂ξ = 1.



�¥¬ ¥ ¬¥¥¥, ¢ ¯à¨ª« ¤ëå § ¤ ç å ¨á¯®«ì§ãîâ ä®à¬ã«ë â¨¯  (2.13),çâ®¡ë ¥ ¢¢®¤¨âì ®¢ëå ¡ãª¢. � ¯à¨¬¥à, ¤ ¢«¥¨¥ ®¡ëç® ®¡®§ ç ¥âáï¡ãª¢®© p, á¨«  â®ª  | ¡ãª¢®© j, ¯«®â®áâì | ¡ãª¢®© ρ ¨ â.¤.�ë â ª�¥ ¢áî¤ã ¨�¥ ¡ã¤¥¬ ¯®«ì§®¢ âìáï ä®à¬ã« ¬¨ ¢¨¤  (2.13).4. �®ª § â¥«ìáâ¢® ¯à¥¤áâ ¢«¥¨ï � « ¬¡¥à  (2.3).�§ ®¡é¨å ä®à¬ã« (2.13) ¤«ï § ¬¥ë (2.4) ¯®«ãç ¥¬
∂

∂t
= −a ∂

∂ξ
+ a

∂

∂η
;

∂

∂x
= ∂

∂ξ
+ ∂

∂η
; (2.15)�âáî¤  ¯®«ãç ¥¬:

{
∂2
∂t2 = a2 ∂2

∂ξ2 − 2a2 ∂2
∂ξ∂η + a2 ∂2

∂η2 ,
∂2
∂x2 = ∂2

∂ξ2 + 2 ∂2
∂ξ∂η + ∂2

∂η2 , (2.16)Ǒ®¤áâ ¢«ïï (2.16) ¢ (2.1), ¯®«ãç ¥¬
(
a2 ∂2
∂ξ2 − 2a2 ∂2

∂ξ∂η
+ a2 ∂2

∂η2)u = a2( ∂2
∂ξ2 + 2 ∂2

∂ξ∂η
+ ∂2
∂η2)u (2.17)Ǒ®á«¥ ¯à¨¢¥¤¥¨ï ¯®¤®¡ëå ç«¥®¢ ¨ á®ªà é¥¨© ¯®«ãç ¥¬

∂2u
∂ξ∂η

= 0. (2.18)�â® ¥áâì ª ®¨ç¥áª¨© ¢¨¤ ãà ¢¥¨ï � « ¬¡¥à  (2.1), â.¥. ¥£® ¯à®áâ¥©è¨©¢¨¤, ¢ ª®â®à®¬ ®® «¥£ª® à¥è ¥âáï. �â®¡ë à¥è¨âì (2.18), ®¡®§ ç¨¬
∂u

∂η
(ξ, η) = v(ξ, η) (2.19)�®£¤  (2.18) § ¯¨è¥âáï ¢ ¢¨¤¥

∂v

∂ξ
≡ d

dξ

(
v

∣∣∣∣
η=const

) = 0. (2.20)�âáî¤  á«¥¤ã¥â, çâ® v

∣∣∣∣
η=const

¥ § ¢¨á¨â ®â ξ, â.¥.
v(ξ, η) ≡ c(η), (2.21)



¨«¨ ¢¢¨¤ã (2.19)
d

dη

(
u

∣∣∣∣
ξ=const

) = c(η). (2.22)�â¥£à¨àãï íâ® ®¡ëª®¢¥®¥ ãà ¢¥¨¥, ¯®«ãç ¥¬
u

∣∣∣∣
ξ=const

= ∫ c(η)dη + c1(ξ). (2.23)� ª¨¬ ®¡à §®¬,
u = g(η) + f(ξ), (2.24)£¤¥ g ¨ f | ¥ª®â®àë¥ äãªæ¨¨ ®â ®¤®© ¯¥à¥¬¥®©. � ¤àã£®© áâ®à®ë,äãªæ¨ï ¢¨¤  (2.24) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (2.18) ¯à¨ ¯à®¨§¢®«ìëåäãªæ¨ïå f ¨ g. � ª®¥æ, ¯à®¨§¢®¤ï ¢ (2.24) § ¬¥ë (2.4), ¬ë ¯®«ãç ¥¬¯à¥¤áâ ¢«¥¨¥ � « ¬¡¥à  (2.3).� ¬¥ç ¨¥ 2.3. �à ä¨ª äãªæ¨¨ f(x − at) ¢ (2.4) ¯à¥¤áâ ¢«ï¥â á®¡®©¢®«ã, ¡¥£ãéãî ¢¯à ¢® ¢¤®«ì ®á¨ Ox á® áª®à®áâìî a,   g(x+at) | ¢®«ã,¡¥£ãæãî ¢«¥¢® á â®© �¥ áª®à®áâìî. �â® ®§ ç ¥â, çâ® £à ä¨ª äãªæ¨¨

f(x− at) (g(x+ at)) ¯à¨ «î¡®¬ t > 0 ª ª äãªæ¨¨ ®â x ¯®«ãç ¥âáï ¨§£à ä¨ª  äãªæ¨¨ f(x) (g(x)) á ¯®¬®éìî ¯ à ««¥«ì®£® ¯¥à¥®á  ¢¯à ¢®(¢«¥¢®) ¢¤®«ì ®á¨ Ox   at. � ª¨¬ ®¡à §®¬, ä®à¬  £à ä¨ª  äãªæ¨¨
f(x− at) ª ª äãªæ¨¨ ®â x ¯à¨ à §ëå ä¨ªá¨à®¢ ëå t ®¤  ¨ â  �¥.� ª¨¥ äãªæ¨¨ ¢ ä¨§¨ª¥  §ë¢ îâáï ¡¥£ãé¨¬¨ ¢®« ¬¨. � ª¨¬ ®¡à §®¬,à §«®�¥¨¥ � « ¬¡¥à  (2.3) ®§ ç ¥â, çâ® «î¡®¥ à¥è¥¨¥ ãà ¢¥¨ï� «®¬¡¥à  ¥áâì áã¬¬  (ä¨§¨ª¨ £®¢®àïâ áã¯¥à¯®§¨æ¨ï, ¨â¥àä¥à¥æ¨ï, «®�¥¨¥) ¤¢ãå ¡¥£ãé¨å ¢®«.5. �¥è¥¨¥ § ¤ ç¨ �®è¨ (2.1), (2.2) ¤«ï ãà ¢¥¨ï � « ¬¡¥à .�®à¬ã«  � « ¬¡¥à .Ǒà¨¬¥¨¬ ¬¥â®¤ � « ¬¡¥à  ª § ¤ ç¥ (2.1), (2.2). �«ï íâ®£® § ¬¥¨¬ãà ¢¥¨¥ (2.1) íª¢¨¢ «¥âë¬ ¥¬ã ¯à¥¤áâ ¢«¥¨¥¬ (2.3). � ª¨¬ ®¡à §®¬,®áâ ¥âáï «¨èì ãç¥áâì  ç «ìë¥ ãá«®¢¨ï (2.2). �§ ¨å ¬ë ¨  ©¤¥¬¥¨§¢¥áâë¥ äãªæ¨¨ f ¨ g ¯® § ¤ ë¬ ϕ ¨ ψ.� ¨¬¥®, ¯®¤áâ ¢¨¬ (2.3) ¢ (2.2):

{
f(x) + g(x) = ϕ(x),

f ′(x)(−a) + g′(x)a = ψ(x), x ∈ IR. (2.25)� ¬¥ç ¨¥ 2.4. �® ¢â®à®¬ ãà ¢¥¨¨ (2.25) ¨á¯®«ì§®¢   ä®à¬ã« ¤¨ää¥à¥æ¨à®¢ ¨ï á«®�®© äãªæ¨¨:
(
∂

∂t
f(x− at)) ∣∣∣∣

t=0 = (f ′(x− at) ∂
∂t
(x− at)) ∣∣∣∣

t=0 = f ′(x)(−a) (2.26)



�¤¥áì f ′(x) | ®¡ëª®¢¥ ï ¯à®¨§¢®¤ ï (  ¥ ç áâ ï). � íâ®¬ § -ª«îç ¥âáï ¤®áâ®¨áâ¢® ¬¥â®¤  � « ¬¡¥à , ª®â®àë© ¯®§¢®«ï¥â á®¢¥àè¨âì¯¥à¥å®¤ ®â ãà ¢¥¨© (2.1), (2.2) á ç áâë¬¨ ¯à®¨§¢®¤ë¬¨ ª ãà ¢¥¨ï¬(2.25) á ®¡ëª®¢¥ë¬¨ ¯à®¨§¢®¤ë¬¨.� «¥¥, ¨â¥£à¨àãï ¢â®à®¥ ãà ¢¥¨¥ (2.25), ¯®«ãç ¥¬ ¯®á«¥ ¤¥«¥¨ï  
a:

−f(x) + g(x) = 1
a

x∫0 ψ(s)ds+ c

a
. (2.27)�ª« ¤ë¢ ï íâ® ãà ¢¥¨¥ á ¯¥à¢ë¬ ãà ¢¥¨¥¬ ¢ (2.25) ¨ ¤¥«ï   2,¯®«ãç ¥¬

g(x) = 12ϕ(x) + 12a x∫0 ψ(s)ds+ c2a , (2.28)  ¢ëç¨â ï, ¯®«ãç ¥¬
f(x) = 12ϕ(x)− 12a x∫0 ψ(s)ds − c2a = 12ϕ(x) + 12a ∫ 0

x

ψ(s)ds− c2a , (2.29)Ǒ®¤áâ ¢«ïï íâ¨ ¢ëà �¥¨ï ¢ à §«®�¥¨¥ � « ¬¡¥à  (2.3), ¯®«ãç ¥¬ä®à¬ã«ã � « ¬¡¥à 
u(x, t) = ϕ(x− at) + ϕ(x+ at)2 + 12a x+at∫

x−at

ψ(s)ds (2.30)� ¬¥ç ¨¥ 2.5. � ª ¢¨¤® ¨§ (2.28) { (2.29), ¢®«ë f(x− at) ¨ g(x+ at)®¯à¥¤¥«ïîâáï ¯®  ç «ìë¬ ¤ ë¬ ϕ ¨ ψ ¥ ®¤®§ ç®,   á â®ç®áâìî¤® ª®áâ âë,   à¥è¥¨¥ u(x, t) § ¤ ç¨ �®è¨ | ®¤®§ ç®.
§3. � «¨§ ä®à¬ã«ë � « ¬¡¥à .1. � á¯à®áâà ¥¨¥ ¢®«.�¯à �¥¨¥.�®§ì¬¥¬ á«¥¤ãîé¨¥  ç «ìë¥ ¤ ë¥ ¢ (2.2) (á¬. § ¬¥ç ¨¥ 2.1):

�¨á. 6



� à¨áã¥¬ ä®à¬ã áâàãë ¯à¨ t = 1, 2, 3, 4, 5, áç¨â ï a = 1. (�®�®áç¨â âì, çâ® ϕ(x) | ªãá®ç®-«¨¥© ï äãªæ¨ï. �®£¤  à¥è¥¨¥ ¯®«ãç¨âáïâ ª�¥ ªãá®ç®-«¨¥©®© äãªæ¨¥©, ¨ ®® ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï(2.1) ¢ á¬ëá«¥ â¥®à¨¨ ®¡®¡é¥ëå äãªæ¨© (á¬. § ¬¥ç ¨¥ 2.1). �¤ ª®¬®�® áç¨â âì, çâ® £à ä¨ª ϕ ¢ ã£«®¢ëå â®çª å ¥¬®£® § ªàã£«¥, â ªçâ® ϕ(x) ∈ C2(IR). �®£¤  à¥è¥¨¥ â ª�¥ ¡ã¤¥â ª« áá  C2 ¨   ¢á¥åà¨áãª å ¨�¥ â ª�¥ ã�® áç¨â âì, çâ® ¢á¥ ã£«ë ¥¬®£® § ªàã£«¥ë.)�¥è¥¨¥. Ǒ® ä®à¬ã«¥ � « ¬¡¥à  (2.30)
u(x, t) = 12ϕ(x − t) + 12ϕ(x + t)�â® § ç¨â, çâ® £à ä¨ª ϕ(x) ã�® á� âì ª ®á¨ Ox ¢ 2 à § , á¤¢¨ãâì¢¯à ¢®   t, ¢«¥¢®   t ¨ à¥§ã«ìâ âë á«®�¨âì:

�¨á. 7� «ìè¥ íâ¨ £®à¡¨ª¨ ¢ëá®â®© 12 ¨ è¨à¨®© 2 à §ê¥§� îâáï ¢«¥¢® ¨¢¯à ¢® á® áª®à®áâìî 1 ª �¤ë©.� ¤ ç . � à¨á®¢ âì ä®à¬ã áâàãë ¯à¨ t = 14 , 12 ¢ ãá«®¢¨ïå ¯à¥¤ë¤ãé¥£®ã¯à �¥¨ï.�¯à �¥¨¥ (ã¤ à ¯® áâàã¥ ¬®«®â®çª®¬). �®§ì¬¥¬ ¢ (2.2) á«¥¤ãîé¨¥ ç «ìë¥ ¤ ë¥:
�¨á. 8



� à¨áã¥¬ ä®à¬ã áâàãë ¯à¨ t = 1, 2, 3, 4, 5, áç¨â ï a = 1.�¥è¥¨¥. Ǒ® ä®à¬ã«¥ � « ¬¡¥à  (2.30)
u(x, t) = 12 x+t∫

x−t

ψ(s)ds = φ(x + t)− φ(x− t),£¤¥
φ(x) = 12 x∫0 ψ(s)ds :

�¨á. 9�â  ä®à¬ã«  ®§ ç ¥â, çâ® £à ä¨ª äãªæ¨¨ φ(x) ã�® á¤¢¨£ âì ¢«¥¢®¨ ¢¯à ¢®   t ¨ à¥§ã«ìâ âë ¢ëç¨â âì:

�¨á. 10� «ìè¥ íâ  âà ¯¥æ¨ï à §¤¢¨£ ¥âáï ¢«¥¢® ¨ ¢¯à ¢® á® áª®à®áâìî 1.� ¤ ç . � ãá«®¢¨ïå ¯à¥¤ë¤ãé¥£® ã¯à �¥¨ï  à¨á®¢ âì ä®à¬ã áâàãë¯à¨ t = 14 ¨ t = 12 .2. � à ªâ¥à¨áâ¨ª¨.Ǒà¨ à¥è¥¨¨ ¤¢ãå ¯à¥¤ë¤ãé¨å ã¯à �¥¨© ¬ë ¢¨¤¥«¨, çâ® ¯àï¬ë¥
x± t = const ¨£à îâ ®á®¡ãî à®«ì. � ¯à¨¬¥à, ã£«®¢ë¥ â®çª¨ £à ä¨ª®¢à¥è¥¨© u(x, t) «¥� â   ¯àï¬ëå x± t = 0 ¨ x± t = 2.



�«ï ãà ¢¥¨ï (1.1) á ª®íää¨æ¨¥â®¬ a   «®£¨çãî à®«ì ¨£à îâ¯àï¬ë¥ x ± at = const. �¨  §ë¢ îâáï å à ªâ¥à¨áâ¨ª ¬¨ ãà ¢¥¨ï(1.1). � ª¨¬ ®¡à §®¬, å à ªâ¥à¨áâ¨ª¨ ãà ¢¥¨ï � « ¬¡¥à  | íâ® ¤¢ á¥¬¥©áâ¢  ¯àï¬ëå (á¬. à¨á.11).
�¨á. 11�ã¤¥¬  §ë¢ âì ¯àï¬ë¥ x − at = const å à ªâ¥à¨áâ¨ª ¬¨, ¡¥£ãé¨¬¨¢¯à ¢® (á® áª®à®áâìî a). �¨, ®ç¥¢¨¤®, ï¢«ïîâáï «¨¨ï¬¨ ãà®¢ï¢®«ë f(x − at). �¥¬ ¡®«ìè¥ áª®à®áâì a, â¥¬ ¬¥ìè¥ ã£®«  ª«® å à ªâ¥à¨áâ¨ª¨ ª ®á¨ Ox (¯à¨ à ¢ëå ¬ áèâ ¡ å ¯® ®áï¬ Ox ¨ Ot):tgα = 1

a
.� «®£¨ç®, ¯àï¬ë¥ x+ at = const  §ë¢ îâáï å à ªâ¥à¨áâ¨ª ¬¨, ¡¥£ã-é¨¬¨ ¢«¥¢®. �¨ ï¢«ïîâáï «¨¨ï¬¨ ãà®¢ï ¢®«ë g(x+ at).3. � §àë¢ë à¥è¥¨ï.�®§ì¬¥¬ ¢ ª ç¥áâ¢¥ f(x) à §àë¢ãî äãªæ¨î:

f(x) = { 0, x < 2,1, x ≥ 2.
�¨á. 12



�¨á. 13�®£¤  äãªæ¨ï
u(x, t) = f(x− at) (3.1)ï¢«ï¥âáï à §àë¢®© ¢¤®«ì å à ªâ¥à¨áâ¨ª¨ x− at = 2 (á¬. à¨á. 13).�  à¨á. 13 ¨§®¡à �¥ë ¯à®ä¨«¨ äãªæ¨¨ u(x, t) ¯à¨ t = 1, 3, 5.�ãªæ¨ï (3.1) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î � « ¬¡¥à  (2.1) ¢ á¬ëá«¥ â¥®à¨¨®¡®¡é¥ëå äãªæ¨© (á¬. § ¬¥ç ¨¥ 2.1).�â ª:

∥∥∥∥∥
�¥è¥¨ï ãà ¢¥¨ï � « ¬¡¥à  ¬®£ãâ ¨¬¥âì à §àë¢ë;� §àë¢ë à á¯à®áâà ïîâáï ¯® å à ªâ¥à¨áâ¨ª ¬.� ¬¥ç ¨¥ 3.1. �®�® ¢§ïâì £« ¤ªãîäãªæ¨î fε(x), ¡ëáâà® ¬¥ïîéãîáï®â 0 ¤® 1   ®âà¥§ª¥ ®â x = 2 ¤® x = 2 + ε, £¤¥ ε > 0:

�¨á. 14�®£¤  äãªæ¨ï fε(x−at) ¡ã¤¥â ®¡ëçë¬ (£« ¤ª¨¬) à¥è¥¨¥¬ ãà ¢¥¨ï� « ¬¡¥à , áª®«ì ã£®¤® ¡ëáâà® ¬¥ïîé¨¬áï ®â 0 ¤® 1 ¢¡«¨§¨ â®ç¥ªå à ªâ¥à¨áâ¨ª¨ x − at = 2. Ǒà¨ ε → 0+ à¥è¥¨ï fε(x − at) áå®¤ïâáïª à §àë¢®© äãªæ¨¨ f(x − at). �¬¥® ¢ íâ®¬ á¬ëá«¥ ¥áâ¥áâ¢¥®áç¨â âì â ªãî à §àë¢ãî äãªæ¨î ®¡®¡é¥ë¬ à¥è¥¨¥¬ ãà ¢¥¨ï� « ¬¡¥à  (á¬. â ª�¥ § ¬¥ç ¨¥ 2.1).



� ¬¥ç ¨¥ 3.2. � §àë¢ë¥ à¥è¥¨ï u(x, t) ãà ¢¥¨ï � « ¬¡¥à  ¤«ïáâàãë ¨ áâ¥à�ï «¨è¥ë ä¨§¨ç¥áª®£® á¬ëá« . �¤ ª® â ª®¬ã �¥ãà ¢¥¨î � « ¬¡¥à  ã¤®¢«¥â¢®àï¥â,  ¯à¨¬¥à, ¤ ¢«¥¨¥ p(x, t) £ § ¢ ¤«¨®© ã§ª®© âàã¡ª¥ ( ¯à¨¬¥à, ¢® ä«¥©â¥ ¨«¨ ®à£ ®© âàã¡¥).�ãªæ¨ï p(x, t) ¬®�¥â ¡ëâì à §àë¢®©.
�¨á. 15� §àë¢ë¥ à¥è¥¨ï ¢®«®¢®£® ãà ¢¥¨ï ¢ £ §®¢®© ¤¨ ¬¨ª¥  §ë¢ îâáïã¤ àë¬¨ ¢®« ¬¨. Ǒà¨ ¯®«¥â¥ á ¬®«¥â  á® á¢¥àå§¢ãª®¢®© áª®à®áâìî(á¬. § 8) ®â ¯¥à¥¤¨å ªà®¬®ª ªàë«ì¥¢ à á¯à®áâà ï¥âáï â ª ï ã¤ à ï¢®« , §  äà®â®¬ ª®âà®© ¤ ¢«¥¨¥ ¡®«ìè¥, ç¥¬ ¯¥à¥¤ äà®â®¬. �ëá«ëè¨¬ å«®¯�®ª ¢ â®â ¬®¬¥â, ª®£¤  äà®â ¢®«ë ¯à®å®¤¨â ç¥à¥§  è¥ãå® (á¬. à¨á. 62).4. �¡« áâì § ¢¨á¨¬®áâ¨ à¥è¥¨ï ¨ ¥¥ £à ä¨ç¥áª®¥ ¯®áâà®¥¨¥.�®¯à®á. �â® ã�® § âì, çâ®¡ë ¢ëç¨á«¨âì à¥è¥¨¥ u § ¤ ç¨ (2.1) |(2.2) ¢ â®çª¥ (x◦, t◦)?�â¢¥â. �§ ä®à¬ã«ë � « ¬¡¥à  (2.30) ¢¨¤®, çâ® ã�® § âì  ç «ìë¥®âª«®¥¨ï ϕ(x) ¢ ¤¢ãå â®çª å: x = x◦ + at◦ ¨ x = x◦ − at◦,   â ª�¥ ç «ìë¥ áª®à®áâ¨ ψ(x)   ®âà¥§ª¥ [x◦ − at◦, x◦ + at◦℄ ¬¥�¤ã íâ¨¬¨â®çª ¬¨. � âì ϕ(x) ¨ ψ(x) ¢¥ ®âà¥§ª  [x◦ − at◦, x◦ + at◦℄ ¥ ã�®.Ǒ®íâ®¬ã ®âà¥§®ª [x◦ − at◦, x◦ + at◦℄  §ë¢ ¥âáï ®¡« áâìî § ¢¨á¨¬®áâ¨à¥è¥¨ï § ¤ ç¨ �®è¨ (2.1) | (2.2) ¢ â®çª¥ (x◦, t◦).� ¬¥ç ¨¥ 3.3. �¥¯¥àì ¬ë ¬®�¥¬ â®ç® áª § âì, ª®£¤  áâàãã ¬®�®áç¨â âì ¡¥áª®¥ç®©: ª®£¤  à áá¬ âà¨¢ ¥¬ ï â®çª  x◦  å®¤¨âáï  à ááâ®ï¨¨, ¡®«ìè¥¬ ç¥¬ at◦ ®â ª®æ®¢ áâàãë, £¤¥ t◦ | à áá¬ âà¨¢ ¥¬ë©¬®¬¥â ¢à¥¬¥¨.�«ï £à ä¨ç¥áª®£® ¯®áâà®¥¨ï ®¡« áâ¨ § ¢¨á¨¬®áâ¨ à¥è¥¨ï ¨§ â®ç-ª¨ (x◦, t◦) ¢ë¯ãáª îâáï ¤¢¥ å à ªâ¥à¨áâ¨ª¨ ãà ¢¥¨ï � « ¬¡¥à  ¤®¯¥à¥á¥ç¥¨ï á ®áìî Ox:
�¨á. 16



Ǒ¥à¥á¥ç¥¨¥ íâ¨å å à ªâ¥à¨áâ¨ª á ®áìî Ox áãâì â®çª¨ x◦ − at◦ ¨
x◦ + at◦,   ®âà¥§®ª ®á¨ Ox ¬¥�¤ã íâ¨¬¨ â®çª ¬¨ | íâ® ¨ ¥áâì ®¡« áâì§ ¢¨á¨¬®áâ¨ à¥è¥¨ï u ¢ â®çª¥ (x◦, t◦). Ǒà®¢¥à¨¬ íâ®. �à ¢¥¨ï  è¨åå à ªâ¥à¨áâ¨ª

x− at = c1; x+ at = c2. (3.2)Ǒ®áª®«ìªã â®çª  (x◦, t◦) «¥�¨â   íâ¨å å à ªâ¥à¨áâ¨ª å, â® x◦−at◦ = c1¨ x◦ + at◦ = c2. �â®¡ë  ©â¨ ¯¥à¥á¥ç¥¨¥ å à ªâ¥à¨áâ¨ª á ®áìî Ox,ã�® ¢ (3.2) ¯®«®�¨âì t = 0, â®£¤  ¯®«ãç¨âáï
x = c1 = x◦ − at◦ ¨ x = 2 = x◦ + at◦.5. � á¯à®áâà ¥¨¥ ¢®«.�¯à �¥¨¥. �§¢¥áâ®, çâ® ϕ(x) = ψ(x) = 0 ¯à¨ x 6∈ [2, 5℄.� ©â¨ ®¡« áâì, ¢ ª®â®à®© à¥è¥¨¥ u(x, t) § ¤ ç¨ (2.1) | (2.2) à ¢®ã«î ¯à¨ t > 0.

�¨á. 17�¥è¥¨¥. �§ â®ç¥ª 2 ¨ 5 ®á¨ Ox ¢ë¯ãáª ¥¬ å à ªâ¥à¨áâ¨ª¨ ¢«¥¢® ¨¢¯à ¢® á®®â¢¥âáâ¢¥®. � ®¡« áâ¨ ¯®¤ íâ¨¬¨ å à ªâ¥à¨áâ¨ª ¬¨ à¥è¥¨¥à ¢® ã«î. �¥©áâ¢¨â¥«ì®, ¤«ï â®çª¨ (x◦, t◦), «¥� é¥© ¯®¤ íâ¨¬¨å à ªâ¥à¨áâ¨ª ¬¨, ®¡« áâì § ¢¨á¨¬®áâ¨ ¥ ¯¥à¥á¥ª ¥âáï á ®âà¥§ª®¬ [2, 5℄.Ǒ®íâ®¬ã ¢ íâ®© ®¡« áâ¨ § ¢¨á¨¬®áâ¨ ϕ(x) ≡ ψ(x) ≡ 0. �«¥¤®¢ â¥«ì®,
u(x◦, t◦) = 0.
§4. �¥â®¤ å à ªâ¥à¨áâ¨ª ¤«ï £¨¯¥à¡®«¨ç¥áª¨å ãà ¢¥¨© ¢â®à®£®¯®àï¤ª  á ¤¢ã¬ï ¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥ë¬¨. � ¤ ç  �®è¨.1. � §«®�¥¨¥ ®¯¥à â®à  � « ¬¡¥à    ¬®�¨â¥«¨.Ǒà¨¢¥¤¥¬ ãà ¢¥¨¥ � « ¬¡¥à  ª ª ®¨ç¥áª®¬ã ¢¨¤ã (2.18) ¤àã£¨¬á¯®á®¡®¬. �«ï íâ®£® § ¯¨è¥¬ ¥£® ¢ ¢¨¤¥

⊓⊔(u) ≡ ( ∂2
∂t2 − a2 ∂2

∂x2)u = 0. (4.1)



� §«®�¨¬ íâ®â ®¯¥à â®à   ¬®�¨â¥«¨:
⊓⊔(u) ≡ ( ∂

∂t
− a

∂

∂x

)(
∂

∂t
+ a

∂

∂x

)
u = 0 (4.2)� ª ¨§¢¥áâ®,

L(−a,1) ≡ ∂

∂t
− a

∂

∂x
; L(a,1) ≡ ∂

∂t
+ a

∂

∂x
(4.3)| ®¯¥à â®àë ¤¨ää¥à¥æ¨à®¢ ¨ï ¢¤®«ì ¢¥ªâ®à®¢ (−a, 1) ¨ (a, 1) á®®â-¢¥âáâ¢¥®. �â¨ ¢¥ªâ®àë  ¯à ¢«¥ë ¢¤®«ì å à ªâ¥à¨áâ¨ª

x+ at = const ¨ x− at = const. (4.4)�á«¨ ¢§ïâì å à ªâ¥à¨áâ¨ª¨ §  ª®®à¤¨ âë «¨¨¨, â.¥. ¯®«®�¨âì
ξ = x− at; η = x+ at, (4.5)â® ¢ á¨«ã (2.15) ®¯¥à â®à � « ¬¡¥à  ¯à¨¨¬ ¥â ¢¨¤

⊓⊔ = ∂2
∂t2 − a2 ∂2

∂x2 = .L(−a,1) · L(a,1) = −2a ∂
∂ξ
2a ∂
∂η

= −4a2 ∂2
∂ξ∂η

. (4.6)�ë¢®¤: å à ªâ¥à¨áâ¨ª¨ ãà ¢¥¨ï (4.1) | íâ® â ª¨¥ «¨¨¨, ®¯¥à â®àë¤¨ää¥à¥æ¨à®¢ ¨ï L(∓a,1) ¢¤®«ì ª®â®àëå ¢å®¤ïâ ¢ ª ç¥áâ¢¥ ¬®�¨â¥«¥©¢ ®¯¥à â®à � « ¬¡¥à .� ¬¥ç ¨¥ 4.1. Ǒ®áª®«ìªã ®¯¥à â®àë ¤¨ää¥à¥æ¨à®¢ ¨ï ¢¤®«ì å à ª-â¥à¨áâ¨ª ¢å®¤ïâ ¬®�¨â¥«¥¬ ¢ ®¯¥à â®à � « ¬¡¥à , â® ® ®¡à é ¥â¢ ã«ì «î¡ãî äãªæ¨î, ¯®áâ®ïãî ¢¤®«ì å à ªâ¥à¨áâ¨ª ª ª®£®-«¨¡®á¥¬¥©áâ¢ , ¢ ç áâ®áâ¨, «î¡ãî â ªãî à §àë¢ãî äãªæ¨î (á¬. § ¬¥-ç ¨¥ 2.1). �â¨¬ ¨ ®¡êïáï¥âáï, ¯®ç¥¬ã à¥è¥¨ï ãà ¢¥¨ï � « ¬¡¥à ¬®£ãâ ¨¬¥âì à §àë¢ë ¢¤®«ì å à ªâ¥à¨áâ¨ª.2. �¨¯¥à¡®«¨ç¥áª®¥ ãà ¢¥¨¥ ¢â®à®£® ¯®àï¤ª  á ¯®áâ®ïë¬¨ ª®íää¨æ¨-¥â ¬¨   ¯«®áª®áâ¨.� áá¬®âà¨¬ ãà ¢¥¨¥ ¢¨¤ 
Au ≡ a

∂2u
∂t2 + 2b ∂2u

∂t∂x
+ c

∂2u
∂x2 = 0, x ∈ IR, , t > 0. (4.7)� ¤ ®¬ ¯ãªâ¥ ¡ã¤¥¬ áç¨â âì, çâ® ª®íää¨æ¨¥âë a, b ¨ c| ¯®áâ®ïë¥ç¨á« .Ǒ®¯ëâ ¥¬áï ¯à¨¬¥¨âì ¬¥â®¤ ¯ãªâ  1 ª ãà ¢¥¨î (4.7) ¢¬¥áâ® (4.1).�â®¡ë ¯®«ãç¨âì à §«®�¥¨¥ ¢¨¤  (4.2), ã�® à §«®�¨âì   «¨¥©ë¥¬®�¨â¥«¨ \å à ªâ¥à¨áâ¨ç¥áªãî " ª¢ ¤à â¨çãî ä®à¬ã

a(ξ, τ) ≡ aτ2 + 2bτξ + cξ2 = ξ2(a(τ
ξ

)2 + 2bτ
ξ
+ c

)
. (4.8)



�«ï íâ®£® à¥è¨¬ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥
aλ2 + 2bλ+ c = 0 (4.9)�£® ª®à¨
λ1,2 = b±

√
b2 − ac

a
(4.10)¢¥é¥áâ¢¥ë ¨ à §«¨çë, ¥á«¨ ¤¨áªà¨¬¨ â ¯®«®�¨â¥«¥:

D ≡ b2 − ac > 0 (4.11)�â® ¨ ¥áâì ãá«®¢¨¥ áâà®£®© £¨¯¥à¡®«¨ç®áâ¨ ¤¨ää¥à¥æ¨ «ì®£® ãà ¢-¥¨ï (4.7).Ǒ® â¥®à¥¬¥ �¨¥â 
aλ2 + 2bλ+ c = a(λ− λ1)(λ − λ2) (4.12)Ǒ®íâ®¬ã å à ªâ¥à¨áâ¨ç¥áª ï ª¢ ¤à â¨ç ï ä®à¬  ¯à¨¨¬ ¥â ¢¨¤

A(ξ, τ) = ξ2a(τ
ξ
− λ1)( τ

ξ
− λ1) = a(τ − λ1ξ)(τ − λ2ξ). (4.13)�®®â¢¥âáâ¢¥®, ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ ¯à¨®¡à¥â ¥â ¢¨¤

Au = ( ∂

∂t
− λ1 ∂

∂x

)(
∂

∂t
− λ2 ∂

∂x

)
u = 0 (4.14)�¡®§ ç¨¬

L(−λ1,1) = ∂

∂t
− λ1 ∂

∂x
¨ L(−λ2,1) = ∂

∂t
− λ2 ∂

∂x
.Ǒ®«®�¨¬,   «®£¨ç® (4.5)

ξ = x+ λ1t; η = x+ λ2t. (4.15)�®£¤ 
L(−λ1,1)ξ ≡ 0; L(−λ2,1)ξ ≡ 0. (4.16)�«¥¤®¢ â¥«ì®, L(−λ1,1) | ®¯¥à â®à ¤¨ää¥à¥æ¨à®¢ ¨ï ¢¤®«ì «¨¨©

ξ = const,   L(−λ2,1) | ¢¤®«ì «¨¨© η = const. Ǒ®íâ®¬ã
L(−λ1,1) = c1 ∂

∂η

∣∣∣∣
ξ=const

; L(−λ2,1) = c2 ∂
∂ξ

∣∣∣∣
η=const

. (4.17)



�âáî¤  ¢ëâ¥ª ¥â, çâ® (4.14) íª¢¨¢ «¥â® ãà ¢¥¨î
∂

∂η

∂

∂ξ
u = 0. (4.18)Ǒ®íâ®¬ã,   «®£¨ç® (2.24), ®¡é¥¥ à¥è¥¨¥ ãà ¢¥¨ï (4.7) ¨¬¥¥â ¢¨¤

u = f(ξ) + g(η) = f(x+ λ1t) + g(x+ λ2t) (4.19)�®«  f(x + λ1t) ¡¥�¨â ¯® ®á¨ x á® áª®à®áâìî λ1,   g(x + λ2t) | á®áª®à®áâìî λ2 (¢«¥¢®, ¥á«¨ λ1 > 0, λ2 > 0).� ç áâ®áâ¨, ¤«ï ãà ¢¥¨ï � « ¬¡¥à  (4.1), å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢-¥¨¥ (4.9) ¯à¨¨¬ ¥â ¢¨¤ λ2 − a2 = 0, ®âªã¤  λ1 = −a, λ2 = a ¨ (4.15)¯¥à¥å®¤¨â ¢ (2.4),   (4.19) | ¢ (2.24).Ǒà¨ ¯®¬®é¨ ¯à¥¤áâ ¢«¥¨ï (4.19) ¢á¥ ¢ë¢®¤ë §3 ®â®á¨â¥«ì® à §àë¢®¢à¥è¥¨ï, à á¯à®áâà ¥¨ï ¢®« ¨ ®¡« áâ¨ § ¢¨á¨¬®áâ¨ «¥£ª® ¯¥à¥®áïâáï  ãà ¢¥¨¥ (4.7) (á¬. § ¬¥ç ¨¥ 2.1).�¥è¥¨ï ãà ¢¥¨ï (4.7) ¬®£ãâ ¨¬¥âì ®á®¡¥®áâ¨ ¢¤®«ì å à ªâ¥à¨áâ¨ª,®¯à¥¤¥«ï¥¬ëå ãà ¢¥¨ï¬¨
ξ ≡ x+ λ1t = const ¨«¨ η ≡ x+ λ2t = const (4.20)�â® ¢¨¤® ¨§ (4.19), ¥á«¨ ¢§ïâì f ¨«¨ g ¥£« ¤ª¨¬¨ äãªæ¨ï¬¨ (á¬.â ª�¥ § ¬¥ç ¨¥ 4.1).� ¤ ç  �®è¨ (4.7) á  ç «ìë¬¨ ãá«®¢¨ï¬¨ (2.2) ¨¬¥¥â à¥è¥¨¥

u(x, t) = λ2ϕ(x+ λ1t)− λ1ϕ(x+ λ2t)
λ2 − λ1 + 1

λ2 − λ1 ∫ x+λ2t

x+λ1t

ψ(s)ds (4.21)� ¤ ç . �ë¢¥áâ¨ ä®à¬ã«ã (4.21).� ¬¥â¨¬, çâ® ¤«ï ãà ¢¥¨ï � « ¬¡¥à  λ1 = −a, λ2 = a ¨ (4.21)¯à¥¢à é ¥âáï ¢ ä®à¬ã«ã � « ¬¡¥à  (2.30).� ª ¢¨¤® ¨§ (4.21), ®¡« áâì § ¢¨á¨¬®áâ¨ à¥è¥¨ï u ¢ â®çª¥ (x◦, t◦) ¥áâì®âà¥§®ª [x◦+λ1t◦, x◦+λ2t◦℄) ®á¨ Ox. �£® ª®æë ¯®«ãç îâáï ¯¥à¥á¥ç¥¨¥¬®á¨ Ox á å à ªâ¥à¨áâ¨ª ¬¨ (4.20), ¢ë¯ãé¥ë¬¨  § ¤ ¯® ¢à¥¬¥¨ ¨§â®çª¨ (x◦, t◦):
�¨á. 18



�â¬¥â¨¬, çâ® ª®à¨ λ1 ¨ λ2 ¬®£ãâ ¨¬¥âì ®¤¨ ª®¢ëå § ª; â®£¤  ¢®«ë
f(x+ λ1t) ¨ g(x+ λ2t) ¡¥£ãâ ¢ ®¤ã ¨ âã �¥ áâ®à®ã.Ǒà¨¬¥à. �«ï ãà ¢¥¨ï

(
∂2
∂t2 + 5 ∂2

∂t∂x
+ 6 ∂2

∂x2)u = 0 (4.22)å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥
λ2 + 5λ+ 6 = 0 (4.23)¨¬¥¥â ª®à¨ λ1 = −2, λ2 = −3, ¨ ®¡é¥¥ à¥è¥¨¥

u = f(x− 2t) + g(x− 3t) (4.24)| ®¡¥ ¢®«ë ¡¥£ãâ ¢¯à ¢®.� ©¤¥¬ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ å à ªâ¥à¨áâ¨ª ãà ¢¥¨ï (4.7).� ¬¥â¨¬, çâ® ¢ á¨«ã (4.20) ª á â¥«ìë© ¢¥ªâ®à (dx, dt) ª å à ªâ¥à¨áâ¨ª¥ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î
dx + λ1dt = 0, ¨«¨ dx+ λ2dt = 0 (4.25)Ǒ®íâ®¬ã dx

dt = −λ1, ¨«¨ dx
dt = −λ2, â.¥. λ ≡ − dx

dt ã¤®¢«¥â¢®àï¥â å à ªâ¥-à¨áâ¨ç¥áª®¬ã ãà ¢¥¨î (4.9):
a

(
dx

dt

)2
− 2bdx

dt
+ c = 0. (4.26)�â® ¨ ¥áâì ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ å à ªâ¥à¨áâ¨ª. � á¨¬¬¥âà¨-ç¥áª®© ä®à¬¥ ®® ¢ë£«ï¤¨â â ª:

adx2 − 2bdxdt+ cdt2 = 0 (4.27)3. �¨¯¥à¡®«¨ç¥áª¨¥ ãà ¢¥¨ï ¢â®à®£® ¯®àï¤ª  á ¯¥à¥¬¥ë¬¨ ª®íää¨æ¨-¥â ¬¨   ¯«®áª®áâ¨.Ǒãáâì â¥¯¥àì ª®íää¨æ¨¥âë a, b ¨ c ¢ (4.7) ¯¥à¥¬¥ë¥, â.¥. § ¢¨áïâ ®â
x ¨ t:
Au(x, t) ≡ a(x, t)∂2u

∂t2 +2b(x, t) ∂2u∂t∂x
+c(x, t)∂2u

∂x2 = 0; x ∈ IR, t > 0 (4.28)Ǒ®¯ëâ ¥¬áï ®¡®¡é¨âì ¯®áâà®¥¨ï ¯ãªâ  2, çâ®¡ë ¯à¨¢¥áâ¨ (4.28) ªª ®¨ç¥áª®¬ã ¢¨¤ã (4.18) ¨«¨ ¡«¨§ª®¬ã ª ¥¬ã (á¬. [13℄).� ¬¥¨¬ ¢ ¬ «®© ®ªà¥áâ®áâ¨ ª �¤®© â®çª¨ (x, t) ãà ¢¥¨¥ (4.28)ãà ¢¥¨¥¬ (4.7) á ¯®áâ®ïë¬¨ ª®íää¨æ¨¥â ¬¨, à ¢ë¬¨ § ç¥¨î



�¨á. 19ª®íää¨æ¨¥â®¢ ãà ¢¥¨ï (4.28) ¢ íâ®© â®çª¥ (x, t). �â® ¯à®æ¥¤ãà  §ë¢ ¥âáï \§ ¬®à �¨¢ ¨¥¬ ª®íää¨æ¨¥â®¢".Ǒà¨ íâ®¬ å à ªâ¥à¨áâ¨ª¨ \§ ¬®à®�¥®£®" ¢ â®çª¥ (x, t) ãà ¢¥¨ï ¡ã¤ãâ¨¬¥âì  ¯à ¢«¥¨ï, § ¢¨áïé¨¥ ®â (x, t), ª á â¥«ìë© ¢¥ªâ®à (dx, dt) ªª®â®àë¬ ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (4.27) (á¬. à¨á. 19)�â¥£à «ìë¥ ªà¨¢ë¥ ãà ¢¥¨ï (4.27)  §ë¢ îâáï å à ªâ¥à¨áâ¨ª ¬¨ãà ¢¥¨ï (4.28) (á¬. [13℄). �â ª, ¢ ¢¨¤ã (4.27) ¤¨ää¥à¥æ¨ «ì®¥ãà ¢¥¨¥ å à ªâ¥à¨áâ¨ª ãà ¢¥¨ï (4.28) ¨¬¥¥â ¢¨¤
a(x, t)dx2 − 2b(x, t)dxdt + c(x, t)dt2 = 0. (4.29)�à ¢¥¨¥ å à ªâ¥à¨áâ¨ª (4.29) ¯®«ãç ¥âáï ä®à¬ «ì®© § ¬¥®©

∂

∂t
7→ dx; ∂

∂x
7→ −dt. (4.29′)Ǒà¥¤¯®«®�¨¬, çâ® ¢ à áá¬ âà¨¢ ¥¬®© ®¡« áâ¨ ¯«®áª®áâ¨ (x, t), £¤¥à¥è ¥âáï ãà ¢¥¨¥ (4.28), ¢ë¯®«ï¥âáï áâà®£®¥ ãá«®¢¨¥ £¨¯¥à¡®«¨ç®áâ¨(4.11):

b2(x, t)− a(x, t)c(x, t) > 0. (4.30)�®£¤ , ¤¥«ï ãà ¢¥¨¥ (4.29)   dt2 ¨ à¥è ï ¯®«ãç¥®¥ ª¢ ¤à â®¥ãà ¢¥¨¥, ¯®«ãç ¥¬ ¤¢  à §«¨çëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨ï:
dx

dt
= b±

√
b2 − ac

a
. (4.31)�á«¨ äãªæ¨¨ a, b ¨ c | £« ¤ª¨¥, â® ãà ¢¥¨ï (4.31) ¨¬¥îâ á®®â¢¥â-áâ¢ãîé¨¥ ¨¬ ¤¢  á¥¬¥©áâ¢  ¨â¥£à «ìëå ªà¨¢ëå. �ã¤¥¬ ®¡®§ ç âìíâ¨ á¥¬¥©áâ¢  å à ªâ¥à¨áâ¨ª á®®â¢¥âáâ¢¥® § ª ¬¨ \+′′ \−′′. �ë¡¥à¥¬  ¯«®áª®áâ¨ (x, t) ®¢ë¥ ª®®à¤¨ âë ξ, η â ª, çâ®¡ë ξ = const   å -à ªâ¥à¨áâ¨ª å á¥¬¥©áâ¢  \+′′,   η = const   å à ªâ¥à¨áâ¨ª å á¥¬¥©áâ¢ \−′′. �â® § ç¨â, çâ® ¬ë ¢ë¡¨à ¥¬ å à ªâ¥à¨áâ¨ª¨ ¢ ª ç¥áâ¢¥ ®¢ëå



ª®®à¤¨ âëå ªà¨¢ëå,   ξ, η | íâ® ¯¥à¢ë¥ ¨â¥£à «ë ãà ¢¥¨© (4.31)á®®â¢¥âáâ¢¥®.�â¬¥â¨¬, çâ® § ¬¥  ¯¥à¥¬¥ëå (x, t) 7→ (ξ, η) ¥¢ëà®�¤¥  ¢ ª �¤®©â®çª¥, ¢ ª®â®à®© ¢ë¯®«ï¥âáï ãá«®¢¨¥ (4.30). �¥©áâ¢¨â¥«ì®, ¨§ (4.31)¢¨¤®, çâ® ¢ ª �¤®© â®çª¥ å à ªâ¥à¨áâ¨ª¨ ¨¬¥îâ à §ë¥  ¯à ¢«¥¨ï,  ¯®áª®«ìªã grad ξ ¨ grad η ®àâ®£® «ìë á®®â¢¥âáâ¢ãîé¨¬ å à ªâ¥à¨-áâ¨ª ¬, â® grad ξ ¨ grad η â ª�¥ ¨¬¥îâ à §ë¥  ¯à ¢«¥¨ï. Ǒ®íâ®¬ã,ªáâ â¨, ¨áª®¬ë¥ ª®®à¤¨ âë ξ, η áãé¥áâ¢ãîâ ¢ ¤®áâ â®ç® ¬ «®© ®ªà¥áâ-®áâ¨ ª �¤®© â®çª¨. �â¬¥â¨¬, çâ® ¢® ¢á¥© à áá¬ âà¨¢ ¥¬®© ®¡« áâ¨¯«®áª®áâ¨ (x, t) ¨áª®¬ë¥ ª®®à¤¨ âë ¬®£ãâ ¥ áãé¥áâ¢®¢ âì.Ǒà®¢¥à¨¬, çâ® ¢ ª®®à¤¨ â å ξ, η ãà ¢¥¨¥ (4.28) ¯à¨¢®¤¨âáï ª ª ®-¨ç¥áª®¬ã ¢¨¤ã (4.18) á â®ç®áâìî ¤® ç«¥®¢, á®¤¥à� é¨å ¯à®¨§¢®¤ë¥¯¥à¢®£® ¯®àï¤ª . �«ï íâ®£® ¢ë¢¥¤¥¬ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ ¤«ïäãªæ¨© ξ(x, t), η(x, t), â ª  §ë¢ ¥¬®¥ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥.Ǒ®áª®«ìªã ξ(x, t) = const   «î¡®© å à ªâ¥à¨áâ¨ª¥ ¨§ á¥¬¥©áâ¢  \+′′,â.¥. íâ  å à ªâ¥à¨áâ¨ª  ï¢«ï¥âáï «¨¨¥© ãà®¢ï äãªæ¨¨ ξ, â® grad ξ®àâ®£® «¥ íâ®© å à ªâ¥à¨áâ¨ª¥ (á¬. à¨á.19):
grad ξ⊥(dx, dt). (4.32)�«¥¤®¢ â¥«ì®, grad ξ‖(dt,−dx), ®âªã¤  ∂ξ

∂x

/
∂ξ
∂t = − dt

dx , ¨«¨
dt = −kdx, £¤¥ k = ∂ξ

∂x

/
∂ξ

∂t
. (4.33)Ǒ®¤áâ ¢«ïï (4.33) ¢ (4.29), ¯®«ãç ¥¬ ¨áª®¬®¥ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢-¥¨¥:

a(x, t)(∂ξ
∂t

)2 + 2b(x, t)∂ξ
∂t

∂ξ

∂x
+ c(x, t)( ∂ξ

∂x

)2 = 0 (4.34)�®ç® â ª �¥ ¢ë¢®¤¨âáï ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ ¤«ï η(x, t) ¨ ®®á®¢¯ ¤ ¥â á (4.34):
a(x, t)(∂η

∂t

)2 + 2b(x, t)∂η
∂t

∂η

∂x
+ c(x, t)(∂η

∂x

)2 = 0 (4.35)� íâ®¬ ¥â ¨ç¥£® ã¤¨¢¨â¥«ì®£®, ¯®áª®«ìªã (4.29) á®¢¬¥é ¥â ¢ á¥¡¥ ¤¢ à §ëå ãà ¢¥¨ï (4.31).�¥¯¥àì ¢á¯®¬¨¬ ä®à¬ã«ë (2.10) | (2.12) § ¬¥ë ¯¥à¥¬¥ëå ¢ ¤¨ää¥-à¥æ¨ «ì®¬ ãà ¢¥¨¨. Ǒ®¤áâ ¢«ïï ¢ëà �¥¨ï (2.10) | (2.12) ¢ (4.28),¬ë ¯®«ãç ¥¬ ¤«ï äãªæ¨¨ v(ξ, η) = u(x, t) ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥
α(ξ, η)∂2v

∂ξ2 + 2β(ξ, η) ∂2v
∂ξ∂η

+ γ(ξ, η)∂2v
∂η2 + · · · = 0, (4.36)



£¤¥ . . . § ¬¥ï¥â ç«¥ë, á®¤¥à� é¨¥ «¨èì ¯à®¨§¢®¤ë¥ ¯¥à¢®£® ¯®àï¤ª ®â v. Ǒà¨ íâ®¬ ¤«ï ª®íää¨æ¨¥â®¢ α, β ¨ γ ¯®«ãç ¥¬ ¢ëà �¥¨ï:
α = a

(
∂ξ

∂t

)2 + 2b∂ξ
∂t

∂ξ

∂x
+(∂ξ

∂x

)2 ; (4.37)
γ = a

(
∂η

∂t

)2 + 2b∂η
∂t

∂η

∂x
+(∂η

∂x

)2 ; (4.38)
β = a

∂ξ

∂t

∂η

∂t
+ 2b(∂ξ

∂t

∂η

∂x
+ ∂η

∂t

∂ξ

∂x

)+ c
∂ξ

∂x

∂η

∂x
. (4.39)�¡®§ ç¨¬ ç¥à¥§ ~A â ª  §ë¢ ¥¬ë© å à ªâ¥à¨áâ¨ç¥áª¨© ¬®£®ç«¥®¯¥à â®à  A ¨§ (4.28), á®®â¢¥âáâ¢ãîé¨© â®çª¥ (x, t):~A(ξ1, ξ2) = ~A(x, t; ξ1, ξ2) ≡ α(x, t)ξ22 + 2b(x, t)ξ2ξ1 + c(x, t)ξ21 . (4.40)�®£¤  (4.34) ¨ (4.35) à ¢®á¨«ìë â®¬ã, çâ®

α = ~A(grad ξ) = 0; γ = ~A(grad η) = 0. (4.41)�ª®ç â¥«ì® (4.28) ¯à¨¨¬ ¥â ¢¨¤, ¯®å®�¨©   (4.18):2β(ξ, η) ∂2v
∂ξ∂η

+ . . . = 0. (4.42)� ¤ ç . �®ª �¨â¥, çâ® β(ξ, η) 6= 0 ¯à¨ ξ = ξ(x, t), η = η(x, t), ¥á«¨¢ë¯®«ï¥âáï ãá«®¢¨¥ (4.30). (�á¯®«ì§ã©â¥ (4.37) | (4.41)).�à ¢¥¨¥ (4.42) ¬®�® à¥è âì ¯à¨¡«¨�¥®. � àï¤¥ á«ãç ¥¢, ª®£¤ ãà ¢¥¨¥ (4.42) ®ª §ë¢ ¥âáï ¤®áâ â®ç® ¯à®áâë¬, ã¤ ¥âáï  ©â¨ ¥£®®¡é¥¥ à¥è¥¨¥ ¨ â ª¨¬ ®¡à §®¬  ©â¨ ®¡é¥¥ à¥è¥¨¥ ãà ¢¥¨ï (4.28).�¯à �¥¨¥ (§18 [13℄). � ©â¨ ®¡é¥¥ à¥è¥¨¥ ãà ¢¥¨ï
∂2u
∂x2 − 2 sinx ∂2u

∂x∂y
− os2 x∂2u

∂y2 − osx∂u
∂y

= 0. (4.43)�¥è¥¨¥. �à ¢¥¨¥ å à ªâ¥à¨áâ¨ª (4.29) ¯®«ãç ¥âáï ¨§ (4.43) ¯à¨¯®¬®é¨ § ¬¥ ∂
∂x 7→ dy; ∂

∂y 7→ −dx (á¬.(4.29′)):
dy2 + 2 sinxdydx− os2 xdx2 = 0 (4.44)¨«¨ (
dy

dx

)2 + 2 sinxdy
dx

− os2 x = 0.



�âáî¤ 
dy

dx
= − sinx±

√sin2 x+ os2 x = − sinx± 1. (4.45)�â¥£à¨àãï, ¯®«ãç ¥¬
y = osx± x = c.�âáî¤  äãªæ¨¨

c(x, y) = y − osx∓ x¯®áâ®ïë ¢¤®«ì ¨â¥£à «ìëå ªà¨¢ëå, â.¥. ®¨ ¨ ï¢«ïîâáï ¯¥à¢ë¬¨¨â¥£à « ¬¨ ãà ¢¥¨© (4.45). �«¥¤®¢ â¥«ì®,
{
ξ = y − osx− x,
η = y − osx+ x.

(4.46)�ë ã�¥ § ¥¬, çâ® ãà ¢¥¨¥ (4.43) ¢ ¯¥à¥¬¥ëå ξ, η ¨¬¥¥â ¢¨¤(4.42). �¤ ª®  ¬ ¨â¥à¥á¥ ¨ ¢¨¤ ç«¥®¢, á®¤¥à� é¨å ∂v
∂ξ ,

∂v
∂η ,®¡®§ ç¥ëå ¬®£®â®ç¨¥¬ ¢ (4.42). �®�® ¡ë«® ¡ë ¢®á¯®«ì§®¢ âìáï£®â®¢ë¬¨ ä®à¬ã« ¬¨ (2.10) | (2.12), ® ¬ë á¤¥« ¥¬ § ¬¥ã ¯¥à¥¬¥ëå(4.46) ¢ (4.43) ¥¯®áà¥¤áâ¢¥®. �¬¥áâ® v ¬ë ¢áî¤ã ¡ã¤¥¬ ¯¨á âì u:

{
∂u
∂x = ∂u

∂ξ
∂ξ
∂x + ∂u

∂η
∂η
∂x = ∂u

∂ξ (sinx− 1) + ∂u
∂η (sin x+ 1),

∂u
∂y = ∂u

∂ξ + ∂u
∂η .

(4.47)�âáî¤ 
∂2u
∂x2 = . . .+ 2 ∂2u

∂ξ∂η
(sin2 x− 1) + . . .+ ∂u

∂ξ
osx+ ∂u

∂η
osx. (4.48)�¤¥áì ¬®£®â®ç¨¥¬ ®¡®§ ç¥ë ç«¥ë, á®¤¥à� é¨¥ ∂2u

∂ξ2 ¨ ∂2u
∂η2 , ª®â®àë¥,ª ª ¬ë ã�¥ § ¥¬ (á¬. (4.42)), ã¨çâ®� îâáï ¯à¨ ¯¥à¥áç¥â¥ ¢á¥å ç«¥®¢(4.43). Ǒ®íâ®¬ã ¨å ¨ ¥ ã�® ¯¨á âì!� «®£¨ç®,

∂2u
∂x∂y

= . . .+ ∂2u
∂ξ∂η

(sinx− 1) + ∂2u
∂η∂ξ

(sinx+ 1) + . . . (4.49)� ª®¥æ,
∂2u
∂y2 = . . .+ 2 ∂2u

∂ξ∂η
+ . . . (4.50)Ǒ®¤áâ ¢«ïï (4.47) | (4.50) ¢ (4.43), ¯®«ãç ¥¬

∂2u
∂ξ∂η

(2(sin2 x−1)−2 sinx·2 sinx−os2 x·2)+osx(∂u
∂ξ

+∂u
∂η

)−osx(∂u
∂ξ

+∂u
∂η

) = 0.



Ǒ®á«¥ ¯à¨¢¥¤¥¨ï ¯®¤®¡ëå ç«¥®¢ ¨ á®ªà é¥¨©
∂2u
∂ξ∂η

= 0 =⇒ u = f(ξ) + g(η).�â¢¥â: u(x, y) = f(y − osx− x) + g(y − osx+ x).�«ï § ªà¥¯«¥¨ï ¬ â¥à¨ «  à¥ª®¬¥¤ã¥¬ à¥è¨âì § ¤ ç¨:� ¤ ç¨. � ©â¨ ®¡é¥¥ à¥è¥¨¥ ¤«ï á«¥¤ãîé¨å ãà ¢¥¨©:1. ∂2u
∂x2 + 2 ∂2u

∂x∂y
− 3∂2u

∂y2 + 2∂u
∂x

+ 6∂u
∂y

= 0.2. x
∂2u
∂x2 − y

∂2u
∂y2 + 12 (∂u∂x − ∂u

∂y

) = 0, x > 0, y > 0.3. x2 ∂2u
∂x2 − y2 ∂2u

∂y2 − 2y ∂u
∂y

= 0.4. ∂

∂x

(
x2 ∂u
∂x

) = x2 ∂2u
∂y2 .5. (x− y) ∂2u

∂x∂y
− ∂u

∂x
+ ∂u

∂y
= 0.6. ∂2u

∂x∂y
+ y

∂u

∂x
+ x

∂u

∂y
+ xyu = 0.� ¤ ç¨. �¥è¨â¥ á«¥¤ãîé¨¥ § ¤ ç¨ �®è¨:1. ∂2u

∂x2 + 2 ∂2u
∂x∂y

− 3∂2u
∂y2 = 0,

u
∣∣
y=0 = 3x2, ∂u

∂y

∣∣∣∣
y=0 = 0.2. 4y2∂2u

∂x2 + 2(1− y2) ∂2u
∂x∂y

− ∂2u
∂y2 − 2y1 + y2 (2∂u∂x − ∂u

∂y

) = 0,
u
∣∣
y=0 = ϕ◦(x), ∂u

∂y

∣∣∣∣
y=0 = ϕ1(x).3. (1 + x2)∂2u

∂x2 − (1 + y2)∂2u
∂y2 + x

∂u

∂x
− y

∂u

∂y
= 0,

u
∣∣
y=0 = ϕ◦(x), ∂u

∂y

∣∣∣∣
y=0 = ϕ1(x).4. ∂2u

∂x2 + 2 osx ∂2u
∂x∂y

− sin2 x∂2u
∂y2 − sinx∂u

∂y
= 0,

u
∣∣
y=sinx

= ϕ◦(x), ∂u

∂y

∣∣∣∣
y=sinx

= ϕ1(x).



5. ∂2u
∂x2 + 4 ∂2u

∂x∂y
− 5∂2u

∂y2 + ∂u

∂x
− ∂u

∂y
= 0,

u
∣∣
y=0 = f(x), ∂u

∂y

∣∣∣∣
y=0 = F (x).6. x2 ∂2u

∂x2 − 2xy ∂2u
∂x∂y

− 3y2∂2u
∂y2 = 0,

u
∣∣
y=1 = ϕ◦(x), ∂u

∂y

∣∣∣∣
y=1 = ϕ1(x).4. �¥£¨¯¥à¡®«¨ç¥áª¨¥ ãà ¢¥¨ï.� áá¬®âà¨¬ á«ãç ©, ª®£¤  ¢¬¥áâ® ãá«®¢¨ï áâà®£®© £¨¯¥à¡®«¨ç®áâ¨ (4.30)¢ë¯®«ï¥âáï ¯à®â¨¢®¯®«®�®¥ ¥à ¢¥áâ¢®

b2(x, t)− a(x, t)c(x, t) < 0. (4.51)�®£¤  ãà ¢¥¨¥ (4.28)  §ë¢ ¥âáï í««¨¯â¨ç¥áª¨¬ ¢ â®çª¥ (x, t). Ǒà¨íâ®¬ ¯à ¢ë¥ ç áâ¨ ãà ¢¥¨© (4.31) - ª®¬¯«¥ªá® á®¯àï�¥ë¥ äãªæ¨¨,¨ ¯à¨ ¨å ¨â¥£à¨à®¢ ¨¨ ¯®«ãç îâáï ª®¬¯«¥ªá® á®¯àï�¥ë¥ \¯¥à¢ë¥¨â¥£à «ë" ξ ¨ η = �ξ. �ª §ë¢ ¥âáï, ¥á«¨ ¢§ïâì z1 = Reξ = ξ+η2¨ z2 = Imξ = ξ−η2i ¢ ª ç¥áâ¢¥ ®¢ëå ª®®à¤¨ â, â® ãà ¢¥¨¥ (4.28)¯à¨¨¬ ¥â ¢¨¤
∂2u
∂z21 + ∂2u

∂z22 + . . . = 0, (4.52)â.¥. ¥£® £« ¢ ï ç áâì á®¢¯ ¤ ¥â á ®¯¥à â®à®¬ � ¯« á  (á¬. § ¤ ç¨ N9 ¨ 12{17 ¨§ [13℄). �â® ¯®§¢®«ï¥â à¥è âì â ª¨¥ ãà ¢¥¨ï â®ç® ¨«¨¯à¨¡«¨�¥®.�¯à �¥¨¥ (N 14 [13℄). Ǒà¨¢¥¤¥¬ ª ª ®¨ç¥áª®¬ã ¢¨¤ã ãà ¢¥¨¥
y
∂2u
∂x2 + x

∂2u
∂y2 = 0, y > 0, x > 0. (4.53)�¥è¥¨¥. �à ¢¥¨¥ å à ªâ¥à¨áâ¨ª ydy2+xdx2 = 0 ¯à¨¢®¤¨âáï ª √

ydy =
±i√xdx, â.¥. ãà ¢¥¨¥ (4.53) | í««¨¯â¨ç¥áª®¥. �â¥£à¨àãï, ¯®«ãç ¥¬
y3/2 ∓ ix3/2 = c. �ë¡¨à ¥¬ §  ®¢ë¥ ª®®à¤¨ âë z1 = Rec = y3/2, z2 =
Imc = x3/2. �®£¤ 

∂u

∂x
= ∂u

∂z2 32x1/2; ∂u

∂y
= ∂u

∂z1 32y1/2�âáî¤  ¤¨ää¥à¥æ¨à®¢ ¨¥¬ ¯®«ãç ¥¬ (¥ ¢ë¯¨áë¢ ï ç«¥ë á ∂2u
∂z1∂z2¢ á®®â¢¥âáâ¢¨¨ á (4.52)):

∂2u
∂x2 = ∂2u

∂z22 94x+ ∂u

∂z2 34x−1/2 + . . . ,
∂2u
∂y2 = ∂2u

∂z21 94y + ∂u

∂z1 34y−1/2 + . . . .



Ǒ®¤áâ ¢«ïï ¢ (4.53),  å®¤¨¬
(
∂2u
∂z21 + ∂2u

∂z22 ) 94xy + 34 ∂u∂z1xy−1/2 + 34 ∂u∂z2 yx−1/2 = 0.�âáî¤  ¯®«ãç ¥¬ ª ®¨ç¥áª¨© ¢¨¤:
∂2u
∂z21 + ∂2u

∂z22 + 13z1 ∂u∂z1 + 13z2 ∂u∂z2 = 0.�¥¯¥àì à áá¬®âà¨¬ á«ãç ©, ª®£¤  ¢ (4.30) ¢¬¥áâ® § ª  > áâ®¨â =. �®£¤ ãà ¢¥¨¥ (4.28)  §ë¢ ¥âáï ¢ëà®�¤¥ë¬ ¨«¨ ¯ à ¡®«¨ç¥áª¨¬ ¢ è¨à®ª®¬á¬ëá«¥ ¢ â®çª¥ (x, t). �á«¨ (4.28) | ¯ à ¡®«¨ç¥áª®¥ ãà ¢¥¨¥ ¢ ¥ª®â®à®©®¡« áâ¨, â® ãà ¢¥¨ï (4.31) á®¢¯ ¤ îâ ¨ á®®â¢¥âáâ¢¥® ¨¬¥¥âáï â®«ìª®®¤¨ ¥§ ¢¨á¨¬ë© ¯¥à¢ë© ¨â¥£à « ξ(x, t). �«ï ¯à¨¢¥¤¥¨ï (4.28) ªª ®¨ç¥áª®¬ã ¢¨¤ã ¢ íâ®¬ á«ãç ¥ ¢ ª ç¥áâ¢¥ ¬®�® ¢§ïâì «î¡ãî äãªæ¨îâ ª, çâ®¡ë § ¬¥  x, t → ξ, η ¡ë«  ¥¢ëà®�¤¥®©. �ª §ë¢ ¥âáï, (4.28)¯à¨¨¬ ¥â ¢¨¤
∂2u
∂η2 + . . . = 0. (4.54)�¯à �¥¨¥ (N 10 [13℄). Ǒà¨¢¥¤¥¬ ª ª ®¨ç¥áª®¬ã ¢¨¤ã ãà ¢¥¨¥

sin2x∂2u
∂x2 − 2y sinx ∂2u

∂x∂y
+ y2 ∂2u

∂y2 = 0, 0 < x < π, y > 0. (4.55)�¥è¥¨¥. �à ¢¥¨¥ å à ªâ¥à¨áâ¨ª sin2 xdy2 + 2y sinxdydx + y2dx2 =0 ¯à¨¢®¤¨âáï ª ¢¨¤ã (sinxdy + ydx)2 = 0, â.¥. ãà ¢¥¨¥ (4.55) |¯ à ¡®«¨ç¥áª®¥. Ǒ®á«¥ à §¤¥«¥¨ï ¯¥à¥¬¥ëå dx/ sinx = −dy/y, ®âªã¤ ln tg (x/2) = − ln y + c, ¨«¨ y tg (x/2) = c1. �®§ì¬¥¬ ξ = y tg (x/2), â®£¤ ,¯à¨¨¬ ï η = y,  å®¤¨¬
∂u

∂x
= ∂u

∂ξ
y

12 os2 x2 ; ∂u

∂y
= ∂u

∂ξ
tg x2 + ∂u

∂η
.�âáî¤  ¤¨ää¥à¥æ¨à®¢ ¨¥¬ ¯®«ãç ¥¬, ¥ ¢ë¯¨áë¢ ï ç«¥ë á ∂2u

∂ξ∂η ¨
∂2u
∂ξ2 , ¢ á®®â¢¥âáâ¢¨¨ á (4.54):
∂2u
∂x2 = ∂u

∂ξ
y

sin(x/2)2 os3(x/2)+. . . , ∂2u
∂y2 = ∂2u

∂η2+. . . , ∂2u
∂x∂y

= ∂u

∂ξ

12 os2(x/2)+. . . .Ǒ®¤áâ ¢«ïï ¢ (4.55),  å®¤¨¬sin2 x(∂u
∂ξ
y

sin(x/2)2 os3(x/2))− 2y sinx∂u
∂ξ

12 os2(x/2) + y2 ∂2u
∂η2 = 0,



®âªã¤  ¯®«ãç ¥¬ ª ®¨ç¥áª¨© ¢¨¤:
∂2u
∂η2 + ∂u

∂ξ

(
ξ sin2 x

y22 os2(x/2) − sinx
y os2(x/2)) = ∂2u

∂η2 + ∂u

∂ξ

(
− 2ξ
η2 + ξ2) = 0.� ¤ ç¨. Ǒà¨¢¥áâ¨ ª ª ®¨ç¥áª®¬ã ¢¨¤ã á«¥¤ãîé¨¥ ãà ¢¥¨ï:1. ∂2u

∂x2 − 2 ∂2u
∂x∂y

+ ∂2u
∂y2 + α

∂u

∂x
+ β

∂u

∂y
+ cu = 0.2. tg 2x∂2u

∂x2 − 2y tg x ∂2u
∂x∂y

+ y2 ∂2u
∂y2 + tg 3x∂u

∂x
= 0.3. th 2x∂2u

∂x2 − 2ythx ∂2u
∂x∂y

+ y2 ∂2u
∂y2 + 2y ∂u

∂y
= 0.

§5. Ǒ®«ã¡¥áª®¥ç ï áâàã .1. �¬¥è  ï § ¤ ç  ¤«ï ãà ¢¥¨ï � « ¬¡¥à .� áá¬®âà¨¬ ãà ¢¥¨¥ � « ¬¡¥à  (2.1)   ¯®«ã¯àï¬®© x > 0. �¨§¨ç¥áª¨íâ® á®®â¢¥âáâ¢ã¥â áâàã¥, ã ª®â®à®© ®¤¨ ª®¥æ  å®¤¨âáï ¢  ç «¥ª®®à¤¨ â,   ¤àã£®©   ®ç¥ì ¡®«ìè®¬ à ááâ®ï¨¨ ®â  ç «  ( à ááâ®ï¨¨ ≫ at):
∂2u
∂t2 = a2 ∂2u

∂x2 , x > 0, t > 0. (5.1)� ç «ìë¥ ãá«®¢¨ï (2.2) §¤¥áì â ª�¥ ¥®¡å®¤¨¬ë:
u(x, 0) = ϕ(x); ∂u

∂t
(x, 0) = ψ(x), x > 0. (5.2)�à®¬¥ â®£®, ä¨§¨ç¥áª¨ ®ç¥¢¨¤®, çâ® ã�® § ¤ âì ªà ¥¢®¥ ãá«®¢¨¥  «¥¢®¬ ª®æ¥ áâàãë ¯à¨ x = 0. � ¯à¨¬¥à, ¥á«¨ íâ®â ª®¥æ § ªà¥¯«¥,â® ¥£® á¬¥é¥¨¥ à ¢® ã«î:

u(0, t) = 0, t > 0. (5.3)�®§¬®�ë â ª�¥ ¤àã£¨¥ ä¨§¨ç¥áª¨ á®¤¥à� â¥«ìë¥ ªà ¥¢ë¥ ãá«®¢¨ï(á¬. (1.8) ¨ (1.17)).� ¤ ç  (5.1) | (5.3)  §ë¢ ¥âáï á¬¥è ®©, ¯®áª®«ìªã ¢ ¥© ¯à¨áãâáâ¢ãîâª ª  ç «ìë¥ (5.2), â ª ¨ ªà ¥¢ë¥ ãá«®¢¨ï (5.3).2. �¥è¥¨¥ á¬¥è ®© § ¤ ç¨ (5.1) | (5.3). �¥â®¤ ¯ ¤ îé¨© ¨ ®âà �¥®©¢®«.Ǒà¨¬¥¨¬ ¬¥â®¤ � « ¬¡¥à , â.¥. ¡ã¤¥¬ ¨áª âì à¥è¥¨¥ ¢ ¢¨¤¥
u(x, t) = f(x− at) + g(x+ at) (5.4)



Ǒ®¤áâ ¢«ïï íâ® à §«®�¥¨¥ ¢  ç «ìë¥ ãá«®¢¨ï (5.2), ¯®«ãç ¥¬, ª ª ¨¢ §2, ãà ¢¥¨ï (2.25) | (2.30), â.¥. ä®à¬ã«ã � « ¬¡¥à  ¤«ï u(x, t).�®¯à®á. � ç¥¬ ã�® ªà ¥¢®¥ ãá«®¢¨¥ (5.3), ¥á«¨ ¬ë, ª ª  ¬ ª �¥âáï,¨ â ª ã�¥  è«¨ à¥è¥¨¥, ¨á¯®«ì§ãï â®«ìª®  ç «ìë¥ ãá«®¢¨ï?�â¢¥â. �à ¢¥¨ï (2.25) | (2.29) á¯à ¢¥¤«¨¢ë «¨èì ¯à¨ x > 0, ¯®áª®«ìªã ç «ìë¥ ãá«®¢¨ï (5.2), ¢ ®â«¨ç¨¥ ®â (2.2), § ¤ ë â®«ìª® ¯à¨ x > 0.á®®â¢¥âáâ¢¥®, ä®à¬ã«  � « ¬¡¥à  (2.30) á¯à ¢¥¤«¨¢  ¯à¨ x − at > 0,  ¥ ¯à¨ ¢á¥å x > 0, t > 0.�ë¢®¤. �¥è¥¨¥ á¬¥è ®© § ¤ ç¨ (5.1) | (5.3) ¤ ¥âáï ä®à¬ã«®©�¢« ¬¡¥à  (2.30) ¯à¨ x− at > 0.
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�â® ®¡« áâì ¯®¤ \£« ¢®©" å à ªâ¥-à¨áâ¨ª®© x−at = 0. � à ªâ¥à¨áâ¨ª 
x − at = 0  §ë¢ ¥âáï £« ¢®©, ¯®-áª®«ìªã ®  ¢ëå®¤¨â ¨§ ®á®¡®© (ã£«®-¢®©) â®çª¨ ®¡« áâ¨ x > 0, t > 0, £¤¥à¥è ¥âáï ãà ¢¥¨¥ (5.1). � ©¤¥¬â¥¯¥àì à¥è¥¨¥  ¤ £« ¢®© å à ª-â¥à¨áâ¨ª®© (¢ ®¡« áâ¨ x − at < 0).� §«®�¥¨¥ (5.4) á¯à ¢¥¤«¨¢® ¢áî-¤ã ¢ ®¡« áâ¨ x > 0, t > 0. �¤ ª®,¢®«  f(x−at)  ©¤¥  ¯® ä®à¬ã«¥(2.29) ¢ ®¡« áâ¨ x− at > 0, â.¥. ¯®¤ £« ¢®© å à ªâ¥à¨áâ¨ª®©. � â® �¥¢à¥¬ï ¢®«  g(x+at)  ©¤¥  ¯® ä®à¬ã«¥ (2.28) ¢áî¤ã. � ª¨¬ ®¡à §®¬,®áâ ¥âáï  ©â¨ f(x−at)  ¤ £« ¢®© å à ªâ¥à¨áâ¨ª®©, â.¥. ¯à¨ x−at < 0.� ©¤¥¬ f(x− at) ¯à¨ x− at < 0. �®á¯®«ì§ã¥¬áï ªà ¥¢ë¬ ãá«®¢¨¥¬ (5.3):

f(−at) + g(at) = 0, t > 0. (5.5)�â® ¨ ¥áâì ä®à¬ã« , á¢ï§ë¢ îé ï ¥¨§¢¥áâë¥ § ç¥¨ï f ¯à¨ ®âà¨-æ â¥«ìëå § ç¥¨ïå  à£ã¬¥â  á ¨§¢¥áâë¬¨ (2.28) § ç¥¨ï¬¨ g ¯à¨¯®«®�¨â¥«ìëå § ç¥¨ïå  à£ã¬¥â .�¤¥« ¥¬ § ¬¥ã ¯¥à¥¬¥ëå: ¯®«®�¨¬
−at = z. (5.6)�®£¤  (5.5) ¯à¨¬¥â ¢¨¤

f(z) = −g(−z), z < 0.�¢¨¤ã (2.28), ¯®«ãç ¥¬ ®âáî¤ , çâ® ¯à¨ x− at < 0
f(x− at) = −g(at− x) = −ϕ(at− x)2 − 12a at−x∫0 ψ(s)ds − c2a =

− ϕ(at− x)2 + 12a 0∫
at−x

ψ(s)ds − c2a. (5.7)



Ǒ®¤áâ ¢«ïï (5.7) ¨ (2.28) ¢ (5.4),  å®¤¨¬: ¯à¨ x > at | ä®à¬ã« � « ¬¡¥à  (2.30); ¯à¨ 0 < x < at:
u(x, t) = −ϕ(at− x) + ϕ(x + at)2 + 12a x+at∫

at−x

ψ(s)ds. (5.8)�â ª, à¥è¥¨¥ á¬¥è ®© § ¤ ç¨ (5.1) | (5.3) ¤ ¥âáï ¤¢ã¬ï à §ë¬¨ä®à¬ã« ¬¨: ä®à¬ã«®© � « ¬¡¥à  (2.30) ¯à¨ x > at (¯®¤ £« ¢®©å à ªâ¥à¨áâ¨ª®©) ¨ (5.8) ¯à¨ 0 < x < at ( ¤ £« ¢®© å à ªâ¥à¨áâ¨ª®©).�¯à¥¤¥«¥¨¥. � ®¡« áâ¨ 0 < x < at ¢®«  g(x+at)  §ë¢ ¥âáï ¯ ¤ îé¥©(  «¥¢ë© ª®¥æ x = 0),   f(x− at) | ®âà �¥®© (®â íâ®£® ª®æ ).� ¤¨¬ £à ä¨ç¥áªãî ¨â¥à¯à¥â æ¨î ¯®áâà®¥¨ï à¥è¥¨ï § ¤ ç¨ (5.1)| (5.3).�¥è¥¨¥ íâ®© § ¤ ç¨ á®áâ®¨â ¨§ ¤¢ãå íâ ¯®¢:�. Ǒ®¤áâ ¢«ï¥¬ à §«®�¥¨¥ � « ¬¡¥à  (5.4) ¢  ç «ìë¥ ãá«®¢¨ï (5.2),ª®â®àë¥ § ¤ ë ¢ â®çª å ®á¨ Ox (x > 0, t = 0). �¥è ï á¨áâ¥¬ã (2.25)
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¯à¨ x > 0,  å®¤¨¬ ¢®«ë f(x− at)¨ g(x + at) ¢ íâ¨å �¥ â®çª å x >0, t = 0. �¥¯¥àì f(x− at) ¨§¢¥áâ   ¢á¥å å à ªâ¥à¨áâ¨ª å, ¡¥£ãé¨å¢¯à ¢® ¨§ íâ¨å â®ç¥ª (à¨á. 21), ¯®-áª®«ìªã f(x − at) ¯®áâ®ï  ¢¤®«ìâ ª¨å å à ªâ¥à¨áâ¨ª. �â¨ å à ª-â¥à¨áâ¨ª¨ § ¯®«ïîâ ¢áî ®¡« áâì
x−at > 0. � ¤àã£®© áâ®à®ë, ¢®« 
g(x + at) ¨§¢¥áâ  ¢áî¤ã. �¥©áâ¢¨-â¥«ì®, ®  ¯®áâ®ï    å à ªâ¥-à¨áâ¨ª å, ¡¥£ãé¨å ¢«¥¢®,   â ª¨¥ å à ªâ¥à¨áâ¨ª¨, ¢ë¯ãé¥ë¥ ¨§ â®ç¥ª«ãç  Ox, § ¯®«ïîâ ¢áî ®¡« áâì x > 0, t > 0. � ª¨¬ ®¡à §®¬,  ç «ìë¥¤ ë¥ ¯®§¢®«ïîâ ®¯à¥¤¥«¨âì à¥è¥¨¥ â ¬, £¤¥   à¨á. 21 ¯à®å®¤ïâå à ªâ¥à¨áâ¨ª¨ ®¡®¨å á¥¬¥©áâ¢, â.¥. ¯®¤ £« ¢®© å à ªâ¥à¨áâ¨ª®©.�¨¤® (á¬. à¨á.21), çâ®  ¤ £« ¢®© å à ªâ¥à¨áâ¨ª®© ¢®«  f(x − at)

�¨á. 22
(®âà �¥ ï) ¯®ª  ¥ ¨§¢¥áâ ,  ¯ ¤ îé ï g(x+ at) | ¨§¢¥áâ .�. Ǒ®¤áâ ¢«ï¥¬ à §«®�¥¨¥ � « ¬-¡¥à  (5.4) ¢ ªà ¥¢®¥ ãá«®¢¨¥ (5.3),ª®â®à®¥ § ¤ ® ¢ â®çª å ®á¨ Ot (t >0, x = 0). �®«  g(x + at)) ¢ íâ¨åâ®çª å ã�¥  ©¤¥  ¨§  ç «ìëåãá«®¢¨© ¢ ¯ãªâ¥ �. Ǒ®íâ®¬ã ªà ¥-¢®¥ ãá«®¢¨¥ (5.5) á¢ï§ë¢ ¥â ¥¨§¢¥áâ-®¥ ¢ íâ¨å â®çª å § ç¥¨¥ ¢®«ë
f(x− at) á ¨§¢¥áâë¬ § ç¥¨¥¬



g(x+ at), çâ® ¯®§¢®«ï¥â ®¯à¥¤¥«¨âì ¢®«ã f(x− at). �® â®£¤  f(x− at)(¨ á«¥¤®¢ â¥«ì® u(x, t)) ¨§¢¥áâ    å à ªâ¥à¨áâ¨ª å, ¡¥£ãé¨å ¢¯à ¢®¨§ ¢á¥å íâ¨å â®ç¥ª (¯ãªâ¨à   à¨á. 22), â.¥. ¢® ¢á¥© ®¡« áâ¨ x < at ¤ £« ¢®© å à ªâ¥à¨áâ¨ª®©.3. �àã£¨¥ ªà ¥¢ë¥ ãá«®¢¨ï.�¬¥áâ® (5.3) ¬®�® à áá¬®âà¥âì ªà ¥¢®¥ ãá«®¢¨¥ (1.6′′):
∂u

∂x
(0, t) = 0, t > 0. (5.9)�¯à �¥¨¥. �¥è¨¬ á¬¥è ãî § ¤ çã (5.1) | (5.2), (5.9).�¥è¥¨¥:1). Ǒ®¤ £« ¢®© å à ªâ¥à¨áâ¨ª®©, â.¥. ¯à¨ x > at, á¯à ¢¥¤«¨¢  ä®à¬ã« � « ¬¡¥à  (2.30), ¨ ä®à¬ã«ë (2.28) | (2.29) á¯à ¢¥¤«¨¢ë ¯à¨ x > 0;2).  ¤ £« ¢®© å à ªâ¥à¨áâ¨ª®©, â.¥. ¯à¨ x < at, ¢¬¥áâ® (5.5) ¯®«ãç ¥¬,¯®¤áâ ¢«ïï (5.4) ¢ (5.9):

f ′(−at) + g′(at) = 0, t > 0. (5.10)Ǒ®á«¥ ¯®¤áâ ®¢ª¨ −at = z

f ′(z) + g′(−z) = 0, z < 0. (5.11)�â¥£à¨àãï, ¯®«ãç ¥¬
f(z)− g(−z) = c1 = const, z < 0. (5.12)�âáî¤  ¢¢¨¤ã (2.28) ¯®«ãç ¥¬ ¯à¨ x < at:

f(x− at) = g(at− x) + c1 = 12ϕ(at− x) + 12a at−x∫0 ψ(s)ds+ c2a + c1. (5.13)�¥àï g(x+ at) ¨§ â®© �¥ ä®à¬ã«ë (2.28), ¯®«ãç ¥¬ ¯à¨ x < at

u(x, t) = ϕ(at− x) + ϕ(x+ at)2 + 12a at−x∫0 ψ(s)ds+ 12a x+at∫0 ψ(s)ds+c2. (5.14)�®áâ âã c2, ª ª ¬ë á¥©ç á ¯®ª �¥¬, ¬®�® ®¯à¥¤¥«¨âì ¨§ ãá«®¢¨ï¥¯à¥àë¢®áâ¨ à¥è¥¨ï u(x, t)   å à ªâ¥à¨áâ¨ª¥ x = at, ¥á«¨ § ¤ ç (5.1) | (5.2), (5.9) à¥è ¥âáï ¤«ï áâàãë ¨«¨ ¤«ï áâ¥à�ï.



4. � §àë¢ë à¥è¥¨ï ¢¤®«ì £« ¢®© å à ªâ¥à¨áâ¨ª¨. �á«®¢¨ï ¥¯à¥àë¢®áâ¨.�§ áª § ®£® ¢ëè¥ á«¥¤ã¥â, çâ® à¥è¥¨¥ § ¤ ç¨ (5.1) | (5.2) ¢ëà � ¥âáïà §ë¬¨ ä®à¬ã« ¬¨ ¯à¨ x − at > 0 ¨ x− at < 0, ¯®íâ®¬ã ¢¤®«ì «¨¨¨
x − at = 0 ®® ¬®�¥â ¡ëâì à §àë¢ë¬. �ª §ë¢ ¥âáï, à §àë¢ «î¡®£®à¥è¥¨ï ãà ¢¥¨ï (5.1) ¢¤®«ì «¨¨¨ x−at = 0 ¥áâì ¢¥«¨ç¨  ¯®áâ®ï ï.�¥©áâ¢¨â¥«ì®, íâ® ¢¨¤® ¨§ (5.4):1) ¢®«  g(x+at) ¥¯à¥àë¢  ¯à¨ ¯¥à¥å®¤¥ ç¥à¥§ £« ¢ãî å à ªâ¥à¨áâ¨ªã,â ª ª ª ¥¥ «¨¨¨ ãà ¢ï x+ at = const ¯¥à¥á¥ª îâ ¯àï¬ãî x = at;2) ¢®«  f(x − at) á¨§ã ®â £« ¢®© å à ªâ¥à¨áâ¨ª¨ x − at = 0 ¨¬¥¥â¯à¥¤¥«, à ¢ë© f(0+), â ª ª ª â ¬ x−at > 0;   «®£¨ç®, ¯à¥¤¥« á¢¥àåãà ¢¥ f(0−). �â ª,

u
∣∣∣
x−at=0− − u

∣∣∣
x−at=0+ = f(0−)− f(0+). (5.15)Ǒ®íâ®¬ã ãá«®¢¨¥ ¥¯à¥àë¢®áâ¨ à¥è¥¨ï u(x, t)   £« ¢®© å à ªâ¥à¨áâ¨ª¥¨¬¥¥â ¢¨¤

f(0−) = f(0+). (5.16)�¯à �¥¨¥. � ©â¨ ãá«®¢¨¥ ¥¯à¥àë¢®áâ¨ à¥è¥¨ï § ¤ ç¨ (5.1) | (5.3)  £« ¢®© å à ªâ¥à¨áâ¨ª¥.�¥è¥¨¥. �§ (2.29) ¢ëâ¥ª ¥â, çâ®
f(0+) = ϕ(0)2 − c2a, (5.17)  ¨§ (5.7) á«¥¤ã¥â

f(0−) = −g(0) = −ϕ(0)2 − c2a . (5.18)�«¥¤®¢ â¥«ì®, ãá«®¢¨¥ (5.16) ¤ ¥â
−ϕ(0)2 = ϕ(0)2 ⇐⇒ ϕ(0) = 0. (5.19)� ¬¥ç ¨¥ 5.1. � áá¬®âà¨¬ ®¡« áâì x > 0, t > 0, £¤¥ à¥è ¥âáï § ¤ ç (5.1) | (5.3).

�¨á. 23
�  ¥¥ £à ¨æ¥   ®á¨ Ot à¥è¥¨¥à ¢® ã«î ¢¢¨¤ã (5.3),     ®á¨
Ox à¥è¥¨¥ à ¢® ϕ(x) . Ǒ®íâ®¬ããá«®¢¨¥ (5.19) ¥áâì ¯à®áâ® ãá«®¢¨¥¥¯à¥àë¢®áâ¨ £à ¨çëå § ç¥¨©
u(x, t) ¢ â®çª¥ (0,0). � ª ¬ë ¢¨-¤¥«¨, ®® ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®¤«ï ¥¯à¥àë¢®áâ¨ à¥è¥¨ï   ¢á¥©£« ¢®© å à ªâ¥à¨áâ¨ª¥.



�¯à �¥¨¥. � ©â¨ ãá«®¢¨¥ ¥¯à¥àë¢®áâ¨ à¥è¥¨ï § ¤ ç¨ (5.1) | (5.2),(5.9)   £« ¢®© å à ªâ¥à¨áâ¨ª¥.�¥è¥¨¥. �®à¬ã«  (5.17) §¤¥áì â ª�¥ ¢¥à ,   ¢¬¥áâ® (5.18) ¯®«ãç ¥¬¨§ (5.13):
f(0−) = ϕ(0)2 + c2a + c1. (5.20)Ǒ®íâ®¬ã (5.16) ¯à¨¨¬ ¥â ¢¨¤ (á¬. (5.14)):

ϕ(0)2 + c2a + c1 = ϕ(0)2 − c2a ⇐⇒ c1 + c

a
= c2 = 0. (5.21)� ¬¥ç ¨¥ 5.2. � §àë¢®¥ à¥è¥¨¥ § ¤ ç¨ (5.1) { (5.2), (5.9) (¯à¨ c2 6= 0)¥ ¨¬¥¥â ä¨§¨ç¥áª®£® á¬ëá«  ¤«ï áâàãë ¨«¨ áâ¥à�ï, ¯®áª®«ìªã ®®®§ ç ¥â ¨å à §àë¢. �¤ ª® ¢  ªãáâ¨ª¥ ¨«¨ £ §®¢®© ¤¨ ¬¨ª¥ à §àë¢®¥à¥è¥¨¥ ¨¬¥¥â ä¨§¨ç¥áª¨© á¬ëá« ¨  §ë¢ ¥âáï ã¤ à®© ¢®«®©. Ǒà¨íâ®¬ ¢¥«¨ç¨ã à §àë¢ , à ¢ãî c2, ¥«ì§ï  ©â¨ ¨§ ãà ¢¥¨© (5.1) {(5.2), (5.9).�  ®¯à¥¤¥«ï¥âáï ¨§ ¤®¯®«¨â¥«ìëå ä¨§¨ç¥áª¨å ¨«¨ å¨¬¨ç¥áª¨å á®®¡à -�¥¨© ¨ â ª¨¬ ®¡à §®¬ ¥®¤®§ ç®áâì ¢ à¥è¥¨¨ § ¤ ç¨ «¨ª¢¨¤¨àã¥âáï.� ¯à¨¬¥à, ¯à¨ à á¯à®áâà ¥¨¨ ¤¥â® æ¨®®© ¢®«ë ¢ ¯ à å ¡¥§¨ ¢¥«¨ç¨  áª çª  ¤ ¢«¥¨ï   äà®â¥ § ¢¨á¨â ®â ¬ àª¨ ¡¥§¨ , ¤ ¢«¥¨ï,â¥¬¯¥à âãàë, á®áâ ¢  á¬¥á¨ ¨ â.¤.�¬¥è  ï § ¤ ç  (5.1) { (5.2) ¯à¨ ¡®«¥¥ ®¡é¨å ªà ¥¢ëå ãá«®¢¨ïå (1.8)¨«¨ (1.17) à¥è ¥âáï â ª �¥, ª ª ¯à¨ ãá«®¢¨¨ (5.9), ®¤ ª® ªà ¥¢®¥ãà ¢¥¨¥ â¨¯  (5.10)   ®âà �¥ãî ¢®«ã ¡ã¤¥â ãà ¢¥¨¥¬ ¢â®à®£®¯®àï¤ª , ¨ ¥£® à¥è¥¨¥ á®¤¥à�¨â ¤¢¥ ¯à®¨§¢®«ìë¥ ¯®áâ®ïë¥. �¨®¯à¥¤¥«ïîâáï ¢ ª �¤®© ª®ªà¥â®© § ¤ ç¥ ¨§ ¤®¯®«¨â¥«ìëå ãá«®¢¨©.� ¯à¨¬¥à, ¨�¥ ãá«®¢¨¥ (5.34) ®§ ç ¥â, çâ® £àã§ ¯à¨ t = 0 ¯à¨«¨¯ ª«¥¢®¬ã ª®æã áâàãë ¨ ¥£® áª®à®áâì à ¢  7.�¯à �¥¨¥. � ©â¨ ¥¯à¥àë¢®¥ à¥è¥¨¥ § ¤ ç¨

∂2u
∂t2 = 9∂2u

∂x2 , x > 0, t > 0; u(x, 0) = e−x;
∂u

∂t
(x, 0) = os 5x; ∂u

∂x
(0, t) = u(0, t) + t.�¥è¥¨¥. Ǒà¨ x > 3t á¯à ¢¥¤«¨¢  ä®à¬ã«  � « ¬¡¥à 

u(x, t) = e−(x−3t) + e−(x+3t)2 + 16 sin (5(x+ 3t))− sin (5(x− 3t))5 .Ǒ®íâ®¬ã ¯à¨ x < 3t ã�® ¨áª âì à¥è¥¨¥ ¢ ¢¨¤¥
u(x, t) = f(x− 3t) + e−(x+3t)2 + 130 sin (5(x+ 3t)) .



Ǒ®¤áâ ¢«ïï íâ® ¢ëà �¥¨¥ ¢ ªà ¥¢®¥ ãá«®¢¨¥,  å®¤¨¬:
f ′(−3t)− e3t2 + 16 os(15t) = f(−3t) + e−3t2 + 130 sin(15t) + t, t > 0.Ǒ®á«¥ § ¬¥ë y = −3t ¯®«ãç ¥¬:

f ′(y)− ey2 + 16 os(5y) = f(y) + ey2 − 130 sin(5y)− y3 , y < 0.¨«¨
f ′(y)− f(y) = ey − 16 os(5y)− 130 sin(5y)− y3 , y < 0. (5.21′)�âáî¤ 
f(y) = Cey + yey +A os(5y) +B sin(5y) + y3 + 13 , y < 0.�®áâ âë A ¨ B  å®¤¨¬, ¯®¤áâ ¢«ïï f(y) ¢ (5.21′):

−5A sin(5y)−A os(5y) + 5B os(5y)−B sin(5y) = −16 os(5y)− 130 sin(5y).Ǒ®íâ®¬ã −5A − B = 130 ; −A + 5B = − 16 , ®âªã¤  −26A = − 13 ⇒
A = 178 ; B = −5A + 130 = − 578 + 130 . � ª®¥æ, C  å®¤¨¬ ¨§ ãá«®¢¨ï¥¯à¥àë¢®áâ¨ (5.16): C +A+ 13 = 12 ⇒ C = 16 −A = 16 − 178 = 213 .�â¢¥â: ¯à¨ x < 3t
u(x, t) = 213ex−3t + (x− 3t)ex−3t + 178 os 5(x− 3t) +( 130 − 578) sin 5(x− 3t)++ x− 3t3 + 13 + e−(x+3t)2 + 130 sin 5(x+ 3t).5. � á¯à®áâà ¥¨¥ ¢®«.�¯à �¥¨¥. � âïãâ ï ¯®«ã¡¥áª®¥ç ï ¢¥à¥¢ª  ¯®ª®¨âáï,    ç¨ ïá ¬®¬¥â  t = 0 ¥¥ «¥¢ë© ª®¥æ x = 0 ¤¢¨�¥âáï ¢¢¥àå ¨ ¢¨§ á§ ¤ ë¬ á¬¥é¥¨¥¬ sinπt; ¯à¨ íâ®¬ a = 1. � à¨áã¥¬ ä®à¬ã ¢¥à¥¢ª¨¯à¨ t = 1, 2, 3, . . ..�¥è¥¨¥. �ã�® à¥è¨âì á¬¥è ãî § ¤ çã (5.1) | (5.2), £¤¥ ϕ(x) ≡
ψ(x) ≡ 0, á ªà ¥¢ë¬ ãá«®¢¨¥¬

u(0, t) = sinπt, t > 0. (5.22)1) x > t ⇒ u(x, t) = 0, ¯®áª®«ìªã ϕ(x) ≡ ψ(x) ≡ 0 ¯® ãá«®¢¨î. �ç áâ®áâ¨, g(x+ t) ≡ 0.



�¨á. 242) x < t: ¯®áª®«ìªã g(x+ t) ≡ 0, â®
u(x, t) ≡ f(x− t). (5.23)Ǒ®¤áâ ¢«ïï (5.23) ¢ (5.22), ¨¬¥¥¬

f(−t) = sinπt, t > 0. (5.24)Ǒ®á«¥ § ¬¥ë −t = z

f(z) = sinπ(−z), z < 0. (5.25)Ǒ®íâ®¬ã
u(x, t) = f(x− t) = sinπ(t− x) = − sinπ(x − t), x < t. (5.26)�â¢¥â: á¬. à¨á. 24.�¯à �¥¨¥. � âïãâ ï ¢¥à¥¢ª  ¢ ç «¥ ¯®ª®¨âáï,    ç¨ ï á ¬®¬¥â 

t = 0 ¥¥ «¥¢ë© ª®¥æ x = 0 ¯¥à¥¬¥é îâ ¢¢¥àå ¨ ¢¨§ á § ¤ ®© á¨«®©sinπt. Ǒà¨ íâ®¬ a = 1,  âï�¥¨¥ T = 1. � à¨áã¥¬ ä®à¬ã ¢¥à¥¢ª¨ ¯à¨
t = 1, 2, 3, . . ..�¥è¥¨¥. �ã�®  ©â¨ ¥¯à¥àë¢®¥ à¥è¥¨¥ á¬¥è ®© § ¤ ç¨ (5.1) |(5.2) ¯à¨ ϕ(x) ≡ ψ(x) ≡ 0 á ªà ¥¢ë¬ ãá«®¢¨¥¬

∂u

∂x
(0, t) = − sinπt, t > 0, (5.27)(á¬. (1.8)).1) x > 0 ⇒ u(x, t) ≡ 0, ¢ ç áâ®áâ¨, g(x+ t) ≡ 0.2) x < t:
u(x, t) = f(x− t) (5.28)Ǒ®¤áâ ¢«ïï (5.28) ¢ (5.27), ¨¬¥¥¬

f ′(−t) = − sinπt, t > 0. (5.29)Ǒ®á«¥ § ¬¥ë −t = z

f ′(z) = sinπz, z < 0 ⇒ f(z) = −osπz
π

+ c, z < 0. (5.30)



Ǒ®íâ®¬ã
u(x, t) = f(x− t) = −osπ(x − t)

π
+ c, x < t. (5.31)�á«®¢¨¥ ¥¯à¥àë¢®áâ¨ ¯à¨ x = t âà¥¡ã¥â, çâ®¡ë

u(t, t) = 0 = − 1
π
+ c ⇐⇒ c = 1

π
. (5.32)�ª®ç â¥«ì®:

u(x, t) = 1
π
(− osπ(x− t) + 1) , x < t. (5.33)�â¢¥â: á¬. à¨á. 25.
�¨á. 25�¯à �¥¨¥. � «¥¢®¬ã á¢®¡®¤®¬ã ª®æã ¯®«ã¡¥áª®¥ç®£® ¯®ª®ïé¥£®áïáâ¥à�ï ¯à¨«¨¯ ¥â £àã§ ¬ áá®© m = 2, «¥âïé¨© á® áª®à®áâìî v = 7.� ©â¨ á¬¥é¥¨ï áâ¥à�ï ¯à¨ t > 0, áç¨â ï ¢ ãà ¢¥¨¨ (5.1) ª®íää¨æ¨¥â

a = 3 ¨ SE = 5 ¢ (1.17).�¥è¥¨¥. � â¥¬ â¨ç¥áª ï ¯®áâ ®¢ª  § ¤ ç¨ ¢ë£«ï¤¨â â ª:
∂2u
∂t2 = 9∂2u

∂x2 ; u(x, 0) = ∂u

∂t
(x, 0) = 0; 2∂2u

∂t2 (0, t) = 5∂u
∂x

(0, t).Ǒà¨«¨¯ ¨¥ £àã§  ª «¥¢®¬ã ª®æã áâ¥à�ï ¤ ¥â â ª¨¥ ãá«®¢¨ï:
u(0, 0+) = 0; ∂u

∂t
(0, 0+) = 7 (5.34)Ǒ®á«¥¤¥¥ à ¢¥áâ¢® á¢ï§ ® á â¥¬, çâ®   «¥¢®¬ ª®æ¥ áâ¥à�ï ¥â¤àã£®© á®áà¥¤®â®ç¥®© ¬ ááë, ªà®¬¥ ¯à¨«¨¯è¥£® £àã§ . Ǒà¨ x > 3tá¯à ¢¥¤«¨¢  ä®à¬ã«  � « ¬¡¥à , â ª çâ® u(x, t) = 0, ¯®áª®«ìªã  ç «ìë¥¤ ë¥ à ¢ë ã«î. Ǒà¨ x < 3t à¥è¥¨¥ ¨¬¥¥â ¢¨¤ u(x, t) = f(x− 3t),¯®áª®«ìªã g(x+ 3t) ≡ 0. Ǒ®¤áâ ¢«ïï ¢ ªà ¥¢ë¥ ãá«®¢¨ï,  å®¤¨¬2 · 9f ′′(−3t) = 5f ′(−3t), t > 0; f(0−) = 0; −3f ′(0−) = 7.�âáî¤ 18f ′′(y)− 5f ′(y) = 0; y < 0⇒ f(y) = c1 + c2e 518 y; c1 + c2 = 0;

− 3c2 518 = 7; c2 = −425 .�â¢¥â: u = 0 ¯à¨ x > 3t ¨ u = 425 (1− e
518 (x−3t)) ¯à¨ x < 3t.



6. �âà �¥¨¥ ¢®«.� § ¤ ç¥ (5.1) { (5.2) ¯à¨ ªà ¥¢ëå ãá«®¢¨ïå (5.3) ¨«¨ (5.9) ªà®¬¥ ®¡é¥£®¬¥â®¤ , ®¯¨á ®£® ¢ëè¥, ã¤®¡® ¯à¨¬¥ïâì â ª�¥ ¬¥â®¤ë ¥ç¥â®£® ¨ç¥â®£® ¯à®¤®«�¥¨ï á®®â¢¥âáâ¢¥®.� áá¬®âà¨¬ ¬¥â®¤ ¥ç¥â®£® ¯à®¤®«�¥¨ï.�«¥¤ãîé ï § ¤ ç  ®¯¨áë¢ ¥â ª®«¥¡ ¨ï áâàãë ¯à¨ é¨¯ª¥.�¯à �¥¨¥. �¥è¨¬ á¬¥è ãî § ¤ çã (5.1) { (5.3) á a = 1 ¨ â ª¨¬¨ ç «ìë¬¨ ¤ ë¬¨:
�¨á. 26� à¨áã¥¬ ä®à¬ã áâàãë ¯à¨ t = 1, 2, 3, 4, 5.�¥è¥¨¥. � áá¬®âà¨¬ à¥è¥¨¥ û(x, t) § ¤ ç¨ �®è¨ (2.1) | (2.2)   ¢á¥©®á¨ á ∂

∂t û(x, 0) = ψ̂(x) ≡ 0 ¨ ¥ç¥â® ¯à®¤®«�¥®© ϕ(x):
û(0, x) = ϕ̂(x) = {ϕ(x), x ≥ 0,

−ϕ(x), x < 0. (5.35)
�¨á. 27Ǒ®«®�¨¬

u(x, t) ≡ û(x, t)∣∣∣∣
x≥0. (5.36)�ç¥¢¨¤®, u ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (5.1) ¨  ç «ìë¬ ãá«®¢¨ï¬(5.2). �¨�¥ ¬ë ã¢¨¤¨¬, çâ® ªà ¥¢®¥ ãá«®¢¨¥ (5.3) â ª�¥ ¢ë¯®«ï¥âáï,¯®áª®«ìªã û(x, t) | ¥ç¥â ï äãªæ¨ï ¯® x. �¡« áâì x < 0 ¡ã¤¥¬ §ë¢ âì ä¨ªâ¨¢®©, ¨«¨ ¥ä¨§¨ç¥áª®©.Ǒ®áâà®¥¨¥ û(x, t). Ǒ® ä®à¬ã«¥ � « ¬¡¥à  (2.30)

û(x, t) = ϕ̂(x− t)2 + ϕ̂(x + t)2 , (5.36′)



â.¥. ã�® ϕ̂(x) à §¤¥«¨âì ¯®¯®« ¬, á¤¢¨ãâì   t ¢¯à ¢® ¨ ¢«¥¢® ¨à¥§ã«ìâ âë á«®�¨âì.1. t = 1 : à¨á. 28.
�¨á. 282. t = 2 : à¨á. 29. Câà¥«ª¨ ãª §ë¢ îâ  ¯à ¢«¥¨ï ¤¢¨�¥¨ï £®à¡¨ª®¢.
�¨á. 293. t = 3 | «¥¢ë© £®à¡¨ª ¢ ä¨§¨ç¥áª®© ®¡« áâ¨ x > 0 ¯®¤®è¥« ª £¢®§¤î

x = 0:
�¨á. 304. t = 3, 5 | £¢®§¤ì ¯¥à¥âï£¨¢ ¥â £®à¡¨ª:
�¨á. 31



5. t = 4: à¨á. 32. �ª«®¥¨¥ ¯à¨ x ∈ [−1, 1℄ à ¢® â®�¤¥áâ¢¥® ã«î,áâà¥«ª ¬¨ ¯®ª § ë áª®à®áâ¨ â®ç¥ª áâàãë.
�¨á. 326. t = 5: à¨á. 33. �®à¡¨ª¨ à §ê¥å «¨áì (áâà¥«ª ¬¨ ¯®ª § ë  ¯à ¢«¥¨ï¤¢¨�¥¨ï £®à¡¨ª®¢).
�¨á. 33� â ª ¤ «¥¥: ¢ ä¨§¨ç¥áª®© ®¡« áâ¨ x > 0 ¡¥£ãâ ¤¢  £®à¡¨ª  ¢¯à ¢® ( ¢ ¥ä¨§¨ç¥áª®© x < 0 | ¢«¥¢®).� ¬¥ç ¨¥ 5.3. �¨¤®, çâ® ªà ¥¢®¥ ãá«®¢¨¥ (5.3) ¯à¨ x = 0 ¢ë¯®«ï¥âáï¯à¨ ¢á¥å t > 0 ¯®â®¬ã, çâ® û(x, t) | ¥ç¥â ï äãªæ¨ï ¯® x.� ¤ ç . � à¨áã©â¥ ä®à¬ã áâàãë ¯à¨ t = 3.25.� áá¬®âà¨¬ ª®«¥¡ ¨ï à®ï«ì®© áâàãë ¯à¨ ã¤ à¥ ¬®«®â®çª®¬.�¯à �¥¨¥. �¥è¨¬ á¬¥è ãî § ¤ çã (5.1) | (5.3) á a = 1 ¨ â ª¨¬¨ ç «ìë¬¨ ¤ ë¬¨:
�¨á. 34



� à¨áã¥¬ ä®à¬ã áâàãë ¯à¨ 1, 2, 3, 4, 5, 6.�¥è¥¨¥. Ǒ®«®�¨¬ ϕ̂(x) ≡ 0, x ∈ IR,   ψ(x) ¯à®¤®«�¨¬ ¯® ¥ç¥â®áâ¨:
ψ̂(x) = {ψ(x), x ≥ 0,

−ψ(−x), x < 0.
�¨á. 35� áá¬®âà¨¬ à¥è¥¨¥ û § ¤ ç¨ �®è¨ (2.1) | (2.2) á  ç «ìë¬¨ ¤ ë¬¨

ϕ̂ ¨ ψ̂. � ª ¨   á.19
û(x, t) = φ̂(x+ t)− φ̂(x− t), £¤¥ φ̂(x) ≡ 12 x∫

−∞

ψ̂(s)ds : (5.37)
�¨á. 36Ǒ®«®�¨¬ u(x, t) ≡ û(x, t)∣∣∣

x>0. �ç¥¢¨¤®, u(x, t) ã¤®¢«¥â¢®àï¥â (5.1) ¨(5.2). �¨�¥ ¡ã¤¥â ¢¨¤®, çâ® ªà ¥¢®¥ ãá«®¢¨¥ (5.3) â ª�¥ ¢ë¯®«ï¥âáï.Ǒ®áâà®¥¨¥ û(x, t) ¯® ä®à¬ã«¥ (5.37): à¨á. 37{42.
�¨á. 37: t = 1.



�¨á. 38: t = 2.
�¨á. 39: t = 3.
�¨á. 40: t = 4.
�¨á. 41: t = 5.
�¨á. 42: t = 6.



� â ª ¤ «¥¥: ¢ ä¨§¨ç¥áª®© ®¡« áâ¨ x > 0 ¡¥�¨â âà ¯¥æ¨ï ¢¯à ¢® (  ¢¥ä¨§¨ç¥áª®© | ¢«¥¢®). �à ¥¢®¥ ãá«®¢¨¥ (5.3), ®ç¥¢¨¤®, ¢ë¯®«ï¥âáï.� ¤ ç . � à¨áã©â¥ ä®à¬ã áâàãë ¯à¨ t = 3.5 ¨ t = 4.5.� áá¬®âà¨¬ â¥¯¥àì ¬¥â®¤ ç¥â®£® ¯à®¤®«�¥¨ï.� ¤ ç . �¥è¨â¥ á¬¥è ãî § ¤ çã (5.1) { (5.2), (5.9) á a = 1 ¨  ç «ìë¬¨¤ ë¬¨ (5.34). � à¨áã©â¥ ä®à¬ã áâàãë ¯à¨ t = 1; 2; 3; 3.5; 4; 4.5.�ª § ¨¥. Ǒà¨¬¥¨âì ç¥â®¥ ¯à®¤®«�¥¨¥ ϕ(x) ¨ ψ(x). �®£¤  ªà ¥¢®¥ãá«®¢¨¥ (5.9) ¡ã¤¥â ¢ë¯®«ïâìáï, ¯®áª®«ìªã û(x, t) ¡ã¤¥â ç¥â®© ¯® x.� ¤ ç . �¥è¨â¥ á¬¥è ãî § ¤ çã (5.1)| (5.2), (5.9) á a = 1 ¨  ç «ìë¬¨¤ ë¬¨ (5.37). � à¨áã©â¥ ä®à¬ã áâàãë ¯à¨ t = 1, 2, 3; 3, 5; 4; 4, 5; 6.�¯à �¥¨¥. Ǒ® ã¯àã£®¬ã ¯®«ã¡¥áª®¥ç®¬ã áâ¥à�î ¯à¨ t < 0 à á¯à®-áâà ï¥âáï ¢®«  ¤¥ä®à¬ æ¨¨, ¡¥£ãé ï ¢«¥¢®:
u(x, t) = { sin(x+ 3t), x > −3t,0, 0 < x < −3t, t < 0. (5.38)�¥¢ë© ª®¥æ áâ¥à�ï ¯à¨ x = 0 ã¯àã£® § ªà¥¯«¥ (á¬. (1.17)):0 = −2u(0, t) + 3∂u

∂x
(0, t), t > 0. (5.39)� ©¤¥¬ u(x, t) ¯à¨ t > 0.�¥è¥¨¥. �§ ãá«®¢¨ï ¢ëâ¥ª ¥â, çâ®

∂2u
∂t2 = 9∂2u

∂x2 , x > 0, t > 0; u(x, 0) = sinx; ∂u

∂t
(x, 0) = 3 osx, x > 0.�âáî¤  ¯à¨ x > 3t ¯® ä®à¬ã«¥ � « ¬¡¥à  u(x, t) = sin(x + 3t), ª ª ¨¢ (5.38). Ǒà¨ x < 3t ¨é¥¬ à¥è¥¨¥ ¢ ¢¨¤¥ u = f(x − 3t) + sin(x + 3t).Ǒ®¤áâ ¢«ïï ¢ ªà ¥¢®¥ ãá«®¢¨¥ (5.39), ¯®«ãç ¥¬0 = −2f(−3t)− 2 sin(3t) + 3f ′(−3t) + 3 os(3t).� ¬¥  y = −3t ¤ ¥â3f ′(y)− 2f(y) = −2 sin y − 3 os y. (5.40)Ǒ®íâ®¬ã f(y) = Ce(2/3)y + A os y + B sin y. �®áâ âë A ¨ B  å®¤¨¬,¯®¤áâ ¢«ïï f(y) ¢ (5.40):

−3A sin y − 2A osy + 3B os y − 2A sin y = −2 sin y − 3 osy.Ǒ®íâ®¬ã −3A− 2B = −2; −2A+ 3B = −3, ®âªã¤ 
−9A− 4A = −12; A = 12/13; B = −1 + 23A = −1 + 813 = − 513 .



� ª®¥æ, C  å®¤¨¬ ¨§ ãá«®¢¨ï ¥¯à¥àë¢®áâ¨ (5.16): C +A = 0; C =
− 1213 .�â¢¥â: ¯à¨ x < 3t

u(x, t) = −1213e 23 (x−3t) + 1213 os(x− 3t)− 513 sin(x− 3t) + sin(x + 3t).
§6. �£à ¨ç¥ ï áâàã .1. �¥â®¤ � « ¬¡¥à .Ǒ®¯¥à¥çë¥ ª®«¥¡ ¨ï áâàãë ¤«¨®© l ¢ ®âáãâáâ¢¨¥ ¢¥è¨å á¨«®¯¨áë¢ îâáï ãà ¢¥¨¥¬ (5.1):

∂2u(x, t)
∂t2 = a2 ∂2u

∂x2 ; 0 < x < l, t > 0. (6.1)�«ï ®¤®§ ç®£® ®¯à¥¤¥«¥¨ï ¤¢¨�¥¨ï áâàãë ã�® § ¤ âì  ç «ìë¥ãá«®¢¨ï
u(x, 0) = ϕ(x); _u(x, 0) = ψ(x), 0 < x < l (6.2)¨ ªà ¥¢ë¥ ãá«®¢¨ï   ª®æ å. � ¯à¨¬¥à, ¥á«¨ ª®æë § ªà¥¯«¥ë, â®

u(0, t) = 0; u(l, t) = 0, t > 0. (6.3)�¥è¥¨¥ á¬¥è ®© § ¤ ç¨ (6.1) | (6.3) ¬®�®  ©â¨ ¬¥â®¤®¬ � « ¬¡¥à ¯® áå¥¬¥ §5,   ¨¬¥®:1) ¯®¤áâ ¢«ïï (5.4) ¢  ç «ìë¥ ãá«®¢¨ï (6.2), ª®â®àë¥ § ¤ ë ¢ â®çª å
t = 0, 0 < x < l,  å®¤¨¬ ¯® ä®à¬ã« ¬ (2.28) | (2.29) ¢®«ë f(x− at)¨ g(x + at) ¢ íâ¨å �¥ â®çª å. �â® ¤ ¥â à¥è¥¨¥ u(x, t) ¢ ®¡« áâ¨ I(âà¥ã£®«ì¨ª¥ OAB):
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2) ¯®¤áâ ¢«ïï (5.4) ¢ ªà ¥¢®¥ ãá«®¢¨¥ (6.3) ¯à¨ x = 0,  å®¤¨¬ ®âà �¥ãî¢®«ã f(x− at) ¯® ¨§¢¥áâ®© ¯ ¤ îé¥© ¢®«¥ g(x+at) ¢ â®çª å ®âà¥§ª 
OC. �â® ¤ ¥â à¥è¥¨¥ u(x, t) ¢ ®¡« áâ¨ II (âà¥ã£®«ì¨ª¥ OBC);3) ¯®¤áâ ¢«ïï (5.4) ¢ ªà ¥¢®¥ ãá«®¢¨¥ (6.3) ¯à¨ x = l,  å®¤¨¬ ®âà �¥ãî¢®«ã g(x+at) ¯® ¨§¢¥áâ®© ¯ ¤ îé¥© ¢®«¥ f(x− at) ¢ â®çª å ®âà¥§ª 
AE.� â ª ¤ «¥¥. � ª ¬®�®  ©â¨ à¥è¥¨¥ u(x, t) ¢® ¢á¥© ¯®«ã¯®«®á¥0 < x < l, t > 0, ¯®á«¥¤®¢ â¥«ì® à §¡¨¢ ï ¥¥   ®¡« áâ¨, ®£à ¨ç¥ë¥å à ªâ¥à¨áâ¨ª ¬¨, ¯®¤®¡ë¬¨ å à ªâ¥à¨áâ¨ª ¬ OD, AC, CE. � ª¨¬�¥ ®¡à §®¬ ¬®�® à¥è¨âì á¬¥è ãî § ¤ çã (6.1) | (6.2) á ¤àã£¨¬¨,¡®«¥¥ á«®�ë¬¨ ç¥¬ (6.3) ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨   ª®æ å áâàãë.� ¬¥ç ¨¥ 6.1. �á¨¬¯â®â¨ç¥áª¨¥ á¢®©áâ¢  à¥è¥¨© § ¤ ç¨ (6.1) | (6.3)¯à¨ t → ∞, ¢ ç áâ®áâ¨, á®¡áâ¢¥ë¥ ç áâ®âë ª®«¥¡ ¨©, ¡®«¥¥ ã¤®¡®¨áá«¥¤®¢ âì ¬¥â®¤®¬ �ãàì¥, ¨§«®�¥ë¬ ¢ £« ¢¥ II.2. �¥â®¤ \ç¥â®£®" ¨ \¥ç¥â®£®" ¯à®¤®«�¥¨ï.�¯à �¥¨¥. �¥è¨¬ § ¤ çã (6.1) { (6.3) ¯à¨ a = 1, l = 6 ¨  ç «ìëå¤ ëå ¨§ à¨á. 26. � à¨áã¥¬ ä®à¬ã áâàãë ¯à¨ t = 1, 2, . . . ¨  ©¤¥¬¯¥à¨®¤ T ª®«¥¡ ¨© áâàãë.�¥è¥¨¥.

(¯ãáª ¥¬ á¯à ¢ ä¨ª-â¨¢ë© £®à¡¨ª)
(¯ãáª ¥¬ á«¥¢  ä¨ª-â¨¢ë© £®à¡¨ª)



(¯ãáª ¥¬ á«¥¢  ä¨ª-â¨¢ë© £®à¡¨ª)

(¯ãáª ¥¬ á¯à ¢ ä¨ª-â¨¢ë© £®à¡¨ª)



�¨á. 44�â ª, æ¨ª« § ¬ªã«áï, ¯¥à¨®¤ T = 12 = 2l
a .� ¤ ç  (à®ï«ì ï áâàã ). �¥è¨â¥ § ¤ çã (6.1) | (6.3) ¯à¨ a = 1 ¨ ç «ìëå ãá«®¢¨ïå ¨§ à¨á. 34, l = 6. � à¨áã©â¥ ä®à¬ã áâàãë ¯à¨

t = 1, 2, . . . ¨  ©¤¨â¥ ¯¥à¨®¤ ª®«¥¡ ¨©.� ¤ ç . �¥è¨â¥ § ¤ çã (6.1) { (6.2) á ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨
∂u

∂x
(0, t) = 0, ∂u

∂x
(l, t) = 0, t > 0. (6.4)�ª § ¨¥. �ã�® ¯à¨¬¥ïâì ¬¥â®¤ \ç¥âëå" ®âà �¥¨©, â.¥. ¯ãáª âì®âà �¥ë¥ ä¨ªâ¨¢ë¥ £®à¡¨ª¨ (á¬. à¨á. 44) á â®© �¥ \¯®«ïà¨§ æ¨¥©", çâ® ¨ ¯ ¤ îé¨¥,   ¥ á ¯à®â¨¢®¯®«®�®©.

§7. �®«®¢®¥ ãà ¢¥¨¥ á® ¬®£¨¬¨ ¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥ë¬¨.1. Ǒ«®áª¨¥ ¢®«ë, å à ªâ¥à¨áâ¨ª¨, à §àë¢ë.�®£®¬¥àë¬   «®£®¬ ãà ¢¥¨ï � « ¬¡¥à  (1.1) ï¢«ï¥âáï ¢®«®¢®¥ãà ¢¥¨¥, £¤¥ a > 0:
∂2u
∂t2 = a2�u(x, t) ≡ a2(∂2u

∂x21 + ∂2u
∂x22 + ∂2u

∂x23) , t > 0, x = (x1, x2, x3) ∈ IR3.(7.1)� ª®¬ã ãà ¢¥¨î ã¤®¢«¥â¢®àï¥â ¤ ¢«¥¨¥ ¢®§¤ãå  p(x, t) (§¢ãª®¢ ï¢®«  ¢  ªãáâ¨ª¥), ¯®â¥æ¨ «ë ϕ(x, t) ¨ A(x, t) í«¥ªâà®¬ £¨â®£® ¯®«ï¢ í«¥ªâà®¤¨ ¬¨ª¥ ¨ â.¤.�ã¤¥¬ ¨áª âì à¥è¥¨ï ãà ¢¥¨ï (7.1) ¢¨¤ 
u(x, t) = f(ξ◦t+ ξ1x1 + ξ2x2 + ξ3x3) = f

(
ξ◦t+ 〈~ξx〉

) (7.2)£¤¥ ~ξ = (ξ1, ξ2, ξ3) 6= 0; 〈~ξ, x〉 ≡ ξ1x1 + ξ2x2 + ξ3x3.� ¬¥ç ¨¥ 7.1. � ª ï äãªæ¨ï  §ë¢ ¥âáï ¯«®áª®© ¢®«®©. �â® á¢ï§ ®á â¥¬, çâ®



 ) ¯à¨ ä¨ªá¨à®¢ ®¬ t = t◦ ¯®¢¥àå®áâ¨ ãà®¢ï u(x, t◦) = const ï¢«ïîâáï¯«®áª®áâï¬¨
ξ◦t+ 〈~ξ, x〉 = c (7.3)¯¥à¯¥¤¨ªã«ïàë¬¨ ¢¥ªâ®àã ~ξ;¡) ¯à¨ à §ëå § ç¥¨ïå t = t◦, t1 äãªæ¨ï u(t1, x) ®â«¨ç ¥âáï ®â u(t◦, x)á¤¢¨£®¬   ¢¥ªâ®à
−

~ξ

|~ξ|2 ξ◦(t1 − t◦). (7.4)�¥©áâ¢¨â¥«ì®,
u

(
x+ ~ξ

|~ξ|2 ξ◦(t1 − t◦), t◦) = f

(
ξ◦t◦ + 〈~ξ, x+ ~ξ

|~ξ|2 ξ◦(t1 − t◦)〉) == f

(
ξ◦t◦ + 〈~ξ, x〉 + 〈~ξ, ~ξ〉

|~ξ|2 ξ◦(t1 − t◦)) = f
(
ξ◦t1 + 〈~ξ, x〉

) = u(t1, x). (7.5)�â ª, (7.2) ¥áâì ¢®« , ¡¥£ãé ï ¢¤®«ì  ¯à ¢«¥¨ï ¢¥ªâ®à  −~ξ á®áª®à®áâìî
v = ξ◦

|~ξ|
. (7.6)�¡®§ ç¨¬ ¥¤¨¨çë© ¢¥ªâ®à  ¯à ¢«¥¨ï −~ξ ç¥à¥§ ~ω = − ~ξ

|~ξ| . �®£¤ 
ξ◦ = v|~ξ|; ~ξ = −~ω|~ξ| ¨, á«¥¤®¢ â¥«ì®, (7.2) ¬®�® § ¯¨á âì ¢ ¢¨¤¥
u(x, t) = f

(
v|~ξ|t− 〈~ω, x〉|~ξ|

) = f
((vt− 〈~ω, x〉)|~ξ|) = g (vt− 〈~ω, x〉) , (7.7)£¤¥ g(z) ≡ f

(
x|~ξ|

)
, |~ω| = 1.Ǒ®á«¥ íâ¨å ¯à¥¤¢ à¨â¥«ìëå § ¬¥ç ¨© ¯à¨áâã¯¨¬ ª à §ëáª ¨î à¥è¥¨ïãà ¢¥¨ï (7.1) ¢ ¢¨¤¥ (7.2). Ǒ®¤áâ ¢¨¬ (7.2) ¢ (7.1), ¯® â¥®à¥¬¥ ®¤¨ää¥à¥æ¨à®¢ ¨¨ á«®�®© äãªæ¨¨ ¯®«ãç¨¬:

f ′′(ξ◦t+ 〈~ξx〉)ξ2◦ = a2f ′′(ξ◦t+ 〈~ξx〉)(ξ21 + ξ22 + ξ23). (7.8)

�¨á. 45
�ç¨â ï, çâ® f ′′(z) 6≡ 0, ¯®«ãç ¥¬ ®â-áî¤  å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥

ξ2◦ = a2|~ξ|2. (7.9)�¥è¥¨ï íâ®£® ãà ¢¥¨ï | ¢¥ª-â®àë ξ = (ξ◦, ~ξ) ∈ IR4, «¥� é¨¥  (âà¥å¬¥à®¬) ª®ãá¥ Q ¢ IR4, ®á®-¢ ¨¥ ª®â®à®£® | ¤¢ã¬¥à ï áä¥à 
|~ξ| = 1

a , ξ◦ = 1 (à¨á. 45).



�¡à â®, ¤«ï «î¡®£® ξ ∈ IR4, ã¤®¢«¥â¢®àïîé¥£® (7.9), ¯«®áª ï ¢®« (7.2) ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï (7.1) ¯à¨ «î¡®© äãªæ¨¨ f(z).� ç áâ®áâ¨. f(z) ¬®�® ¢§ïâì à §àë¢®© (¨«¨ ¡ëáâà® ¬¥ïîé¥©áï) ¢ª ª®©-¨¡ã¤ì â®çª¥,  ¯à¨¬¥à ¯à¨ z = 2 (á¬. à¨á. 14.). �®£¤  à¥è¥¨¥(7.2) ¡ã¤¥â ¨¬¥âì â ª®© �¥ à §àë¢ (¨«¨ ¡ëáâàë© áª ç®ª) ¢¤®«ì ¢á¥©£¨¯¥à¯«®áª®áâ¨ ¢ IR4
x,t (¥á«¨ ξ 6= 0):

ξ◦t+ 〈~ξx〉 = 2. (7.10′)Ǒà¨ ä¨ªá¨à®¢ ®¬ t íâ®â à §àë¢ à á¯®«®�¥   ¯«®áª®áâ¨ ¢ IR3
x áãà ¢¥¨¥¬ (7.10′). �â  ¯«®áª®áâì ¤¢¨�¥âáï á ã¢¥«¨ç¥¨¥¬ t ¢  ¯à ¢«¥¨¨¯¥à¯¥¤¨ªã«ïà®£® ¥© ¢¥ªâ®à  −~ξ á® áª®à®áâìî v = |ξ◦|

|~ξ| = a (á¬. (7.9)).�¯à¥¤¥«¥¨¥. �¥ªâ®à ξ = (ξ◦, ξ1, ξ2, ξ3) ∈ IR4, ξ 6= 0 ã¤®¢«¥â¢®àïîé¨©(7.9),  §ë¢ ¥âáï å à ªâ¥à¨áâ¨ç¥áª®© ®à¬ «ìî ¢®«®¢®£® ãà ¢¥¨ï(7.1).�¨¯¥à¯«®áª®áâì ξ⊥ = {(t, x) ∈ IR4 : ξ◦t+ 〈~ξx〉 = const
}, ¯¥à¯¥¤¨ªã«ïà ï¥ª®â®à®© å à ªâ¥à¨áâ¨ç¥áª®© ®à¬ «¨ ξ,  §ë¢ ¥âáï å à ªâ¥à¨áâ¨ç¥áª®©£¨¯¥à¯«®áª®áâìî (¨«¨ ¯à®áâ® å à ªâ¥à¨áâ¨ª®©) ¢®«®¢®£® ãà ¢¥¨ï (7.1).�¨¯¥à¯®¢¥àå®áâì ¢ IR4  §ë¢ ¥âáï å à ªâ¥à¨áâ¨ª®©, ¥á«¨ ¢ ª �¤®©â®çª¥ ¥¥ ª á â¥«ì ï £¨¯¥à¯«®áª®áâì ï¢«ï¥âáï å à ªâ¥à¨áâ¨ç¥áª®©.� ¬¥ç ¨¥ 7.2. � á¨«ã å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢¥¨ï (7.6) áª®à®áâì à á-¯à®áâà ¥¨ï ¢á¥å ¯«®áª¨å ¢®«, ã¤®¢«¥â¢®àïîé¨å ¢®«®¢®¬ã ãà ¢¥¨î(7.1), à ¢  a:

v2 = ξ2◦
|~ξ|2 = a2. (7.10)�ë¢®¤. �î¡ ï å à ªâ¥à¨áâ¨ç¥áª ï £¨¯¥à¯«®áª®áâì ¬®�¥â ¡ëâì ¯®¢¥àå-®áâìî à §àë¢  à¥è¥¨ï ãà ¢¥¨ï (7.1) (á¬. § ¬¥ç ¨¥ 2.1).�á¥ ¯«®áª¨¥ ¢®«ë ¨ à §àë¢ë íâ¨å ¢®«, ã¤®¢«¥â¢®àïîé¨å ãà ¢¥¨î(7.1), à á¯à®áâà ïîâáï á® áª®à®áâìî a.� ä®à¬ã«®© (7.10) á¢ï§ ® ®âªàëâ¨¥ í«¥ªâà®¬ £¨â®© ¯à¨à®¤ë á¢¥â ¨ á¯¥æ¨ «ì®© â¥®à¨¨ ®â®á¨â¥«ì®áâ¨.�§ ãà ¢¥¨© í«¥ªâà®¤¨ ¬¨ª¨ � ªá¢¥«« ¢ë¢¥«, çâ® ¯®â¥æ¨ «ë í«¥ª-âà®¬ £¨â®£® ¯®«ï ã¤®¢«¥â¢®àïîâ ¢®«®¢®¬ã ãà ¢¥¨î (7.1) á ª®íä-ä¨æ¨¥â®¬

a2 = 1
ε◦µ◦

. (7.10′′)�¤¥áì ε◦ ¨ µ◦ | ¤¨í«¥ªâà¨ç¥áª ï ¨ ¬ £¨â ï ¯à®¨æ ¥¬®áâì ¢ ªãã¬ á®®â¢¥âáâ¢¥® |  å®¤ïâáï íªá¯¥à¨¬¥â «ì® ¨§ ç¨áâ® í«¥ªâà®¬ £¨â-ëå ¨§¬¥à¥¨©. �®£¤  � ªá¢¥«« ¢ëç¨á«¨« áª®à®áâì à á¯à®áâà ¥¨ïí«¥ªâà®¬ £¨âëå ¢®«, â® ®ª § «®áì, çâ® ®  á ¡®«ìè®© áâ¥¯¥ìîâ®ç®áâ¨ á®¢¯ ¤ ¥â á® áª®à®áâìî á¢¥â :
a = 1√

ε◦µ◦
≈ 299976ª¬á .



�â®  ¢¥«® � ªá¢¥««    ¬ëá«ì, çâ® á¢¥â ¨¬¥¥â í«¥ªâà®¬ £¨âãî¯à¨à®¤ã!�àã£¨¬ ¢¥«¨ª¨¬ ®âªàëâ¨¥¬, á¢ï§ ë¬ á ä®à¬ã« ¬¨ (7.10), (7.10′′),ï¢«ï¥âáï á¯¥æ¨ «ì ï â¥®à¨ï ®â®á¨â¥«ì®áâ¨.�áâ¥áâ¢¥® ¢®§¨ª ¥â ¢®¯à®á: ¥á«¨ 1√
ε◦µ◦

| áª®à®áâì á¢¥â , â® ¢ ª ª®©á¨áâ¥¬¥ ®âáç¥â ? �§¢¥áâ®, çâ® § ª®ë ¬¥å ¨ª¨ á¯à ¢¥¤«¨¢ë ¢ «î¡®©¨¥àæ¨ «ì®© á¨áâ¥¬¥ ®âáç¥â . Ǒ®íâ®¬ã ¬®�® ¯à¥¤¯®«®�¨âì, çâ® ¨ § ª®-ë í«¥ªâà®¤¨ ¬¨ª¨ â ª�¥ á¯à ¢¥¤«¨¢ë ¢ «î¡®© ¨¥àæ¨ «ì®© á¨áâ¥¬¥.�® â®£¤ , á®£« á® (7.10′′), ¨ áª®à®áâì á¢¥â  â ª�¥ ®¤¨ ª®¢  ¢® ¢á¥åíâ¨å á¨áâ¥¬ å! �¤ ª® â®ª®¥ á¢®©áâ¢® áª®à®áâ¨ ¯à®â¨¢®à¥ç¨â ¬¥å ¨ª¥�ìîâ® . �«¥¤®¢ â¥«ì®, «¨¡® ãà ¢¥¨ï � ªá¢¥««  á¯à ¢¥¤«¨¢ë «¨èì¢ ¥ª®â®à®© ¢ë¤¥«¥®© á¨áâ¥¬¥ ®âáç¥â , á¢ï§ ®© á \¥¯®¤¢¨�ë¬íä¨à®¬", «¨¡® ¥â®çë § ª®ë ¬¥å ¨ª¨ �ìîâ® . �¬¥® ¤«ï ¢ëïá-¥¨ï íâ®£® ¢®¯à®á  � ©ª¥«ìá® ¨ �®à«¨ ¯®áâ ¢¨«¨ á¢®© § ¬¥¨âë©íªá¯¥à¨¬¥â ¨ â ª¨¬ ®¡à §®¬ ¯®¤â¢¥à¤¨«¨ â®�¤¥áâ¢¥®áâì áª®à®áâ¨á¢¥â  ¢ à §«¨çëå ¨¥àæ¨ «ìëå á¨áâ¥¬ å ®âáç¥â ,   á«¥¤®¢ â¥«ì®,®âáãâáâ¢¨¥ \¥¯®¤¢¨�®£® íä¨à " ¨ ¥â®ç®áâì ìîâ®®¢áª®© ¬¥å ¨ª¨(¯à¨ ¡®«ìè¨å áª®à®áâïå). �¥®¡å®¤¨¬®¥ ãâ®ç¥¨¥ § ª®®¢ ¬¥å ¨ª¨¡ë«® § â¥¬ ¤ ® �.�©èâ¥©®¬.2. �¡« áâì § ¢¨á¨¬®áâ¨. �®à¬ã«  �¨àå£®ä .

�¨á. 46Ǒ®¯ëâ ¥¬áï  ©â¨ ®¡« áâì § ¢¨á¨¬®áâ¨ ¤«ï ãà ¢¥¨ï (7.1) ¯à¨ ¯®¬®é¨å à ªâ¥à¨áâ¨ª, ª ª ¢ §4 (à¨á. 18),   ¨¬¥® à áá¬®âà¨¬ § ¤ çã �®è¨



¤«ï ãà ¢¥¨ï (7.1) á  ç «ìë¬¨ ãá«®¢¨ï¬¨ ¯à¨ t = 0:
u
∣∣∣
t=0 = ϕ(x), ∂u

∂t

∣∣∣∣
t=0 = ψ(x), x ∈ IR3. (7.11)Ǒà®¢¥¤¥¬ ç¥à¥§ ª ªãî-«¨¡® â®çªã (x◦, t◦) ∈ IR4, t◦ > 0 ¢á¥ å à ªâ¥à¨-áâ¨ª¨ (£¨¯¥à¯«®áª®áâ¨) ãà ¢¥¨ï (7.1) (à¨á. 46). �  à¨á. 46 ξI ¨ ξII |å à ªâ¥à¨áâ¨ç¥áª¨¥ ®à¬ «¨,   ξ⊥I ¨ ξ⊥II | ®àâ®£® «ìë¥ ¨¬ å à ªâ¥à¨-áâ¨ç¥áª¨¥ £¨¯¥à¯«®áª®áâ¨, ¯à®å®¤ïé¨¥ ç¥à¥§ (x◦, t◦). �â¨ å à ªâ¥à¨áâ¨ª¨¯¥à¥á¥ª îâ \ ç «ìãî" £¨¯¥à¯«®áª®áâì t = 0 ¯® ¯«®áª®áâï¬ PI ¨ PII .�¨¯®â¥§ : ¯à¥¤¯®«®�¨¬ (¯®   «®£¨¨ á à¨á. 18), çâ® ®¡« áâì § ¢¨á¨¬®áâ¨à¥è¥¨ï u ¢ â®çª¥ (x◦, t◦) ¥áâì ®¡« áâì £¨¯¥à¯«®áª®áâ¨ t = 0, § ª«îç¥ ï\¬¥�¤ã" ¢á¥¬¨ £¨¯¥à¯«®áª®áâï¬¨ PI , PII , . . .�â  ®¡« áâì ¥áâì è à à ¤¨ãá®¬ at á æ¥âà®¬ ¢ x◦. �â®¡ë íâ® ã¢¨¤¥âì,ã�® § ¬¥â¨âì á«¥¤ãîé¥¥: ®à¬ «¨ ξI, ξII ¯à¨ ¤«¥� â ª®ãáã Qá ãà ¢¥¨¥¬ (7.9),   ¢á¥ £¨¯¥à¯«®áª®áâ¨ ξ⊥I , ξ⊥II ª á îâáï ª®ãá 

K(x◦,t◦) á ®¡à §ãîé¨¬¨, \®àâ®£® «ìë¬¨" ®¡à §ãîé¨¬ ª®ãá  Q (á¬.à¨á. 46). Ǒ®íâ®¬ã £¨¯¥à¯«®áª®áâ¨ PI , PII , . . . ª á îâáï ®á®¢ ¨ï ª®ãá 
K(x◦,t◦), â.¥. áä¥àë S(x◦,t◦), ª®â®à ï «¥�¨â \¬¥�¤ã" ¢á¥¬¨ íâ¨¬¨£¨¯¥à¯«®áª®áâï¬¨.� ¬¥ç ¨¥ 7.3. �®ãá K(x◦,t◦)  §ë¢ ¥âáï å à ªâ¥à¨áâ¨ç¥áª¨¬ ª®ãá®¬ãà ¢¥¨ï (7.1) ¢ â®çª¥ (x◦, t◦) ¨ ï¢«ï¥âáï å à ªâ¥à¨áâ¨ç¥áª®© £¨¯¥à-¯®¢¥àå®áâìî. �§ à¨á. 46 ¢¨¤®, çâ® α + β = π2 . �§ (7.9) ¢ëâ¥ª ¥â,çâ® tgα = |~ξ|

|ξ◦|
= 1
a

=⇒ tg β = a. (7.12)Ǒ®íâ®¬ã ãà ¢¥¨¥ ª®ãá  K(x◦,t◦)
|x− x◦| = a|t− t◦|. (7.13)�âáî¤  ¯à¨ t = 0 ¯®«ãç ¥âáï ãà ¢¥¨¥ áä¥àë

S(x◦,t◦) = {x ∈ IR3 : |x− x◦| = at◦
} (7.14)�â ª,  è  £¨¯®â¥§  § ª«îç ¥âáï ¢ â®¬, çâ® ®¡« áâì § ¢¨á¨¬®áâ¨ u ¢â®çª¥ (x◦, t◦) ¥áâì è à à ¤¨ãá  at◦ á æ¥âà®¬ x◦.� ª ï £¨¯®â¥§  à ¢®á¨«ì  â®¬ã, çâ® ¢á¥ à¥è¥¨ï ãà ¢¥¨ï (7.1)à á¯à®áâà ïîâáï á® áª®à®áâìî a. �â¬¥â¨¬, çâ® ¤«ï ¯«®áª¨å ¢®« ¬ëíâ® ã�¥ ¤®ª § «¨.�ª §ë¢ ¥âáï, ¯à¥¤«®�¥ ï £¨¯®â¥§  ¢¥à . �®«¥¥ â®£®, ®ª §ë¢ ¥âáï,çâ® ®¡« áâì § ¢¨á¨¬®áâ¨ ¬¥ìè¥, ç¥¬ è à, ¨ á®¢¯ ¤ ¥â á® áä¥à®© S(x◦,t◦).�â®, ®ç¥¢¨¤®, ¢ëâ¥ª ¥â ¨§ ä®à¬ã«ë �¨àå£®ä  ¤«ï à¥è¥¨ï § ¤ ç¨�®è¨ (7.1), (7.11) (® ¤®ª § â¥«ìáâ¢¥ íâ®© ä®à¬ã«ë á¬. [11℄):

u(x, t) = 14πa2t ∫

|y−x|=at

ψ(y)dSy + ∂

∂t


 14πa2t ∫

|y−x|=at

ϕ(y)dSy


 . (7.15)



3. � á¯à®áâà ¥¨¥ ¢®«. Ǒà¨æ¨¯ �î©£¥á .�¯à �¥¨¥. � ®: a = 1, ϕ(x) ≡ ψ(x) ≡ 0 ¯à¨ |x| > 1;  ©â¨ £¤¥(§ ¢¥¤®¬®) u(x, t) ≡ 0 ¯à¨ t = 1, 2, 3, 4.�¥è¥¨¥: Ǒãáâì á ç «  a ¯à®¨§¢®«ì®. �®£¤  u(x, t) = 0 , ¥á«¨ ¢(7.15) ®¡« áâì ¨â¥£à¨à®¢ ¨ï | áä¥à  |y − x| = at | ¥ ¯¥à¥á¥ª ¥âáïá ®¡« áâìî |y| ≤ 1, £¤¥ á®áà¥¤®â®ç¥ë ϕ(y) ¨ ψ(y):
�¨á. 47�¨¤®, çâ® íâ® ãá«®¢¨¥ íª¢¨¢ «¥â® â®¬ã, çâ® (á¬.à¨á. 47)

�¨á. 48
1 + at < |x|, (7.16)¨«¨, ¤àã£ ï ¢®§¬®�®áâì,
at > 1 = |x|. (7.17)ª®£¤  áä¥à  |y− x| = at ®å¢ âë¢ ¥âè à |y| ≤ 1 á àã�¨ (á¬. à¨á. 48).�á«®¢¨¥ (7.16) ¯à¨ a = 1 ¤ ¥â â®�-¤¥áâ¢® u(x, t) ≡ 0 ¢ ®¡« áâïå:

t = 1 ⇒ |x| > 2; t = 2 ⇒ |x| > 3;
t = 3 ⇒ |x| > 4; t = 4 ⇒ |x| > 5. (7.18)�á«®¢¨¥ (7.17) ¯à¨ a = 1 ¤ ¥â â®�¤¥áâ¢® u(x, t) ≡ 0 ¢ ®¡« áâïå:

t = 1 ⇒ x ∈ ∅; t = 2 ⇒ |x| < 1; t = 3 ⇒ |x| < 2; t = 4 ⇒ |x| < 3.(7.19)� ª¨¬ ®¡à §®¬, u(x, t) ¨¬¥¥â ¢¨¤ áä¥à¨ç¥áª®© ¢®«ë, á®áà¥¤®â®ç¥®©¢ è à®¢®¬ á«®¥ â®«é¨®© 2:
t = 1 ⇒ |x| ≤ 2; t = 2 ⇒ 1 ≤ |x| ≤ 3;

t = 3 ⇒ 2 ≤ |x| ≤ 4; t = 4 ⇒ 3 ≤ |x| < 5. (7.20)



�¨á. 49�â¢¥â: u(x, t) § ¢¥¤®¬® ≡ 0 ¢¥ á«®¥¢ (7.20) (®, à §ã¬¥¥âáï, ¬®�¥â®¡à é âìáï ¢ ã«ì ¨ £¤¥-¨¡ã¤ì ¢ãâà¨ íâ¨å á«®¥¢).�ë¢®¤. �§ (7.20) ¢¨¤®, çâ® äà®â è à®¢®© ¢®«ë à á¯à®áâà ï¥âáï á®áª®à®áâìî 1. � ®¡é¥¬ á«ãç ¥ ¯à®¨§¢®«ì®£® a ¨§ (7.16) ¨ (7.17) ¢¨¤®,çâ® à¥è¥¨¥ u(x, t) 6≡ 0 ¢ è à®¢®¬ á«®¥
at− 1 ≤ |x| ≤ at+ 1 (7.21)â®«é¨®© 2. �â  ¢®«  ¨¬¥¥â ¤¢  äà®â : ¯¥à¥¤¨© |x| = at+1 ¨ § ¤¨©

|x| = at− 1, ®¡  à á¯à®áâà ïîé¨¥áï á® áª®à®áâìî a.�¯à �¥¨¥. � ®: a = 1, ϕ(x) ≡ ψ(x) ≡ 0 ¯à¨ |x| < 2 ¨«¨ |x| > 4 (ª ª  à¨á. 49 ¤«ï t = 3). �¤¥ u(x, t) ≡ 0 ¯à¨ t = 1, 2, 3, 4, 5?�¥è¥¨¥. �¤¥áì u(x, t) ≡ 0 ¯à¨ âà¥å ¢®§¬®�ëå à á¯®«®�¥¨ïå I, II, IIIáä¥àë |y − x| = t (á¬. à¨á. 50).�«ï à á¯®«®�¥¨ï I,   «®£¨ç® (7.16), ¢ á«ãç ¥ ¯à®¨§¢®«ì®£® a, 4+at <
|x|. �«ï à á¯®«®�¥¨ï II,   «®£¨ç® (7.17), at > 4 + |x|.

�¨á. 50
�¨á. 51

� ª®¥æ, ¤«ï à á¯®«®�¥¨ï III,
|x|+ at < 2.Ǒ®áª®«ìªã ¢  è¥¬ ãá«®¢¨¨ a = 1,â® ¯®«ãç ¥¬ á«¥¤ãîé¥¥: 1) ¯à¨ t = 1áä¥à  |y − x| = t ¨¬¥¥â à ¤¨ãá 1 ¨¤«ï ¥¥ ¢®§¬®�ë à á¯®«®�¥¨ï I¨ III,   II | ¥â. � à¥§ã«ìâ â¥¯®«ãç ¥¬, çâ® u(x, 1) á®áà¥¤®â®ç¥ ¢ á«®¥ 1 ≤ |x| ≤ 5 (á¬. à¨á. 51).



�¨á. 52
�â¬¥â¨¬, çâ® íâ®â à¥§ã«ìâ â á¨«ì®®â«¨ç ¥âáï ®â à¨á. 49 ¯à¨ t = 4; 2)¤ «¥¥, ¯à¨ t = 2 à ¤¨ãá áä¥àë ¨â¥-£à¨à®¢ ¨ï à ¢¥ 2, á«¥¤®¢ â¥«ì®,¢®§¬®�® «¨èì à á¯®«®�¥¨¥ I. Ǒ®-íâ®¬ã ¢®«  § ¨¬ ¥â è à |x| ≤ 6;

�¨á. 53
3) ¯à¨ t = 3 â ª�¥ ¢®§¬®�® «¨èìà á¯®«®�¥¨¥ I (áä¥à  ¨â¥£à¨à®¢ -¨ï ¨¬¥¥â à ¤¨ãá 3), ¯®íâ®¬ã ¢®« § ¨¬ ¥â è à |x| ≤ 7;

�¨á. 54
4) â® �¥ ¯à®¨áå®¤¨â ¯à¨ t = 4:è à |x| ≤ 8;

�¨á. 55
5)  ª®¥æ, ¯à¨ t = 5, ªà®¬¥ I,¯®ï¢«ï¥âáï ¢®§¬®�®áâì à á¯®«®�¥-¨ï II (áä¥à  ¨â¥£à¨à®¢ ¨ï ¨¬¥¥âà ¤¨ãá 5) ¨ â.¤.

�¥¯¥àì ¢¨¤®, çâ® u(x, t) ¯à¨ t > 4 ¥áâì áä¥à¨ç¥áª ï ¢®« , § ¨¬ îé ïè à®¢®© á«®© â®«é¨®© 8.Ǒà¨æ¨¯ �î©£¥á  | íâ® ¯à ¢¨«®, ¯®§¢®«ïîé¥¥ áâà®¨âì ¯¥à¥¤¨© äà®â
Ft ¢®«ë ¢ ¬®¬¥â ¢à¥¬¥¨ t, ¥á«¨ ® ¨§¢¥áâ¥ ¯à¨ t = 0. �â® ¯à ¢¨«®¢ëâ¥ª ¥â ¨§ ä®à¬ã«ë �¨àå£®ä  (7.15) ¨ § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬:Ǒãáâì u∣∣

t=0 ¨ _u∣∣
t=0 à ¢ë ã«î ¢¥ ®¡« áâ¨, § èâà¨å®¢ ®©   à¨á. 56,á £« ¤ª®© £à ¨æ¥© F◦. �®£¤  u(x, t) ≡ 0 ¢¥ ®¡« áâ¨, ®£à ¨ç¥®©¯®¢¥àå®áâìî Ft. �à®â Ft áâà®¨âáï â ª: ∀x◦, x◦ ∈ F◦ à áá¬ âà¨¢ ¥âáïáä¥à  Sat(x◦) à ¤¨ãá®¬ at á æ¥âà®¬ ¢ x◦ ¨ ¡¥à¥âáï ¯®¢¥àå®áâì Ft |®£¨¡ îé ï íâ¨å áä¥à.



�¨á. 56�¡®§ ç¨¬ ç¥à¥§ xt â®çªã ª á ¨ï äà®â  Ft á® áä¥à®© Sat(x◦); ¯à¥¤-¯®«®�¨¬, çâ® â ª ï â®çª  ¥¤¨áâ¢¥ ï. �¥£ª® ¢¨¤¥âì, çâ® ®âà¥§®ª[x◦, xt℄ ⊥ Ft, ¥á«¨ Ft | £« ¤ª ï ¯®¢¥àå®áâì. �®�® ¯à®¢¥à¨âì â ª�¥,çâ® [x◦, xt℄ ⊥ F◦ (§ ¤ ç ). �«¥¤®¢ â¥«ì® äà®â Ft ¬®�® áâà®¨âì ¥é¥¨ â ª: ¨§ ª �¤®© â®çª¨ x◦ ∈ F◦ ¢ë¯ãáâ¨âì ®âà¥§®ª [x◦, xt℄ ⊥ F◦ ¤«¨®©
at. �®�¥áâ¢® ¢á¥å â ª¨å â®ç¥ª xt ¨ ¡ã¤¥â äà®â®¬ Ft. �âà¥§ª¨ [x◦, xt℄ §ë¢ îâáï «ãç ¬¨. � ª¨¬ ®¡à §®¬, ¯à¨æ¨¯ �î©£¥á  ®§ ç ¥â, çâ®¢®«ë \à á¯à®áâà ïîâáï ¯® «ãç ¬".4. �¨ääã§¨ï ¢®« ¢ ¤¢ã¬¥à®¬ á«ãç ¥. �®à¬ã«  Ǒã áá® .�¢ã¬¥à®¥ ¢®«®¢®¥ ãà ¢¥¨¥

∂2u
∂t2 (x, t) = a2�2u ≡ a2(∂2u

∂x21 + ∂2u
∂x21) , x ∈ IR2, t > 0 (7.22)¯®«ãç ¥âáï ¨§ (7.1), ª®£¤  u(x1, x2, x3, t) ¥ § ¢¨á¨â ®â x3. �â® ¡ë¢ ¥â ¢â®¬ á«ãç ¥, ª®£¤  ®â x3 ¥ § ¢¨áïâ  ç «ìë¥ ãá«®¢¨ï ¨ ¢¥è¨¥ ¨áâ®ç-¨ª¨: â®ª, § àï¤ë ¢ í«¥ªâà®¤¨ ¬¨ª¥ ¨«¨ ¨áâ®ç¨ª¨ §¢ãª  ¢  ªãáâ¨ª¥.� ¯à¨¬¥à, ãà ¢¥¨î (7.22) ã¤®¢«¥â¢®àïîâ ¯®â¥æ¨ «ë ¬ £¨â®£® ¯®-«ï ¯®áâ®ï®£® ¯àï¬®«¨¥©®£® â®ª  ¢ ¯à®¢®¤¥, ¯ à ««¥«ì®¬ §¥¬®©¯®¢¥àå®áâ¨,  ªãáâ¨ç¥áª®¥ ¯®«¥ ¤«¨®© ¯àï¬®«¨¥©®© è®áá¥©®© ¤®-à®£¨ ¨ â.¤. � ª¨¥ ¢®«ë u(x1, x2, t), ¥ § ¢¨áïé¨¥ ®â x3,  §ë¢ îâáïæ¨«¨¤à¨ç¥áª¨¬¨.� ç «ìë¥ ¤ ë¥ ϕ ¨ ψ ¢ íâ®¬ á«ãç ¥ â ª�¥ ¥ § ¢¨áïâ ®â x3:

u
∣∣
t=0 = ϕ(x); _u∣∣

t=0 = ψ(x); x ∈ IR2 (7.23)�¥è¥¨¥ § ¤ ç¨ (7.22) | (7.23) ¤ ¥âáï ä®à¬ã«®© Ǒã áá® 
u(x, t) = 12πa ∫

|y−x|<at

ψ(y)dy√(at)2 − |y − x|2 + 12πa ∂∂t( ∫

|y−x|<at

ϕ(y)dy√(at)2 − |y − x|2 ).(7.24)�¤¥áì ¨â¥£à «ë ¡¥àãâáï ¯® ªàã£ã |y − x| < at,   ¥ ¯® ¥£® £à ¨æ¥, ¢®â«¨ç¨¥ ®â ä®à¬ã«ë �¨àå£®ä  (7.15). �®®â¢¥âáâ¢¥®, à á¯à®áâà ¥¨¥æ¨«¨¤à¨ç¥áª¨å ¢®« (¨«¨ \¢®«   ¯«®áª®áâ¨") ¥ â ª®¥, ª ª áä¥à¨ç¥áª¨å.



�¯à �¥¨¥. � ®: a = 1 ¨ ϕ(x) ≡ ψ(x) ≡ 0 ¯à¨ |x| > 1, x ∈ IR2. �¤¥
u(x, t) ≡ 0 ¯à¨ t = 1, 2, 3, 4, 5 ?�â¢¥â: t = 1 ⇒ |x| > 2; t = 2 ⇒ |x| > 3; t = 3 ⇒ |x| > 4; t = 4 ⇒
|x| > 5.� ¬¥ç ¨¥ 7.4. � íâ®¬ ã¯à �¥¨¨ æ¨«¨¤à¨ç¥áª ï ¢®«  ¨¬¥¥â ¯¥à¥¤¨©äà®â, ® ¥ ¨¬¥¥â § ¤¥£® äà®â  ¢ ®â«¨ç¨¥ ®â áä¥à¨ç¥áª¨å ¢®« ¢¤¢ãå ¯à¥¤ë¤ãé¨å ã¯à �¥¨ïå. �â® ï¢«¥¨¥  §ë¢ ¥âáï ¤¨ääã§¨¥©¢®«. �ª §ë¢ ¥âáï, çâ® ¯à¨ ¢á¥å ¥ç¥âëå n ≥ 3 ¢ ¢®«®¢®¬ ãà ¢¥¨¨á n ¯à®áâà áâ¢¥ë¬¨ ¯¥à¥¬¥ë¬¨ x1, . . . , xn ¥áâì ¯¥à¥¤¨© ¨ § ¤¨©äà®â; ¯à¨ ¢á¥å ç¥âëå n ≥ 2 (¨ ¯à¨ n = 1 !) ¥áâì ¯¥à¥¤¨©, ® ¥â§ ¤¥£® äà®â .� ¬¥ç ¨¥ 7.5. �á«¨ ¢ ¯®á«¥¤¥¬ ã¯à �¥¨¨ äãªæ¨¨ ϕ ¨ ψ, ¢å®¤ïé¨¥¢ (7.23) ®£à ¨ç¥ë, â® à¥è¥¨¥ u(x, t) → 0 ¯à¨ t → ∞, ∀x ∈ IR2, ª ª¢¨¤® ¨§ (7.24). (�®ª �¨â¥ íâ®!)� ¬¥ç ¨¥ 7.6. (\�¥â®¤ á¯ãáª " ®â n = 3 ª n = 2.) �®�® ¯®«ã-ç¨âì ä®à¬ã«ã Ǒã áá®  (7.24) ¨§ ä®à¬ã«ë �¨àå£®ä  (7.15), ¨á¯®«ì§ãï¥§ ¢¨á¨¬®áâì ϕ ¨ ψ ®â x3 (á¬. [11℄).

§8. �¡é¨¥ £¨¯¥à¡®«¨ç¥áª¨¥ ãà ¢¥¨ï. Ǒà¨¬¥àë¥£¨¯¥à¡®«¨ç¥áª¨å ãà ¢¥¨©.1. �¡é¨¥ £¨¯¥à¡®«¨ç¥áª¨¥ ãà ¢¥¨ï á ¯®áâ®ïë¬¨ ª®íää¨æ¨¥â ¬¨.� ç «  à áá¬®âà¨¬ ®¤®à®¤ë© ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à, â.¥. â ª®©,¢ ª®â®à®¬ ¢á¥ ¯à®¨§¢®¤ë¥ ¨¬¥îâ ®¤¨ ¨ â®â �¥ ¯®àï¤®ª m:
Au(x) ≡ ∑

|α|=m

aα∂
α
x u(x) = 0; x = (x1, . . . , xn) ∈ IRn. (8.1)�¤¥áì α = (α1, . . . , αn); |α| = α1 + · · ·+ αn; αk = 0, 1, 2, . . .,
∂α

x = ∂|α|

∂xα11 . . . ∂xαn
n
. (8.2)�ã¤¥¬ ¨áª âì à¥è¥¨ï â¨¯  ¯«®áª¨å ¢®«:

u(x) = f(〈ξ, x〉) = f(ξ1x1 + . . .+ ξnxn); x ∈ IRn, (8.3)£¤¥ f | ¥ª®â®à ï äãªæ¨ï ®â ®¤®© ¯¥à¥¬¥®©. Ǒ®¤áâ ¢«ïï (8.3) ¢(8.1) ¯®«ãç ¥¬,   «®£¨ç® (7.8),
∑

|α|=m

aαξ
αf (m)(〈ξ, x〉) = 0; ξα ≡ ξα11 . . . ξαn

n . (8.4)�âáî¤ , áç¨â ï f (m)(z) 6≡ 0, ¯®«ãç ¥¬,   «®£¨ç® (7.9),  «£¥¡à ¨ç¥áª®¥ãà ¢¥¨¥ å à ªâ¥à¨áâ¨ª (áà ¢¨â¥ á (4.41)):~A(ξ) ≡ ∑

|α|=m

aαξ
α = 0. (8.5)



�® ®¯à¥¤¥«ï¥â ª®ãá Q ¢ IRn, â.¥.
ξ ∈ Q =⇒ tξ ∈ Q; ∀t ∈ IR. (8.6)�â ª, ¨§ (8.4) ¢ëâ¥ª ¥â, çâ® ¯«®áª ï ¢®«  (8.3) ã¤®¢«¥â¢®àï¥â ¤¨ä-ä¥à¥æ¨ «ì®¬ã ãà ¢¥¨î (8.1) ¯à¨ ¯à®¨§¢®«ì®© äãªæ¨¨ f â®£¤  ¨â®«ìª® â®£¤ , ª®£¤  \¢®«®¢®© " ¢¥ªâ®à ξ ã¤®¢«¥â¢®àï¥â  «£¥¡à ¨ç¥áª®¬ããà ¢¥¨î (8.5).�¯à¥¤¥«¥¨¥:1) ¢¥ªâ®à ξ ∈ IRn, ξ 6= 0, ã¤®¢«¥â¢®àïîé¨© (8.5),  §ë¢ ¥âáï å®à ªâ¥à¨-áâ¨ç¥áª®© ®à¬ «ìî ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï (8.1);2) £¨¯¥à¯«®áª®áâì ξ⊥ ≡ {x ∈ IRn : 〈ξ, x〉 = const}, ¯¥à¯¥¤¨ªã«ïà ï¥ª®â®à®© å à ªâ¥à¨áâ¨ç¥áª®© ®à¬ «¨,  §ë¢ ¥âáï å à ªâ¥à¨áâ¨ª®©¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï (8.1);3) £¨¯¥à¯®¢¥àå®áâì ¢ IRn  §ë¢ ¥âáï å à ªâ¥à¨áâ¨ª®© ãà ¢¥¨ï (8.1),¥á«¨ ¢ ª �¤®© ¥¥ â®çª¥ ª á â¥«ì ï £¨¯¥à¯«®áª®áâì ï¢«ï¥âáï å à ªâ¥-à¨áâ¨ª®©.�¯à¥¤¥«¥¨¥. �à ¢¥¨¥ (8.1)  §ë¢ ¥âáï (áâà®£®) £¨¯¥à¡®«¨ç¥áª¨¬ ¢ ¯à ¢«¥¨¨ ®á¨ Ox1, ¥á«¨ ãà ¢¥¨¥ (8.5) ®â®á¨â¥«ì® ξ1 ¯à¨ «î¡®¬ä¨ªá¨à®¢ ®¬

ξ′ ≡ (ξ2, . . . , ξn) ∈ IRn−1 \ 0 (8.7)¨¬¥¥â à®¢® m à §«¨çëå ¢¥é¥áâ¢¥ëå ª®à¥© ξ(k)1 = λk(ξ′), k = 1, . . . ,m
λ1(ξ′) < . . . < λm(ξ′). (8.8)�¥®¬¥âà¨ç¥áª¨ ãá«®¢¨¥ (8.8) ®§ ç ¥â, çâ® ª®ãáQ ¨¬¥¥âm à §«¨çëå ¯®«.

�¨á. 57
Ǒà¨¬¥à. �«ï ¢®«®¢®£® ãà ¢¥¨ï(7.1) ¯®àï¤®ª m = 2 ¨ ãà ¢¥¨¥(8.5), íª¢¨¢ «¥â®¥ (7.9), ¨¬¥¥â 2ª®àï ξ◦ = ±a|ξ|, ¨ § ç¨â
λ1 = −a|ξ| < λ2 = a|ξ|; ξ ∈ IR3 \ 0.(8.9)�®®â¢¥âáâ¢¥®, ª®ãá Q ¨¬¥¥â 2¯®«ë. Ǒ®íâ®¬ã ¢®«®¢®¥ ãà ¢¥¨¥£¨¯¥à¡®«¨ç® ¢  ¯à ¢«¥¨¨ ®á¨ Ot.Ǒà¨¬¥à. �«ï ãà ¢¥¨ï

(
∂2
∂t2 −�)( ∂2

∂t2 − 9�)u(x, t) = 0; x ∈ IR3, t > 0 (8.10)¯®àï¤®ª m = 4, å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ (8.5) ¨¬¥¥â ¢¨¤(ξ2◦ − |ξ|2)(ξ2◦ − 9|ξ|2) = 0 (8.11)



�® ¨¬¥¥â 4 ª®àï: ξ◦ = ±|ξ| ¨ ξ◦ = ±3|ξ|, ¨ § ç¨â
λ1 = −3|ξ| < λ2 = −|ξ| < λ3 = |ξ| < λ4 = 3|ξ|, ξ ∈ IR3 \ 0. (8.12)Ǒ®íâ®¬ã ª®ãá Q ¨¬¥¥â 4 ¯®«ë (á¬.à¨á 58).�®¯à®á. � ª á¢ï§ ® ®¯à¥¤¥«¥¨¥ áâà®£®© £¨¯¥à¡®«¨ç®áâ¨ á ãá«®¢¨¥¬(4.11)?

�¨á. 58�â¢¥â. �«ï ãà ¢¥¨© ¢â®à®£® ¯®àï¤ª  á ¤¢ã¬ï ¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥-ë¬¨ ®¨ íª¢¨¢ «¥âë. �¥©áâ¢¨â¥«ì®, ¤«ï ãà ¢¥¨ï (4.7) ãà ¢¥¨¥(8.5) ¨¬¥¥â ¢¨¤
A(ξ◦, ξ1) ≡ aξ2◦ + 2bξ◦ξ1 + cξ21 = 0 (8.13)�£® à¥è¥¨ï

ξ◦ = b ±
√
D

a
ξ1 (8.14)¢¥é¥áâ¢¥ë ¨ à §«¨çë ¯à¨ ãá«®¢¨¨ (4.11).�¥àï ¢ (8.3) äãªæ¨î f(z) à §àë¢®©, ¬ë ¢¨¤¨¬, çâ® à¥è¥¨¥ ãà ¢¥¨ï(8.1) ¬®�¥â ¨¬¥âì à §àë¢ ¢¤®«ì «î¡®© § ¤ ®© å à ªâ¥à¨áâ¨ç¥áª®©£¨¯¥à¯«®áª®áâ¨ (á¬. § ¬¥ç ¨¥ 2.1).� ¬¥ç ¨¥ 8.1. �®§ì¬¥¬  ¯à ¢«¥¨¥ å à ªâ¥à¨áâ¨ç¥áª®© ®à¬ «¨ ξ § ®¢ãî ®áì ª®®à¤¨ â, â ª çâ®¡ë ¯«®áª®áâì y1 = 0 á®¢¯ ¤ «  á ξ⊥,  ®áâ «ìë¥ ª®®à¤¨ âë y2, . . . , yn ¢ë¡¥à¥¬ ¯à®¨§¢®«ìë¬ ®¡à §®¬, «¨èì¡ë íâ® ¡ë«  «¨¥© ï ¥¢ëà®�¤¥ ï § ¬¥  ¯¥à¥¬¥ëå. �®£¤ ,®ª §ë¢ ¥âáï (§ ¤ ç !), ¢ ®¢ëå ª®®à¤¨ â å ãà ¢¥¨¥ (8.1) á®¤¥à�¨âç«¥ b(m,0,...,0) ∂mu

∂ym1 á ª®íää¨æ¨¥â®¬ (áà ¢¨â¥ (4.37) | (4.38), (4.40):
b(m,0,...,0) = ~A(grad y1) = C ~A(ξ)



�® ¢¢¨¤ã (8.5) íâ®â ª®íää¨æ¨¥â à ¢¥ ã«î. Ǒ®íâ®¬ã ãà ¢¥¨¥ (8.1)¯à¨®¡à¥â ¥â ¢¨¤ ∑

|α|=m,α1≤m−1 bα∂α
y u(y) = 0. (8.1′)�¡ëç® íâ® á¢®©áâ¢® ¢¥ªâ®à  ξ ¨ ¯à¨¨¬ îâ §  ®¯à¥¤¥«¥¨¥ å à ªâ¥à¨-áâ¨ç¥áª®© ®à¬ «¨ (á¬.[4, 10, 11, 14℄). �§ (8.1′) å®à®è® ¢¨¤®, ¯®ç¥¬ãà¥è¥¨ï ãà ¢¥¨ï (8.1) ¬®£ãâ ¨¬¥âì à §àë¢ë   £¨¯¥à¯«®áª®áâ¨ ξ⊥.�¥«® ¢ â®¬, çâ® ¢ ª �¤®¬ á« £ ¥¬®¬ ¢ ãà ¢¥¨¨ (8.1′) ¥áâì å®âï ¡ë®¤  ¯à®¨§¢®¤ ï ¯® ¯¥à¥¬¥ë¬ y2, . . . , yn. Ǒ®íâ®¬ã ãà ¢¥¨ï¬ (8.1′)¨ (8.1) ã¤®¢«¥â¢®àï¥â «î¡ ï äãªæ¨ï ®â y1, ¢ ç áâ®áâ¨, «î¡ ï â ª ïà §àë¢ ï äãªæ¨ï (áà ¢¨â¥ á § ¬¥ç ¨¥¬ 4.1).�¥¯¥àì à áá¬®âà¨¬ ®¡é¨© ¥®¤®à®¤ë© ®¯¥à â®à

∑

|α|≤m

aα∂
α
x u(x) = 0; x ∈ IRn. (8.15)�¥è¥¨ï íâ®£® ãà ¢¥¨ï ¢¨¤  ¯«®áª¨å ¢®« ¬ë ã�¥ ¥  ©¤¥¬. �¤ ª®¯à¨¨¬ ¥âáï, çâ®, ¯® ®¯à¥¤¥«¥¨î, å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ ¤«ï(8.15) ¥áâì (8.5), â.¥. ®® á®áâ ¢«ï¥âáï ¡¥§ ãç¥â  ¯à®¨§¢®¤ëå ¬« ¤è¥£®¯®àï¤ª .�â ª, à¥è¥¨ï ãà ¢¥¨ï (8.1) ¬®£ãâ ¨¬¥âì à §àë¢ë   «î¡®© § ¤ ®©å à ªâ¥à¨áâ¨ç¥áª®© £¨¯¥à¯«®áª®áâ¨. �ª §ë¢ ¥âáï, çâ® ¤«ï ãà ¢¥¨ï(8.15) íâ® â ª�¥ ¢¥à®, ¥á«¨ ®® áâà®£® £¨¯¥à¡®«¨ç¥áª®¥. �«¥¤ãîé¨©¯à¨¬¥à ¯®ª §ë¢ ¥â, çâ® ¡¥§ ãá«®¢¨ï £¨¯¥à¡®«¨ç®áâ¨ íâ® ¬®�¥â ¡ëâì¥ â ª!2. Ǒà¨¬¥àë ¥£¨¯¥à¡®«¨ç¥áª¨å ãà ¢¥¨©.�à ¢¥¨¥ â¥¯«®¯à®¢®¤®áâ¨ | ¢ëà®�¤¥®¥ ¨«¨ ¯ à ¡®«¨ç¥áª®¥ (á¬.Ǒà¨«®�¥¨¥):

∂u

∂t
= a2�u(x, t); x ∈ IR3, t > 0. (8.16)�«ï ¥£® ãà ¢¥¨¥ å à ªâ¥à¨áâ¨ª (8.5) ¨¬¥¥â ¢¨¤0 = a2|ξ|2 ⇐⇒ ξ = 0. (8.17)



�«¥¤®¢ â¥«ì®, ª®à¥© ξ◦(ξ) ¯à¨ ξ 6= 0 å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ ¥¨¬¥¥â, â.¥. ãà ¢¥¨¥ â¥¯«®¯à®¢®¤®áâ¨ ¥ £¨¯¥à¡®«¨ç¥áª®¥ ¯® t,   â ª §ë¢ ¥¬®¥ ¯ à ¡®«¨ç¥áª®¥. �®ãá Q á®áâ®¨â ¨§ ¢¥ªâ®à®¢, ¯ à ««¥«ìëå®á¨ Ot:
Q = {(ξ◦, 0, 0, 0)} , (8.18)

�¨á. 59
£¤¥ ξ◦ ¯à®¨§¢®«ì®. �®®â¢¥âáâ¢¥-®, å à ªâ¥à¨áâ¨ç¥áª¨¥ £¨¯¥à¯«®á-ª®áâ¨ ¨¬¥îâ ãà ¢¥¨ï t = const ¨¯¥à¯¥¤¨ªã«ïàë ®á¨ Ot (à¨á. 59).�®¯à®á. �¥à® «¨, çâ® ãà ¢¥¨¥(8.16) ¨¬¥¥â à¥è¥¨ï, à §àë¢ë¥  ¯«®áª®áâïå t = const?�â¢¥â. �¥â, ¥¢¥à®. �â® á¢ï§ -® á â¥¬, çâ® ãà ¢¥¨¥ (8.16) ¥£¨¯¥à¡®«¨ç¥áª®¥ ¨ â¥¬, çâ® ¬ë¯à¥¥¡à¥£«¨ ç«¥®¬ ∂u

∂t ¯à¨ á®áâ ¢«¥¨¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢¥¨ï(8.17).�ª §ë¢ ¥âáï, ¢á¥ à¥è¥¨ï ãà ¢¥¨ï â¥¯«®¯à®¢®¤®áâ¨ ¡¥áª®¥ç® ¤¨ä-ä¥à¥æ¨àã¥¬ë. �¤ ª® ã ¥£® ¥áâì à¥è¥¨ï, ª®â®àë¥   å à ªâ¥à¨áâ¨-ç¥áª¨å ¯«®áª®áâïå t = const ï¢«ïîâáï ¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬ë¬¨,® ¥   «¨â¨ç¥áª¨¬¨.Ǒà¨¬¥à. �ãªæ¨ïE (x, t) = { 1(2πt)3/2 e− |x|22t , t > 0,0, t ≤ 0 x ∈ IR3 (8.19)1) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î â¥¯«®¯à®¢®¤®áâ¨ (8.16) ¢áî¤ã ¢ IR4, ªà®¬¥â®çª¨ t = 0, x = 0;2) ¯à¨ t 6= 0 ¨«¨ x 6= 0 ®  ï¢«ï¥âáï ¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬®©;3) ¯à¨ t = 0, x 6= 0 ®  ¥ ï¢«ï¥âáï   «¨â¨ç¥áª®©.� ¤ ç . �®ª �¨â¥ áä®à¬ã«¨à®¢ ë¥ ¢ëè¥ ãâ¢¥à�¤¥¨ï 1), 2), 3).�â¬¥â¨¬, çâ® ¥á«¨ ã¡à âì ¨§ ãà ¢¥¨ï (8.16) ç«¥ ∂u
∂t , â® ¯®«ãç îé¥-¥áï ãà ¢¥¨¥ 0 = �u, ®ç¥¢¨¤®, ¨¬¥¥â à¥è¥¨ï, à §àë¢ë¥   «î¡®©§ ¤ ®© å à ªâ¥à¨áâ¨ç¥áª®© £¨¯¥à¯«®áª®áâ¨ t = const,  ¯à¨¬¥à, ¯à®-¨§¢®«ìë¥ äãªæ¨¨ ¢¨¤  u(x, t) ≡ f(t), £¤¥ f(t) | ªãá®ç®-¥¯à¥àë¢ ïäãªæ¨ï. � ª¨¬ ®¡à §®¬, á¢®©áâ¢  à¥è¥¨© ¢ëà®�¤¥ëå ãà ¢¥-¨© á¨«ì® § ¢¨áïâ ®â ¬« ¤è¨å ç«¥®¢, ¢ ®â«¨ç¨¥ ®â ¥¢ëà®�¤¥ëåãà ¢¥¨©.�®¯à®á. �®�® «¨  å®¤¨âì ®¡« áâì § ¢¨á¨¬®áâ¨ ¤«ï ®¡é¥£® ãà ¢¥¨ï(8.15) ¯à¨ ¯®¬®é¨ å à ªâ¥à¨áâ¨ª, ª ª ¢ §4, â.¥. ¢¥à  «¨ ¤«ï ¥£®£¨¯®â¥§  ¨§ §7?



�â¢¥â. �«ï áâà®£®£® £¨¯¥à¡®«¨ç¥áª®£® ãà ¢¥¨ï | ¢¥à  (ª ª ¨ ¤«ï¢®«®¢®£® ¢ §7) (á¬. [1℄).� ¬¥ç ¨¥ 8.2. �«ï ãà ¢¥¨ï â¥¯¤«®¯à®¢®¤®áâ¨ (8.16) íâ  £¨¯®â¥§ â ª�¥ ¢ ¥ª®â®à®¬ á¬ëá«¥ ¢ë¯®«ï¥âáï. � ¨¬¥®, à áá¬®âà¨¬ ¤«ï(8.16) § ¤ çã �®è¨ á  ç «ìë¬ ãá«®¢¨¥¬
u
∣∣
t=0 = ϕ(x). (8.20)�«ï «î¡®© â®çª¨ (x◦, t◦), x◦ ∈ IR3, t◦ > 0 å à ªâ¥à¨áâ¨ç¥áª ï £¨¯¥à-¯«®áª®áâì, ¯à®å®¤ïé ï ç¥à¥§ ¥¥, ¥¤¨áâ¢¥ : t = t◦. �  ¥ ¯¥à¥á¥ª ¥â£¨¯¥à¯«®áª®áâì t = 0 á®¢á¥¬ ¨«¨, ¬®�® áç¨â âì, ¯¥à¥á¥ª ¥â ¥¥ ¢ ¡¥áª®¥ç-®áâ¨. �®£¤  ®¡« áâì, § ª«îç¥ ï \¢ãâà¨" ¯¥à¥á¥ç¥¨© å à ªâ¥à¨áâ¨ªá t = 0, ¥áâì ¢áï £¨¯¥à¯«®áª®áâì t = 0. �ª §ë¢ ¥âáï, ¤¥©áâ¢¨â¥«ì®â ª®¢  ®¡« áâì § ¢¨á¨¬®áâ¨ ¤«ï ãà ¢¥¨ï â¥¯«®¯à®¢®¤®áâ¨. �â® ¢¨¤®¨§ ä®à¬ã«ë Ǒã áá®  ¤«ï à¥è¥¨ï § ¤ ç¨ �®è¨ (8.16), (8.20) (á¬. [3,11, 14℄):

u(x, t) = 1(2πat)3/2 ∫IR3 e− |x−y|22at ϕ(y)dy. (8.21)Ǒ®íâ®¬ã áª®à®áâì à á¯à®áâà ¥¨ï ¢®§¬ãé¥¨© ¤«ï ãà ¢¥¨ï â¥¯«®-¯à®¢®¤®áâ¨ ¡¥áª®¥ç .Ǒà¨¬¥à. �à ¢¥¨¥ � ¯« á  (í««¨¯â¨ç¥áª®¥ | á¬. Ǒà¨«®�¥¨¥):�u(x) ≡ ∂2u
∂x21 + ∂2u

∂x22 + ∂2u
∂x23 = 0; x ∈ IR3 (8.22)�® ¯®«ãç ¥âáï ¨§ ¢®«®¢®£® ãà ¢¥¨ï (7.1) ¨ ¨§ ãà ¢¥¨ï â¥¯«®¯à®¢®¤-®áâ¨ (8.16), ¥á«¨ u ¥ § ¢¨á¨â ®â t. �â® â ª  §ë¢ ¥¬ë¥ áâ æ¨® àë¥à¥è¥¨ï. �¨§¨ç¥áª¨ ®¨ ®¯¨áë¢ îâ ¯®«®�¥¨ï à ¢®¢¥á¨ï ¤«ï (7.1)¨«¨ ¯à¥¤¥«ìë¥ à¥�¨¬ë ¯à¨ t → +∞ ¤«ï à¥è¥¨© ãà ¢¥¨ï (8.16) ¨¯à¥¤áâ ¢«ïîâ ®á®¡ë© ¨â¥à¥á ¢ ¯à¨«®�¥¨ïå.� ©¤¥¬ ¤«ï (8.22) à¥è¥¨ï â¨¯  ¯«®áª¨å ¢®«:

u(x) = f(〈ξ, x〉) = f(ξ1x1 + ξ2x2 + ξ3x3), x ∈ IR3. (8.23)Ǒ®¤áâ ¢«ïï ¢ (8.22), ¯®«ãç¨¬, ª ª ¨ ¢ëè¥,
f ′′(〈ξ, x〉)ξ21 + f ′′(〈ξ, x〉)ξ22 + f ′′(〈ξ, x〉)ξ23 = 0, (8.24)�âªã¤  ¢ëâ¥ª ¥â å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥

ξ21 + ξ22 + ξ23 = 0. (8.25)�âáî¤ 
ξ1 = ξ2 = ξ3 = 0. (8.26)



�ë¢®¤. �à ¢¥¨¥ (8.22) ¥ ï¢«ï¥âáï £¨¯¥à¡®«¨ç¥áª¨¬ (¨ ¯® ª ª®©¯¥à¥¬¥®©).�®¯à®á. � ç¨â «¨ íâ®, çâ® ãà ¢¥¨¥ � ¯« á  ¥ ¨¬¥¥â à¥è¥¨© â¨¯ ¯«®áª¨å ¢®«?�â¢¥â. �¥â, ¥ § ç¨â. �®§ì¬¥¬ ª®¬¯«¥ªáë¥ à¥è¥¨ï ãà ¢¥¨ï (8.25), ¯à¨¬¥à,
ξ1 = i

√
ξ22 + ξ23 ; (ξ2, ξ3) ∈ IR2. (8.27)�¤ ª®, â®£¤  ¢ (8.23) äãªæ¨ï f(z) ¤®«�  ¡ëâì ®¯à¥¤¥«¥  ¯à¨ª®¬¯«¥ªáëå § ç¥¨ïå z. �à®¬¥ â®£®, ¢ (8.24) ¢ ¯¥à¢®¬ á« £®¥¬®¬

f ′′(〈ξ, x〉) ¥áâì ¯à®¨§¢®¤ ï f ¯®  ¯à ¢«¥¨î ¬¨¬®© ®á¨,   ¢® ¢â®à®¬ ¨âà¥âì¥¬ | ¢¤®«ì ¢¥é¥áâ¢¥®© ®á¨! Ǒ®íâ®¬ã ¤«ï â®£®, çâ®¡ë á®ªà â¨âì(8.24)   f ′′ ¨ ¯®«ãç¨âì (8.25) ã�®, çâ®¡ë f(z) ¢ ª �¤®© â®çª¥ ¨¬¥« ®¤¨ ª®¢ë¥ ¯à®¨§¢®¤ë¥ ¯® ¢¥é¥áâ¢¥ë¬ ¨ ¬¨¬ë¬  ¯à ¢«¥¨ï¬. �®íâ® ®§ ç ¥â, ª ª ¨§¢¥áâ® ¨§ ���Ǒ, çâ® f(z)   «¨â¨ç ! �®®â¢¥âáâ¢¥®¨ u(x) = f(〈ξ, x〉)   «¨â¨ç¥áª ï äãªæ¨ï ®â ¢¥é¥áâ¢¥ëå ¯¥à¥¬¥ëå
x1, x2, x3 ¨ ¥ ¬®�¥â ¡ëâì à §àë¢®©. � ¯à¨¬¥à, u(x) = 〈ξ, x〉3 =(x1i√ξ22 + ξ23 + ξ2x2 + ξ3x3)3.�«¥¤áâ¢¨¥. �á¥ à¥è¥¨ï ãà ¢¥¨ï � ¯« á  (8.22) â¨¯  ¯«®áª¨å ¢®«ï¢«ïîâáï   «¨â¨ç¥áª¨¬¨ ¨, á«¥¤®¢ â¥«ì®, ¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥-¬ë¬¨. �â¬¥â¨¬. ®¤ ª®, çâ® íâ® ª®¬¯«¥ªáë¥ à¥è¥¨ï, ¨ ¨å ¯®¢¥àå®áâ¨ãà®¢ï | ª®¬¯«¥ªáë¥ £¨¯¥à¯«®áª®áâ¨ ¢ C3.�ª §ë¢ ¥âáï, ¢á¥ à¥è¥¨ï ãà ¢¥¨ï � ¯« á    «¨â¨çë [10, 11℄.3. �¤ àë¥ §¢ãª®¢ë¥ ¢®«ë ¨ ¨§«ãç¥¨¥ � ¢¨«®¢ -�¥à¥ª®¢ .� áá¬®âà¨¬ í«¥ªâà®¬ £¨â®¥ ¯®«¥ à ¢®¬¥à® ¤¢¨�ãé¥£®áï ¢ ¥ª®â®à®¬¢¥é¥áâ¢¥ â®ç¥ç®£® § àï¤ . �á«¨ áª®à®áâì § àï¤  à ¢  v ¨ ® ¤¢¨�¥âáï¢ ¯®«®�¨â¥«ì®¬  ¯à ¢«¥¨¨ ®á¨ Ox1, â® ¥£® í«¥ªâà®¬ £¨â®¥ ¯®«¥®¯¨áë¢ ¥âáï ç¥âëàì¬ï ¯®â¥æ¨ « ¬¨, ª �¤ë© ¨§ ª®â®àëå ¨¬¥¥â ¢¨¤

ϕ(x, t) = u(x1 − vt, x2, x3) (8.28)¨ ¢¥ â®çª¨ (x1 − vt, 0, 0) ≡ 0, £¤¥  å®¤¨âáï § àï¤, ã¤®¢«¥â¢®àï¥â¢®«®¢®¬ã ãà ¢¥¨î (7.1) á ª®íää¨æ¨¥â®¬ a = cb, £¤¥ cb | áª®à®áâìá¢¥â  ¢ ¤ ®¬ ¢¥é¥áâ¢¥. �â¬¥â¨¬. çâ® cb < c, £¤¥ c | áª®à®áâì á¢¥â ¢ ¢ ªãã¬¥,   v ¬®�¥â ¡ëâì ¬¥ìè¥ cb ¨«¨ ¡®«ìè¥ cb (® ¬¥ìè¥ c).Ǒ®¤áâ ¢«ïï (8.28) ¢ (7.1), ¯®«ãç ¥¬ ãà ¢¥¨¥
v2 ∂2u
∂x21 (x1 − vt, x2, x3) = c2b (∂2u∂x21 + ∂2u

∂x22 + ∂2u
∂x23) , x 6= x(t), (8.29)®âªã¤ , ®¡®§ ç ï x1 − vt = y1, ¯®«ãç ¥¬ ¤«ï u(y1, x2, x3) ãà ¢¥¨¥(c2b − v2)∂2u

∂y21 + c2b (∂2u∂x22 + ∂2u
∂x23) = 0, (y1, x2, x3) 6= 0. (8.30)



� à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ (8.5), á®®â¢¥âáâ¢ãîé¥¥ (8.30), ¨¬¥¥â ¢¨¤(c2b − v2b )ξ21 + c2b(ξ22 + ξ23) = 0. (8.31)�âáî¤  ¢¨¤®, çâ® 1) ¯à¨ v < cb ãà ¢¥¨¥ (8.30) ¥ ¨¬¥¥â (¢¥é¥-áâ¢¥ëå) å à ªâ¥à¨áâ¨ª, ª ª ãà ¢¥¨¥ � ¯« á . �® í««¨¯â¨ç¥áª®£®â¨¯  (á¬. Ǒà¨«®�¥¨¥). �ª §ë¢ ¥âáï, ¢á¥ ¥£® à¥è¥¨ï £« ¤ª¨¥, â.¥.í«¥ªâà®¬ £¨â®¥ ¯®«¥ ¥ ¨¬¥¥â ®á®¡¥®áâ¥© ¯à¨ x 6= x(t); 2) ¯à¨
v > cb ãà ¢¥¨¥ (8.30) £¨¯¥à¡®«¨ç¥áª®¥ ¯® y1 ¨, á«¥¤®¢ â¥«ì®, ¨¬¥¥âà §àë¢ë¥ à¥è¥¨ï â¨¯  ¯«®áª¨å ¢®«. � à ªâ¥à¨áâ¨ç¥áª®¬ã ª®ãáã Qá ãà ¢¥¨¥¬ (8.31), ª ª ¬ë § ¥¬ ¨§ §7, á®®â¢¥âáâ¢ã¥â \®àâ®£® «ìë©¥¬ã" å à ªâ¥à¨áâ¨ç¥áª¨© ª®ãá K á ãà ¢¥¨¥¬

c2by21 + (c2b − v2)(x22 + x23) = 0 (8.32)
�¨á. 60

�ª §ë¢ ¥âáï, à áá¬ âà¨¢ ¥¬®¥ à¥-è¥¨¥ u ¡ã¤¥â ¡¥áª®¥çë¬   â®©¯®«�¥ ª®ãá  (8.32), £¤¥ y1 < 0. �§(8.32) ¯®«ãç ¥¬ ãà ¢¥¨¥ ¯®¢¥àå®-áâ¨ ®á®¡¥®áâ¥© ¯®â¥æ¨ «  (8.28):
c2b(x1 − vt)2 = (v2 − c2b)(x22 + x23); x1 − vt < 0. (8.33)

�¨á. 61
Ǒà¨ ª �¤®¬ ä¨ªá¨à®¢ ®¬ t íâ ¯®¢¥àå®áâì ¢ IR3 ¥áâì ª®ãá á ¢¥àè¨-®© ¢ â®çª¥ x(t), ¢ ª®â®à®©  å®¤¨âáï§ àï¤ (á¬. à¨á. 61). �¤®«ì íâ®© ¯®-¢¥àå®áâ¨ ¯®â¥æ¨ «ë ¨  ¯àï�¥-®áâì ¯®«ï ¡¥áª®¥çë, ¨ ¬®«¥ªã-«ë ¢¥é¥áâ¢  ¢ â®çª å íâ®£® ª®ãá ,¢®§¡ã�¤ ïáì, ¨á¯ãáª îâ á¢¥â. �â® ¨¥áâì § ¬¥¨â®¥ ¨§«ãç¥¨¥ � ¢¨«®¢ -�¥à¥ª®¢ .�®ç® â ª ï �¥ á¨âã æ¨ï ¢®§¨ª ¥â ¯à¨  å®�¤¥¨¨ §¢ãª®¢®£® ¯®«ï¤¢¨�ãé¥£®áï â¥«  ¢ ¢®§¤ãå¥: ¯à¨ v < c§¢ãª  ¥â à §àë¢®¢ ¤ ¢«¥¨ï,  ¯à¨ v > c§¢ãª  | ¥áâì. Ǒ®íâ®¬ã á ¬®«¥â, «¥âïé¨© á® á¢¥àå§¢ãª®¢®©áª®à®áâìî, ¥á¥â §  á®¡®©   ª®ãá¥ (8.33) ã¤ àãî ¢®«ã, â.¥. ¤ ¢«¥¨¥| à §àë¢ ï äãªæ¨ï ¢ â®çª å íâ®£® ª®ãá  (à¨á. 62)�®£¤  äà®â íâ®© ¢®«ë ¯à®å®¤¨â ç¥à¥§  è¥ ãå®, ¬ë á«ëè¨¬ \å«®¯�®ª".�®¨ç¥áª¨© äà®â íâ®© ã¤ à®© ¢®«ë  §ë¢ ¥âáï ¢ £ §®¢®© ¤¨ ¬¨ª¥ª®ãá®¬ � å .



�¨á. 62����� II. ����� �����.[3, á.47{49, 327{345, 388{394, 464{479℄; [9,á.40{42℄; [11, á.132{208, 213{218℄;[12, á.19{23, 338{351, 397{402℄; [14, á.82{121, 147{152, 180{185, 309{318℄.
§1. �ë¢®¤ ãà ¢¥¨ï â¥¯«®¯à®¢®¤®áâ¨.Ǒãáâì ¨¬¥¥âáï ¯àï¬®«¨¥©ë© ®¤®à®¤ë© ¬¥â ««¨ç¥áª¨© áâ¥à�¥ì¤«¨®© l. � ¯à ¢¨¬ ®áì x ¢¤®«ì áâ¥à�ï, ¯ãáâì x = 0 | «¥¢ë© ª®¥æáâ¥à�ï,   x = l| ¯à ¢ë©. �¡®§ ç¨¬ ç¥à¥§ u(x, t) â¥¬¯¥à âãàã áâ¥à�ï¢ â®çª¥ x ¢ ¬®¬¥â ¢à¥¬¥¨ t > 0. �ª §ë¢ ¥âáï, u(x, t) ã¤®¢«¥â¢®àï¥â¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î â¥¯«®¯à®¢®¤®áâ¨

∂u

∂t
= a2 ∂2u

∂x2 (x, t) + bf(x, t) (1.1)£¤¥ f(x, t) | ¯«®â®áâì ¢¥è¨å ¨áâ®ç¨ª®¢ â¥¯«  ¢ â®çª¥ x ¢ ¬®¬¥â¢à¥¬¥¨ t. �â® § ç¨â, çâ®   ãç áâ®ª [x, x+�x℄ §  ¢à¥¬ï ®â t ¤® t+�t¯®áâã¯ ¥â ¨§¢¥ ª®«¨ç¥áâ¢® â¥¯«®¢®© í¥à£¨¨
Q¢¥è = f(x, t)�x�t. (1.2)�ë¢¥¤¥¬ (1.1). �«ï íâ®£® § ¯¨è¥¬ ãà ¢¥¨¥ â¥¯«®¢®£® ¡ « á  ¤«ïãç áâª  áâ¥à�ï [x, x+�x℄ §  ¢à¥¬ï ®â t ¤® t+�t:

cm�T = Q (1.3)�¤¥áì c | ã¤¥«ì ï â¥¯«®¥¬ª®áâì ¢¥é¥áâ¢ ,
m(¬ áá ) = µ�x, �T ≈ u(x, t+�t)− u(x, t), (1.4)

Q = Q¢¥è +Q« +Q¯, (1.5)£¤¥ Q | ¯®«ãç¥®¥ ãç áâª®¬ â¥¯«®; Q« | â¥¯«®, ¯®«ãç¥®¥ á«¥¢  (â.¥.ç¥à¥§ â®çªã x,   Q¯ | á¯à ¢  (â.¥. ç¥à¥§ â®çªã x+�x) (á¬. à¨á. 63).Ǒ® § ª®ã â¥¯«®¯à®¢®¤®áâ¨ �ãàì¥
Q« = −λS ∂u

∂x
(x, t)�t; Q¯ = λS

∂u

∂x
(x+�x, t)�t (1.6)



�¨á. 63£¤¥ λ | ª®íää¨æ¨¥â â¥¯«®¯à®¢®¤®áâ¨ ¢¥é¥áâ¢ ,   S | ¯«®é ¤ì¯®¯¥à¥ç®£® á¥ç¥¨ï áâ¥à�ï. � ª® (1.4), £àã¡® £®¢®àï, ®§ ç ¥â, çâ®áª®à®áâì ¯¥à¥¤ ç¨ â¥¯«  ç¥à¥§ ¯®¯¥à¥ç®¥ á¥ç¥¨¥ áâ¥à�ï ¢ â®çª¥ x¯à®¯®àæ¨® «ì  \¯¥à¥¯ ¤ã â¥¬¯¥à âãà" ∂u
∂x (x, t). � ª¨ ¢ (1.6) ¢ë¡à ëâ ª, çâ®¡ë â¥¯«® ¯¥à¥¤ ¢ «®áì ®â  £à¥âëå â¥« ª å®«®¤ë¬ (2-¥  ç «®â¥à¬®¤¨ ¬¨ª¨). � ¯à¨¬¥à, ¤«ï u(x, t)   à¨á. 63 Q« ≤ 0; Q¯ ≥ 0,  

∂u
∂x ≥ 0 ¢áî¤ã, ¯®íâ®¬ã § ª¨ «¥¢ëå ¨ ¯à ¢ëå ç áâ¥© ¢ (1.6) á®¢¯ ¤ îâ.�«ï ¤àã£¨å á«ãç ¥¢ (¤àã£¨å u(x, t)) § ª¨ ¢ (1.6) ¯à®¢¥àïîâáï   «®£¨ç®.Ǒ®¤áâ ¢«ïï (1.6) ¨ (1.2) ¢ (1.5),   § â¥¬ (1.5) ¨ (1.4) ¢ (1.3), ¯®«ãç ¥¬
cµ�x (u(x, t+�t)− u(x, t)) ≈ f(x, t)�x�t+λS (∂u

∂x
(x+�x, t)− ∂u

∂x
(x, t))�t.(1.7)�âáî¤  ¤¥«¥¨¥¬   �x�t ¯à¨ �x→ 0 ¨ �t→ 0 ¯®«ãç ¥¬

cµ
∂u

∂t
= λS

∂2u
∂x2 + f(x, t). (1.8)�âáî¤  ¯®«ãç ¥âáï (1.1).

§2. �¬¥è  ï § ¤ ç  ¤«ï ãà ¢¥¨ï â¥¯«®¯à®¢®¤®áâ¨.�¯¥à â®à ï ä®à¬  § ¤ ç¨. �¤¥ï ¬¥â®¤  �ãàì¥.�«ï ®¤®§ ç®£® ®¯à¥¤¥«¥¨ï â¥¬¯¥à âãàë áâ¥à�ï, ªà®¬¥ ãà ¢¥¨ï(1.1), ã�® § ¤ âì  ç «ìãî â¥¬¯¥à âãàã
u(x, 0) = ϕ(x), 0 < x < l (2.1)¨ ªà ¥¢ë¥ ãá«®¢¨ï. � ¯à¨¬¥à. ¥á«¨ ª®æë ®¯ãáâ¨âì ¢ â îé¨© «¥¤, â®¨å â¥¬¯¥à âãà  ¡ã¤¥â à ¢  ã«î:

u(0, t) = 0, u(l, t) = 0, t > 0. (2.2)� ¤ ç  (1.1), (2.1) { (2.2)  §ë¢ ¥âáï á¬¥è ®© § ¤ ç¥© ¤«ï ãà ¢¥¨ïâ¥¯«®¯à®¢®¤®áâ¨.� ¯¨è¥¬ ¥¥ ¢ ®¯¥à â®à®© ä®à¬¥:
{

dû
dt = a2Aû(t) + f̂(t), t > 0,

û(0) = ϕ̂.
(2.3)



�¤¥áì A = d2
dx2 ; f̂(t) ≡ f(x, t); û(t) ≡ u(x, t); ϕ̂ = ϕ(x). �§ ªà ¥¢ëåãá«®¢¨© (2.2) á«¥¤ã¥â, çâ® û(t) ∈ C2

◦ [0, l℄ ¯à¨ ª �¤®¬ t > 0, £¤¥
C2

◦ [0, l℄ ≡ {u(x) ∈ C2[0, l℄ : u(0) = u(l) = 0}. (2.4)�â ª, ®¯¥à â®à A íâ® ¥áâì − d2
dx2   ®¡« áâ¨ ®¯à¥¤¥«¥¨ï D(A) = c2◦[0, l℄.�¤¥ï ¬¥â®¤  �ãàì¥ á®áâ®¨â ¢ â®¬. çâ® ¯à¨ f ≡ 0 à¥è¥¨¥ § ¤ ç¨ (2.3)¨é¥âáï ¢ ¢¨¤¥ áã¬¬ë ç áâëå à¥è¥¨© ¯¥à¢®£® ãà ¢¥¨ï íâ®© § ¤ ç¨,¨¬¥îé¨å ¢¨¤ T (t) ·X(x).Ǒ®ïá¨¬ íâã ¨¤¥î   ¯à¨¬¥à¥ á¨áâ¥¬ë n ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨- «ìëå ãà ¢¥¨© á n ¥¨§¢¥áâë¬¨ äãªæ¨ï¬¨, ¨¬¥îé¥© ¢ ¢¥ªâ®à®©§ ¯¨á¨ ¢¨¤ (2.3) (á f ≡ 0 ):

{
dû(t)

dt = Aû(t), û(t) = (û1(t), . . . , ûn(t)) ∈ IRn, t > 0,
û(0) = ϕ̂ = (ϕ̂1, . . . , ϕ̂n) ∈ IRn,

(2.5)£¤¥ A | ¬ âà¨æ  à §¬¥à  n× n.Ǒãáâì ¤«ï A áãé¥áâ¢ã¥â ¡ §¨á ¨§ á®¡áâ¢¥ëå ¢¥ªâ®à®¢ e1, . . . , en:
Aek = λkek, k = 1, . . . , n. (2.6)�®£¤  ¨áª®¬®¥ à¥è¥¨¥ û(t) ¨  ç «ìë© ¢¥ªâ®à ϕ̂ ¬®�® ¯à¥¤áâ ¢¨âì¢ ¢¨¤¥

û(t) = n∑1 Tk(t)ek, ϕ̂ =∑ϕkek. (2.7)Ǒ®¤áâ ¢«ïï ¢ (2.5) ¯®«ãç ¥¬
n∑1 dTk(t)

dt
ek = n∑1 λkTk(t)ek,

n∑1 Tk(0)ek = n∑1 ϕkek, (2.8)®âªã¤ 
dTk(t)
dt

= λkTk(t), t > 0, Tk(0) = ϕk. (2.8′)�âáî¤  Tk(t) = ϕke
λkt ¨, á«¥¤®¢ â¥«ì®,

û(t) = n∑1 ϕke
λkt · ek. (2.9)�¨�¥ ¬ë ¯®«ãç¨¬   «®£¨ ä®à¬ã« (2.6) { (2.9) ¤«ï ®¯¥à â®à  A = − d2

dx2 .



§3. � ¤ ç  �âãà¬ -�¨ã¢¨««ï ¨ ¥¥ à¥è¥¨¥.1. � ¤ ç  �âãà¬ -�¨ã¢¨««ï.� ©¤¥¬ ¢ D(A) = C20 [0, l℄ á®¡áâ¢¥ë¥ ¢¥ªâ®àë X1(x), . . . , Xk(x), . . . ®¯¥-à â®à  A:
{
AXk = λkXk;
Xk ∈ D(A), Xk 6= 0. (3.1)Ǒ®¤à®¡¥¥ (3.1) ®§ ç ¥â,çâ®

{
X ′′

k (x) = λkXk(x), 0 < x < l,
Xk(0) = Xk(l) = 0, Xk(x) 6≡ 0. (3.2)� ¬¥ç ¨¥ 3.1. � ª ¡ã¤¥â ¯®ª § ® ¨�¥ ¢ §5, ¢ ¡ §¨á¥ X1, . . . , Xk, . . . ¨§á®¡áâ¢¥ëå ¢¥ªâ®à®¢ ®¯¥à â®à  A à¥è¥¨¥ § ¤ ç¨ (2.3) ¯à¨ f(x, t) ≡ 0¨¬¥¥â ¢¨¤,   «®£¨çë© (2.9):
u(x, t) = ∞∑1 ea2λktϕkXk(x), (3.3)£¤¥ ϕk { ª®®à¤¨ âë ϕ̂ ¢ ¡ §¨á¥ {Xk}.�â¬¥â¨¬, çâ® ª �¤®¥ á« £ ¥¬®¥ àï¤  (3.3) ¢ á¨«ã (3.1) ã¤®¢«¥â¢®àï¥â®¯¥à â®à®¬ã ãà ¢¥¨î ¢ (2.3). Ǒ®íâ®¬ã «î¡ ï ª®¥ç ï (ç áâ¨ç ï)áã¬¬  íâ®£® àï¤  â ª�¥ ã¤®¢«¥â¢®àï¥â (2.3). �¥áì àï¤ (3.3) ã¤®¢«¥â¢®àï¥âãà ¢¥¨î (2.3), ¥á«¨ ® ¤®¯ãáª ¥â ¯®ç«¥®¥ ¤¨ää¥à¥æ¨à®¢ ¨¥ ¯® t¨ ¤¢ �¤ë { ¯® x, â. ¥. ¥á«¨ ® ¤®áâ â®ç® ¡ëáâà® áå®¤¨âáï.�¢¥¤¥¬ ®¡®§ ç¥¨¥

〈u, v〉 = ∫ l0 u(x) v(x) dx ¤«ï ∀u, v ∈ L2[0, l℄.�¥¬¬ . �¯¥à â®à d2
dx2   D(A) = C20 [0, l℄ á¨¬¬¥âà¨ç¥ ¨ ®âà¨æ â¥«¥, â.¥.
〈d

2u
dx2 , v〉 = 〈u, d

2v
dx2 〉, ∀u, v ∈ D(A), (3.4)

〈d
2u
dx2 , u〉u < 0, ∀u ∈ D(A), u(x) 6≡ 0. (3.5)�®ª § â¥«ìáâ¢®:1) à ¢¥áâ¢® (3.4) ®§ ç ¥â, çâ®

l∫0 u′′(x) v(x) dx = l∫0 u(x) v′′(x) dx. (3.6)



�â®¡ë ¥£® ¤®ª § âì, ¯à®¨â¥£à¨àã¥¬ ¯® ç áâï¬:
l∫0 u′′(x) v(x) dx = u′ v

∣∣∣
l0 −

l∫0 u′(x) v′(x) dx, (3.7)
l∫0 u(x) v′′(x) dx = u v′

∣∣∣
l0 −

l∫0 u′(x) v′(x) dx. (3.8)Ǒ®¤áâ ®¢ª  ¢ (3.7) à ¢  ã«î, ¯®áª®«ìªã v(0) = v(l) = 0,   ¢ (3.8) {¯®áª®«ìªã u(0) = u(l) = 0. Ǒ®íâ®¬ã à ¢¥áâ¢® (3.6) ¤®ª § ®;2)¯à¨ u = v ¨§ (3.7) ¢ëâ¥ª ¥â, çâ®
〈d

2u
dx2 , u〉 = ∫ l0 u′′(x)u(x) dx = −

∫ l0 (u′(x))2 dx ≤ 0.�âáî¤  á«¥¤ã¥â (3.5). �¥©áâ¢¨â¥«ì®, ¥á«¨
l∫0 (
u′(x))2 dx = 0, (3.9)â® u′(x) ≡ 0 ⇒ u(x) ≡ onst. �®

u(0) = u(l) = 0 ⇒ u(x) ≡ 0, (3.10)çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î u(x) 6≡ 0 ¢ (3.5).�«¥¤áâ¢¨¥:1)á®¡áâ¢¥ë¥ ç¨á«  ®¯¥à â®à  A = d2/dx2 ¢á¥ ®âà¨æ â¥«ìë. �¥©áâ¢¨-â¥«ì®, ¨§ (3.5)á«¥¤ã¥â, çâ®0 > 〈d
2Xk

dx2 , Xk〉 = λk〈Xk, Xk〉; (3.11)2)á®¡áâ¢¥ë¥ ¢¥ªâ®àë Xk, Xn á à §ë¬¨ á®¡áâ¢¥ë¬¨ ç¨á« ¬¨ λk 6= λn®àâ®£® «ìë: ∫ l0 Xk(x)Xn(x) dx = 0. (3.12)�¥©áâ¢¨â¥«ì®, ¨§ (3.4) á«¥¤ã¥â, çâ®
〈AXk, Xn〉 = 〈Xk, AXn〉 ⇒ λk〈Xk, Xn〉 = λn〈Xk, Xn〉 ⇒(λk − λn) 〈Xk, Xn〉 = 0 ⇒ 〈Xk, Xn〉 = 0.



2. �¥è¥¨¥ § ¤ ç¨ �âãà¬ -�¨ã¢¨««ï (3.1).�§ ãà ¢¥¨ï (3.2) ¨¬¥¥¬
Xk(x) = Ak e

√
λkx +Bke

−
√

λkx. (3.13)Ǒ®¤áâ ¢«ïï ¢ ªà ¥¢ë¥ ãá«®¢¨ï (3.2), ¯®«ãç ¥¬
{
Ak +Bk = 0,
Ak e

√
λkl +Bke

−
√

λkl = 0. (3.14)� âà¨æ  íâ®© á¨áâ¥¬ë ¤®«�  ¡ëâì ¢ëà®�¤¥®©, ¨ ç¥ Ak = Bk = 0¨ Xk(x) ≡ 0, çâ® ¯à®â¨¢®à¥ç¨â (3.2). �â ª,λk ã¤®¢«¥â¢®àïîâ â ª §ë¢ ¥¬®¬ã å à ªâ¥à¨áâ¨ç¥áª®¬ã ãà ¢¥¨î
∣∣∣∣∣∣

1 1
e
√

λkl e−
√

λkl

∣∣∣∣∣∣
= e−

√
λkl − e

√
λkl = 0. (3.15)�âáî¤ 

e−
√

λkl = e
√

λkl ⇒ e2√λkl = 1. (3.16)�«¥¤®¢ â¥«ì®, 2√λkl = 2kπi, k ∈ Z⇒
√
λk = kπi

l
⇒ λk = −(kπ

l
)2; (3.17)�¤¥áì ¬®�® áç¨â âì k ≥ 0. � ª ¨ á«¥¤®¢ «® ®�¨¤ âì, λk ≤ 0.�â ª, á®¡áâ¢¥ë¥ ç¨á«  λk ¬ë  è«¨. � ©¤¥¬ â¥¯¥àì á®¡áâ¢¥ë¥äãªæ¨¨ Xk(x). �«ï íâ®£® ãçâ¥¬, çâ® á¨áâ¥¬  (3.14) ¢ëà®�¤¥ ï.�«¥¤®¢ â¥«ì®, ãà ¢¥¨ï ¢ ¥© ¯à®¯®àæ¨® «ìë ¨ ¤®áâ â®ç® ãç¨âë¢ âìâ®«ìª® ¯¥à¢®¥ ¨§ ¨å: Bk = −Ak. Ǒ®íâ®¬ã ¨§ (3.13) ¯®«ãç ¥¬ ¢¢¨¤ã(3.17)

Xk(x) = Ak(e kπi
l x − e−

kπi
l x) = Ak2i sin kπx

l
. (3.18)�¤¥áì ¬ë ¯à¨¬¥¨«¨ ä®à¬ã«ã �©«¥à 

eiϕ − e−iϕ = 2i sinϕ.Ǒ®áª®«ìªã á®¡áâ¢¥ë¥ äãªæ¨¨ Xk ®¯à¥¤¥«¥ë á â®ç®áâìî ¤® ç¨á«®¢®£®¬®�¨â¥«ï, â® ¬®�® ¯®«®�¨âì ®ª®ç â¥«ì®
Xk(x) = sin kπx

l
; k = 1, 2, . . . . (3.19)�¤¥áì ¬®�® áç¨â âì k > 0, ¯®áª®«ìªã ¯à¨ k = 0 ¨¬¥¥¬ X0(x) ≡ 0.



�â¢¥â:
λk = −(kπ

l

2), Xk(x) = sin kπx
l
, k = 1, 2, . . . . (3.20)�¢®©áâ¢  à¥è¥¨© § ¤ ç¨ �âãà¬ -�¨ã¢¨««ï.1.Xk(x) ®¡à §ãîâ ¯®«ãî á¨áâ¥¬ã ¢ L2(0, l) (íâ® á¢®©áâ¢® ¨§¢¥áâ® ¨§â¥®à¨¨ àï¤®¢ �ãàì¥).2. �àâ®£® «ì®áâì:

〈Xk, Xn〉 = l∫0 Xk(x)Xn(x) dx = 0 ¯à¨ k 6= n. (3.21)3.�á¨¬¯â®â¨ª : λk ∼ −k2 ¯à¨ k → ∞ â. ¥. áãé¥áâ¢ã¥âlim
k→∞

λk

−k2 > 0.�¯à �¥¨¥. Ǒà®¢¥à¨¬ ¥¯®áà¥¤áâ¢¥® á¢®©áâ¢® ®àâ®£® «ì®áâ¨ (3.21)¤«ï Xk.�¥è¥¨¥: ¯®áª®«ìªã k 6= n, â®
l∫0 sin kπx

l
sin nπx

l
dx = 12 l∫0 [os(kπx

l
− nπx

l
)− os(kπx

l
+ nπx

l
)℄ dx == 12[sin (k−n)πx

l(k−n)π
l

∣∣∣∣
l0 − sin (k+n)πx

l(k+n)π
l

∣∣∣∣
l0] = 0.�¯à �¥¨¥. � ©â¨ ®à¬ã Xk ¢ L2(0, l).�¥è¥¨¥.

||Xk||2 ≡ l∫0 X2
k(x) dx = l∫0 sin2 kπx

l
dx =

l∫0 1− os 2kπx
l2 dx = l∫0 12 dx − sin 2kπx

l2 2kπ
l

∣∣∣∣
l0 = l2 . (3.22)�¯à �¥¨¥. � à¨áã¥¬ £à ä¨ª Xk(x).�¥è¥¨¥.

�¨á. 64



� ¤ ç . �¥è¨âì § ¤ çã �âãà¬ -�¨ã¢¨««ï, â. ¥.  ©â¨ á®¡áâ¢¥ë¥äãªæ¨¨ ®¯¥à â®à  A ≡ d2
dx2   ®âà¥§ª¥ [0, l℄ ¯à¨ ¤àã£¨å ªà ¥¢ëåãá«®¢¨ïå:
Xk(0) = X ′

k(l) = 0, (3.23)
X ′

k(0) = Xk(l) = 0, (3.24)
X ′

k(0) = X ′
k(l) = 0. (3.25)� ¤ ç . �«ï ª �¤®£® ªà ¥¢®£® ãá«®¢¨ï (3.23)-(3.25) ¯à®¤¥« âì ¯®á«¥¤¨¥âà¨ ã¯à �¥¨ï.�â¢¥âë:

�¨á. 65
�«ï (3.23): á¬. à¨á. 65,

λk = −
( (k + 12 )π

l

)2
,

Xk(x) = sin (k + 12 )πx
l

,

k = 0, 1, 2, . . . .
�¨á. 66

�«ï (3.24): á¬. à¨á. 66,
λk = −

( (k + 12 )π
l

)2
,

Xk(x) = os (k + 12 )πx
l

,

k = 0, 1, 2, . . . .
�¨á. 67

�«ï (3.25): á¬. à¨á. 67,
λk = −(kπ

l
)2,

Xk(x) = os kπx
l
,

k = 0, 1, 2, . . . .�®�® â ª�¥ à áá¬®âà¥âì ¯à®¨§¢®«ìë¥ ªà ¥¢ë¥ ãá«®¢¨ï ¢¨¤ 
α0X ′

k(0) + β0Xk(0) = 0; α1X ′
k(l) + β1Xk(l) = 0, (3.26)£¤¥ α20 + β20 6= 0 ¨ α21 + β21 6= 0, α0,1 ¨ β0,1| ¢¥é¥áâ¢¥ë¥ ç¨á« .



� ¤ ç . �®ª �¨â¥, çâ® ¯à¨ ªà ¥¢ëå ãá«®¢¨ïå (3.26) ®¯¥à â®à d2
dx2á¨¬¬¥âà¨ç¥.� ¬¥ç ¨¥ 3.2. �®¡áâ¢¥ë¥ äãªæ¨¨ ¨ á®¡áâ¢¥ë¥ ç¨á«  § ¤ ç (3.23)-(3.25) ®¡« ¤ îâ ¢á¥¬¨ á¢®©áâ¢ ¬¨ 1, 2, 3 § ¤ ç¨ (3.1) (¯®«®â , ®àâ®£®- «ì®áâì,  á¨¬¯â®â¨ª  á®¡áâ¢¥ëå ç¨á¥«) (á¬. [3, 9, 11, 12, 14℄).3.�®£®¬¥à ï § ¤ ç    á®¡áâ¢¥ë¥ ç¨á« .� áá¬®âà¨¬ «î¡ãî ®£à ¨ç¥ãî ®¡« áâì 
 ⊂ R á £« ¤ª®© £à ¨æ¥©

∂
 ¨ § ¤ çã  å®�¤¥¨ï á®¡áâ¢¥ëå äãªæ¨© ¤«ï ®¯¥à â®à  � ¯« á ¢ 
 ¯à¨ ªà ¥¢ëå ãá«®¢¨ïå �¨à¨å«¥:
△Xk(x) = λkXk(x), x ∈ 
, (3.27)¯à¨ ªà ¥¢ëå ãá«®¢¨ïå �¨à¨å«¥:

Xk

∣∣∣∣
∂
 = 0 (3.28)�ª §ë¢ ¥âáï, ¥¥ á®¡áâ¢¥ë¥ äãªæ¨¨ ¯à¨ à §ëå λk â ª�¥ ®àâ®£® «ìë¢ L2(
),   á®¡áâ¢¥ë¥ ç¨á«  λk | ®âà¨æ â¥«ìë.� ¤ ç . �®ª �¨â¥, çâ®: 1) ¯à¨ ªà ¥¢ëå ãá«®¢¨ïå (3.28) ®¯¥à â®à � ¯« á á¨¬¬¥âà¨çë© ¨ ®âà¨æ â¥«ìë© ¨ 2) ¯à¨ ªà ¥¢ëå ãá«®¢¨ïå �¥©¬  ¢¬¥áâ® (3.28):

∂Xk

∂n

∣∣
∂
 = 0 (3.29)(£¤¥ n| ®à¬ «ì ª ∂
), ®¯¥à â®à � ¯« á  á¨¬¬¥âà¨ç¥ ¨ ¥¯®«®�¨â¥«¥;

λ = 0 ï¢«ï¥âáï á®¡áâ¢¥ë¬ ç¨á«®¬, X0(x) ≡ 1.
§4. � §«®�¥¨¥ ¯® á®¡áâ¢¥ë¬ äãªæ¨ï¬ § ¤ ç¨ �âãà¬ -�¨ã¢¨««ï.�®¡áâ¢¥ë¥ äãªæ¨¨ sin kπx

l , k = 1, 2, . . . ®¡à §ãîâ ¯®«ãî á¨áâ¥¬ã¢ L2(0, l), ª ª ãª § ® ¢ëè¥. Ǒ®íâ®¬ã ®¨ ®¡à §ãîâ ®àâ®£® «ìë©¡ §¨á ¢ L2(0, l) ¨, á«¥¤®¢ â¥«ì®, «î¡ãî äãªæ¨î ϕ(x) ∈ L2(0, l) ¬®�®à §«®�¨âì ¯® íâ®¬ã ¡ §¨áã:
ϕ(x) = ∞∑1 ϕkXk(x). (4.1)� ©¤¥¬ ä®à¬ã«ã ¤«ï ª®íää¨æ¨¥â®¢ ϕk. �â® ¤¥« ¥âáï ¯à¨ ¯®¬®é¨á®®â®è¥¨© ®àâ®£® «ì®áâ¨ (3.21): ã¬®�¨¬ (4.1)   Xk(x) ¨ ¯à®¨-â¥£à¨àã¥¬ ®â 0 ¤® l. �®£¤  ¯®«ãç¨¬

l∫0 ϕ(x)Xn(x) dx = ∞∑

k=1ϕk

l∫0 Xk(x)Xn(x) dx = ϕn

l∫0 X2
n(x) dx, (4.2)¯®áª®«ìªã ¢á¥ á« £ ¥¬ë¥ ¢ áã¬¬¥ (4.2) á ®¬¥à ¬¨ k 6= n à ¢ë ã«î!Ǒ®ç«¥®¥ ¨â¥£à¨à®¢ ¨¥ àï¤  ¢ (4.2) § ª®®, ¯®áª®«ìªã àï¤ (4.1)



áå®¤¨âáï ¢ ¯à®áâà áâ¢¥ L2(0, l),   áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ í«¥¬¥â®¢ ¨§
L2(0, l) ¥¯à¥àë¢® ¯® ª �¤®¬ã ¨§ á®¬®�¨â¥«¥©.� ª®¥æ, ãçâ¥¬ (3.22). �®£¤  ¨§ (4.2) ¯®«ãç ¥¬ ¨áª®¬ãî ä®à¬ã«ã:

ϕn = l∫0 ϕ(x)Xn(x) dx
l∫0 X2

n(x) dx = 2
l

l∫0 ϕ(x)Xn(x) dx. (4.3)�¯à �¥¨¥. � ©¤¥¬ ãá«®¢¨ï   äãªæ¨î ϕ(x), ¯à¨ ª®â®àëå: 1) àï¤(4.1) áå®¤¨âáï à ¢®¬¥à®   ®âà¥§ª¥ [0, l℄; 2) àï¤ (4.1) ¬®�® ¤¢  à § ¯®ç«¥® ¤¨ää¥à¥æ¨à®¢ âì.�¥è¥¨¥:1) ¤®áâ â®ç® (å®âï ¨ ¥ ¥®¡å®¤¨¬®), çâ®¡ë
∞∑1 |ϕk| <∞. (4.4)�â®¡ë íâ® ãá«®¢¨¥ ¢ë¯®«ï«®áì, ¯®âà¥¡ã¥¬:

ϕ(x) ∈ C1[0, l℄; ϕ(0) = ϕ(l) = 0. (4.5)�ë¢¥¤¥¬ (4.4) ¨§ (4.5). �â¥£à¨àãï ¯® ç áâï¬, ¯®«ãç ¥¬:
ϕk = 2

l

l∫0 ϕ(x) sin kπx
l

dx = 2
l

l∫0 ϕ(x) (− os kπx
l )′

kπ
l

dx =2
kπ

[
−ϕ(x) os kπx

l

∣∣l0+ l∫0 ϕ′(x) os kπx
l

dx
]
. (4.5′)Ǒ®¤áâ ®¢ª  §¤¥áì à ¢  ã«î ¢ á¨«ã ªà ¥¢ëå ãá«®¢¨© ¢ (4.5). Ǒ®íâ®¬ã

ϕk = 2
kπϕ

′
k, £¤¥ ϕ′

k = l∫0 ϕ′(x) os kπx
l dx. �® {os kπx

l } | ®àâ®£® «ì ïá¨áâ¥¬  ¢ L2(0, l), ¨ l∫0 os2 kπx
l dx = l2 , á«¥¤®¢ â¥«ì®, ¯® ¥à ¢¥áâ¢ã�¥áá¥«ï

∞∑1 |ϕ′
k|
2 ≤ 2

l

l∫0 |ϕ′(x)|2 dx <∞. (4.6)Ǒ®íâ®¬ã ¨§ ¥à ¢¥áâ¢  �®è¨-�ãïª®¢áª®£® ¯®«ãç ¥¬:
∞∑1 |ϕk| ≤

( ∞∑1 | 2
kπ

|
2) 12 ( ∞∑1 |ϕ′

k|
2) 12 <∞; (4.6′)



2) ¤«ï ¤¢ãªà â®© ¤¨ää¥à¥æ¨àã¥¬®áâ¨ àï¤  (4.1) ¤®áâ â®ç®, çâ®¡ëàï¤ ¤«ï ϕ′′(x) à ¢®¬¥à® áå®¤¨«áï. �â®, ¢ á¢®î ®ç¥à¥¤ì, ¢ë¯®«ï¥âáï,¥á«¨ ∞∑1 k2|ϕk| <∞. (4.7)Ǒ®âà¥¡ã¥¬ ¤«ï íâ®£® ¢ ¤®¯®«¥¨¥ ª (4.5), çâ®¡ë
ϕ(x) ∈ C3[0, l℄, ¨ ϕ′′(0) = ϕ′′(l) = 0. (4.8)�ë¢¥¤¥¬ (4.7) ¨§ (4.8), (4.5). �«ï íâ®£® § ¬¥â¨¬, çâ® ¢ á¨«ã (4.5), (4.5′)

ϕk = 2l(kπ)2 l∫0 ϕ′′(x) (os kπx
l )′

kπ
l

dx == 2l2(kπ)3 [ϕ′′(x) os kπx
l

∣∣∣∣
l0 − l∫0 ϕ′′′(x) os kπx

l
dx
]
.

(4.9)Ǒ®¤áâ ®¢ª  §¤¥áì à ¢  ã«î ¢ á¨«ã ªà ¥¢ëå ãá«®¢¨© (4.8). Ǒ®íâ®¬ã
ϕk = −2l2(kπ)3ϕ′′′

k , £¤¥ ϕ′′′
k = l∫0 ϕ′′′(x) os kπx

l dx �® ϕ′′′ ∈ L2(0, l), á«¥¤®¢ â¥«ì®(á¬. (4.6)):
∞∑1 |ϕ′′′

k |2 ≤ 2
l

l∫0 |ϕ′′′(x)|2 dx <∞,¨ ®âáî¤    «®£¨ç® (4.6′):
∞∑1 k2|ϕk| ≤

2l2
π3 ∞∑1 1

|k| |ϕ
′′′
k | <∞ (4.9′)� ¤ ç . �«ï äãªæ¨¨ ϕ(x) ∈ C(N)[0, l℄ ®æ¥ª¨

|ϕk| ≤ C/|k|N , k = 1, 2, . . . (4.10)¢ë¯®«ïîâáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
ϕ(0) = ϕ(l) = 0; ϕ′′(0) = ϕ′′(l) = 0, . . . ;ϕ2n(0) = ϕ2n(l) = 0 (4.10′)¯à¨ ¢á¥å 2n ≤ N − 2, n = 0, 1, 2, . . . (¤®ª �¨â¥).�â¬¥â¨¬, çâ® ªà ¥¢ë¬ ãá«®¢¨ï¬ (4.10′) ã¤®¢«¥â¢®àïîâ, ¢ ç áâ®áâ¨, ¢á¥á®¡áâ¢¥ë¥ äãªæ¨¨ sin kπx

l . � ¤àã£®© áâ®à®ë, ¯à¨ ãá«®¢¨¨ (4.10) àï¤(4.1) áå®¤¨âáï   ®âà¥§ª¥ [0, l℄ à ¢®¬¥à® ¢¬¥áâ¥ á ¯à®¨§¢®¤ë¬¨ ¤®



¯®àï¤ª  N−2. Ǒ®íâ®¬ã ¨§ á¯à ¢¥¤«¨¢®áâ¨ ®¤®à®¤ëå ªà ¥¢ëå ãá«®¢¨©(4.10′) ¤«ï á®¡áâ¢¥ëå äãªæ¨© sin kπx
l ¢ëâ¥ª ¥â ¢ë¯®«¥¨¥ â¥å �¥ªà ¥¢ëå ãá«®¢¨© ¨ ¤«ï áã¬¬ë àï¤  (4.1). �â® ¤®ª §ë¢ ¥â ¥®¡å®¤¨¬®áâìãá«®¢¨© (4.10′) ¤«ï (4.10).� ¬¥ç ¨¥ 4.1. � «®£¨ç®, ¤«ï á¯à ¢¥¤«¨¢®áâ¨ ®æ¥ª¨ (4.10) ¤«ïª®íää¨æ¨¥â®¢ �ãàì¥ ϕk à §«®�¥¨ï äãªæ¨¨ ϕ(x) ¯® ¤àã£¨¬ á¨áâ¥¬ ¬á®¡áâ¢¥ëå äãªæ¨© Xk(x), á®®â¢¥âáâ¢ãîé¨å ªà ¥¢ë¬ ãá«®¢¨ï¬ (3.23)|(3.25), ¥®¡å®¤¨¬®, çâ®¡ë ϕ(x) ã¤®¢«¥â¢®àï«  â¥¬ �¥ ®¤®à®¤ë¬ ªà ¥¢ë¬ãá«®¢¨ï¬, çâ® ¨ äãªæ¨¨ xk(x) ¨ ¨å ¯à®¨§¢®¤ë¥ ¤® ¯®àï¤ª  N − 2.�¥âàã¤® ¯à®¢¥à¨âì, çâ® íâ¨ ãá«®¢¨ï â ª�¥ ¨ ¤®áâ â®çë ¤«ï (4.10),¥á«¨ ϕ ∈ C(N)[0, l℄.� ¤ ç . �¤¥« âì ¯®á«¥¤¥¥ ã¯à �¥¨¥ ¤«ï á«ãç ï à §«®�¥¨© ¯®á®¡áâ¢¥ë¬ äãªæ¨ï¬ § ¤ ç¨ �âãà¬ -�¨ã¢¨««ï ¯à¨ ªà ¥¢ëå ãá«®¢¨ïå(3.23)|(3.25).�¯à �¥¨ï. � §«®�¨âì ¯® á¨áâ¥¬¥ sin kπx

l , k = 1, 2, . . . á«¥¤ãîé¨¥äãªæ¨¨:1)ϕ(x) ≡ 1, 0 < x < l. �¥è¥¨¥:
ϕk = 2

l

l∫0 sin kπx
l

dx = 2
l

− os kπx
l

kπ
l

∣∣∣∣
l0 == 2

kπ

[
− os kπ + 1] = 2

kπ

[1− (−1)k]. (4.11)
�¨á. 68

�â¬¥â¨¬, çâ® §¤¥áì ãá«®¢¨¥ (4.4)¥ ¢ë¯®«ï¥âáï. �â® á¢ï§ ® á â¥¬,çâ® ϕ(x) ≡ 1 ¥ ®¡à é ¥âáï ¢ ã«ì  ª®æ å ¨â¥à¢ « ( à¨á.68).2)ϕ(x) ≡ x, 0 < x < l.�¥è¥¨¥:
ϕk = 2

l

l∫0 x sin kπx
l

dx = 2
l

l∫0 x
(− os kπx

l )′
kπ
l

dx = . . . = − 2
kπ
l(−1)k. (4.12)�¨á. 69 �¤¥áì |ϕk| ∼ 1

k ¨§-§  â®£®, çâ®
ϕ(l) 6= 0 (á¬. (4.10)|(4.10′) ¨ à¨á.69).



�¨á. 70
3)ϕ(x) = x(l − x). �¥à® «¨, çâ®§¤¥áì ϕk = O( 1k ), ¨«¨ O( 1

k2 ), ¨«¨
O( 1

k3 ), . . .?� ¤ ç . � §«®�¨â¥ äãªæ¨¨ ϕ(x) = 1, x, x2, x(l − x) ¯® á®¡áâ¢¥ë¬äãªæ¨ï¬ § ¤ ç �âãà¬ -�¨ã¢¨««ï (3.23)|(3.25). � ª �¤®¬ ¨§ íâ¨åá«ãç ¥¢ ã£ ¤ âì  á¨¬¯â®â¨ªã:
ϕk = O( 1

k
), O( 1

k2 ), . . .?�ª § ¨¥. �®á¯®«ì§ã©â¥áì § ¬¥ç ¨¥¬ 4.1.
§5. �¥â®¤ �ãàì¥ à¥è¥¨ï á¬¥è ®© § ¤ ç¨ (2.3)¤«ï ãà ¢¥¨ï â¥¯«®¯à®¢®¤®áâ¨.�â ª, à¥è¨¬ § ¤ çã (2.3). �«ï ¯à®áâ®âë, ¯ãáâì á ç «  f(x, t) ≡ 0 �®£¤ § ¤ ç  ¯à¨¨¬ ¥â ¢¨¤

∂u

∂t
= a2 ∂2u

∂x2 , u(0, t) = u(l, t) = 0, t > 0, (5.1)
u(x, 0) = ϕ(x), 0 < x < l. (5.2)�¡é¨© á«ãç © f(x, t) 6≡ 0 à áá¬ âà¨¢ ¥âáï ¨�¥, ¢ §7.�ã¤¥¬ ¨áª âì à¥è¥¨¥ § ¤ ç¨ (5.1)|(5.2) ¢ ¢¨¤¥ àï¤ 

u(x, t) = ∞∑1 Tk(t)Xk(x); Xk(x) = sin kπx
l
. (5.3)� â ª®¬ ¢¨¤¥ ¬®�® § ¯¨á âì ¢®®¡é¥ «î¡ãî äãªæ¨î u(x, t), ¥á«¨ u(x, t) ∈

L2(0, l) ¯à¨ ª �¤®¬ ä¨ªá¨à®¢ ®¬ t. �¤¥áì áãé¥áâ¢¥® á¢®©áâ¢®¯®«®âë á®¡áâ¢¥ëå äãªæ¨© sin kπx
l ¢ L2(0, l). �ë¡®à ¡ §¨á  {sin kπx

l }®¯à¥¤¥«ï¥âáï £à ¨çë¬¨ ãá«®¢¨ï¬¨, ¢å®¤ïé¨¬¨ ¢ (5.1). � ¨¬¥®,ª �¤®¥ á« £ ¥¬®¥ àï¤  (5.3) ã¤®¢«¥â¢®àï¥â íâ¨¬ ªà ¥¢ë¬ ãá«®¢¨ï¬,¯®áª®«ìªã sin kπx
l ã¤®¢«¥â¢®àïîâ ªà ¥¢ë¬ ãá«®¢¨ï¬ ¨§ (3.2).�â®¡ë  ©â¨ à¥è¥¨¥ u(x, t) ®áâ ¥âáï «¨èì ®¯à¥¤¥«¨âì Tk(t) | â ª  §ë-¢ ¥¬ë¥ "¢à¥¬¥ë¥" äãªæ¨¨ (sin kπx

l | "¯à®áâà áâ¢¥ë¥" äãªæ¨¨);
Tk(t)  å®¤ïâáï ¯®¤áâ ®¢ª®© àï¤  (5.3) ¢ ãà ¢¥¨ï (5.1) ¨ (5.2).� ¬¥ç ¨¥ 5.1. � ¢¥áâ¢  (5.1) ¤«ï äãªæ¨¨ u(x, t) ¨§ (5.3) ä®à¬ «ì®¢ë¯®«ïîâáï, ¯®áª®«ìªã ®¨ ¢ë¯®«ïîâáï ¤«ï ª �¤®£® á« £ ¥¬®£® àï¤ (5.3). �âàãªâãà  (5.3) à¥è¥¨ï ®¡êïáï¥â  §¢ ¨¥ ¬¥â®¤  "à §¤¥«¥¨ï¯¥à¥¬¥ëå" (  â ª�¥ "á®¡áâ¢¥ëå äãªæ¨©").



1. � å®�¤¥¨¥ ¢à¥¬¥ëå äãªæ¨©.�. Ǒ®¤áâ ¢«ï¥¬ àï¤ (5.3) ¢ ãà ¢¥¨¥ (5.1): ¤«ï t > 0
∞∑1 T ′

k(t) sin kπxl = a2 ∞∑1 Tk(t)(−(kπ
l
)2) sin kπx

l
, 0 < x < l. (5.4)�¤¥áì ¬ë ¯¥à¥áâ ¢¨«¨ ®¯¥à â®àë ¤¨ää¥à¥æ¨à®¢ ¨ï ∂

∂t ¨ ∂2
∂x2 á áã¬¬¨-à®¢ ¨¥¬ àï¤ . � ª®®áâì â ª®© ¯¥à¥áâ ®¢ª¨ ¬ë ¥é¥ ¡ã¤¥¬ ®¡áã�¤ âì¨�¥. � íâ®¬ ¨ § ª«îç ¥âáï ®¡®á®¢ ¨¥ ¬¥â®¤  �ãàì¥.�à®¬¥ â®£®, ¢ (5.4) ¨á¯®«ì§®¢ ® à ¢¥áâ¢®

∂2
∂x2 sin kπxl = −(kπ

l
)2 sin kπx

l
(5.5)¤«ï á®¡áâ¢¥ëå äãªæ¨© § ¤ ç¨ �âãà¬ -�¨ã¢¨««ï (3.1)|(3.2). � ¬¥-â¨¬, çâ® ªà ¥¢ë¥ ãá«®¢¨ï § ¤ ç¨ �âãà¬ -�¨ã¢¨««ï ã�¥ ¨á¯®«ì§®¢ ë¢ëè¥ (á¬. § ¬¥ç ¨¥ 5.1).� «¥¥, ¥á«¨ àï¤ë ¢ (5.4) áå®¤ïâáï ¢ L2(0, l), â® ¢ á¨«ã ®àâ®£® «ì®áâ¨¡ §¨á  {sin kπx

l } ¯®«ãç ¥¬ à ¢¥áâ¢® ª®íää¨æ¨¥â®¢ íâ¨å àï¤®¢:
T ′

k(t) = −a2(kπ
l
)2Tk(t) = −(akπ

l
)2Tk(t), t > 0, k = 1, 2, . . . . (5.6)�â® | «¨¥©®¥ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ á ¯®áâ®ïë¬¨ ª®íää¨-æ¨¥â ¬¨, ®¤®à®¤®¥. �®áâ ¢«ï¥¬ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥:

λ = −(akπ
l
)2 (5.7)�âáî¤  ®¡é¥¥ à¥è¥¨¥

Tk(t) = Cke
−(akπ

l )2t (5.8)Ǒ®¤áâ ¢«ïï ¢ (5.3), ¯®«ãç ¥¬
u(x, t) = ∞∑1 Cke

−( akπ
l )2t sin kπx

l
(5.9)�. �¥¨§¢¥áâë¥ ª®áâ âë Ck ¢ (5.9)  å®¤ïâáï ¨§  ç «ìëå ãá«®¢¨©(5.2). � ¨¬¥®, ¯®¤áâ ¢«ïï àï¤ (5.3) ¢ (5.2),  å®¤¨¬:

∞∑1 Tk(0) sin kπx
l

= ϕ(x), 0 < x < l. (5.10)



�«¥¤®¢ â¥«ì®, Tk(0) á®¢¯ ¤ îâ á ª®íää¨æ¨¥â ¬¨ �ãàì¥ äãªæ¨¨ ϕ(x)¯® á¨áâ¥¬¥ sin kπx
l (á¬. (4.3)):

Tk(0) = ϕk ≡ 2
l

l∫0 ϕ(x) sin kπx
l

dx (5.11)Ǒ®¤áâ ¢«ïï áî¤  (5.8),  å®¤¨¬
Ck = ϕk. (5.12)�â ª, ¨§ (5.9) ¯®«ãç ¥¬

u(x, t) = ∞∑1 ϕke
−( akπ

l )2t sin kπx
l
. (5.13)2. Ǒà®¢¥àª  à¥è¥¨ï (5.13).�¥©áâ¢¨â¥«ì® «¨ àï¤ (5.13) | à¥è¥¨¥ § ¤ ç¨ (5.1) - (5.2)?�. Ǒà¨ t > 0 àï¤ (5.13) áå®¤¨âáï ¯à¨ ª �¤®¬ x ∈ [0, l℄. Ǒãáâì,  ¯à¨¬¥à,

ϕ(x) ∈ L2(0, l). (5.14)�®£¤  àï¤ (5.10) áå®¤¨âáï ¢ íâ®¬ �¥ ¯à®áâà áâ¢¥ L2(0, l). � á ¬®¬ ¤¥«¥,¯® ¥à ¢¥áâ¢ã �®è¨-�ãïª®¢áª®£®
|ϕk| ≤

2
l

l∫0 |ϕ(x)| dx ≤ 2
l

( l∫0 dx) 12 ( l∫0 ϕ2(x) dx) 12 ≤ onst. (5.15)�«¥¤®¢ â¥«ì®, àï¤ (5.13) ¯à¨ ä¨ªá¨à®¢ ®¬ t > 0 ¬ �®à¨àã¥âáïç¨á«®¢ë¬ àï¤®¬ onst · ∞∑1 e−(akπ
l )2t = onst · ∞∑1 e−εk2 , (5.16)£¤¥ ε = (aπ

l )2t > 0, ª®â®àë© ¡ëáâà® áå®¤¨âáï. �âáî¤ , ¯® â¥®à¥¬¥�¥©¥àèâà áá , äãªæ¨® «ìë© àï¤ (5.13) áå®¤¨âáï à ¢®¬¥à®   [0, l℄¯à¨ ∀t > 0 ª ¥¯à¥àë¢®© ¯® x äãªæ¨¨.�«¥¤áâ¢¨¥. �ï¤ (5.13) ã¤®¢«¥â¢®àï¥â ªà ¥¢ë¬ ãá«®¢¨ï¬ (2.2).�. �ï¤ (5.13) | ¤¨ää¥à¥æ¨àã¥¬ ï äãªæ¨ï ®â x ∈ [0, l℄ ¯à¨ ∀t > 0.�¥©áâ¢¨â¥«ì®, ¯® â¥®à¥¬¥ ® ¤¨ää¥à¥æ¨à®¢ ¨¨ àï¤ , ¯à¨ ∀t > 0
∂u

∂x
(x, t) = ∞∑1 ϕke

−( akπ
l )2t

(
− os kπx

l

)kπ
l
, (5.17)



¥á«¨ àï¤ ¢ ¯à ¢®© ç áâ¨ áå®¤¨âáï à ¢®¬¥à® ¯® x   [0, l℄. �® ¯®á«¥¤¥¥ãá«®¢¨¥ ¢ë¯®«¥®, ¯®áª®«ìªã àï¤ (5.17) ¬ �®à¨àã¥âáï áå®¤ïé¨¬áïç¨á«®¢ë¬ àï¤®¬ onst · π
l

∞∑1 ke−εk2 <∞. (5.18)�. �ï¤ (5.13) ¨¬¥¥â ¯à®¨§¢®¤ë¥ ¯® x ¨ ¯® t ¢á¥å ¯®àï¤ª®¢ ¯à¨ t > 0�â® ¤®ª §ë¢ ¥âáï   «®£¨ç® �.�«¥¤áâ¢¨¥. �á¥ ¯®ç«¥ë¥ ¤¨ää¥à¥æ¨à®¢ ¨ï àï¤®¢ ¢ (5.4) § ª®ë,¨ ¯®íâ®¬ã àï¤ (5.13) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î â¥¯«®¯à®¢®¤®áâ¨ (1.1).� ª®¥æ, ¯à¨ t = 0 àï¤ (5.13) ã¤®¢«¥â¢®àï¥â  ç «ì®¬ã ãá«®¢¨î (2.1)¢¢¨¤ã (5.10), (5.11) ¢ á«¥¤ãîé¥¬ á¬ëá«¥ (¤®ª �¨â¥!)
||u(t, x)− ϕ(x)||L2(0,l) → 0 ¯à¨ t→ 0 + .� ¬¥ç ¨¥ 5.2. �á«®¢¨¥ (5.14) ¯®§¢®«ï¥â äãªæ¨¨ ϕ(x) ¨¬¥âì à §àë¢ë: ¯à¨¬¥à, ¯ãáâì ϕ(x) ≡ 0 ¯à¨ x < l2 , u(x) ≡ 1 ¯à¨ x < l2 . � ª¨¬ ®¡à §®¬,äãªæ¨ï u(x, 0) = ϕ(x) ¡ã¤¥â à §àë¢®©. � â® �¥ ¢à¥¬ï à¥è¥¨¥ u(x, t)¯à¨ ∀t > 0 ¡ã¤¥â £« ¤ª®© äãªæ¨¥©   [0, l℄! � ª £®¢®àïâ, ãà ¢¥¨¥â¥¯«®¯à®¢®¤®áâ¨ (1.1) \á£« �¨¢ ¥â"  ç «ìë¥ ¤ ë¥.�¯à �¥¨¥. � ©â¨ à¥è¥¨¥ á¬¥è ®© § ¤ ç¨




∂u
∂t = 9∂2u

∂x2 (x, t), 0 < x < 5, t > 0,
u(0, t) = u(5, t) = 0,
u(x, 0) = 1.�¥è¥¨¥. Ǒ® ä®à¬ã«¥ (5.13)
u(x, t) = ∞∑1 ϕke

−( 3kπ5 )2t sin kπx5 , (5.19)£¤¥ ϕk  å®¤ïâáï ¯® ä®à¬ã«¥ (5.11):
ϕk = 25 5∫0 sin kπx5 dx = 2

kπ

[1− (−1)k]. (5.20)�¯à �¥¨¥. � ©â¨ ¯à¥¤¥« à¥è¥¨ï (5.19) ¯à¨ t→ ∞.�¥è¥¨¥. lim
t→+∞

u(x, t) = lim
t→+∞

∞∑1 ϕke
−( 3kπ5 )2t sin kπx5 == ∞∑1 ϕk lim

t→+∞
e−( 3kπ5 )2t sin kπx5 = ∞∑1 0 = 0. (5.21)



� ¤ ç . �¡®áã©â¥ ¯¥àáâ ®¢ªã ¯à¥¤¥«  á áã¬¬¨à®¢ ¨¥¬ àï¤  ¢ (5.21).�¯à �¥¨¥. � ©â¨ à¥è¥¨¥ á¬¥è ®© § ¤ ç¨



ut(x, t) = 4uxx(x, t), 0 < x < 3, t > 0,
u(0, t) = 0, ux(3, t) = 0,
u(x, 0) = x.

(5.22)�¥è¥¨¥. �¤¥áì à¥è¥¨¥  ¤® à §« £ âì ¯® á®¡áâ¢¥ë¬ äãªæ¨ï¬§ ¤ ç¨ �âãà¬ -�¨ã¢¨««ï (3.23) (á¬. à¨á.65):
u(x, t) = ∞∑0 Tk(t) sin (k + 12 )πx3 . (5.23)Ǒ®¤áâ ¢«ïï íâ®â àï¤ ¢ (5.22), ¯®«ãç ¥¬

∞∑0 T ′
k(t) sin (k + 12 )πx3 = 4 ∞∑0 −

( (k + 12 )π3 )2
Tk(t) sin (k + 12 )πx3 . (5.24)�âáî¤  ¯à¨ ∀k = 0, 1, 2, . . .

T ′
k(t) = −

(2(k + 12 )π3 )2
Tk(t) ⇒ Tk(t) = Cke

−
( 2(k+12 )π3 )2

t. (5.25)Ǒ®¤áâ ¢«ïï (5.23) ¢  ç «ì®¥ ãá«®¢¨¥ § ¤ ç¨ (5.22), ¯®«ãç ¥¬
∞∑0 Tk(0) sin (k + 12 )πx3 = x =⇒ Tk(0) = 23 3∫0 x sin (k + 12 )πx3 dx == 23 x − os (k+ 12 )πx3(k+ 12 )π3 ∣∣∣∣∣

30 + 23 3∫0 os (k+ 12 )πx3(k+ 12 )π3 dx = 0 + 23 sin (k+ 12 )πx3( (k+ 12 )π3 )2 ∣∣∣∣∣30 == 23 sin(k + 12 )π( (k+ 12 )π3 )2 = 23 (−1)k 9(k + 12 )2π2 = 6(−1)k(k + 12 )2π2 .Ǒ®áª®«ìªã ¢ (5.25) Ck = Tk(0), â®, ¯®¤áâ ¢«ïï Tk(t) ¢ (5.23),  å®¤¨¬
u(x, t) = ∞∑0 6(−1)k(k + 12 )2π2 e−

4π2(k+12 )2t9 sin (k + 12 )πx3 .� ¤ ç . � ©¤¨â¥ à¥è¥¨¥ á¬¥è ®© § ¤ ç¨



ut(x, t) = 16uxx(x, t), 0 < x < 3, t > 0,
ux(0, t) = ux(3, t) = 0,
u(x, 0) = x.



� ¤ ç . � ©¤¨â¥ ¯à¥¤¥« ¯à¨ t→ ∞ à¥è¥¨ï ¯à¥¤ë¤ãé¥© § ¤ ç¨.�â¢¥â: lim
t→∞

u = ϕ0 ≡ 13 3∫0 xdx = 13 92 = 32 .
§6. �¬¥è  ï § ¤ ç  ¤«ï ãà ¢¥¨ï � « ¬¡¥à .�¥è¨¬ á¬¥è ãî § ¤ çã

utt(x, t) = a2uxx(x, t), 0 < x < l, t > 0, (6.1)
u(0, t) = 0, u(l, t) = 0, (6.2)
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x). (6.3)� ®¯¥à â®à®© ä®à¬¥ ®  § ¯¨áë¢ ¥âáï, ¯®¤®¡® (2.3), ¢ ¢¨¤¥

{
∂2û
∂t2 (t) = a2Aû(t), t > 0,
û(0) = ϕ, ∂û

∂t (0) = ψ.
(6.4)1. �¥è¥¨¥ § ¤ ç¨ (6.1) |(6.3).�ã¤¥¬ ¨áª âì à¥è¥¨¥ ¢ ¢¨¤¥ àï¤  (5.3):

u(x, t) = ∞∑1 Tk(t) sin kπx
l
. (6.5)�. Ǒ®¤áâ ¢«ïï (6.5) ¢ (6.1), ¯®«ãç ¥¬ ä®à¬ «ì®:

∞∑1 T ′′
k (t) sin kπxl = a2 ∞∑1 −(kπ

l
)2Tk(t) sin kπx

l
. (6.6)�âáî¤ , ¥á«¨ íâ¨ àï¤ë áå®¤ïâáï ¢ L2(0, l),  å®¤¨¬ ãà ¢¥¨ï ¤«ï¢à¥¬¥ëå äãªæ¨© (áà ¢¨â¥ (5.6)):

T ′′
k (t) = −(akπ

l
)2Tk(t), ∀k = 1, 2, . . . . (6.7)�£® ®¡é¥¥ à¥è¥¨¥ (áà ¢¨â¥ (5.8)):

Tk(t) = Ak os akπ
l
t+Bk sin akπ

l
t. (6.8)�. �¥¨§¢¥áâë¥ ª®áâ âë Ak ¨ Bk  å®¤ïâáï ¨§  ç «ìëå ãá«®¢¨©(6.3):





u(x, 0) =∑∞1 Tk(0) sin kπx
l = ϕ(x) ⇒ Tk(0) = ϕk, (á¬.(5.11))

ut(x, 0) =∑∞1 T ′
k(0) sin kπx

l = ψ(x) ⇒ T ′
k(0) = ψk ≡ 2

l

l∫0 ψk(x) sin kπx
l dx.



Ǒ®¤áâ ¢«ïï áî¤  (6.8),  å®¤¨¬:
Tk(0) = Ak = ϕk,

T ′
k(0) = Bk

akπ

l
= ψk ⇒ Bk = ψk(akπ

l ) . (6.9)Ǒ®íâ®¬ã ¯® ä®à¬ã«¥ (6.8),
Tk(t) = ϕk os akπ

l
t+ ψk(akπ

l ) sin akπl t.� ª®¥æ, ¯®¤áâ ¢«ïï (6.9) ¢ (6.5), ¯®«ãç ¥¬
u(x, t) = ∞∑1 (ϕk os akπ

l
t+ ψk(akπ

l ) sin akπl t
) sin kπx

l
t. (6.10)Ǒà¨ ¯®«ãç¥¨¨ ä®à¬ã« (6.7) ¬ë ®¯ïâì ¯¥à¥áâ ¢«ï¥¬ ¤¨ää¥à¥æ¨à®¢ ¨ï¯® x ¨ t á áã¬¬¨à®¢ ¨¥¬ àï¤ . � ª®® «¨ íâ®?2. Ǒà®¢¥àª  à¥è¥¨ï (6.10).�. �å®¤¨âáï «¨ àï¤ (6.10)? � ¬ �®à¨àã¥âáï ç¨á«®¢ë¬ àï¤®¬onst · ∞∑1 (|ϕk|+ |ψk|

k

)
. (6.11)�«ï áå®¤¨¬®áâ¨ íâ®£® àï¤  ¤®áâ â®ç®, çâ®¡ë

{
ϕ(x) ∈ C1[0, l℄, ϕ(0) = ϕ(l) = 0;
ψ(x) ∈ C[0, l℄. (6.12)�â® ¤®ª §ë¢ ¥âáï   «®£¨ç® ¢ë¢®¤ã (4.4) ¨§ (4.5).�. � ¬ ã�®, çâ®¡ë àï¤ (6.5) ¬®�® ¡ë«® ¡ë ¤¢  à §  ¤¨ää¥à¥æ¨à®¢ âì¯®ç«¥® ¯® x ¨ t. �«ï íâ®£® ¤®áâ â®ç  áå®¤¨¬®áâì àï¤ 

∞∑1 (k2|ψk|+ k|ϕk|
)
<∞. (6.13)�«ï áå®¤¨¬®áâ¨ íâ®£® àï¤  ¤®áâ â®ç®, çâ®¡ë

{
ϕ(x) ∈ C3[0, l℄, ϕ(0) = ϕ(l) = 0, ϕ′′(0) = ϕ′′(l) = 0;
ψ(x) ∈ C2[0, l℄, ψ(0) = ψ(l) = 0. (6.14)�â® ®¡®á®¢ë¢ ¥âáï   «®£¨ç® ¢ë¢®¤ã (4.7) ¨§ (4.8).



�ë¢®¤. �ï¤ (6.10) ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ (6.1)|(6.3), ¥á«¨ äãªæ¨¨
ϕ ¨ ψ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (6.14).� ¬¥ç ¨¥ 6.1. �®«¥¥ â®çë¥ (¬¥¥¥ ®£à ¨ç¨â¥«ìë¥) ãá«®¢¨ï   ϕ, ψ¤ îâáï ¢ â¥à¬¨ å á®¡®«¥¢áª¨å ¯à®áâà áâ¢ (á¬. [9℄, [10℄ ¨ ¨�¥ §8 íâ®©£« ¢ë).�¯à �¥¨¥. � ©â¨ à¥è¥¨¥ á¬¥è ®© § ¤ ç¨

ut = 9uxx(x, t), 0 < x < 4, t > 0, (6.15)
ux(0, t) = 0, u(4, t) = 0, (6.16)
u(x, 0) = 0, ut(x, 0) = 16− x2. (6.17)�¥è¥¨¥. �ã�® à¥è¥¨¥ à §« £ âì ¯® á®¡áâ¢¥ë¬ äãªæ¨ï¬ § ¤ ç¨�âãà¬ -�¨ã¢¨««ï (3.24) (á¬. à¨á. 66):
u(x, t) = ∞∑0 Tk(t) os (k + 12 )πx4 . (6.18)Ǒ®¤áâ ®¢ª  ¢ (6.15) ¤ ¥â,   «®£¨ç® (6.7):
T ′′

k (t) = −9( (k + 12 )π4 )2
Tk(t). (6.19)� ç «ìë¥ ãá«®¢¨ï (6.17) ¤ îâ

Tk(0) = ϕk = 0,
T ′

k(0) = ψk ≡ 24 4∫0 (16− x2) os (k + 12 )πx4 dx = ( 4(k + 12 )π )3 (−1)k. (6.20)�â¬¥â¨¬, çâ® §¤¥áì ϕk ≡ 0,   ¤«ï ψ(x) ¢ë¯®«ïîâáï ãá«®¢¨ï,   «®£¨çë¥(6.14): ψ(x) ≡ 16−x2 ∈ C2[0, 4℄; ψ′(0) = ψ(4) = 0, â. ¥. ψ(x) ã¤®¢«¥â¢®àï¥ââ¥¬ �¥ ®¤®à®¤ë¬ ªà ¥¢ë¬ ãá«®¢¨ï¬, çâ® ¨ á®¡áâ¢¥ë¥ äãªæ¨¨
Xk(x) = os (k+ 12 )πx4 , ¨ ψk ≤ C/k3, á®£« á® § ¬¥ç ¨î 4.1. Ǒ®íâ®¬ã®æ¥ª  (6.13) ¨¬¥¥â ¬¥áâ®.Ǒ®íâ®¬ã ¨§ (6.19) | (6.20)  å®¤¨¬   «®£¨ç® (6.8) |(6.9), çâ®

Tk(t) = ψk sin 3(k+ 12 )πt43 (k+ 12 )π4 .�â¢¥â:
u(x, t) = ∞∑1 256(−1)k3((k + 12 )π)4 sin 3(k + 12 )πt4 os (k + 12 )πx4 .



§7. � á¯à®áâà ¥¨¥ ¬¥â®¤  �ãàì¥   ¥®¤®à®¤ë¥ ãà ¢¥¨ï.1. �à ¢¥¨¥ â¥¯«®¯à®¢®¤®áâ¨.�. � áá¬®âà¨¬ á¬¥è ãî § ¤ çã ¤«ï ¥®¤®à®¤®£® ãà ¢¥¨ï â¥¯«®-¯à®¢®¤®áâ¨ á ®¤®à®¤ë¬¨ ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ (¥®¤®à®¤ë¥ ªà ¥¢ë¥ãá«®¢¨ï | íâ® á«¥¤ãîé¨© íâ ¯ ¢ à §¢¨â¨¨ ¬¥â®¤  �ãàì¥):




∂u
∂t = a2 ∂2u

∂x2 + f(x, t), 0 < x < l,
u(0, t) = 0, u(l, t) = 0,
u(x, 0) = ϕ(x). (7.1)�¥è¥¨¥ íâ®© § ¤ ç¨ ¨é¥âáï â ª�¥ ¢ ¢¨¤¥ (5.3), (6.5):
u(x, t) = ∞∑1 Tk(t) sin kπx

l
. (7.2)�®¢ë¬ è £®¬ ¡ã¤¥â à §«®�¥¨¥ ¢ â ª®© �¥ àï¤ ¯® á®¡áâ¢¥ë¬ äãªæ¨ï¬§ ¤ ç¨ �âãà¬ -�¨ã¢¨««ï:

f(x, t) = ∞∑1 fk(t) sin kπx
l
; fk(t) = 2

l

l∫0 f(x, t) sin kπx
l
dx. (7.3)� ª®¥ à §«®�¥¨¥ ¢®§¬®�® ¢ á¨«ã ¯®«®âë á¥¬¥©áâ¢  á®¡áâ¢¥ëåäãªæ¨© sin kπx

l ¢ ¯à®áâà áâ¢¥ L2(0, l), ¥á«¨ f(x, t) ∈ L2(0, l) ¯à¨ ª �¤®¬ä¨ªá¨à®¢ ®¬ t > 0.�. �«ï  å®�¤¥¨ï ¢à¥¬¥ëå äãªæ¨© Tk(t) ¯®¤áâ ¢¨¬ à §«®�¥¨ï(7.2), (7.3) ¢ (7.1):
∞∑1 T ′

k(t) sin kπxl = a2 ∞∑1 −(kπ
l
)2Tk(t) sin kπx

l
+ ∞∑1 fk(t) sin kπx

l
. (7.4)�âáî¤ , ¢ á¨«ã ®àâ®£® «ì®áâ¨ á¥¬¥©áâ¢  á®¡áâ¢¥ëå äãªæ¨©, ¯®«ã-ç ¥¬

T ′
k(t) = −(akπ

l
)2Tk(t) + fk(t), t > 0, k = 1, 2, . . . . (7.5)�â ª, ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ ¤«ï ¢à¥¬¥ëå äãªæ¨© ¯®«ãç¥®.�â®¡ë ®¯à¥¤¥«¨âì íâ¨ äãªæ¨¨ ®¤®§ ç®, ã�® ãç¥áâì  ç «ì®¥ãá«®¢¨¥ ¢ (7.1)

∞∑1 Tk(0) sin kπx
l

= ϕ(x) ⇒ Tk(0) = 2
l

l∫0 ϕ(x) sin kπx
l
dx. (7.6)



�â¬¥â¨¬, çâ® ªà ¥¢ë¥ ãá«®¢¨ï ¢ (7.1) ¢ë¯®«ïîâáï  ¢â®¬ â¨ç¥áª¨ ¢á¨«ã à §«®�¥¨ï (7.2) (¯®áª®«ìªã ®¨ ¢ë¯®«ïîâáï ¤«ï á®¡áâ¢¥ëåäãªæ¨© sin kπx
l ), ¥á«¨ Tk(t) = O

( 1
k2 ).�. Ǒà¨¬¥¨¬ íâã áå¥¬ã ¤«ï à¥è¥¨ï § ¤ ç.�¯à �¥¨¥. �¥è¨¬ á¬¥è ãî § ¤ çã

{ut = 16uxx + 2, 0 < x < 7, t > 0,
ux(0, t) = u(7, t) = 0,
u(x, 0) = 0. (7.7)�¥è¥¨¥. �§ ¢¨¤  ªà ¥¢ëå ãá«®¢¨© ¢ëâ¥ª ¥â, çâ® à¥è¥¨¥ ã�®à áª« ¤ë¢ âì ¯® á®¡áâ¢¥ë¬ äãªæ¨ï¬ § ¤ ç¨ �âãà¬ -�¨ã¢¨««ï (3.24)(á¬. à¨á. 66):
u(x, t) = ∞∑0 Tk(t) os (k + 12 )πx7 . (7.8)Ǒ®¤áâ ¢«ïï íâ®â àï¤ ¢ (7.7), ¯®«ãç ¥¬ ãà ¢¥¨¥ ¢¨¤  (7.5)

T ′
k(t) = −

(4(k + 12 )π7 )2
Tk + fk, t > 0, k = 1, 2, . . . . (7.9)£¤¥

fk ≡ 27 7∫0 2 os (k + 12 )πx7 dx = 47 sin (k+ 12 )πx7( (k+ 12 )π7 ) ∣∣∣∣∣70 = 4 (−1)k(k + 12 )π . (7.10)�§  ç «ì®£® ãá«®¢¨ï § ¤ ç¨ ®ç¥¢¨¤® á«¥¤ã¥â, çâ®
Tk(0) = 0. (7.11)�¥è¨¬ § ¤ çã (7.9), (7.11). �¡é¥¥ à¥è¥¨¥ ãà ¢¥¨ï (7.9) ¨¬¥¥â ¢¨¤:

Tk(t) = T 0
k (t) + T ç

k (t), (7.12)£¤¥ T 0
k | ®¡é¥¥ à¥è¥¨¥ ®¤®à®¤®£® ãà ¢¥¨ï:

T 0
k (t) = Cke

−
( 4(k+ 12 )π7 )2

t (7.13)� áâ®¥ à¥è¥¨¥ | ª®áâ â : T ç
k (t) = Ak. Ǒ®¤áâ ¢«ïï ¢ (7.9), ¯®«ãç ¥¬0 = −

(4(k + 12 )π7 )2
Ak + fk =⇒

Ak = 49fk16((k + 12 )π)2 = 49(−1)k4((k + 12 )π)3 . (7.14)



Ǒ®¤áâ ¢«ïï (7.13) ¨ (7.14) ¢ (7.12), ¯®«ãç ¥¬
Tk(t) = Cke

−( 4(k+12 )π7 )2t + 49(−1)k4((k + 12 )π)3 . (7.15)�¥¯¥àì ã�® ãç¥áâì (7.11):0 = Ck + 49(−1)k4((k + 12 )π)3 ⇒ Ck = − 49(−1)k4((k + 12 )π)3 . (7.16)� ª®¥æ, ¯®¤áâ ¢«ïï (7.15) ¢ (7.8), ¯®«ãç ¥¬
u(x, t) = ∞∑0 (−1)k 494((k + 12 )π)3 [−e−( 4(k+12π7 )2t + 1] os (k + 12 )πx7 . (7.17)�¯à �¥¨¥. � ©â¨ ¯à¥¤¥« à¥è¥¨ï § ¤ ç¨ (7.7) ¯à¨ t→ +∞.�¥è¥¨¥. Ǒ¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ t → ∞ ¢ ª �¤®¬ ç«¥¥ àï¤  (7.17),¯®«ãç ¥¬ (®¡®á®¢ âì § ª®®áâì!)

u∞(x) ≡ lim
t→+∞

u(x, t) = ∞∑0 49(−1)k4((k + 12 )π)3 os (k + 12 )πx7 . (7.18)�ëç¨á«¨¬ áã¬¬ã íâ®£® àï¤ . �«ï íâ®£® § ¬¥â¨¬, çâ®
u′∞(x) = −

∞∑0 74 (−1)k
((k + 12 )π)2 sin (k + 12 )πx7 , (7.19)

u′′∞(x) = −
∞∑0 (−1)k4(k + 12 )π os (k + 12 )πx7 = −18 (7.20)£¤¥ ¯®á«¥¤¥¥ à ¢¥áâ¢® ¢ëâ¥ª ¥â ¨§ à §«®�¥¨ï (á¬. (7.10))2 = ∞∑0 4(−1)k(k + 12 )π os (k + 12 )πx7 . (7.21)�â¥£à¨àãï ¤¢  à §  â®�¤¥áâ¢® (7.20), ¯®«ãç ¥¬

u∞(x) = 116(−x2 + C1x+ C2). (7.22)�â®¡ë  ©â¨ C1 ¨ C2, § ¬¥â¨¬, çâ® ¢ á¨«ã (7.18) ¨ (7.19)
u∞(7) = 0, u′∞(0) = 0. (7.23)



Ǒ®¤áâ ¢«ïï áî¤  (7.22),  å®¤¨¬ C1 = 0, C2 = 49 :
u∞(x) = 116(49− x2). (7.24)� ¬¥ç ¨¥ 7.1. �®�® ¡ë«® ¡ë ¯®«ãç¨âì u∞ ¡¥§ ¨á¯®«ì§®¢ ¨ï ¥áâ -æ¨® à®£® à¥è¥¨ï (7.17) ¥¯®áà¥¤áâ¢¥® ¨§ (7.7), § ¬¥ïï ut   0,ª ª à¥è¥¨¥ § ¤ ç¨

{ 0 = 16u′′∞(x) + 2, 0 < x < 7,
u′∞(0) = 0, u∞(7) = 0. (7.25)� ¬¥ç ¨¥ 7.2. �¡é¥¥ á¢®©áâ¢® ãà ¢¥¨ï â¥¯«®¯à®¢®¤®áâ¨ á®áâ®¨â¢ â®¬, çâ® ¥á«¨ ¢¥è¨¥ ãá«®¢¨ï áâ æ¨® àë, â. ¥. ¥®¤®à®¤ë¥ç«¥ë ãà ¢¥¨ï ¨ ªà ¥¢ë¥ ãá«®¢¨ï ¥ § ¢¨áïâ ®â t ï¢®, â® u(x, t)áâ ¡¨«¨§¨àã¥âáï ¯à¨ t→ +∞ :
u(x, t) → u∞(x), t→ +∞. (7.25′)Ǒà¨ íâ®¬ ¯à¥¤¥«ì ï äãªæ¨ï u∞(x) ï¢«ï¥âáï à¥è¥¨¥¬ á®®â¢¥âáâ¢ãîé¥©áâ æ¨® à®© § ¤ ç¨.�¯à �¥¨¥. � ©¤¥¬ ¯à¥¤¥« ¯à¨ t→ +∞ à¥è¥¨ï á¬¥è ®© § ¤ ç¨




ut = 25uxx(x, t) + 3x2, 0 < x < 6,
u(0, t) = 0, u′(6, t) = 1,
u(x, 0) = sinx. (7.26)�¥è¥¨¥. � ª áª § ® ¢ëè¥, ¯®«ãç ¥¬ ¨§ (7.26), (7.25′) ªà ¥¢ãî § ¤ çã¤«ï u∞(x) = limt→∞ u(x, t)
{ 0 = 25u′′∞(x) + 3x2, 0 < x < 6,
u∞(0) = 0; u′∞(6) = 1.�â¥£à¨àãï ãà ¢¥¨¥, ¯®«ãç ¥¬ u∞(x) = − x4100 + C1x+ C2. �§ ªà ¥¢ëåãá«®¢¨© ¨¬¥¥¬ C2 = 0, − 6325 + C1 = 1.�â¢¥â: u∞(x) = − x4100 + 24125 x.2. �®«®¢®¥ ãà ¢¥¨¥.� áá¬®âà¨¬ § ¤ çã ¤«ï ¥®¤®à®¤®£® ¢®«®¢®£® ãà ¢¥¨ï.�¯à �¥¨¥. �¥è¨¬ á¬¥è ãî § ¤ çã (ω > 0).




utt(x, t) = 25uxx + sin(ωt)x(3− x), 0 < x < 3, t > 0,
u(0, t) = u(3, t) = 0,
u(x, 0) = 0, ut(x, 0) = 0. (7.27)



�¥è¥¨¥.�. �®®â¢¥âáâ¢¥® ¢¢¨¤ã ªà ¥¢ëå ãá«®¢¨© ¢ (7.27), ¨é¥¬ à¥è¥¨¥ u ¢¢¨¤¥ àï¤  ¯® á®¡áâ¢¥ë¬ äãªæ¨ï¬ § ¤ ç¨ �âãà¬ -�¨ã¢¨««ï (3.1):
u(x, t) = ∞∑1 Tk(t) sin kπx3 . (7.28)�«ï íâ®£® äãªæ¨î sin(ωt)x(3− x) ¢ ãà ¢¥¨¨ (7.27) â ª�¥ à §«®�¨¬¢ àï¤ ¯® á¨áâ¥¬¥ sin kπx3 :sin(ωt)x(3− x) = sin(ωt) ∞∑1 gk sin kπx3 , (7.29)£¤¥ gk = 23 3∫0 x(3− x) sin kπx3 dx = 36(kπ)3 (1− (−1)k).�. � å®�¤¥¨¥ ¢à¥¬¥ëå äãªæ¨© Tk(t). Ǒ®¤áâ ¢«ïï à §«®�¥¨ï (7.28)¨ (7.29) ¢ ãà ¢¥¨¥ (7.27) ¨ ¯®«ì§ãïáì ®àâ®£® «ì®áâìî á¥¬¥©áâ¢  sin kπx3 ,¯®«ãç ¥¬,   «®£¨ç® (6.7)

T ′′
k (t) = −

(5kπ3 )2
Tk(t) + gk sin(ωt). (7.30)Ǒ®¤áâ ¢«ïï àï¤ (7.28) ¢  ç «ìë¥ ãá«®¢¨ï (7.27), ¯®«ãç ¥¬, ®ç¥¢¨¤®,

Tk(0) = 0, T ′
k(0) = 0. (7.31)� ¤ ç  �®è¨ (7.30) |(7.31) ®¤®§ ç® ®¯à¥¤¥«ï¥â ¢à¥¬¥ë¥ äãªæ¨¨

Tk(t).� ª ¨§¢¥áâ®, ®¡é¥¥ à¥è¥¨¥ ãà ¢¥¨ï (7.30) ¨¬¥¥â ¢¨¤
Tk(t) = T 0

k (t) + T ç
k (t), (7.32)£¤¥ T 0

k (t) | ®¡é¥¥ à¥è¥¨¥ á®®â¢¥âáâ¢ãîé¥£® ®¤®à®¤®£® ãà ¢¥¨ï:
T 0

k (t) = Ak os(5kπ3 t
)+Bk sin(5kπ3 t

)
, (7.33)  T ç

k (t) | ç áâ®¥ à¥è¥¨¥ ¥®¤®à®¤®£® ãà ¢¥¨ï (7.30).Ǒà¨  å®�¤¥¨¨ ç áâ®£® à¥è¥¨ï ã�® à §«¨ç âì ¤¢  á«ãç ï: ¥à¥-§® áâë© ¨ à¥§® áë©.1.�¥à¥§® áë©: ¤«ï ¢á¥å k ∈ N ,
ω 6= 5kπ3 . (7.34)



�®£¤  T ç
k (t) ã�® ¨áª âì ¢ ¢¨¤¥

T ç
k (t) = A sin(ωt). (7.35)Ǒ®¤áâ ®¢ª  ¢ (7.30) ¤ ¥â

−ω2A sin(ωt) = −
(5kπ3 )2

A sin(ωt) + gk sin(ωt),®âªã¤  ¢¢¨¤ã(7.34)
A = gk( 5kπ3 )2 − ω2 .�®£¤  (7.32) ¯à¨¨¬ ¥â ¢¨¤

Tk(t) = Ak os(5kπ3 t
)+Bk sin(5kπ3 t

)+ gk sin(ωt)( 5kπ3 )2 − ω2 . (7.36)� ª®¥æ,  ç «ìë¥ ãá«®¢¨ï (7.31) ¤ îâ
Ak = 0, Bk

5kπ3 + gkω( 5kπ3 )2 − ω2 = 0 ⇒ Bk = − gkω5kπ3 (( 5kπ3 )2 − ω2) . (7.37)�â ª, ¢ á«ãç ¥, ¥á«¨ ãá«®¢¨¥ (7.34) ¢ë¯®«ï¥âáï ¤«ï ¢á¥å k = 1, 2, . . . ,¨¬¥¥¬
u(x, t) = ∞∑1 gk( 5kπ3 2)− ω2 (− ω( 5kπ3 ) sin(5kπ3 t

)+ sin(ωt)) sin kπx3 . (7.38)2. �¥§® áë©: ¯à¨ ¥ª®â®à®¬  âãà «ì®¬ m ∈ IN,
ω = 5mπ3 . (7.39)� íâ®¬ á«ãç ¥

T ç
m(t) = t(A osωt+B sinωt). (7.40)Ǒ®¤áâ ®¢ª  ¢ (7.30) ¤ ¥â (¯à¨ k = m)2(−Aω sin(ωt) +Bω os(ωt))+ t

(
−Aω2 os(ωt)−Bω2 sin(ωt)) == −

(5mπ3 )2
t
(
A os(ωt) +B sin(ωt))+ gm sin(ωt). (7.41)�¤¥áì ¢ «¥¢®© ç áâ¨ ¯à¨¬¥ï¥âáï ä®à¬ã«  �¥©¡¨æ  ¤«ï ¢ëç¨á«¥¨ï

d2
dt2(t(A os(ωt) +B sin(ωt))).



�ç¨âë¢ ï (7.39), ¯®á«¥ ¯à¨¢¥¤¥¨ï ¯®¤®¡ëå ç«¥®¢ ¢ (7.41) ¯®«ãç ¥¬2(−Aω sin(ωt) +Bω os(ωt))+ gm sin(ωt). (7.42)Ǒà¨à ¢¨¢ ¥¬ ª®íää¨æ¨¥âë ¯à¨ os(ωt) ¨ sin(ωt) á«¥¢  ¨ á¯à ¢ :2Bω = 0, −2Aω = gm.Ǒ®áª®«ìªã ω > 0, â®
B = 0, A = −gm2ω . (7.43)� ª¨¬ ®¡à §®¬,
T ç

m(t) = −tgm2ω os(ωt). (7.44)Ǒ®íâ®¬ã
Tm(t) = Am os(5kπ3 t

)+Bm sin(5kπ3 t
)
− t

gm2ω os(ωt). (7.45)Ǒ®¤áâ ¢«ïï ¢  ç «ìë¥ ãá«®¢¨ï (7.31), ¯®«ãç ¥¬
Am = 0; Bm

5mπ3 − gm2ω = 0 =⇒ Bm = 3gm10mπω .�âáî¤ 
T ç

m(t) = 3gm10mπω sin(5kπ3 t
)
− t

gm3 os(ωt).�â ª, ¥á«¨ ¤«ï ¥ª®â®à®£®m ∈ IN ¢ë¯®«ï¥âáï ãá«®¢¨¥ (7.39), â® ¯®«ãç ¥¬(áà ¢¨â¥ (7.38)):
u(x, t) = ∞∑

k=1
k 6=m

gk( 5kπ3 )2 − ω2 (− ω( 5kπ3 ) sin(5kπ3 t
)+ sin(ωt)) sin kπx3 ++ ( 3gm10mπω sin(5mπ3 t

)
− t

gm2ω os(ωt)) sin mπx3 .

(7.46)� ¬¥ç ¨¥ 7.3. � ¥à¥§® á®¬ á«ãç ¥ ¢á¥ á« £ ¥¬ë¥ àï¤  (7.38) |®£à ¨ç¥ë¥ äãªæ¨¨ ®â x, t,   ¢ à¥§® á®¬ á«ãç ¥ (7.39) ®¤® ¨§á« £ ¥¬ëå ¢ (7.46) ¥®£à ¨ç¥® ¯à¨ t→ +∞ . Ǒ®íâ®¬ã ¯à¨ ¡®«ìè¨å tà¥è¥¨¥ ¡ã¤¥â ®¯¨áë¢ âìáï ¢ ®á®¢®¬ ¯®á«¥¤¨¬ á« £ ¥¬ë¬ ¢ (7.46).Ǒà¨ ®ç¥ì ¡®«ìè¨å t à¥è¥¨¥ áâ ¥â ¢¥áì¬  ¡®«ìè¨¬. �á«¨ íâ®áâàã , â® ®  ¯®à¢¥âáï. �¡ëç®   ¯à ªâ¨ª¥, ª®£¤  à¥è¥¨¥ áâ ®¢¨âáï¡®«ìè¨¬, á¨áâ¥¬  ¯¥à¥áâ ¥â ®¯¨áë¢ âìáï «¨¥©ë¬ ¢®«®¢ë¬ ãà ¢¥¨¥¬¨ ä®à¬ã«  (7.46) ¯¥à¥áâ ¥â ¡ëâì á¯à ¢¥¤«¨¢®©.� ¤ ç . � ©¤¨â¥ à¥è¥¨¥ á¬¥è ®© § ¤ ç¨



utt(x, t) = 16uxx + sin 7πx10 , 0 < x < 5, t > 0,
u(0, t) = 0, ux(5, t) = 0,
u(0, x) = 0, ut(0, x) = 0.



§8. � á¯à®áâà ¥¨¥ ¬¥â®¤  �ãàì¥   ¥®¤®à®¤ë¥ªà ¥¢ë¥ ãá«®¢¨ï.�® á¨å ¯®à ¬ë à¥è «¨ ¬¥â®¤®¬ �ãàì¥ § ¤ ç¨ «¨èì á ®¤®à®¤ë¬¨ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨. �ª §ë¢ ¥âáï, § ¤ ç  á ¥®¤®à®¤ë¬¨ ªà ¥¢ë¬¨ãá«®¢¨ï¬¨ «¥£ª® á¢®¤¨âáï ª   «®£¨ç®© § ¤ ç¥ á ®¤®à®¤ë¬¨ ªà ¥¢ë¬¨ãá«®¢¨ï¬¨.1. �à ¢¥¨¥ â¥¯«®¯à®¢®¤®áâ¨.�¯à �¥¨¥. � ©¤¨â¥ à¥è¥¨¥ á¬¥è ®© § ¤ ç¨
{ut = 9uxx, 0 < x < 4, t > 0,
u(0, t) = f(t), u(4, t) = g(t),
u(x, 0) = 0. (8.1)�¥è¥¨¥.� ©¤¥¬ ¢á¯®¬®£ â¥«ìãî äãªæ¨î v(x, t), ª®â®à ï ã¤®¢«¥â¢®àï¥â ã�ë¬ªà ¥¢ë¬ ãá«®¢¨ï¬:

v(0, t) = f(t), v(4, t) = g(t), t > 0. (8.2)� ªãî äãªæ¨î «¥£ª®  ©â¨,  ¯à¨¬¥à, «¨¥©®© ¨â¥à¯®«ïæ¨¥©:
v(x, t) = x4 g(t) + 4− x4 f(t). (8.3)�¡®§ ç¨¬ w = u − w �®£¤  w ã¤®¢«¥â¢®àï¥â ®¤®à®¤ë¬ ªà ¥¢ë¬ãá«®¢¨ï¬

w(0, t) = 0, w(4, t) = 0, t > 0. (8.4)�®¯à®á. � ª®¬ã ãà ¢¥¨î ¨  ç «ì®¬ã ãá«®¢¨î ã¤®¢«¥â¢®àï¥â äãªæ¨ï
w?�â¢¥â. Ǒ®¤áâ ¢«ï¥¬ u = w + v ¢ (8.1), â®£¤ 

{
wt + vt = 9(wxx + vxx),
w(x, 0) + v(x, 0) = 0. (8.5)�âáî¤  {
wt = 9wxx + 9(vxx − vt),
w(x, 0) = −v(x, 0). (8.6)�â ª, w ã¤®¢«¥â¢®àï¥â ¥®¤®à®¤®¬ã ãà ¢¥¨î â¥¯«®¯à®¢®¤®áâ¨, ¢®â«¨ç¨¥ ®â u! �® § â® ªà ¥¢ë¥ ãá«®¢¨ï (8.4) ®¤®à®¤ë¥, ¯®íâ®¬ã w¬®�®  ©â¨ ¯® ¬¥â®¤ã §7; â®£¤  u = w+v - à¥è¥¨¥ § ¤ ç¨ (8.1). �â ª,¬ë \¯¥à¥£ «¨" ¥®¤®à®¤®áâì ¨§ ªà ¥¢ëå ãá«®¢¨© ¢ ¤¨ää¥à¥æ¨ «ì®¥ãà ¢¥¨¥ (8.1) ¨ ¢  ç «ì®¥ ãá«®¢¨¥.



2. �®«®¢®¥ ãà ¢¥¨¥.�¯à �¥¨¥. �¥è¨¬ á¬¥è ãî § ¤ çã
{utt = 16uxx, 0 < x < 5, t > 0,
u(0, t) = 0, ux(5, t) = sin(ωt),
u(x, 0) = 0 ut(x, 0) = 0. (8.7)�¥è¥¨¥.�. �á¯®¬®£ â¥«ì ï äãªæ¨ï

v(x, t) = x sin(ωt) (8.8)ã¤®¢«¥â¢®àï¥â ã�ë¬ ªà ¥¢ë¬ ãá«®¢¨ï¬. �«ï w ≡ u− v ¨¬¥¥¬



utt = 16uxx + ω2x sin(ωt), 0 < x < 5, t > 0,
w(0, t) = 0, wx(5, t) = 0,
w(x, 0) = −v(x, 0) = 0 wt(x, 0) = −vt(x, 0) = −xω.

(8.9)�. Ǒ® ¬¥â®¤ã §7 ¨é¥¬ w ¢ ¢¨¤¥
w(x, t) = ∞∑0 Tk(t) sin (k + 12 )πx5 . (8.10)�«ï íâ®£® à áª« ¤ë¢ ¥¬ ¯à ¢ãî ç áâì ãà ¢¥¨ï (8.9):

ω2x sin(ωt) = ω2 sin(ωt) · ∞∑0 xk sin (k + 12 )πx5 ,£¤¥
xk = 25 5∫0 x sin (k + 12 )πx5 dx = −25 5(k + 12 )π ∫0 5xd os (k + 12 )πx5 == − 5(k + 12 )π [x os (k + 12 )πx5 ∣∣50− 5∫0 os (k + 12 )πx5 dx

] == 2 · 5((k + 12 )π)2 sin (k + 12 )πx5 ∣∣50= 10((k + 12 )π)2 · (−1)k. (8.11)
�. Ǒ®¤áâ ¢«ïï (8.10) { (8.11) ¢ ãà ¢¥¨¥ (8.9),  å®¤¨¬ ãà ¢¥¨ï ¤«ï¢à¥¬¥ëå äãªæ¨© Tk(t):

T ′′
k (t) = −16((k + 12 )π5 )2Tk(t) + ω2 sin(ωt) · xk, k = 0, 1, 2, . . . . (8.12)



�§  ç «ìëå ãá«®¢¨© (8.9)  å®¤¨¬ Tk(0) = 0 ¨, ãç¨âë¢ ï (8.11),¯®«ãç ¥¬:
T ′

k(0) = −ω 25 5∫0 x sin (k + 12 )πx5 dx = −ω 10 · (−1)k((k + 12 )π)2 . (8.13)� ¤ ç  (8.12) { (8.13) à¥è ¥âáï â ª �¥, ª ª ¢ §7. �¤¥áì â®�¥ ¢®§¬®�ë¤¢  á«ãç ï | à¥§® áë© ¨ ¥à¥§® áë©.�®¢¥¤¨â¥ à¥è¥¨¥ § ¤ ç¨ (8.1) ¤® ª®æ  ¨ § ¯¨è¨â¥ ®â¢¥â.� ¬¥ç ¨¥ 8.1. �«ï § ¤ ç¨ (8.9) ãá«®¢¨¥   «®£¨ç®¥ (6.14) ¥ ¢ë¯®«ï¥â-áï. �¥¬ ¥ ¬¥¥¥, ¯®áâà®¥ ï äãªæ¨ï w(x, t) ã¤®¢«¥â¢®àï¥â  ç «ìë¬¨ ªà ¥¢ë¬ ãá«®¢¨ï¬ ¢ ®¡ëç®¬ á¬ëá«¥. �¨èì ¯¥à¢®¥ ãà ¢¥¨¥ (8.9)¢ë¯®«ï¥âáï ¢ á¬ëá«¥ â¥®à¨¨ ®¡®¡é¥ëå äãªæ¨© (á¬. ¨�¥ §8 íâ®©£« ¢ë).� ¤ ç . � ©¤¨â¥ ãá«®¢¨¥ à¥§® á  ¢ § ¤ ç¥ (8.7).�â¢¥â. Ǒà¨ ¥ª®â®à®¬ m = 0, 1, 2, . . .
ω = 4(m+ 12 )πx5

§9. �¥â®¤ �ãàì¥ ¤«ï ãà ¢¥¨ï � ¯« á .1. �à ¥¢ë¥ § ¤ ç¨ ¢ ¯àï¬®ã£®«ì¨ª¥.�. � áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã ¢ ¯àï¬®ã£®«ì¨ª¥ 
 = [0, a℄× [0, b℄:




△u(x, y) ≡ ∂2u
∂x2 + ∂2u

∂y2 = 0 0 < x < a, 0 < y < b;
u(0, y) = 0, u(a, y) = 0;
u(x, 0) = f(x), u(x, b) = g(x). (9.1)
�¨á. 71

�â® ªà ¥¢ ï § ¤ ç  �¨à¨å«¥, ª®-£¤  äãªæ¨ï u § ¤     £à ¨æ¥®¡« áâ¨.�¥è¥¨¥. � ¤ ç  (9.1) à¥è ¥âáï ¬¥-â®¤®¬ §7, ¯à¨ç¥¬ à®«ì ¯¥à¥¬¥®©
t á¥©ç á ¨£à ¥â ¯¥à¥¬¥ ï y, ª ª¢¨¤® ¨§ áà ¢¥¨ï § ¤ ç (9.1) ¨(7.1). �é¥¬ à¥è¥¨¥ ¢ ¢¨¤¥:

u(x, y) = ∞∑1 Yk(y) sin kπx
a
. (9.2)



�®£¤  ªà ¥¢ë¥ ãá«®¢¨ï ¯à¨ x = 0 ¨ x = a ¢ (9.1) ¢ë¯®«ïîâáï  ¢â®¬ -â¨ç¥áª¨. Ǒ®¤áâ ¢«ï¥¬ (9.2) ¢ ãà ¢¥¨¥ (9.1). �â® ¤ ¥â ãà ¢¥¨ï ¤«ï
Yk(y):

−(kπ
a
)2Yk(y) + Y ′′

k (y) = 0, 0 < y < b. (9.3)Ǒ®¤áâ ®¢ª  ¢ ªà ¥¢ë¥ ãá«®¢¨ï (9.1) ¯à¨ y = 0 ¨ y = b ¤ ¥â




Yk(0) = fk ≡ 2
a

a∫0 f(x) sin kπx
a dx,

Yk(b) = gk ≡ 2
a

a∫0 g(x) sin kπx
a dx.

(9.4)�¡é¥¥ à¥è¥¨¥ ãà ¢¥¨ï (9.3) ¨¬¥¥â ¢¨¤:
Yk(y) = Ake

kπ
a y +Bke

− kπ
a y. (9.5)�®áâ âë Ak ¨ Bk  å®¤ïâáï ¨§ ªà ¥¢ëå ãá«®¢¨© (9.4):

Ak +Bk = fk, Ake
kπ
a b +Bke

−kπ
a b = gk. (9.6)�¥è ï íâã á¨áâ¥¬ã,  å®¤¨¬




Ak = 1

e
kπ
a

b−e− kπ
a

b
(gk − fke

−kπ
a b),

Bk = 1
e

kπ
a

b−e− kπ
a

b
(fke

kπ
a b − gk). (9.7)�â ª, à¥è¥¨¥ § ¤ ç¨ (9.1) ¤ ¥âáï ä®à¬ã« ¬¨ (9.2), (9.5), (9.7).Ǒà®¢¥àª  à¥è¥¨ï (9.2). �ã�® ®¡®á®¢ âì ¢®§¬®�®áâì ¯®ç«¥®£®¤¨ää¥à¥æ¨à®¢ ¨ï àï¤  (9.2). �á«¨ f(x) ¨ g(x) | áã¬¬¨àã¥¬ë¥äãªæ¨¨, â® f(x) ¨ g(x) ®£à ¨ç¥ë:

|fk| ≤
2
a

a∫0 |f(x)| dx, |gk| ≤
2
a

a∫0 |g(x)| dx.�® â®£¤  ¨§ (9.7) ¢¨¤®, çâ®
|Ak| ≤

c

e
kπ
a b
, |Bk| ≤ onst.Ǒ®íâ®¬ã ¨§ (9.5) ¢ëâ¥ª ¥â

|Yk(y)| ≤ ce−
kπ
a (b−y) + ce−

kπ
a y.



�«¥¤®¢ â¥«ì®, ¯à¨ 0 < ε < y < b− ε

|Yk(y)| ≤ ce−
kπ
a ε,¨ àï¤ (9.2) ¯à¨ íâ¨å y ¬ �®à¨àã¥âáï áå®¤ïé¨¬áï àï¤®¬

∞∑1 ce−
kπ
a ε.�¥£ª® ¢¨¤¥âì, çâ® ¯à®¨§¢®¤ë¥ ¢â®à®£® ¯®àï¤ª  ¯® x ¨ y ®â àï¤  (9.2)¬ �®à¨àãîâáï àï¤®¬

∞∑1 ck2e− kπ
a ε,ª®â®àë© â ª�¥ áå®¤¨âáï. � «®£¨ç® ¨ ¤«ï ¯à®¨§¢®¤ëå «î¡®£® ¯®àï¤ª ¯® x ¨ y.�ë¢®¤. �¥è¥¨¥ § ¤ ç¨ �¨à¨å«¥ (9.1) | ¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬ ïäãªæ¨ï ¢ãâà¨ ¯àï¬®ã£®«ì¨ª  
. Ǒà¥¤¯®«®�¨¬, çâ®, ª ª ¨ ¢(4.5), f(x), g(x) ∈ C20 [0, a℄. �®£¤    «®£¨ç® (4.4) fk, gk = O( 1

k2 ) ¨,á«¥¤®¢ â¥«ì®, |Yk(y)| ≤ c
k2 , y ∈ [0, b℄. Ǒ®íâ®¬ã àï¤ (9.2) áå®¤¨âáïà ¢®¬¥à® ¢¯àï¬®ã£®«ì¨ª¥ 
 = [0, a℄× [0, b℄ ¨ ¥£® áã¬¬  | ¥¯à¥àë¢ ïäãªæ¨ï ¢ íâ®¬ ¯àï¬®ã£®«ì¨ª¥, ã¤®¢«¥â¢®àïîé ï ªà ¥¢ë¬ ãá«®¢¨ï¬¢ (9.1).�. �®«¥¥ ®¡é ï ªà ¥¢ ï § ¤ ç  �¨à¨å«¥ ¢ ¯àï¬®ã£®«ì¨ª¥





△u(x, y) = 0, 0 < x < a, 0 < y < b;
u(0, y) = ϕ(y), u(a, y) = ψ(y);
u(x, 0) = f(x), u(x, b) = g(x). (9.8)à¥è ¥âáï à §«®�¥¨¥¬ u   ¤¢  á« £ ¥¬ëå:

u = u1 + u2. (9.9)�¤¥áì u1 | à¥è¥¨¥ § ¤ ç¨ (9.1),   u2 | § ¤ ç¨




△u2 = 0, 0 < x < a, 0 < y < b;
u2(0, y) = ϕ(y), u2(a, y) = ψ(y);
u2(x, 0) = 0, u2(x, b) = 0. (9.10)�â  § ¤ ç  ¥ ®â«¨ç ¥âáï ¯® ¢¨¤ã ®â (9.1), ¥á«¨ x ¨ y ¯®¬¥ïâì ¬¥áâ ¬¨.Ǒ®íâ®¬ã u2 ã�® ¨áª âì ¢ ¢¨¤¥ (áà ¢¨â¥ á (9.2)):
u2(x, y) = ∞∑1 Xk(x) sin kπy

b
. (9.11)



�á«¨ f, g ∈ C20 [0, a℄,   ϕ, ψ ∈ C20 [0, b℄, â® ¯® áª § ®¬ã ¢ëè¥, u1 ¨
u2,   á«¥¤®¢ â¥«ì®, ¨ u| ¥¯à¥àë¢ë¥ äãªæ¨¨ ¢ 
, ã¤®¢«¥â¢®àïîé¨¥á®®â¢¥âáâ¢ãîé¨¬ ªà ¥¢ë¬ ãá«®¢¨ï¬.� ®¡é¥¬ �¥ á«ãç ¥ ¤«ï ¥¯à¥àë¢®áâ¨ u(x, y) ¢ 
 ®ç¥¢¨¤® ¥®¡å®¤¨¬ëá«¥¤ãîé¨¥ ãá«®¢¨ï á®£« á®¢ ¨ï:

f(0) = ϕ(0), ϕ(b) = g(0), g(a) = ψ(b), ψ(0) = f(a). (9.11′)� ¤ ç . �®ª �¨â¥, çâ® § ¤ ç  (9.8) ¨¬¥¥â à¥è¥¨¥, ¥¯à¥àë¢®¥ ¢
, ¥á«¨ f, g ∈ C2[0, a℄,   ϕ, ψ ∈ C2[0, b℄, ¨ ¢ë¯®«ïîâáï ãá«®¢¨ïá®£« á®¢ ¨ï (9.11′).�ª § ¨¥. Ǒ®¤¡¥à¨â¥ à¥è¥¨¥ ãà ¢¥¨ï △v = 0 ¢ 
, á®¢¯ ¤ îé¥¥ áªà ¥¢ë¬¨ äãªæ¨ï¬¨ f, g, ϕ ¨ ψ ¢ ã£«®¢ëå â®çª å ®¡« áâ¨ 
. �®£¤ à §®áâì u− v ¬®�®  ©â¨ ¬¥â®¤®¬ (9.9), ª ª ãª § ® ¢ëè¥.�. � áá¬®âà¨¬ ¥®¤®à®¤®¥ ãà ¢¥¨¥ � ¯« á  (ãà ¢¥¨¥ Ǒã áá® ).�¯à �¥¨¥. �¥è¨¬ ªà ¥¢ãî § ¤ çã




△u(x, y) = x2y, 0 < x < a, 0 < y < b;
u(0, y) = 0, u(a, y) = 0;
u(x, 0) = 0, ∂u

∂y (x, b) = 0. (9.12)�â¬¥â¨¬, çâ® §¤¥áì ¯à¨ x = 0, x = a ¨ y = 0 § ¤ ® ªà ¥¢®¥ ãá«®¢¨¥�¨à¨å«¥,   ¯à¨ y = b | ãá«®¢¨¥ �¥©¬   (â. ¥. ®à¬ «ì ï ¯à®¨§¢®¤ ï®â à¥è¥¨ï).�¥è¥¨¥. �¤®à®¤ë¥ ªà ¥¢ë¥ ãá«®¢¨ï ¯à¨ x = 0, ¨ x = a ¯®§¢®«ïîâ¨áª âì à¥è¥¨¥ ¢ ¢¨¤¥ àï¤  ¯® á®¡áâ¢¥ë¬ äãªæ¨ï¬ á®®â¢¥âáâ¢ãîé¥©§ ¤ ç¨ �âãà¬ |�¨ã¢¨««ï:
u(x, y) = ∞∑1 Yk(x) sin kπy

a
. (9.13)Ǒà ¢ãî ç áâì â ª�¥ à §«®�¨¬ ¯® íâ¨¬ äãªæ¨ï¬:

x2y = y ·
∞∑1 gk sin kπy

a
, gk = 2

a

a∫0 x2 sin kπy
a

dx. (9.14)Ǒ®¤áâ ¢«ïï íâ¨ à §«®�¥¨ï ¢ ãà ¢¥¨ï (9.12), ¯®«ãç ¥¬ ¤«ï ∀k = 1, 2, . . .
−(kπ

a
)2Yk(y) + Y ′′

k (y) = ygk, 0 < y < b; Yk(0) = Y ′
k(b) = 0. (9.15)�âáî¤ 

Yk(y) = Ake
kπx

a +Bke
− kπx

a + ygk

−(kπ
a )2 . (9.16)



�®áâ âë Ak ¨ Bk  å®¤ïâáï ¯à¨ ¯®¤áâ ®¢ª¥ íâ®£® à¥è¥¨ï ¢ ªà ¥¢ë¥ãá«®¢¨ï ¢ (9.15):
{
Ak +Bk = 0,
Ak

kπ
a e

kπ
a b +Bk(−kπ

a )e− kπ
a b + gk

−(kπ
a )2 = 0. (9.17)�¥è ï íâã  «£¥¡à ¨ç¥áªãî á¨áâ¥¬ã,  å®¤¨¬ Ak ¨ Bk.�â¢¥â: à¥è¥¨¥ ¤ ¥âáï ä®à¬ã« ¬¨ (9.13), (9.16).2. �à ¥¢ë¥ § ¤ ç¨ ¢ ª®«ìæ¥ ¨ ªàã£¥.�. �¥è¨¬ ªà ¥¢ãî § ¤ çã �¨à¨å«¥ ¢ ª®«ìæ¥ ¬¥�¤ã ®ªàã�®áâï¬¨à ¤¨ãá®¢ r1 ¨ r2:





△u(x, y) = 0, r21 < x2 + y2 < r22 ;
u|x2+y2=r21 = f1(ϕ), 0 < ϕ < 2π;
u|x2+y2=r22 = f2(ϕ), 0 < ϕ < 2π. (9.18)�¤¥áì f1 ¨ f2 - § ¤ ë¥ äãªæ¨¨ ®â ã£«®¢®© ¯¥à¥¬¥®© ϕ.�¥è¥¨¥. Ǒ¥à¥©¤¥¬ ª ¯®«ïàë¬ ª®®à¤¨ â ¬ r, ϕ:
r =√x2 + y2; tgϕ = y/x. (9.19)� ¤ ç . �®ª �¨â¥, çâ® ¢ íâ¨å ª®®à¤¨ â å § ¤ ç  (9.18) ¯à¨¨¬ ¥â ¢¨¤





△u = ∂2u
∂r2 + 1

r
∂u
∂r + 1

r2 ∂2u
∂ϕ2 = 0, r1 < r < r2;

u|r=r1 = f1(ϕ), 0 ≤ ϕ ≤ 2π;
u|r=r2 = f2(ϕ). (9.20)

�¨á. 72
�â® { § ¤ ç  ¢ ¯àï¬®ã£®«ì¨ª¥[0, 2π℄× [r1, r2℄ (à¨á. 72).�à ¥¢ë¥ ãá«®¢¨ï § ¤ ë   ¨�¥©¨ ¢¥àå¥© áâ®à® å ¯àï¬®ã£®«ì¨ª .�®¯à®á. �¬¥îâáï «¨ §¤¥áì ªà ¥-¢ë¥ ãá«®¢¨ï   ¡®ª®¢ëå áâ®à® å¯àï¬®ã£®«ì¨ª ?�â¢¥â. � , íâ® ãá«®¢¨ï ¯¥à¨®¤¨ç®áâ¨ ¯® ϕ:

{
u(0, r) = u(2π, r),
∂u
∂ϕ (0, r) = ∂u

∂ϕ (2π, r). (9.21)¢ëâ¥ª îé¨¥ ¨§ á®¢¯ ¤¥¨ï â®ç¥ª ¯«®áª®áâ¨ (x, y) á ¯®«ïàë¬¨ ª®®à-¤¨ â ¬¨ (0, r) ¨ (2π, r). � «®£¨çë¥ ãá«®¢¨ï ¯¥à¨®¤¨ç®áâ¨ ¯® ϕ¢ë¯®«ïîâáï â ª�¥ ¤«ï ∂u
∂r ,

∂2u
∂r2 , ∂3u

∂r3 , . . . | ¢á¥å ¯à®¨§¢®¤ëå ®â u ¯®
r ¨ ϕ.



� ¤ ç . Ǒ®ª �¨â¥, çâ® ãá«®¢¨ï (9.21) ¢¬¥áâ¥ á ãà ¢¥¨¥¬ (9.20)£ à â¨àãîâ â ª�¥ ¯¥à¨®¤¨ç®áâì ¯® ϕ ¢á¥å ¯à®¨§¢®¤ëå ®â u ¯® r ¨ ϕ,¥á«¨ u(ϕ, r) |¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬ ï äãªæ¨ï ¢ ¯àï¬®ã£®«ì¨ª¥[0, 2π℄× [r1, r2℄.� ¤ ç  �âãà¬ -�¨ã¢¨««ï, á®®â¢¥âáâ¢ãîé ï ®¤®à®¤ë¬ ªà ¥¢ë¬ ãá«®-¢¨ï¬ (9.21), ¨¬¥¥â ¢¨¤
{

∂2�(ϕ)
∂ϕ2 = λ�(ϕ), 0 < ϕ < 2π,�(0) = �(2π), �′(0) = �′(2π). (9.22)�¥è ï íâã § ¤ çã,  å®¤¨¬:

λk = −k2, k = 0, 1, 2, . . . �k(ϕ) = Ak os(kϕ) +Bk sin(kϕ). (9.23)� ª¨¬ ®¡à §®¬, ¤«ï ª �¤®£® k 6= 0 ¨¬¥îâáï ¤¢¥ «¨¥©®-¥§ ¢¨á¨¬ë¥á®¡áâ¢¥ë¥ äãªæ¨¨: os(kϕ) ¨ sin(kϕ),   ¯à¨ k=0 â®«ìª® ®¤ :�0(ϕ) ≡ 1.�â¨ á®¡áâ¢¥ë¥ äãªæ¨¨ ®¡à §ãîâ ¯®«ãî á¨áâ¥¬ã ¢ L2(0, 2π), ª ª¨§¢¥áâ® ¨§ â¥®à¨¨ àï¤®¢ �ãàì¥, ¨ ®àâ®£® «ìë ¬¥�¤ã á®¡®©:




2π∫0 �20(ϕ) dϕ = 2π∫0 dϕ = 2π,2π∫0 os2(kϕ) dϕ = 2π∫0 sin2(kϕ) dϕ = π, k 6= 0. (9.24)�¥â®¤ �ãàì¥ ¤«ï § ¤ ç¨ (9.20) ¢ ª®«ìæ¥ á®áâ®¨â ¢ â®¬, çâ® à¥è¥¨¥¬ë ¨é¥¬ ¢ ¢¨¤¥ àï¤  ¯® á®¡áâ¢¥ë¬ äãªæ¨ï¬ § ¤ ç¨ (9.22):
u(ϕ, r) = ∞∑0 Rk(r) os(kϕ) + ∞∑1 Sk(r) sin2(kϕ). (9.25)Ǒ®¤áâ ¢«ïï íâ®â àï¤ ¢ ãà ¢¥¨¥ (9.20), ¯®«ãç ¥¬ ¤«ï \à ¤¨ «ìëå"äãªæ¨© Rk(r) ãà ¢¥¨ï

R′′
k + 1

r
R′

k + 1
r2Rk(−k2) = 0, r1 < r < r2, k = 0, 1, 2, . . . (9.26)¨ â ª¨¥ �¥ ãà ¢¥¨ï ¤«ï Sk:

S′′
k + 1

r
S′

k + 1
r2Sk(−k2) = 0, r1 < r < r2, k = 0, 1, 2, . . . (9.27)�¥è¨¬ à ¤¨ «ìë¥ ãà ¢¥¨ï (9.26)|(9.27). �â® ãà ¢¥¨ï �©«¥à  (á¬.[15℄). Ǒ®¤áâ ¢«ïï ¢ (9.26) Rk = r2, ¯®«ãç ¥¬
λ(λ− 1)rλ−2 + λrλ−2 − k2rλ−2 = 0, (9.28)



®âªã¤  ¢ëâ¥ª ¥â å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥
λ2 − k2 = 0 ⇔ λ = ±k. (9.29)�á«¨ k 6= 0, â® ª®à¨ ¯à®áâë¥, ¨ ®¡é¥¥ à¥è¥¨¥ (9.26) ¨¬¥¥â ¢¨¤:

Rk = Akr
k +Bkr

−k, k = 1, 2, 3, . . . (9.30)� «®£¨ç®, ¤«ï (9.27):
Sk = Ckr

k +Dkr
−k, k = 1, 2, 3, . . . (9.31)Ǒà¨ k = 0 ª®à¥ì ãà ¢¥¨ï λ = 0 ¨¬¥¥â ªà â®áâì 2 ⇒

⇒ R0 = A0 +B0 ln r. (9.32)Ǒ®¤áâ ¢«ïï (9.30)|(9.32) ¢ (9.25), ¯®«ãç ¥¬ ®¡é¥¥ à¥è¥¨¥ ®¤®à®¤®£®ãà ¢¥¨ï � ¯« á  ¢ ª®«ìæ¥:
u(ϕ, r) = A0 +B0 ln r + ∞∑1 (Akr

k +Bkr
−k) os(kϕ)+ ∞∑1 (Ckr

k +Dkr
−k) sin(kϕ). (9.33)� ¬¥ç ¨¥ 9.1. �â® ®¡é¨© ¢¨¤ £ à¬®¨ç¥áª®© äãªæ¨¨ ¢ ª®«ìæ¥,¯®¤®¡ë© àï¤ã �®à   ¤«ï   «¨â¨ç¥áª¨å äãªæ¨© ¢ ª®«ìæ¥.Ǒà®¨§¢®«ìë¥ ¯®áâ®ïë¥ ¢ (9.33)  å®¤ïâáï ¨§ ªà ¥¢ëå ãá«®¢¨© (9.20):





A0 +B0 ln r1 +∑∞1 (Akr
k1 +Bkr

−k1 ) os(kϕ)++∑∞1 (Ckr
k1 +Dkr

−k1 ) sin(kϕ) = f1(ϕ), 0 ≤ ϕ ≤ 2π;
A0 +B0 ln r2 +∑∞1 (Akr

k2 +Bkr
−k2 ) os(kϕ)++∑∞1 (Ckr

k2 +Dkr
−k2 ) sin(kϕ) = f2(ϕ), 0 ≤ ϕ ≤ 2π. (9.34)�âáî¤  á ãç¥â®¬ ®àâ®£® «ì®áâ¨ á®¡áâ¢¥ëå äãªæ¨© § ¤ ç¨ �âãà¬ -�¨ã¢¨««ï (9.22) ¨ á®®â®è¥¨© (9.24) ¯®«ãç ¥¬





A0 +B0 ln r1 = 12π 2π∫0 f1(ϕ) dϕ,
A0 +B0 ln r2 = 12π 2π∫0 f2(ϕ) dϕ, (9.35)¨   «®£¨ç®, ¯à¨ ∀k = 1, 2, 3, . . . ,





Akr
k1 +Bkr

−k1 = 1
π

2π∫0 f1(ϕ) os(kϕ) dϕ,
Akr

k2 +Bkr
−k2 = 1

π

2π∫0 f2(ϕ) os(kϕ) dϕ; (9.36)







Ckr
k1 +Dkr

−k1 = 1
π

2π∫0 f1(ϕ) sin(kϕ) dϕ,
Ckr

k2 +Dkr
−k2 = 1

π

2π∫0 f2(ϕ) sin(kϕ) dϕ. (9.37)�§ á¨áâ¥¬ë (9.35)  å®¤¨¬ A0 ¨ B0, ¨§ (9.36) |Ak ¨ Bk, ¨§ (9.37) |
Ck ¨ Dk, ¨ § ¤ ç  (9.18) à¥è¥ .� ¤ ç . �®ª �¨â¥, çâ® à¥è¥¨¥ (9.33) § ¤ ç¨ (9.18) | ¡¥áª®¥ç®¤¨ää¥à¥æ¨àã¥¬ ï äãªæ¨ï ¢ãâà¨ ª®«ìæ .�¯à �¥¨¥. �¥è¨¬ § ¤ çã �¨à¨å«¥ ¢ ª®«ìæ¥

{
△u(x, y) = 0, 4 < x2 + y2 < 9;
u|x2+y2=4 = x, u|x2+y2=9 = y.

(9.38)�¥è¥¨¥. �¤¥áì r1 = 2, r2 = 3, â ª çâ®
f1(ϕ) = 2 osϕ, f2(ϕ) = 3 sinϕ. (9.39)Ǒ®íâ®¬ã ¯à ¢ë¥ ç áâ¨ ¢ (9.35) à ¢ë ã«î ¨ A0 = B0 = 0. � «®£¨ç®,¯à ¢ë¥ ç áâ¨ á¨áâ¥¬ (9.36) ¨ (9.37) à ¢ë ã«î ¯à¨ ¢á¥å k 6= 1.�«¥¤®¢ â¥«ì®,

Ak = Bk = 0, Ck = Dk = 0 ¯à¨ k 6= 1. (9.40)� ª¨¬ ®¡à §®¬, àï¤ (9.33) á®¤¥à�¨â ¢á¥£® ¤¢  á« £ ¥¬ëå:
u = (A1r +B1r−1) osϕ+ (C1r +D1r−1) sinϕ. (9.41)�áâ ¢è¨¥áï ª®íää¨æ¨¥âë  å®¤ïâáï ¨§ á¨áâ¥¬ ãà ¢¥¨©
{
A12 +B1 12 = 2,
A13 +B1 13 = 0, {

C12 +D1 12 = 0,
C13 +D1 13 = 3, (9.42)ª®â®àë¥ ¯®«ãç îâáï ¥¯®áà¥¤áâ¢¥® ¨§ (9.39). � ¨¬¥®, (9.42) ¯®«ã-ç ¥âáï ¯®¤áâ ®¢ª®© (9.39) ¢ (9.34) ¨ áà ¢¥¨¥¬ ª®íää¨æ¨¥â®¢ �ãàì¥¢ «¥¢®© ¨ ¯à ¢®© ç áâïå ¯®«ãç¨¢è¨åáï à ¢¥áâ¢,   ¥ ¢ëç¨á«¥¨¥¬¨â¥£à «®¢ ¢ (9.36) |(9.37). �§ (9.42)  å®¤¨¬

{
B1 = 365 ,
A1 = − 45 , {

D1 = − 365 ,
C1 = 95 . (9.43)�ª®ç â¥«ì®, ¨§ (9.41), (9.43) ¯®«ãç ¥¬ ®â¢¥â:

u = (−45r + 365 r−1) osϕ+ (95r − 365 r−1) sinϕ. (9.44)



�. �¥¯¥àì à áá¬®âà¨¬ § ¤ çã �¨à¨å«¥ ¢ ªàã£¥ à ¤¨ãá  R2:
{
△u(x, y) = 0, x2 + y2 < R2;
u|x2+y2=R2 = f(ϕ), 0 < ϕ < 2π. (9.45)�¥è¥¨¥ íâ®© § ¤ ç¨ â ª�¥ ¨¬¥¥â ¢¨¤ (9.33), ¯®áª®«ìªã ªàã£ x2+y2 < R2á®¤¥à�¨â ¢ á¥¡¥ ª®«ìæ® 0 < x2 + y2 < R2. �¤ ª® ªàã£ ¥é¥ á®¤¥à�¨ââ®çªã (0,0), ¢ ª®â®à®© à¥è¥¨¥ ¤®«�® ¡ëâì ª®¥çë¬:

|u(0, 0)| <∞. (9.46)�®�® ¯®ª § âì [14℄, çâ® ¤«ï íâ®£® ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç® ®âáãâáâ¢¨¥¢ (9.33) á« £ ¥¬ëå, ¨¬¥îé¨å ®á®¡¥®áâ¨ ¢ â®çª¥ (0,0) â¨¯  ln r ¨ r−k.�â® ®§ ç ¥â, çâ® B0 = Bk = Dk = 0, k = 1, 2, 3, . . . . � ª¨¬ ®¡à §®¬,(9.33) ¯à¨¨¬ ¥â ¢¨¤
u(x, y) = A0 + ∞∑1 rk(Ak os(kϕ) + Ck sin(kϕ)). (9.47)�â® ¥áâì   «®£ àï¤  �¥©«®à  ¤«ï £ à¬®¨ç¥áª¨å äãªæ¨© ¢ ªàã£¥.�®íää¨æ¨¥âë àï¤  (9.47)  å®¤ïâáï ¨§ ªà ¥¢®£® ãá«®¢¨ï § ¤ ç¨ (9.45).�¯à �¥¨¥. �¥è¨¬ § ¤ çã �¨à¨å«¥ ¢ ªàã£¥

{
△u(x, y) = 0, x2 + y2 < 4;
u|x2+y2=4 = x2. (9.48)�¥è¥¨¥. �é¥¬ à¥è¥¨¥ u ¢ ¢¨¤¥ (9.47). Ǒ®¤áâ ®¢ª  íâ®£® àï¤  ¢ªà ¥¢®¥ ãá«®¢¨¥ ¤ ¥â:

A0 + ∞∑1 2k(Ak os(kϕ) + Ck sin(kϕ)) = 2 + 2 os(2ϕ), (9.49)¯®áª®«ìªã
x2∣∣

r=2 = (2 osϕ)2 = 4 os2 ϕ = 41 + os(2ϕ)2 = 2 + 2 os(2ϕ).�§ (9.49) áà ¢¥¨¥¬ ª®íää¨æ¨¥â®¢ �ãàì¥ «¥¢®© ¨ ¯à ¢®© ç áâ¥©¯®«ãç ¥¬, çâ® ¢á¥ Ak ¨ Ck ¯à¨ k 6= 0 ¨ k 6= 2 à ¢ë ã«î,
{
A0 = 24A2 = 2, C2 = 0. (9.50)�âáî¤  A2 = 12 ¨ ¯® ä®à¬ã«¥ (9.47) ¯®«ãç ¥âáï ®â¢¥â:

u = 2 + r2 12 os(2ϕ) = 2 + r22 (os2 ϕ− sin2 ϕ) = 2 + x2 − y22 . (9.51)



� ¤ ç . �¥è¨â¥ § ¤ çã �¨à¨å«¥ ¢ ª®«ìæ¥
{
△u(x, y) = x2, 9 < x2 + y2 < 16;
u|x2+y2=9 = 0, u|x2+y2=16 = 0. (9.52)�ª § ¨¥. �¤¥áì ¨áª®¬®¥ à¥è¥¨¥ ¨ ¯à ¢ãî ç áâì ãà ¢¥¨ï ã�®à §«®�¨âì ¢ àï¤ ¢¨¤  (9.25). �à ¢¥¨ï ¤«ï à ¤¨ «ìëå äãªæ¨© Rk¨ Sk ¡ã¤ãâ ¥®¤®à®¤ë¬¨ ãà ¢¥¨ï¬¨ �©«¥à .� ¤ ç . �¥è¨â¥ § ¤ çã �¥©¬   ¢ ªàã£¥
{
△u(x, y) = 0, x2 + y2 < 9;
∂u
∂n |x2+y2=9 = y.�ª § ¨¥. �¥è¥¨¥ ã�® ¨áª âì ¢ ¢¨¤¥ àï¤  (9.47); ªà®¬¥ â®£®, ¢¯®«ïàëå ª®®à¤¨ â å ∂u
∂n = ∂u

∂r .� ª«îç¥¨¥. �à ¢¥¨ï â¥¯«®¯à®¢®¤®áâ¨, ¢®«®¢®¥ ¨ ãà ¢¥¨¥ � -¯« á  ®¡« ¤ îâ à §«¨çë¬¨ á¢®©áâ¢ ¬¨. � ª á«¥¤ã¥â ¨§ à¥§ã«ìâ â®¢£« ¢ë II, à¥è¥¨ï ®¤®à®¤®£® ãà ¢¥¨ï � ¯« á  ¨ â¥¯«®¯à®¢®¤®áâ¨¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬ë ¢ãâà¨ ®¡« áâ¨, ¤ �¥ ¥á«¨ £à ¨çë¥äãªæ¨¨ à §àë¢ë. � â® �¥ ¢à¥¬ï à¥è¥¨ï ®¤®à®¤®£® ¢®«®¢®£®ãà ¢¥¨ï ¬®£ãâ ¡ëâì à §àë¢ë¬¨, ¥á«¨,  ¯à¨¬¥à,  ç «ìë¥ ¤ ë¥ï¢«ïîâáï à §àë¢ë¬¨ äãªæ¨ï¬¨.����� III. ���������� ������� �� �����Ǒ���������. ����� ������� ����� ��� ������������ �� �������.[3, á.82{125, 198, 336{345℄; [9, á. 120{130℄; [11℄; [12, á.274{300℄; [14,á.267{275℄.
§1. � §«¨çë¥ á¯®á®¡ë § ¤ ¨ï äãªæ¨©.�¥¯à¥àë¢ë¥ äãªæ¨¨ u(x) ∈ C(IR) ¬®�® § ¤ ¢ âì á«¥¤ãîé¨¬¨ âà¥¬ïá¯®á®¡ ¬¨.1. �¥¯à¥àë¢ ï äãªæ¨ï ®¡®§ ç® § ¤ ¥âáï á¢®¨¬¨ § ç¥¨ï¬¨

{u(x)}, x ∈ IR. (1.1)2. �®�® § ¤ âì ¥¥ ª®íää¨æ¨¥â ¬¨ �ãàì¥ (¥á«¨ ®  2π-¯¥à¨®¤¨ç¥áª ï):
u(x) = ∑

k∈Z

uke
ikx. (1.2)�¤¥áì

uk = 12π 2π∫0 e−ikx u(x) dx. (1.3)
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Ǒ®á«¥¤®¢ â¥«ì®áâì

{uk k ∈ Z}, (1.4)®¤®§ ç® ®¯à¥¤¥«ï¥â ¥¯à¥àë¢ãî(¯¥à¨®¤¨ç¥áªãî) äãªæ¨î ¯® ä®à¬ã-«¥ (1.2).3. �¢¥¤¥¬ á ç «  ¯à®áâà áâ¢® â ª  §ë¢ ¥¬ëå ¯à®¡ëå, ¨«¨ ®á®¢ëåäãªæ¨©: C∞0 (IR) | ¯à®áâà áâ¢® £« ¤ª¨å, ä¨¨âëå äãªæ¨©, â. ¥.1) ϕ(x) ∈ C∞(IR)2)ϕ(x) ≡ 0 ¯à¨ |x| ≥ A,, £¤¥ A ≥ 0 § ¢¨á¨â ®â ϕ (à¨á. 73).�«ï «î¡®© ¥¯à¥àë¢®© äãªæ¨¨ u(x) ®¯à¥¤¥«¨¬ áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥
u á ϕ ∈ C∞(IR):

〈u(x), ϕ(x)〉 ≡ ∞∫

−∞

u(x)ϕ(x) dx. (1.5)�â®â ¨â¥£à « áå®¤¨âáï, ¯®áª®«ìªã ϕ(x) ≡ 0 ¯à¨ |x| ≥ A:
〈u(x), ϕ(x)〉 = A∫

−A

u(x)ϕ(x) dx. (1.6)�«ï ä¨ªá¨à®¢ ®© ¥¯à¥àë¢®© äãªæ¨¨ u(x) à áá¬®âà¨¬  ¡®à ç¨á¥«
{〈u, ϕ〉, ϕ ∈ C∞0 (IR)}. (1.7)�®¯à®á. �¯à¥¤¥«ï¥âáï «¨ ¥¯à¥àë¢ ï äãªæ¨ï u(x) íâ¨¬  ¡®à®¬®¤®§ ç®?�â¢¥â. �  (¤®ª �¨â¥ íâ®!).�®¯à®á. �®�® «¨  ¯¨á âì ä®à¬ã«ã ¤«ï ¢®ááâ ®¢«¥¨ï ¥¯à¥àë¢®©äãªæ¨¨ u(x) ¯®  ¡®àã ç¨á¥« (1.7)?�â¢¥â. � :

u(x) = lim
ε→0 1ε ∞∫

−∞

ϕ(x − y

ε
)u(y) dx = lim

ε→0〈ϕx
ε (y), u(y)〉. (1.8)�¤¥áì ϕx

ε (y) = 1
εϕ(x−y

ε ) ∈ C∞0 (IR); ϕ ∈ C∞0 (IR) | äãªæ¨ï, ã¤®¢«¥â¢®-àïîé ï ãá«®¢¨ï¬:1)ϕ(y) ≡ 0 ¯à¨ |y| ≥ 1,
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2) 1∫

−1 ϕ(y) dy = 1 (à¨á. 74). �®ª �¥¬ä®à¬ã«ã (1.8). �¤¥« ¥¬ § ¬¥ã ¯¥-à¥¬¥®© ¨â¥£à¨à®¢ ¨ï x−y
ε = z.�®£¤  (1.8) ¯à¨¨¬ ¥â ¢¨¤

u(x) = lim
ε→0 1∫

−1 ϕ(z)u(x− εz) dz. (1.9)� â ª®¬ ¢¨¤¥ íâ  ä®à¬ã«  ®ç¥¢¨¤® ¢ëâ¥ª ¥â ¨§ ¥¯à¥àë¢®áâ¨ äãªæ¨¨
u ¢ â®çª¥ x:lim

ε→0 1∫
−1 ϕ(z)u(x− εz) dz = 1∫

−1 ϕ(z) limε→0u(x− εz) dz == 1∫
−1 ϕ(z)u(x) dz = u(x) 1∫

−1 ϕ(z) dz = u(x).�®¯à®á. � ç¥¬ á®áâ®¨â áãé¥áâ¢¥®¥ à §«¨ç¨¥ ¬¥�¤ã âà¥¬ï ®¯¨á ë¬¨¢ëè¥ á¯®á®¡ ¬¨ § ¤ ¨ï äãªæ¨¨ u(x)?�â¢¥â.1. � ¡®à ç¨á¥« {u(x), x ∈ IR} ¬®�¥â ¡ëâì ¡®«¥¥ ¨«¨ ¬¥¥¥ ¯à®¨§¢®«ìë¬:¢ «î¡®¬ ª®¥ç®¬ ¬®�¥áâ¢¥ â®ç¥ª xk ∈ IR § ç¥¨ï u(xk) ¬®£ãâ ¡ëâì¯à®¨§¢®«ìë¬¨.2. � ¡®à ç¨á¥« {uk, k ∈ Z} ¬®�¥â ¡ëâì «î¡ë¬, ¥á«¨ â®«ìª® |uk| ã¡ë¢ îâ¯à¨ |k| → ∞ â ª, çâ®,  ¯à¨¬¥à,
∞∑

−∞
|uk|∞. (1.10)3. �¨á«  {〈u, ϕ〉, ϕ ∈ C∞0 (IR)} ¥ ¯à®¨§¢®«ìë: ®¨ á¢ï§ ë  «£¥¡à ¨ç¥-áª¨¬¨ á®®â®è¥¨ï¬

〈̈u, ϕ1 + ϕ2〉 = 〈u, ϕ1〉+ 〈u, ϕ2〉, (1.11)ª ª ¢¨¤® ¨§ (1.5), ¯à¨ ∀ϕ1, ϕ2 ∈ C∞0 (IR)�ë¢®¤. �â®¡ë ¥ª®â®à®¬ã  ¡áâà ªâ®¬ã  ¡®àã ç¨á¥« {lϕϕ ∈ C∞0 (IR)},á®®â¢¥âáâ¢®¢ «  å®âï ¡ë ®¤  äãªæ¨ï u(x) ∈ C(IR) â ª ï, çâ®
lϕ = 〈u, ϕ〉, ∀ϕ ∈ C∞0 (IR), (1.12)



¥®¡å®¤¨¬®, çâ®¡ë íâ®â  ¡®à ã¤®¢«¥â¢®àï« ãá«®¢¨ï¬ á®£« á®¢ ¨ï (1.11):
lϕ1+ϕ2 = lϕ1 + lϕ2 , ∀ϕ1, ϕ2 ∈ C∞0 (IR) (1.13)�¯à¥¤¥«¥¨¥. �å®¤¨¬®áâì ϕn

C∞0−→
n→∞

ϕ ®§ ç ¥â á«¥¤ãîé¥¥: 1) ϕn(x) à ¢-®¬¥à® ¯® x ∈ IR áå®¤¨âáï ª ϕ(x) ¨ â® �¥ ¢¥à® ¤«ï ¯à®¨§¢®¤ëå«î¡®£® ¯®àï¤ª : ∀k = 0, 1, 2, . . .
ϕ(k)n (x)−→−→ϕ(k)(x), x ∈ IR ¯à¨ n→ ∞ (1.14)2) ¢á¥ ϕn \¨¬¥îâ ®¡é¨© ®á¨â¥«ì" [−A,A℄ : ∃ A ≥ 0, ∀n = 1, 2, 3, . . .

ϕn(x) ≡ 0 ¯à¨ |x| ≥ A. (1.15)�®¯à®á. �®áâ â®çë «¨ ãá«®¢¨ï á®£« á®¢ ¨ï (1.13) ¤«ï áãé¥áâ¢®¢ ¨ïäãªæ¨¨ u(x) ∈ C(IR), á®®â¢¥âáâ¢ãîé¥©  ¡®àã {lϕ} ¢ á¬ëá«¥ â®�¤¥áâ¢ (1.12)?�â¢¥â. �¥â, ¥¤®áâ â®çë. �ã�ë ¥é¥ ãá«®¢¨ï â¨¯  ¥¯à¥àë¢®áâ¨:
〈u, ϕn〉 −→

n→∞
〈u, ϕ〉, ¥á«¨ ϕn

C∞0−→ϕ ¯à¨ n→ ∞. (1.16)Ǒà¨ ãá«®¢¨ïå (1.14)|(1.15) áå®¤¨¬®áâì (1.16) á«¥¤ã¥â ¨§ â¥®à¥¬ë ®¯à¥¤¥«ì®¬ ¯¥à¥å®¤¥ ¯®¤ § ª®¬ (á®¡áâ¢¥®£®) ¨â¥£à « :
〈u, ϕn〉 ≡

A∫

−A

u(x)ϕn(x) dx −→
n→∞

A∫

−A

u(x)ϕ(x) dx = 〈u, ϕ〉, (1.17)¯®áª®«ìªã u(x)ϕn(x)−→−→u(x)ϕ(x) ¯à¨ x ∈ [−A,A℄, n→ ∞.�â ª, ¤«ï áãé¥áâ¢®¢ ¨ï äãªæ¨¨ u(x) ∈ C(IR), á®®â¢¥âáâ¢ãîé¥©  ¡®àã
{lϕ} ¢ á¬ëá«¥ (1.12), ¥®¡å®¤¨¬® (ªà®¬¥ (1.13) ãá«®¢¨¥:

lϕn → lϕ ¯à¨ ϕn
C∞0−→ϕ (1.18)�®¯à®á. �®áâ â®ç® «¨ ãá«®¢¨© (1.13) ¨ (1.18) ¤«ï áãé¥áâ¢®¢ ¨ï

u(x) ∈ C(IR), ¤ îé¥© ¯à¥¤áâ ¢«¥¨¥ (1.12)?�â¢¥â. �¥â.� ¤ ç . Ǒà¨¢¥áâ¨ ¯à¨¬¥à  ¡®à  {lϕ}, ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨ï¬ (1.13)¨ (1.18), ª®â®à®¬ã ¥ á®®â¢¥âáâ¢ã¥â ¨ª ª ï äãªæ¨ï u(x) ∈ C(IR) (á¬.[3℄, á.97).�â¢¥â.
lϕ = ϕ(0), ∀ϕ ∈ C∞0 (IR) (1.19)



�ë¢®¤. � ¡®à ç¨á¥« {lϕ} ®¤®§ ç® ®¯à¥¤¥«ï¥â äãªæ¨î u(x) ∈ C(IR),ã¤®¢«¥â¢®àïîéãî â®�¤¥áâ¢ã (1.12), ¥á«¨ â®«ìª® â ª ï äãªæ¨ï u(x)áãé¥áâ¢ã¥â, ®¤ ª® ¤«ï  ¡®à  {lϕ} ®  ¬®�¥â ¥ áãé¥áâ¢®¢ âì. �á«®¢¨ï(1.13), (1.18) ¥®¡å®¤¨¬ë ¤«ï áãé¥áâ¢®¢ ¨ï ¥¯à¥àë¢®© äãªæ¨¨ U(x),® ¥ ¤®áâ â®çë.
§2. �¡®¡é¥ë¥ äãªæ¨¨.�¯à¥¤¥«¥¨¥. �¡®¡é¥®© äãªæ¨¥©  §ë¢ ¥âáï «î¡®©  ¡®à l =

{lϕ, ϕ ∈ C∞0 (IR)}, ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨ï¬ (1.13) ¨ (1.18).�«ï ªà âª®áâ¨ ®¡®§ ç¨¬
D = D(IR) = C∞0 (IR). (2.1)� ¬¥ç ¨¥ 2.1. � ¡®à {lϕ}, ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨ï¬ (1.13), (1.18) (â.¥. ®¡®¡é¥ ï äãªæ¨ï) á â®çª¨ §à¥¨ï äãªæ¨® «ì®£®   «¨§  ¥áâì«¨¥©ë© ¥¯à¥àë¢ë© äãªæ¨® «   D(IR), â. ¥. í«¥¬¥â á®¯àï�¥®£®¯à®áâà áâ¢  D′(IR):

l = {lϕ} ∈ D′(IR); l(ϕ) ≡ lϕ, ∀ϕ ∈ D(IR) (2.2)�â ª, D′(IR)| ¯à®áâà áâ¢® ¢á¥å ®¡®¡é¥ëå äãªæ¨©.�¡®§ ç¥¨¥. �«ï ®¡®¡é¥®© äãªæ¨¨ {lϕ} § ç¥¨¥ {lϕ äãªæ¨® « 
l   ¯à®¡®© äãªæ¨¨ ϕ ¡ã¤¥¬ ®¡®§ ç âì l(ϕ),   â ª�¥ 〈l(x), ϕ(x)〉 ¨¡ã¤¥¬  §ë¢ âì ¥£® áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬ ®¡®¡é¥®© äãªæ¨¨ l(x)á ¯à®¡®© äãªæ¨¥© ϕ(x):

lϕ = l(ϕ) = 〈l, ϕ〉 = 〈l(x), ϕ(x)〉 (2.3)�â¬¥â¨¬, çâ® ¯à¨ íâ®¬ l(x) | ¥ § ç¥¨¥ äãªæ¨¨ l ¢ â®çª¥ x,  ¯à®áâ® á¨¬¢®«.Ǒà¨¬¥à. �¡®¡é¥ ï äãªæ¨ï (1.19)  §ë¢ ¥âáï δ-äãªæ¨¥© �¨à ª :
δϕ = δ(ϕ) = 〈δ(x), ϕ(x)〉 = ϕ(0), ∀ϕ ∈ D(IR). (2.4)� ¬¥ç ¨¥ 2.2. � �¤®© ¥¯à¥àë¢®© äãªæ¨¨ u(x) ∈ C(IR) ä®à¬ã« (1.5) á®¯®áâ ¢«ï¥â ®¡®¡é¥ãî äãªæ¨î:

u(x) 7→ {〈u(x), ϕ(x)〉, ϕ ∈ D(IR)}. (2.5)�â® ®â®¡à �¥¨¥ ï¢«ï¥âáï ¢«®�¥¨¥¬ á®£« á® (1.8):
C(IR) ⊂ D′(IR). (2.6)�¤ ª® ¥ ª �¤ ï ®¡®¡é¥ ï äãªæ¨ï ¯®«ãç ¥âáï ¯® ä®à¬ã«¥ (1.5)¨§ ¥ª®â®à®© ¥¯à¥àë¢®© äãªæ¨¨ ( ¯à¨¬¥à, δ(x)).� áá¬®âà¨¬ ¯à¨¬¥àë ®¡®¡é¥ëå äãªæ¨©.1. 〈δk(x), ϕ(x)〉 = ϕ(k)(0), ∀ϕ ∈ D(IR) (2.7)
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Ǒà®¢¥àìâ¥, çâ® δk(x) ∈ D′(IR) (â. ¥.¯à®¢¥àìâ¥ ãá«®¢¨ï (1.13), (1.16)). 2.�ãªæ¨ï �¥¢¨á ©¤  (à¨á. 75).�(x) = { 1, x > 0,0, x < 0 : (2.8)

〈�(x), ϕ(x)〉 ≡ ∞∫

−∞

�(x), ϕ(x) dx = ∞∫0 ϕ(x) dx. (2.9)Ǒà®¢¥àìâ¥, çâ® �(x) ∈ D′(IR).
§3. �¥©áâ¢¨ï  ¤ ®¡®¡é¥ë¬¨ äãªæ¨ï¬¨.1. �«®�¥¨¥ ®¡®¡é¥ëå äãªæ¨©.� ¬¥â¨¬ á ç « , çâ® ¤«ï ¥¯à¥àë¢ëå äãªæ¨© u1(x), u2(x) ¨ ¨å áã¬¬ë

u1(x) + u2(x) ¨¬¥¥¬ ¢ á¨«ã (1.15)
〈u1(x) + u2(x), ϕ(x)〉 = 〈u1, ϕ〉+ 〈u2, ϕ〉, ∀ϕ ∈ D(IR) (3.1)�¯à¥¤¥«¥¨¥. �«ï l1, l2 ∈ D′(IR) ¯®«®�¨¬(l1 + l2)ϕ = l1ϕ + l2ϕ, ∀ϕ ∈ D(IR). (3.2)� ¬¥ç ¨¥ 3.1. Ǒà¨ â ª®¬ ®¯à¥¤¥«¥¨¨ á«®�¥¨¥ ¥¯à¥àë¢ëå äãªæ¨©

u1(x), u2(x) á®¢¯ ¤ ¥â á® á«®�¥¨¥¬ á®®â¢¥âáâ¢ãîé¨å ¨¬ ®¡®¡é¥ëåäãªæ¨©, ª ª ¢¨¤® ¨§ (3.1) ¨ (3.2).�¯à �¥¨¥. Ǒà®¢¥àìâ¥, çâ® l1 + l2 ∈ D′(IR).2. �¬®�¥¨¥ ®¡®¡é¥ëå äãªæ¨©   ç¨á«®.� ¬¥â¨¬, çâ® ¤«ï u(x) ∈ C(IR) ¨ α ∈ IR ¢ á¨«ã (1.5) ¨¬¥¥¬
〈αu(x), ϕ〉 = α〈u, ϕ〉, ∀ϕ ∈ D(IR) (3.3)�¯à¥¤¥«¥¨¥. �«ï l(x) ∈ D′(IR) ¨ α ∈ IR ¯®«®�¨¬
〈αl(x), ϕ〉 = α〈l, ϕ〉, ∀ϕ ∈ D(IR). (3.4)3. �¬®�¥¨¥ ®¡®¡é¥ëå äãªæ¨©   £« ¤ªãî äãªæ¨î.�®§ì¬¥¬ g(x) ∈ C∞(IR). �á«¨ u(x) ∈ C(IR), â®, ª ª ¢¨¤® ¨§ (1.5),

〈g(x)u(x), ϕ〉 = 〈u g(x)ϕ(x)〉, ∀ϕ ∈ D(IR) (3.5)



�¯à¥¤¥«¥¨¥. �«ï l(x) ∈ D′(IR) ¯®«®�¨¬
〈g(x)l(x), ϕ〉 = 〈l, g(x)ϕ(x)〉, ∀ϕ ∈ D(IR) (3.6)� ¬¥ç ¨¥ 3.2. Ǒà ¢ ï ç áâì (3.6) ¨¬¥¥â á¬ëá«, ¯®áª®«ìªã

g(x)ϕ(x) ∈ D(IR)!� ¤ ç¨.1. Ǒà®¢¥àìâ¥, çâ® g(x)l(x) ∈ D′(IR)2. �ëç¨á«¨â¥ xδ(x).3. �®ª �¨â¥, çâ®
g(x)δ(x) = g(0)δ(x). (3.7)4. \�¤¢¨£" ®¡®¡é¥ëå äãªæ¨©.�«ï u(x) ∈ C(IR) ¨ a ∈ (IR)

∫
u(x− a)ϕ(x) dx = ∫ u(y)ϕ(y + a) dy, ∀ϕ ∈ D(IR).�¯à¥¤¥«¥¨¥. �«ï l(x) ∈ D′(IR) ¯®«®�¨¬

〈l(x− a), ϕ(x)〉 = 〈l(y), ϕ(y + a)〉. (3.8)Ǒà¨¬¥à.
〈δ(x − a), ϕ(x)〉 = 〈δ(y), ϕ(y + a)〉 = ϕ(a). (3.9)5. \� ¬¥  ¬ áèâ ¡ " ¢  à£ã¬¥â¥ ®¡®¡é¥ëå äãªæ¨©.�«ï u(x) ∈ C(IR) ¨ k 6= 0+∞∫

−∞

u(kx)ϕ(x) dx = 1
|k|

+∞∫

−∞

u(y)ϕ(y
k
) dy. (3.10)�¯à¥¤¥«¥¨¥. �«ï f(x) ∈ D(IR) ¯®«®�¨¬ ¯à¨ k 6= 0

〈f(kx), ϕ(x)〉 = 1
|k| 〈f(y), ϕ(yk )〉. (3.11)� ¤ ç . �®ª �¨â¥, çâ®

δ(kx) = 1
|k|δ(x), k 6= 0 (3.12)



� ç áâ®áâ¨, δ - äãªæ¨ï ç¥â ï:
δ(−x) = δ(x). (3.13)� ¬¥ç ¨¥ 3.3. �§ ®¯à¥¤¥«¥¨ï (3.9) ¯®«ãç ¥¬:

〈δ(y − x), ϕ(y)〉 = ϕ(x). (3.14)�â® ®§ ç ¥â, çâ® δ(y − x) | ¨â¥£à «ì®¥ ï¤à® ¥¤¨¨ç®£® ®¯¥à â®à 
Iϕ = ϕ. � «¨¥©®©  «£¥¡à¥ ¬ âà¨æ  ¥¤¨¨ç®£® ®¯¥à â®à  ¥áâì δ-á¨¬¢®«�à®¥ª¥à  δij . �¬¥® ¢¢¨¤ã â ª®©   «®£¨¨ �¨à ª  §¢ « äãªæ¨® «(2.4) δ-äãªæ¨¥©.� ¤ ç . � ¯¨è¨â¥ ä®à¬ã«ã ¤«ï ®¡é¥© § ¬¥ë ¯¥à¥¬¥®© x = g(y) ¢®¡®¡é¥®© äãªæ¨¨, £¤¥ g : IR → IR | £« ¤ª¨© ¤¨ää¥®¬®àä¨§¬.6. �å®¤¨¬®áâì ®¡®¡é¥ëå äãªæ¨©.�¯à¥¤¥«¥¨¥. �¡®¡é¥ë¥ äãªæ¨¨ un(x) ∈ D′(IR) áå®¤ïâáï (á« ¡®) ª
u(x) ∈ D′(IR) ¯à¨ n→ ∞, ¥á«¨ ¤«ï ∀ϕ(x) ∈ C∞0 (IR) ≡ D(IR)

〈un, ϕ〉 → 〈u, ϕ〉 ¯à¨ n→ ∞ (3.15)�¡®§ ç îâ íâ® â ª: un(x)D′(IR)
⇁ u(x) ¯à¨ n→ ∞.Ǒà¨¬¥àë áå®¤ïé¨åáï ¯®á«¥¤®¢ â¥«ì®áâ¥© ®¡®¡é¥ëå äãªæ¨©:1. �á«¨ un(x) ∈ C(IR) ¨ Un(x)−→−→u(x) ¯à¨ n → ∞, â® un

D′(IR)
⇁ u ¯à¨

n→ ∞ . (�®ª § âì!)2. �á«¨ un(x) ∈ L2(IR) ¨ un → u ¢ L2(IR) ¯à¨ n → ∞, â® un
D′(IR)
⇁ u.(�®ª § âì!)3. sin kxD′(IR)

⇁ 0 ¯à¨ k → ∞. �¥©áâ¢¨â¥«ì®, ¨â¥£à¨àãï ¯® ç áâï¬,¯®«ãç ¥¬, çâ®
〈sin kx, ϕ(x)〉 = ∫ os kx

k
ϕ′(x) dx −→ 0 ¯à¨ k → ∞4. � «®£¨ç®,k2 sin kxD′(IR)

⇁ 0 ¯à¨ k → ∞.� ¬¥ç ¨¥ . Ǒ®á«¥¤®¢ â¥«ì®áâ¨ äãªæ¨© sin kx ¨ k2 sin kx ¥ áå®¤ïâáï¨ ¢ ¯à®áâà áâ¢¥ C(IR), ¨ ¢ ¯à®áâà áâ¢¥ L2(IR) , ® áå®¤ïâáï ¢ D′(IR).5.\δ-®¡à §ë¥" ¯®á«¥¤®¢ â¥«ì®áâ¨. � áá¬®âà¨¬ \áâã¯¥ìª¨ �â¥ª«®¢ "
un(x) = {n, x ∈ [0, 1n ℄,0, x 6∈ [0, 1n ℄, n ∈ IN. (3.16)�ç¥¢¨¤®, +∞∫

−∞
un(x) dx = 1, ∀n = 1, 2, 3, . . . .



� ¤ ç . �®ª § âì, çâ®
un(x)D′(IR)

⇁ δ(x) ¯à¨ n→ ∞ (3.17)�ª § ¨¥. Ǒà¨¬¥¨âì ª ¨â¥£à «ã +∞∫
−∞

un(x)ϕ(x) dx â¥®à¥¬ã ® áà¥¤¥¬.� «®£¨ç®, á« ¡® áå®¤ïâáï £ ãáá®¢áª¨¥ à á¯à¥¤¥«¥¨ï
e−

x22σ√2πσD′(IR)
⇁ δ(x) ¯à¨ σ → 0+(�®ª § âì!).7. �¨ää¥à¥æ¨à®¢ ¨¥ ®¡®¡é¥ëå äãªæ¨©.�«ï u(x) ∈ C1(IR), ¨â¥£à¨àãï ¯® ç áâï¬, ¯®«ãç ¥¬ (ϕ(x) ≡ 0 ¯à¨

|x| ≥ A):+∞∫

−∞

u′(x)ϕ(x) dx = uϕ
∣∣A
−A

−
A∫

−A

u(x)ϕ′(x) dx = −
+∞∫

−∞

u(x)ϕ′(x) dx, (3.18)¯®áª®«ìªã ϕ(A) = ϕ(−A) = 0, â ª çâ® ¯®¤áâ ®¢ª  à ¢  ã«î.�¯à¥¤¥«¥¨¥. �«ï u(x) ∈ D′(IR) ¯®«®�¨¬
〈u′(x), ϕ(x)〉 = −〈u(x), ϕ′(x)〉, ∀ϕ ∈ D(IR) (3.19)� ¤ ç . �®ª �¨â¥, çâ® u′(x) ∈ D′(IR).� ª¨¬ ®¡à §®¬, «î¡ ï ®¡®¡é¥ ï äãªæ¨ï ¨¬¥¥â ¯à®¨§¢®¤ãî,   á«¥-¤®¢ â¥«ì® ¨ ¯à®¨§¢®¤ë¥ ¢á¥å ¯®àï¤ª®¢!� áá¬®âà¨¬ ¯à¨¬¥àë ¤¨ää¥à¥æ¨à®¢ ¨ï ®¡®¡é¥ëå äãªæ¨©.1. (sinx)′ = osx.2. � ©¤¥¬ �′(x) (á¬. (2.8)|(2.9)): ¯® ®¯à¥¤¥«¥¨î (3.19)

〈�(x), ϕ(x)〉 = −〈�(x), ϕ′(x)〉 = +∞∫0 ϕ′(x) dx == −ϕ(x)∣∣+∞0 = ϕ(0) = 〈δ(x), ϕ(x)〉. (3.20)�âáî¤  ¢¨¤®, çâ® �′(x) = δ(x) .



8. �¥¯à¥àë¢®áâì ®¯¥à â®à  ¤¨ää¥à¥æ¨à®¢ ¨ï ®â®á¨â¥«ì® áå®¤¨¬®áâ¨®¡®¡é¥ëå äãªæ¨©.�¥¬¬  3.1. �¯¥à â®à d
dx : D′(IR) → D′(IR) ¥¯à¥àë¢¥.�®ª § â¥«ìáâ¢®. Ǒãáâì un(x)D′(IR)

⇁ u(x). �®£¤  ¤«ï ∀ϕ ∈ D(IR)
〈u′n(x), ϕ(x)〉 ≡ −〈un(x), ϕ′(x)〉 −→

n→∞
− 〈u(x), ϕ′(x)〉 ≡ −〈u′(x), ϕ(x)〉�«¥¤®¢ â¥«ì®, u′n(x)D′(IR)

⇁ u′(x) ¯® ®¯à¥¤¥«¥¨î (3.15), ç. â. ¤.� ¤ ç . �®ª § âì, çâ® ¤«ï ∀u(x) ∈ D′(IR)
u(x+ ε)− u(x)

ε

D′(IR)
⇁ u′(x) ¯à¨ ε→ 0.

§4. �¨ää¥à¥æ¨à®¢ ¨¥ ªãá®ç®-£« ¤ª¨å äãªæ¨© ¨¤¨ää¥à¥æ¨à®¢ ¨¥ ¯à®¨§¢¥¤¥¨ï.1. �¨ää¥à¥æ¨à®¢ ¨¥ ªãá®ç®-£« ¤ª¨å äãªæ¨©.�¥¬¬ . Ǒãáâì äãªæ¨ï u(x) ∈ C1 ¯à¨ x < a ¨ ¯à¨ x > a,   ¢ â®çª¥ x = a¨¬¥¥â à §àë¢ ¯¥à¢®£® à®¤ , â. ¥. áãé¥áâ¢ãîâ ®¤®áâ®à®¨¥ ¯à¥¤¥«ë
u(a± 0) (¨ u′(a± 0) ¤«ï ¯à®áâ®âë â ª�¥ ¯ãáâì áãé¥áâ¢ãîâ):

�¨á. 76�®£¤  á¯à ¢¥¤«¨¢  ä®à¬ã« 
u′(x) = {u′(x)}+ h · δ(x − a); h = u(a+ 0)− u(a− 0). (4.1)�¤¥áì ¢ «¥¢®© ç áâ¨ u′(x)| ®¡®¡é¥ ï ¯à®¨§¢®¤ ï ®¡®¡é¥®© äãªæ¨¨

u(x),   ¢ ¯à ¢®© ç áâ¨ {u′(x)} | ¥¯à¥àë¢ ï ¯à¨ x 6= a äãªæ¨ï,à ¢ ï ®¡ëç®© ¯à®¨§¢®¤®© äãªæ¨¨ u(x) ¢ â¥å â®çª å, £¤¥ íâ ¯à®¨§¢®¤ ï áãé¥áâ¢ã¥â. �®®â¢¥âáâ¢ãîé ï äãªæ¨¨ {u′(x)} ¯® ä®à¬ã«¥(1.5) ®¡®¡é¥ ï äãªæ¨ï  §ë¢ ¥âáï à¥£ã«ïà®© ç áâìî ®¡®¡é¥®©¯à®¨§¢®¤®© u′(x).



Ǒà¨¬¥à. �«ï u(x) = �(x) ¨¬¥¥¬: a = 0, {�′(x)} ≡ 0, ¯®áª®«ìªã �′(x) = 0¯à¨ x 6= 0, h = �(0+)−�(0−) = 1. Ǒ®íâ®¬ã ä®à¬ã«  (4.1) ¤ ¥â�′(x) = δ(x), (4.2)çâ® á®£« áã¥âáï á (3.20).�¯à �¥¨¥. �ëç¨á«¨¬ |x|′′.�¥è¥¨¥. Ǒ® ä®à¬ã«¥ (4.1)
|x|′ = {|x|′}+ 0 · δ(x) = Sgn(x) ≡ { 1, x > 0,

−1, x < 0. (4.3)�¯ïâì ¯® â®© �¥ ä®à¬ã«¥
|x|′′ = (Sgn x)′ = {Sgn′x}+ 2 · δ(x) = 2δ(x). (4.4)�â¢¥â: |x|′′ = 2δ(x).�¯à �¥¨¥. �®ª �¥¬ ä®à¬ã«ã (4.1).�¥è¥¨¥. �«ï ϕ ∈ C∞0 (IR)

〈u′, ϕ〉 = −〈u, ϕ′〉 = −
a∫

−∞

uϕ′ dx−
+∞∫

a

uϕ′ dx = −uϕ
∣∣a−0
−∞−uϕ

∣∣∞
a+0++ ∫

x 6=a

u′ϕdx = −u(a)ϕ(a− 0) + u(a)ϕ(a+ 0) + 〈{u′}, ϕ〉,çâ® íª¢¨¢ «¥â® (4.1).2. �¨ää¥à¥æ¨à®¢ ¨¥ ¯à®¨§¢¥¤¥¨ï.�«ï g(x) ∈ C∞(IR) ¨ u(x) ∈ D′(IR) ®¯à¥¤¥«¥® ¯à®¨§¢¥¤¥¨¥ g(x)u(x) (á¬.®¯à¥¤¥«¥¨¥ (3.6)). �ª §ë¢ ¥âáï, á¯à ¢¥¤«¨¢  ®¡ëç ï ¯® ¢¨¤ã ä®à¬ã« (g(x)u(x))′ = g′(x)u(x) + g(x)u′(x). (4.5)� ¤ ç . �®ª �¨â¥ ä®à¬ã«ã (4.5).�¯à �¥¨¥. Ǒà¨ ¯®¬®é¨ ä®à¬ã«ë (4.5) ¢ëç¨á«¨¬( d
dx

+ λ)(�(x)e−λx). (4.6)�¥è¥¨¥. Ǒ® ä®à¬ã« ¬ (4.5) ¨ (3.7)
d

dx
(e−λx�(x)) = −λe−λx�(x) + e−λx�′(x) == −λe−λx�(x) + δ(x). (4.7)



Ǒà¨¡ ¢«ïï áî¤  λ�(x)e−λx, ¯®«ãç ¥¬, çâ® (4.6) à ¢ï¥âáï δ(x):( d
dx

+ λ)(�(x)e−λx) = δ(x). (4.8)�¯à �¥¨¥. �ëç¨á«¨¬ (¯à¨ ω 6= 0):( d2
dx2 + ω2)(�(x) sinωx

ω
) =? (4.9)�¥è¥¨¥. Ǒ® ä®à¬ã« ¬ (4.5) ¨ (3.7)

d

dx
( sinωx

ω
·�(x)) = osωx ·�(x) + sinωx

ω
·�′(x) = osωx ·�(x). (4.10)Ǒ®«ì§ãïáì ®¯ïâì â¥¬¨ �¥ ä®à¬ã« ¬¨, ¯®«ãç ¥¬

d2
dx2 ( sinωxω

·�(x)) = d

dx
(osωx ·�(x)) = −ω sinωx ·�(x)++osωx ·�′(x) = −ω sinωx ·�(x) + δ(x). (4.11)Ǒà¨¡ ¢«ïï áî¤  ω2�(x) sinωx
ω , ¯®«ãç ¥¬ δ(x):( d2

dx2 + ω2)(�(x) sinωx
ω

) = δ(x). (4.12)
�¨á. 77

�¯à �¥¨¥. �®ª �¥¬ (4.8) ¨ (4.12)¯à¨ ¯®¬®é¨ ä®à¬ã«ë (4.1) ¢¬¥áâ®(4.5).�®ª �¥¬ (4.8). � à¨áã¥¬ £à ä¨ª�(x)e−λx (à¨á. 77).Ǒ® ä®à¬ã«¥ (4.1) (a = 0 ¨ h = 1)
d

dx
(�(x)e−λx) = �(x)(−λ)e−λx + δ(x). (4.13)

�¨á. 78
Ǒà¨¡ ¢«ïï áî¤  λ�(x)e−λx, ¯®«ãç -¥¬ (4.8). �®ª �¥¬ (4.12). � à¨áã¥¬£à ä¨ª �(x) sinωx

ω :Ǒ® ä®à¬ã«¥ (4.1) (a = 0 ¨ h = 0)
d

dx
(�(x) sinωx

ω
) = �(x) osωx.�à ä¨ª �(x) osωx á¬®âà¨   à¨á. 79. Ǒ® ä®à¬ã«¥ (4.1) (a = 0 ¨ h = 1):

d2
dx2 (�(x) sinωxω

) = d

dx
(�(x) osωx) = �(x)(sinωx)(−ω) + δ(x). (4.15)



Ǒà¨¡ ¢«ïï áî¤  ω2�(x) sinωx
ω , ¯®«ãç ¥¬ (4.12).� ¬¥ç ¨¥ 4.1. � ¢¥áâ¢® (4.8) ®¡ãá«®¢«¥® â¥¬, çâ® äãªæ¨ï �(x)e−λx¯à¨ x 6= 0 ã¤®¢«¥â¢®àï¥â ®¤®à®¤®¬ã ãà ¢¥¨î( d

dx
+ λ)(�(x)e−λx

) = 0 ¯à¨ x 6= 0, (4.16)
�¨á. 79

  ¥¥ áª ç®ª h = 1. � «®£¨ç®,(4.12) ¯®«ãç ¥âáï ¨§-§  â®£®, çâ®äãªæ¨ï y(x) = �(x) sinωx
ω ¯à¨ x 6= 0ã¤®¢«¥â¢®àï¥â ®¤®à®¤®¬ã ãà ¢¥-¨î( d2

dx2 + ω2)�(x) sinωx
ω

= 0 ¯à¨ x 6= 0. (4.17)�à®¬¥ â®£®, á ¬  äãªæ¨ï y(x) ¥¯à¥àë¢  ¯à¨ x = 0,   ¥¥ ¯¥à¢ ï¯à®¨§¢®¤ ï y′(x) = �(x) osωx ¨¬¥¥â áª ç®ª, à ¢ë© 1:
{
y(0−) = y(0+),
y′(0+) = y′(0−) + 1. (4.18)�â ª, à¥£ã«ïàë¥ ç áâ¨ ¢ (4.8) ¨ (4.12) ã¨çâ®� îâáï ¢ á¨«ã â®�¤¥áâ¢(4.16), (4.17) á®®â¢¥âáâ¢¥®.

§5. �ã¤ ¬¥â «ìë¥ à¥è¥¨ï ®¡ëª®¢¥ëå¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©.1. �ã¤ ¬¥â «ìë¥ à¥è¥¨ï ®¡ëª®¢¥ëå ãà ¢¥¨©.� áá¬®âà¨¬ «¨¥©ë© ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à ¯®àï¤ª  m á ¯®áâ®-ïë¬¨ ª®íää¨æ¨¥â ¬¨:
A = A( d

dx
) = m∑

k=0 ak
dk

dxk
, am 6= 0. (5.1)Ǒ® ä®à¬ã«¥ ¤¨ää¥à¥æ¨à®¢ ¨ï á«®�®© äãªæ¨¨ ¤«ï y ∈ IR

dk

dxk
(u(x− y)) = u(k)(x− y), x ∈ IR. (5.2)�«¥¤®¢ â¥«ì®,

A( d
dx

)(u(x − y)) = (Au)(x− y), x ∈ IR. (5.3)



�¯à¥¤¥«¥¨¥. �ã¤ ¬¥â «ìë¬ à¥è¥¨¥¬ ®¯¥à â®à  A  §ë¢ ¥âáïâ ª ï (®¡®¡é¥ ï) �ãªæ¨ï ε(x) x ∈ D′(IR), ¤«ï ª®â®à®© (¯à®¨§¢®¤ë¥¯®¨¬ îâáï ¢ á¬ëá«¥ â¥®à¨¨ ®¡®¡é¥ëå äãªæ¨©)
A( d
dx

)e(x) = δ(x), x ∈ IR. (5.4)� ¬¥ç ¨¥ 5.1. �§ (5.3) á«¥¤ã¥â, çâ®
A( d
dx

)e(x − y) = δ(x− y), x ∈ IR. (5.5)Ǒà¨¬¥àë:1. A = d
dx : e(x) = �(x) (á¬. (4.2)).2. A = d2
dx2 : e(x) = 12 |x| (á¬. (4.4)).3. A = d
dx + λ : e(x) = �(x)e−λx (á¬. (4.8)).4. A = d2
dx2 + ω2 : e(x) = �(x) sinωx

ω (á¬. (4.12)).�â¬¥â¨¬, çâ® ¤«ï ä¨ªá¨à®¢ ®£® ®¯¥à â®à  A äã¤ ¬¥â «ìëå à¥-è¥¨© ¬®�¥â ¡ëâì ¡¥áª®¥ç®¥ ¬®�¥áâ¢®.�®¯à®á. � ç¥¬ ã�ë äã¤ ¬¥â «ìë¥ à¥è¥¨ï?�â¢¥â. �â®¡ë à¥è âì ¥®¤®à®¤ë¥ ãà ¢¥¨ï
A( d
dx

)u(x) = f(x), x ∈ IR. (5.6)� áâ®¥ à¥è¥¨¥ ¬®�®  ©â¨ ¯® ä®à¬ã«¥
u(x) = +∞∫

−∞

e(x − y)f(y) dy ≡ (e ∗ f)(x) = +∞∫

−∞

e(y)f(x− y) dy, (5.7)¥á«¨ f(x) = 0 ¯à¨ |x| ≥ onst,, ¨ f(x) ∈ C(IR) (®¯¥à æ¨ï * ¢ (5.7) §ë¢ ¥âáï á¢¥àâª®© e á f).Ǒà®¢¥àª  ¤«ï á«ãç ï f(x) ∈ Cm(IR): ¤«ï äãªæ¨¨ (5.7) ¯®«ãç ¥¬ ¨§(5.4) ¯à¨ x ∈ IR
A( d
dx

)u(x) = +∞∫

−∞

e(y)A( d
dx

)f(x− y) dy == 〈e(y), A(− d

dy
)f(x − y)〉 = 〈A( d

dy
)e(y), f(x − y)〉 = 〈δ(y), f(x− y)〉 = f(x).(5.8)Ǒà¨¬¥àë:1. �«ï ãà ¢¥¨ï

d

dx
u(x) = f(x), x ∈ IR (5.9)



ä®à¬ã«  (5.7) ¤ ¥â ç áâ®¥ à¥è¥¨¥
u(x) = +∞∫

−∞

�(x− y)f(y) dy = x∫

−∞

f(y) dy, x ∈ IR (5.10)çâ® å®à®è® ¨§¢¥áâ® ¨§   «¨§ .2. �«ï ãà ¢¥¨ï
d2
dx2 u(x) = f(x), x ∈ IR (5.11)ä®à¬ã«  (5.7) ¤ ¥â ç áâ®¥ à¥è¥¨¥

u(x) = +∞∫

−∞

12 |x− y|f(y) dy, x ∈ IR (5.12)çâ®   «®£¨ç® ¨§¢¥áâ®© ä®à¬ã«¥ �®è¨.2. �¥â®¤ ¯®áâà®¥¨ï äã¤ ¬¥â «ìëå à¥è¥¨© ¤«ï ¯à®¨§¢®«ì®£® ®¯¥-à â®à  A( d
dx) ¢¨¤  (5.1).� áá¬®âà¨¬ äãªæ¨î u0(x) ¯à¨ x ≥ 0, à¥è¥¨¥ § ¤ ç¨ �®è¨





A( d
dx )u0(x) = 0, x > 0,

u0(0) = 0,
. . .
u
(m−2)0 (0) = 0,
u
(m−1)0 (0) = 1

am
.

(5.13)�®£¤  äãªæ¨ï e = {u0(x), x > 0,0, x < 0. (5.14)ï¢«ï¥âáï äã¤ ¬¥â «ìë¬ à¥è¥¨¥¬ ®¯¥à â®à  A.� ¤ ç . �®ª �¨â¥ (5.4) ¤«ï äãªæ¨¨ (5.14), ¨á¯®«ì§ãï ä®à¬ã«ã (4.1).�¯à �¥¨¥. � ©¤¨â¥ à¥è¥¨¥ ãà ¢¥¨ï3u′′(x) − u′(x) = δ(x), x ∈ IR (5.15)�¥è¥¨¥. 3λ2 − λ = 0 ⇐⇒ λ1 = 0, λ2 = 13 ⇒

u0(x) = c1 + c2e x3 . (5.16)� ç «ìë¥ ãá«®¢¨ï (5.13) ¤ îâ
{
c1 + c2 = 0,13c2 = 13 , ⇒

{
c2 = 1,
c1 = −1, (5.17)



�â¢¥â:
u(x) = �(x)(e x3 − 1). (5.18)�¯à �¥¨¥. � ©¤¥¬ ä®à¬ã«ã ¤«ï ç áâ®£® à¥è¥¨ï ãà ¢¥¨ï

u′′(x)− 3u′(x) + 2u(x) = f(x), x ∈ IR (5.19)£¤¥ f(x) ∈ C(IR), f(x) = 0 ¯à¨ |x| = onst.�¥è¥¨¥. � ©¤¥¬ äã¤ ¬¥â «ì®¥ à¥è¥¨¥:e ′′(x)− 3e ′(x) + 2e(x) = δ(x). (5.20)�«ï íâ®£®  ©¤¥¬ ª®à¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢¥¨ï
λ2 − 2λ+ 2 = 0 ⇐⇒ λ1 = 1, λ2 = 2 ⇒e(x) = �(x)(c1ex + c2e2x). (5.21)� ç «ìë¥ ãá«®¢¨ï (5.13) ¤ îâ

{
c1 + c2 = 0,
c1 + 2c2 = 1, ⇒ {

c2 = 1,
c1 = −1, (5.22)�â¢¥â: Ǒ® ä®à¬ã«¥ (5.7)

u(x) = ε ∗ f(x) = +∞∫

−∞

�(x− y)(e2(x−y) − ex−y)f(y) dy == x∫

−∞

(e2(x−y) − ex−y)f(y) dy. (5.23)
§6. �ãªæ¨ï �à¨  ¤«ï ªà ¥¢ëå § ¤ ç   ®âà¥§ª¥.1. �ãªæ¨ï �à¨ .� ©¤¥¬ à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨ (ω 6= 0)

{
u′′(x)− ω2u(x) = f(x), 0 < x < l,
u(0) = u(l) = 0. (6.1)�ãªæ¨ï �à¨  íâ®© ªà ¥¢®© § ¤ ç¨ | íâ® äãªæ¨ï G(x, y)   [0, l℄×[0, l℄,£« ¤ª ï ¯à¨ x 6= y ¨ ã¤®¢«¥â¢®àïîé ï ãà ¢¥¨ï¬

{ ( d2
dx2 − ω2)G(x, y) = δ(x − y), 0 < x < l,
G(0, y) = G(l, y) = 0. (6.2)



�¤¥áì y ¨£à ¥â à®«ì ¯ à ¬¥âà , y ∈ (0, l). �®�® áª § âì, çâ® äãª-æ¨ï �à¨  ¥áâì äã¤ ¬¥â «ì®¥ à¥è¥¨¥, ã¤®¢«¥â¢®àïîé¥¥ ªà ¥¢ë¬ãá«®¢¨ï¬.�¬¥ï äãªæ¨î �à¨ , «¥£ª®  ©â¨ à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨ (6.1) ¯®ä®à¬ã«¥
u(x) = l∫0 G(x, y)f(y) dy. (6.3)Ǒà®¢¥àª . �à ¥¢ë¥ ãá«®¢¨ï (6.1) ¢ëâ¥ª îâ ¨§ ªà ¥¢ëå ãá«®¢¨© (6.2):¯à¨ x = 0
u(0) = l∫0 G(0, l)f(y) dy = 0 (6.4)¨   «®£¨ç® ¯à¨ x = l. �à ¢¥¨¥ (6.1) ä®à¬ «ì® ¯à®¢¥àï¥âáï â ª:( d2

dx2 − ω2)u(x) = l∫0 ( d2
dx2 − ω2)G(x, y)f(y) dy = l∫0 δ(x− y)f(y) dy = f(x).(6.5)� ¬¥ç ¨¥ 6.1. �®à¬ã«  (6.3) ®§ ç ¥â, çâ® äãªæ¨ï �à¨  G(x, y)ï¢«ï¥âáï ¨â¥£à «ìë¬ ï¤à®¬ ®¯¥à â®à  G, ®¡à â®£® ª ®¯¥à â®àã

A = d2
dx2 − ω2 ªà ¥¢®© § ¤ ç¨ (6.1):

A = d2
dx2 − ω2 : C20 [0, l℄→ C[0, l℄ (6.6)�¤¥áì C20 [0, l℄ | ¯à®áâà áâ¢® äãªæ¨© u(x) ∈ C2[0, l℄ á ªà ¥¢ë¬¨ ãá«®-¢¨ï¬¨ u(0) = u(l) = 0.� ¬¥ç ¨¥ 6.2. �¯¥à â®à (6.6) - á¨¬¬¥âà¨ç¥áª¨© ¢ L2(0, l), ª ª ¯®ª § ®¢ II.3.6. �«¥¤®¢ â¥«ì®, ®¯¥à â®à G = A−1 â ª�¥ á¨¬¬¥âà¨ç¥áª¨© ¢

L2(0, l). �âáî¤  ¢ëâ¥ª ¥â ¢ �®¥ á¢®©áâ¢® á¨¬¬¥âà¨¨ äãªæ¨¨ �à¨ :
G(x, y) = G(y, x), ∀x, y ∈ [0, l℄. (6.7)2. �¥â®¤ ¯®áâà®¥¨ï äãªæ¨¨ �à¨  ¤«ï ªà ¥¢ëå § ¤ ç   ®âà¥§ª¥.�¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ (6.2) | ®¤®à®¤®¥ ¯à¨ x 6= y, ¯®áª®«ìªã

δ(x− y) = 0 ¯à¨ x− y 6= 0 . Ǒ®íâ®¬ã   «®£¨ç® (4.17)( d2
dx2 − ω2)G(x, y) = 0 ¯à¨x 6= y. (6.8)�«¥¤®¢ â¥«ì®,

G(x, y) = {Aeωx +Be−ωx, x < y,
Ceωx +De−ωx, x > y.

(6.9)



�¨á. 80
�«ï ®¯à¥¤¥«¥¨ï ª®áâ â A, B, C¨ D ¬ë ¨¬¥¥¬ ¤¢  ªà ¥¢ëå ãá«®¢¨ï(6.2) ¨ ¤¢  ãá«®¢¨ï áª«¥©ª¨ ¯à¨ x = y(á¬. à¨á.80). � «®£¨ç® (4.18)

{
G(y − 0, y) = G(y + 0, y),
G′

x(y + 0, y) = G′
x(y − 0, y) + 1. (6.10)�â¨ ç¥âëà¥ ãà ¢¥¨ï ®¤®§ ç® ®¯à¥¤¥«ïîâ A, B, C ¨ D.� ¤ ç . �ë¢¥¤¨â¥ (6.2) ¨§ (6.8) ¨ (6.10).�ª § ¨¥. Ǒà¨¬¥¨â¥ ä®à¬ã«ã (4.1) (¤¢  à § ) ¤«ï ¢ëç¨á«¥¨ï d2

dx2G(x, y).� ¬¥â¨¬, çâ® ¬®�® áà §ã ãç¥áâì ªà ¥¢ë¥ ãá«®¢¨ï (6.2), à §ëáª¨¢ ïäãªæ¨î �à¨  ¢ ¢¨¤¥
G(x, y) = {A shωx, x < y,

B shω(x− l), x > y.
(6.11)Ǒà¨ íâ®¬ (6.9) â ª�¥ ¢ë¯®«ï¥âáï. �áâ ¥âáï ãç¥áâì ãá«®¢¨ï áª«¥©ª¨(6.10): {

A shωy = B shω(y − l),
Bω hω(y − l) = Aω hωy + 1. (6.12)�¥è ï íâã á¨áâ¥¬ã,  å®¤¨¬

{
A = shω(y−l)

ω shωl ,

B = shωy
ω shωl .

(6.13)�ª®ç â¥«ì®, ¨§ (6.11)  å®¤¨¬ äãªæ¨î �à¨  § ¤ ç¨ (6.1):
G(x, y) = { shω(y−l) shωx

ω shωl , x < y,shωy shω(x−l)
ω shωl , x > y.

(6.14)Ǒ®¤áâ ¢«ïï ¢ (6.3),  å®¤¨¬ à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨ (6.1):
u(x) = x∫0 shωy shω(x− l)

ω shωl f(y) dy + l∫

x

shω(y − l) shωx
ω shωl f(y) dy. (6.15)�ãªæ¨ï �à¨  (6.14) á¨¬¬¥âà¨ç  ¢ ¯®«®¬ á®®â¢¥âáâ¢¨¨ á § ¬¥ç ¨¥¬6.2.



�¯à �¥¨¥. � ©â¨ à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨ (ω 6= 0)
{
u′′(x) + ω2u(x) = f(x), 0 < x < l,
u(0) = u(l) = 0. (6.16)�¥è¥¨¥. � å®¤¨¬ äãªæ¨î �à¨  G(x, y) ¯à¨ ∀y ∈ [0, l℄:

{ ( d2
dx2 + ω2)G(x, y) = δ(x − y), 0 < x < l,
G(0, y) = G(l, y) = 0. (6.17)� ¬¥ïï ¢ (6.8) § ª "− "   " + " ¯®«ãç ¥¬,   «®£¨ç® (6.11):
G(x, y) = {A sinωx, x < y,

B sinω(x− l), x > y.
(6.18)Ǒ®¤áâ ¢«ïï G ¢ ãá«®¢¨ïå áª«¥©ª¨ (6.10), ¯®«ãç ¥¬,   «®£¨ç® (6.13),çâ® ¯à¨ sinωl 6= 0 {

A = sinω(y−l)
ω sinωl ,

B = sinωy
ω sinωl .

(6.19)�âáî¤ , ¯®¤®¡® (6.14),
G(x, y) = { sinω(y−l) sinωx

ω sinωl , x < y,sinωy sinω(x−l)
ω sinωl , x > y.

(6.20)� ª®¥æ, ¯®«ãç ¥¬ à¥è¥¨¥ § ¤ ç¨ (6.16):
u(x) = x∫0 sinωy sinω(x− l)

ω sinωl f(y) dy + l∫

x

sinω(y − l) sinωx
ω sinωl f(y) dy. (6.21)�â¬¥â¨¬, çâ® äãªæ¨ï �à¨  (6.20) â ª�¥ á¨¬¬¥âà¨ç .� ¤ ç . � ©¤¨â¥ à¥è¥¨¥

{
u′′(x)− ω2u(x) = f(x), 0 < x < l,
u(x) = u′(l) = 0. (6.22)� ¤ ç . � ©¤¨â¥ à¥è¥¨¥

{
u′′(x) + ω2u(x) = f(x), 0 < x < l,
u′(x) = u(l) = 0. (6.23)� ¤ ç¨. Ǒ®áâà®¨âì äãªæ¨¨ �à¨  ¨  ¯¨á âì ä®à¬ã«ë ¤«ï à¥è¥¨©á«¥¤ãîé¨å ªà ¥¢ëå § ¤ ç:



1. u′′(x) = f(x), 0 < x < 1; u′(0) = u(0), u′(1) = −u(1).2. u′′(x) + u(x) = f(x), 0 < x < 1; u′(0) = u(0), u′(1) = 3u(1).3. x2u′′(x) + 2xu′(x) = f(x), 1 < x < 2; u′(1) = 0, u(2) + 5u′(2) = 0.4. (3 + x2)u′′(x) + 2xu′(x) = f(x), 0 < x < 1; u′(0) = u(0), u(1) = 0.
§7. �®à¬ «ì ï à §à¥è¨¬®áâì ªà ¥¢ëå § ¤ ç.� ¬¥â¨¬, çâ® ä®à¬ã«  (6.21) ¤«ï à¥è¥¨ï § ¤ ç¨ (6.16) ¨ äãªæ¨ï �à¨ (6.20) â¥àïîâ á¬ëá« ¯à¨ ωl = kπ, k ∈ Z, ¯®áª®«ìªã â®£¤  sinωl = 0.�®¯à®á. �®�® «¨ ¡ë«® íâ® ¯à¥¤¢¨¤¥âì, ¥ à¥è ï § ¤ çã (6.16)?�â¢¥â. � . �¥«® ¢ â®¬, çâ® ¯à¨ ωl = kπ § ¤ ç  (6.16) ¨¬¥¥â ¥ã«¥¢®¥à¥è¥¨¥ u0(x) ¯à¨ f(x) ≡ 0 : u0(x) = sin kπx

l ,
{ ( d2

dx2 + ω2)u0(x) = 0, 0 < x < l,
u0(0) = u0(l) = 0. (7.1)�«¥¤®¢ â¥«ì®, ®¯¥à â®à A ≡ d2

dx2 + ω2 : C20 [0, l℄ → C[0, l℄ ¥®¡à â¨¬!Ǒ®íâ®¬ã («¥¢ë©) ®¡à âë© ®¯¥à â®à G ¥ áãé¥áâ¢ã¥â, ¨ ¥£® ¨â¥£à «ì®¥ï¤à® G(x, y) â ª�¥ ¥ áãé¥áâ¢ã¥â.�â¬¥â¨¬, ®¤ ª®, çâ® ®âáãâáâ¢¨¥ ®¡à â®£® ®¯¥à â®à  ª A ¥ ®§ ç ¥â,çâ® § ¤ ç  (6.16) ¥ ¨¬¥¥â à¥è¥¨ï ¨ ¯à¨ ª ª®© äãªæ¨¨ f(x)!�®¯à®á. Ǒà¨ ª ª¨å ãá«®¢¨ïå   f(x) § ¤ ç  (6.16) ¨¬¥¥â à¥è¥¨¥ u(x),¨ ª ª íâ® à¥è¥¨¥  ©â¨?�â®¡ë  ©â¨ ®â¢¥â   íâ®â ¢®¯à®á, á¤¥« ¥¬ ®âáâã¯«¥¨¥ ¢ «¨¥©ãî «£¥¡àã. �¥«® ¢ â®¬, çâ®   «®£¨çë© ¢®¯à®á ¢®§¨ª ¥â ¯à¨ à¥è¥¨¨á¨áâ¥¬ë
Au = f, (7.2)£¤¥ A |n×n ¬ âà¨æ ,   f ∈ IRn. �¨áâ¥¬  (7.2) ¨¬¥¥â à¥è¥¨¥ u = A−1f ,¥á«¨ detA 6= 0 . �á«¨ �¥ detA = 0, â® á¨áâ¥¬  (7.2) ¬®�¥â ¥ ¨¬¥âìà¥è¥¨ï.�¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç®¥ ãá«®¢¨¥   f, ¯à¨ ª®â®à®¬ á¨áâ¥¬  (7.2) ¨¬¥¥âà¥è¥¨¥, íâ® á«¥¤ãîé¥¥ ãá«®¢¨¥ ®àâ®£® «ì®áâ¨ (á¬. [8℄):
f ⊥ KerA∗ (7.3)�¤¥áì KerA∗ | ¯®¤¯à®áâà áâ¢® ¢ IRn, á®áâ®ïé¥¥ ¨§ à¥è¥¨© á®¯àï�¥®©®¤®à®¤®© á¨áâ¥¬ë:

h ∈ KerA∗ ⇐⇒ A∗h = 0 (7.4)� ª¨¬ ®¡à §®¬, (7.3) ®§ ç ¥â, çâ®
〈f, h〉 = 0, ∀h ∈ KerA∗ (7.5)



�®ª �¥¬ ¥®¡å®¤¨¬®áâì ãá«®¢¨ï (7.3), (7.5). �á«¨ ¤«ï ¤ ®£® ¢¥ªâ®à 
f ∈ IRn áãé¥áâ¢ã¥â à¥è¥¨¥ u á¨áâ¥¬ë (7.2), â® ¤«ï ª �¤®£® ¢¥ªâ®à 
h ∈ KerA∗

〈f, h〉 = 〈Au, h〉 = 〈u,A∗h〉 = 〈u, 0〉 = 0. (7.6)� ¤ ç . �®ª �¨â¥ ¤®áâ â®ç®áâì ãá«®¢¨ï (7.3), (7.5) ¤«ï à §à¥è¨¬®áâ¨á¨áâ¥¬ë (7.2).� á¢ï§¨ á ¢¨¤®¬ ãá«®¢¨ï (7.3) £®¢®àïâ, çâ® á¨áâ¥¬  (7.2) ï¢«ï¥âáï\®à¬ «ì®" à §à¥è¨¬®©.�ª §ë¢ ¥âáï, ¤«ï à §à¥è¨¬®áâ¨ § ¤ ç¨ (6.16) ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®ãá«®¢¨¥ ¢¨¤  (7.3)! �â® ¬ë ¤®ª �¥¬ ¨�¥.� ©¤¥¬ KerA∗ ¤«ï ®¯¥à â®à  § ¤ ç¨ (6.16). Ǒ®áª®«ìªã A∗ = A (á¬.«¥¬¬ã §3 £«.II), â® KerA∗ = KerA. (7.7)�â® § ç¨â, çâ® KerA∗ á®¢¯ ¤ ¥â á ¯à®áâà áâ¢®¬ à¥è¥¨© § ¤ ç¨ (7.1),â. ¥. KerA∗ = {C sin kπx
l
, C ∈ IR}. (7.8)� ª¨¬ ®¡à §®¬, ãá«®¢¨¥ ®àâ®£® «ì®áâ¨ (7.6) ¯à¨¨¬ ¥â ¢¨¤:

〈f(x), sin kπx
l

〉 = l∫0 f(x) sin kπx
l

dx = 0. (7.9)�¯à �¥¨¥. �®ª �¥¬ ¥®¡å®¤¨¬®áâì ãá«®¢¨ï (7.9) ¤«ï à §à¥è¨¬®áâ¨§ ¤ ç¨ (6.16) ¯à¨ ω = kπ
l .�¥è¥¨¥. � «®£¨ç® (7.6), ¢ á¨«ã (II. 3.6) ¨¬¥¥¬:

〈f(x), sin kπx
l

〉 = 〈( d2
dx2 + ω2)u(x), sin kπx

l
〉 =

〈u(x), ( d2
dx2 + ω2) sin kπx

l
〉 = 〈u(x), 0〉 = 0. (7.10)�¯à �¥¨¥. �®ª �¥¬ ¤®áâ â®ç®áâì ãá«®¢¨ï (7.9).�¥è¥¨¥. �®§ì¬¥¬ ω → kπ

l , ® ω 6= kπ
l . �®£¤  § ¤ ç  (6.16) ¨¬¥¥âà¥è¥¨¥ (6.21). �ª §ë¢ ¥âáï, ¢®-¯¥à¢ëå, äãªæ¨ï (6.21) ¯à¨ ãá«®¢¨¨(7.9) ¨¬¥¥â ¯à¥¤¥« ¯à¨ ω → kπ

l ¨, ¢®-¢â®àëå, íâ®â ¯à¥¤¥« ¥áâì à¥è¥¨¥§ ¤ ç¨ (6.16).�®ª �¥¬ ¯¥à¢®¥ ãâ¢¥à�¤¥¨¥. Ǒ® ä®à¬ã«¥ (6.21)
u(x) = 1

ω sinωl [ x∫0 sinωy sinω(x− l)f(y) dy + l∫

x

sinω(y − l) sinωxf(y) dy](7.11)



Ǒà¨ ω = kπ
l ¯®¤ëâ¥£à «ìë¥ ¢ëà �¥¨ï ¢ ®¡®¨å ¨â¥£à « å ¨¬¥îâ®¤¨ ª®¢ë© ¢¨¤: ¯® ä®à¬ã« ¬ ¯à¨¢¥¤¥¨ï

{ sinωy · sinω(x− l) = sinωy · sin(ωx− kπ) = (−1)k sinωy · sinωx,sinω(y − l) · sinωx = sin(ωy − kπ) · sinωx = (−1)k sinωy · sinωx. (7.12)Ǒ®íâ®¬ã ¢ëà �¥¨¥ ¢ ª¢ ¤à âëå áª®¡ª å ¢ (7.11) ¯à¨¨¬ ¥â ¢¨¤(−1)k sinωx l∫0 sinωyf(y) dy. (7.13)�® ¯à¨ ω = kπ
l ¨â¥£à « (7.13) à ¢¥ ã«î á®£« á® ãá«®¢¨î ®àâ®£®- «ì®áâ¨ (7.9)! � ª¨¬ ®¡à §®¬, ¯à¨ ω → kπ

l ç¨á«¨â¥«ì ¨ § ¬¥ â¥«ì¢ëà �¥¨ï (7.11) áâà¥¬ïâáï ª 0 , ¨ ¬ë ¨¬¥¥¬ ¥®¯à¥¤¥«¥®áâì ¢¨¤  00� ¤ ç . � ©¤¨â¥ ¯à¥¤¥« ¢ëà �¥¨ï (7.11) ¯à¨ ω → kπ
l . (Ǒà¨¬¥¨â¥¯à ¢¨«® �®¯¨â «ï.)�â¢¥â:

u(x) = 1
ωl sin kπ ( x∫0 [y osωy · sinω(x− l)+sinωy · (x− l) osω(x− l)℄× (7.14)

×f(y) dy + l∫

x

[(y − l) osω(y − l) · sinωx+ sinω(y − l) · x osωx℄f(y) dy).� ¤ ç . �®ª �¨â¥, çâ® äãªæ¨ï (7.14) ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ (6.16)(¯à¨ ω = kπ
l ¨ ¯à¨ ãá«®¢¨¨ (7.9)!).�®¯à®á. �¥è¥¨¥ § ¤ ç¨ (6.16) ¯à¨ ω = kπ

l ®¯à¥¤¥«¥® ¥®¤®§ ç®,â. ¥. ª ¥¬ã ¬®�® ¯à¨¡ ¢¨âì C · sin kπx
l á «î¡ë¬ ª®íää¨æ¨¥â®¬ C.� ª®¥ �¥ ¨§ íâ¨å à¥è¥¨© ¤ ¥âáï ä®à¬ã«®© (7.14), ç¥¬ íâ® à¥è¥¨¥¢ë¤¥«ï¥âáï ¨§ ¢á¥å ®áâ «ìëå?�â¢¥â. �®à¬ã«  (7.14) ¤ ¥â à¥è¥¨¥ § ¤ ç¨ (6.16), ã¤®¢«¥â¢®àïîé¥¥ãá«®¢¨î

〈u(x), sin kπx
l

〉 = 0.� ¤ ç . � ©¤¨â¥ ãá«®¢¨¥ à §à¥è¨¬®áâ¨ ¨ ä®à¬ã«ã ¤«ï à¥è¥¨ï § ¤ ç¨(6.23) ¯à¨ ω = (k+ 12 )π
l , k = 0, 1, 2, . . ..

§8. �®¡®«¥¢áª¨¥ äãªæ¨® «ìë¥ ¯à®áâà áâ¢ .Ǒãáâì 
| ¥ª®â®à ï ®¡« áâì ¢ IRn ,   s = 0, 1, 2, . . ..�¯à¥¤¥«¥¨¥. Ǒà®áâà áâ¢® Hs(
) á®áâ®¨â ¨§ ¢á¥å äãªæ¨© u(x) ∈ L2(
),¤«ï ª®â®àëå
∂α

x u(x) ∈ L2(
), ¯à¨ |α| ≤ s, (8.1)



£¤¥ ¯à®¨§¢®¤ë¥ ¯®¨¬ îâáï ¢ á¬ëá«¥ ®¡®¡é¥ëå äãªæ¨©.�®à¬  �®¡®«¥¢  ‖u‖s ¢ ¯à®áâà áâ¢¥ Hs(
) ®¯à¥¤¥«ï¥âáï â ª:
‖u‖2s ≡

∑

|α|≤s

‖∂α
x u(x)‖2L2(
) = ∑

|α|≤s

∫
 |∂α
x u(x)|2 dx (8.2)� ¬¥ç ¨¥. H0(
) ≡ L2(
), ¨ ®ç¥¢¨¤®, C∞0 (
) ⊂ Hs(
).�¯à¥¤¥«¥¨¥. H0

s (
) | § ¬ëª ¨¥ C∞0 (
) ¢ ¯à®áâà áâ¢¥ Hs(
).Ǒ¥à¥ç¨á«¨¬ ¢ �¥©è¨¥ á¢®©áâ¢  á®¡®«¥¢áª¨å ¯à®áâà áâ¢.I. Hs(
) | ¯®«®¥ £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢®. � «¥¥ ¡ã¤¥¬ ¯à¥¤¯®« £ âì,çâ® 
 | ®£à ¨ç¥ ï ®¡« áâì ¢ IRn (á ª®¬¯ ªâë¬ § ¬ëª ¨¥¬) ¨£« ¤ª®© £à ¨æ¥© ∂
. �ä®à¬ã«¨àã¥¬ ¢ �¥©è¨¥ â¥®à¥¬ë ¢«®�¥¨ï�®¡®«¥¢ II. Hs(
) ⊂ C(�
) ¯à¨ s > n2 .III. Ǒà¨ s1 > s2 ¢«®�¥¨¥ Hs1(
) ⊂ Hs2(
) ï¢«ï¥âáï ª®¬¯ ªâë¬®â®¡à �¥¨¥¬.�®ª § â¥«ìáâ¢  á¢®©áâ¢ I{III ¨¬¥îâáï ¢ [9{12℄. � áá¬®âà¨¬ ¯à¨¬¥àëá®¡®«¥¢áª¨å ¯à®áâà áâ¢. Ǒãáâì n = 1 ¨ 
 = (0, l), £¤¥ l > 0. �®£¤ 1. H0((0, l)) = L2(0, l), ¨, à áª« ¤ë¢ ï u(x) ∈ L2(0, l) ¢ àï¤ �ãàì¥
u(x) =∑∞1 uk sin kπx

l , ¨¬¥¥¬ ¯® à ¢¥áâ¢ã �¥áá¥«ï
‖u‖20 = l2 ∞∑1 |uk|2 (8.3)2. Ǒà®áâà áâ¢® H1(0, l) á®áâ®¨â ¨§ äãªæ¨© u(x) ∈ L2(0, l), ¤«ï ª®â®àëå

‖u‖21 ≡ l∫0 u2(x) dx + l∫0 |u′(x)|2 dx <∞ (8.4)3. Ǒà®áâà áâ¢® H01 ((0, l)) á®áâ®¨â ¨§ äãªæ¨© u(x) ∈ C[0, l℄, ¤«ï ª®â®àëåª®¥ç  ®à¬  (8.4) ¨, ªà®¬¥ â®£®, u(0) = u(l) = 0. (�®ª § âì!).� ¤ ç . �®ª § âì, çâ®   «®£¨ç® (8.3) ¤«ï u ∈ H01 ((0, l))
‖u‖21 = l2 ∞∑1 |uk|2 + π22l ∞∑1 k2|uk|2. (8.5)�ª § ¨¥. � ç «  ¤®ª § âì (8.5) ¤«ï u(x) ∈ C∞0 (0, l).�«¥¤áâ¢¨¥. �«ï u ∈ H01 ((0, l)) ®à¬  ‖u‖21 íª¢¨¢ «¥â  ®à¬¥

|‖u‖|21 ≡
∞∑1 k2|uk|21 (8.6)



� ¤ ç . �®ª § âì, çâ® ¤«ï u(x) ∈ H1((0, l)) \ H01 ((0, l)) ä®à¬ã«  (8.5)¥¢¥à .� ¤ ç . �®ª § âì ¥à ¢¥áâ¢® �à¨¤à¨åá : ¤«ï u(x) ∈ H01 ((0, l))
l∫0 u2(x) dx ≤ C

l∫0 |u′(x)|2 dx, (8.7)£¤¥ c > 0 ¥ § ¢¨á¨â ®â u.�ª § ¨¥. �ëà §¨âì ¨â¥£à «ë ¢ (8.7) ç¥à¥§ ª®íää¨æ¨¥âë �ãàì¥ uk¯® á¨áâ¥¬¥ {sin kπx
l }.� ¤ ç . �®ª § âì, çâ® ¨ ¤«ï ª ª®© ª®áâ âë C > 0 ¥à ¢¥áâ¢® (8.7)¥ ¬®�¥â ¢ë¯®«ïâìáï ¯à¨ ¢á¥å u ∈ H1((0, l)).�¯à �¥¨¥. �®ª § âì, çâ® H01 ((0, l)) ⊂ C[0, l℄, ¨á¯®«ì§ãï ª®¥ç®áâì®à¬ë (8.5) ¨ à §«®�¥¨¥ u(x) ¢ àï¤ �ãàì¥.�¯à �¥¨¥. �®ª § âì ª®¬¯ ªâ®áâì ¢«®�¥¨ï H01 (0, l) ⊂ H0((0, l)),¨á¯®«ì§ãï (8.5) ¨ (8.3).� ¤ ç . Ǒãáâì 
| è à |x| < 1 ¢ IRn. Ǒà¨ ª ª¨å α ∈ IR

|x|α ∈ H1(
)? (sin |x|)α ∈ H1(
)? (ln |x|)α ∈ H1(
)?
§9. � §à¥è¨¬®áâì á¬¥è ®© § ¤ ç¨ ¤«ï ¢®«®¢®£® ãà ¢¥¨ï¢ á®¡®«¥¢áª¨å ¯à®áâà áâ¢ å.� áá¬®âà¨¬ § ¤ çã (6.1){(6.3) ¨§ £« ¢ë II ¨ ä®à¬ã«ã (II.6.10) ¤«ï ¥¥à¥è¥¨ï. Ǒà¥¤¯®«®�¨¬, çâ®

ϕ(x) ∈ H01 ((0, l)) ¨ ψ(x) ∈ H0((0, l)) ≡ L2(0, l) (9.1)Ǒà®¢¥à¨¬, çâ® ä®à¬ã«  (II.6.10) ¤ ¥â à¥è¥¨¥ § ¤ ç¨ (II.6.1){(II.6.3) ¯à¨ãá«®¢¨ïå (9.1).� ¤ ç  1. �®ª § âì, çâ® ãà ¢¥¨¥ (II.6.1) ¢ë¯®«ï¥âáï ¢ á¬ëá«¥
D′((0, l)× IR).� ¤ ç  2. �®ª § âì, çâ® ¯à¨ ∀t ∈ IR

u(x, t) ∈ H01 ≡ H01 ((0, l)) ¨ _u(x, t) ∈ H0 ≡ H0((0, l)) (9.2)� ¤ ç  3. �®ª § âì, çâ® ®â®¡à �¥¨¥ t 7→ u(x, t) ¥¯à¥àë¢® ¨§ IR ¢
H01 ((0, l)),   t 7→ _u(x, t) | ¥¯à¥àë¢® ¨§ IR ¢ H0((0, l)), ¯à¨ç¥¬

u(·, t) H01−→ϕ(·) ¨ _u(·, t) H0−→ψ(·) ¯à¨ t→ 0.� ¤ ç  4*. �®ª § âì ¥¤¨áâ¢¥®áâì à¥è¥¨ï § ¤ ç¨ (II.6.1){(II.6.3) ¢ª« áá¥ äãªæ¨© u(x, t), ®¡« ¤ îé¨å á¢®©áâ¢ ¬¨, áä®à¬ã«¨à®¢ ë¬¨ ¢§ ¤ ç å 1{3.



�¡®§ ç¨¬ ¤«ï ∀t ∈ IR ç¥à¥§ St ®â®¡à �¥¨¥
ϕ, ψ 7→ (u(·, t), _u(·, t))¯® ä®à¬ã«¥ (II.6.10). �®£« á® ãâ¢¥à�¤¥¨î § ¤ ç¨ 2, ®â®¡à �¥¨¥ St¯¥à¥¢®¤¨â ¯à®áâà áâ¢® E ≡ H01 ((0, l))×H0((0, l)) ¢ á¥¡ï.� ¤ ç  5. �®ª § âì, çâ® ¤«ï ∀t ∈ IR ®â®¡à �¥¨¥ St : E → E ¥¯à¥àë¢®.� ¤ ç  6. �®ª § âì, çâ® ¯®áâà®¥ë¥ ®â®¡à �¥¨ï St ®¡à §ãîâ £àã¯¯ã:

StSτ = St+τ , ∀t, τ ∈ IR.� ¤ ç  7. �®ª § âì ¤«ï ¯®áâà®¥®£® à¥è¥¨ï (II.6.10) § ª® á®åà ¥¨ïí¥à£¨¨: H ≡
∫ [| _u(x, t)|2 + |u′(x, t)|2℄dx = onst, t ∈ IR.� ¬¥ç ¨¥. Ǒ®áâà®¥ë¥ à¥è¥¨ï (II.6.10) ¯à¨ ¯à¥¤¯®«®�¥¨ïå (9.1)íâ® ¢ â®ç®áâ¨ à¥è¥¨ï á ª®¥ç®© í¥à£¨¥©. �¬¥® ¤«ï ®¡®á®¢ ¨ïà §à¥è¨¬®áâ¨ § ¤ ç â¨¯  (II.6.1){(II.6.3) ¢ ª« áá¥ à¥è¥¨© á ª®¥ç®©í¥à£¨¥© �. �. �®¡®«¥¢ ¢¢¥« äãªæ¨® «ìë¥ ¯à®áâà áâ¢  â¨¯  Hs.����� IV. ��������������� ������� � ������������ ��� ��������� � �������� Ǒ�����������.[3, .198{202, 394{411, 423{430℄; [10,.255{259℄; [14, . 136{158, 171{175,185{192, 208{228, 235{243, 301{310℄; [16, .329{364℄.

§1. �ã¤ ¬¥â «ìë¥ à¥è¥¨ï ®¯¥à â®à  � ¯« á  ¢ IRn.�¡®¡é¥ë¥ äãªæ¨¨ ®â ¥áª®«ìª¨å ¯¥à¥¬¥ëå x1, . . . , xn ¨ ®¯¥à æ¨¨ ¤ ¨¬¨ ®¯à¥¤¥«ïîâáï   «®£¨ç® á«ãç î n = 1 (á¬. §2 ¨ 3 £«. III).� ¯à¨¬¥à,
〈δ(n)(x), ϕ(x)〉 ≡ ϕ(0), ∀ϕ ∈ C∞0 (IRn); (1.1)¤«ï ª �¤®© ®¡®¡é¥®© äãªæ¨¨ u(x) ∈ D′(IRn)

〈 ∂u
∂x2 , ϕ(x)〉 ≡ −〈u, ∂ϕ

∂x2 〉, ∀ϕ ∈ C∞0 (IRn) (1.2)�¡®§ ç¨¬
△n = ∂2

∂x21 + . . .+ ∂2
∂x2n (1.3)�¡ëç® △n ®¡®§ ç îâ ¯à®áâ® ç¥à¥§ △.�¯à �¥¨¥. � ©¤¥¬ äã¤ ¬¥â «ì®¥ à¥è¥¨¥ ®¯¥à â®à  △3, â. ¥.äãªæ¨î e(x) ∈ D′(IR3), ¤«ï ª®â®à®©

△3e(x) = δ(3)(x), x ∈ IR3 (1.4)�«ï íâ®£®  ¯¯à®ªá¨¬¨àã¥¬ δ(3)-äãªæ¨î áâã¯¥ç âë¬¨ äãªæ¨ï¬¨ δρ(x),  «®£¨çë¬¨ áâã¯¥ìª ¬ �â¥ª«®¢  (III.3.16):
δρ(x) = { 1
ρ

¯à¨ |x| < ρ,0 ¯à¨ |x| > ρ,
(1.5)



£¤¥ 
ρ = 43πρ3 | ®¡ê¥¬ è à  à ¤¨ãá  ρ > 0.� ¤ ç . �®ª § âì, çâ® (  «®£¨ç® (III.3.17))
δρ(x)D′(IR3)−→ δ(3)(x) ¯à¨ ρ→ 0 + . (1.6)�¥è¥¨¥ ãà ¢¥¨ï (1.4)  ©¤¥¬ ª ª ¯à¥¤¥« ¯à¨ ρ → 0+ à¥è¥¨© eρãà ¢¥¨ï

△3eρ(x) = δρ(x), x ∈ IR3 (1.7)�áâ¥áâ¢¥® à¥è¥¨¥ íâ®£® ãà ¢¥¨ï ¨áª âì ¢ ¢¨¤¥ eρ(x) ≡ Eρ(r), £¤¥
r = |x|. �«ï íâ®£® ¯¥à¥©¤¥¬ ¢ (1.7) ª áä¥à¨ç¥áª¨¬ ª®®à¤¨ â ¬.� ¤ ç . �®ª § âì, çâ®

△3Eρ(r) = ∂2Eρ

∂r2 + 2
r

∂Eρ

∂r
= 1
r

∂2
∂r2 (Eρ · r). (1.8)�«¥¤áâ¢¨¥. �§ ãà ¢¥¨ï (1.7) á«¥¤ã¥â, çâ®1

r
(Eρr)′′rr = δρ(r) ¯à¨ r > 0, (1.9)£¤¥

δ(ρ)(r) ≡ { 1
|
ρ| ¯à¨ 0 < r < ρ,0 ¯à¨ r > ρ,�â® ãà ¢¥¨¥ «¥£ª® à¥è ¥âáï ¤¢ãªà âë¬ ¨â¥£à¨à®¢ ¨¥¬:

Eρ · r = { r36 1
ρ
+ C1 + C2r ¯à¨ 0 < r < ρ

C3 + C4r ¯à¨ r > ρ.
(1.10)�áâ ¥âáï  ©â¨ ª®áâ âë C1, . . . , C4.�çâ¥¬, çâ® ¨§ (1.9) ¢ëâ¥ª ¥â ¥¯à¥àë¢®áâì r ·Eρ ¨ (r ·Eρ)′ ¯à¨ ρ = r(íâ® á«¥¤ã¥â ¨§ ä®à¬ã«ë (III.4.1)):

{
ρ36 1
ρ

+ C1 + C2ρ = C3 + C4ρ,
ρ22 1
ρ

+ C2 = C4. (1.11)�®áâ â  C4 ¯à®¨§¢®«ì , ¯®áª®«ìªã ®ç¥¢¨¤® ª à¥è¥¨î ãà ¢¥¨ï(1.7) (¨ (1.4)) ¬®�® ¯à¨¡ ¢¨âì «î¡ãî ¯®áâ®ïãî. Ǒ®íâ®¬ã ¯®«®�¨¬
C4 = 0.�®£¤  ¨§ (1.11) ¯®«ãç ¥¬, çâ® C2 = − ρ22
ρ

= − 38πρ , ¨
C3 = 18π + C1 − 38π = C1 − 14π . (1.12)



�ë¡¥à¥¬ C1 â ª, çâ®¡ë Eρ(0) < ∞, â. ¥. C1 = 0. �®£¤  C3 = − 14π ¨ ¯®ä®à¬ã« ¬ (1.11) ¯®«ãç ¥¬
Eρ(r) = { r28ρ3 − 38ρ ¯à¨ 0 < r < ρ,

− 14πr ¯à¨ r > ρ.
(1.13)� ¬¥ç ¨¥. �á«®¢¨¥ Eρ(0) < ∞ ¯à¨¢¥«® ª â®¬ã, çâ® eρ(x) ≡ Eρ(|x|) |¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬ ï äãªæ¨ï ¢ è à¥ |x| < ρ:eρ(x) = { x21+x22+x238ρ3 − 38ρ ¯à¨ |x| < ρ,

− 14π|x| ¯à¨ |x| > ρ.
(1.14)Ǒ®íâ®¬ã ®  ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (1.7) ¥ â®«ìª® ¯à¨ x ∈ IR3 \ 0,çâ® ¢ëâ¥ª ¥â ¨§ (1.9), ® ¨ ¢ ®ªà¥áâ®áâ¨ â®çª¨ x = 0,   áâ «® ¡ëâì, ¨¯à¨ ¢á¥å x ∈ IR3.� ¤ ç . �®ª § âì, çâ® ¢ á¬ëá«¥ (á« ¡®©) áå®¤¨¬®áâ¨ ¢ D′(IR3)

ερ(x)D′(IR3)−→ − 14π|x| ¯à¨ ρ→ 0+, (1.15)

�¨á. 81
| á¬. à¨á. 81.�«¥¤áâ¢¨¥. �§ (1.15) ¢ëâ¥ª ¥â, çâ®

△(− 14π|x| ) = δ(3)(x), x ∈ IR3.(1.16)�¥©áâ¢¨â¥«ì®, ¨§ (1.15) ¢ á¨«ã ¥¯à¥-àë¢®áâ¨ ®¯¥à â®à  △ ¢ D′(IR3) (á¬.«¥¬¬ã 3.1)
△eρ(x)D′(IR3)

⇁ △ (− 14π|x| ) ¯à¨ ρ→ 0 + . (1.17)�® á ¤àã£®© áâ®à®ë, ¨§ (1.7) ¨ (1.6) ¬ë ¯®«ãç ¥¬ â ª�¥, çâ®
△eρ(x) = δρ(x)D′(IR3)

⇁ δ(3)(x) ¯à¨ ρ→ 0 + . (1.18)�§ (1.17) ¨ (1.18) ¢ëâ¥ª ¥â (1.16).�â ª, ¤«ï △3 äã¤ ¬¥â «ìë¬ à¥è¥¨¥¬ ï¢«ï¥âáï â. . \ªã«®®¢áª¨©"(¨«¨ \ìîâ®®¢áª¨©") ¯®â¥æ¨ «e(x) = 14π|x| . (1.19)



�â¢¥â: e(x) = 12π ln |x|, x ∈ IR2. (1.20)� ¤ ç . �®ª § âì, çâ® ¥á«¨ ¢ (1.10) C1 6= 0, â® äãªæ¨ï Eρ(|x|) ¥ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï (1.7).�ª § ¨¥. �á¯®«ì§®¢ âì (1.16).� ¤ ç . � ©â¨ äã¤ ¬¥â «ìë¥ à¥è¥¨ï ¤«ï ®¯¥à â®à  △2.� ¤ ç . � ©â¨ äã¤ ¬¥â «ìë¥ à¥è¥¨ï ¤«ï ®¯¥à â®à®¢ △n, n >3; ¤«ï △3 ±k2, £¤¥ k > 0.
§2. Ǒ®â¥æ¨ «ë ¨ ¨å á¢®©áâ¢ .1. �¡ê¥¬ë¥ ¯®â¥æ¨ «ë.� ï äã¤ ¬¥â «ìë¥ à¥è¥¨ï ®¯¥à â®à  � ¯« á  (1.19) ¨ (1.20), ¬®�® å®¤¨âì à¥è¥¨ï ¥®¤®à®¤®£® ãà ¢¥¨ï � ¯« á  ¢ IRn ¯à¨ n = 2 ¨

n = 3. � ¯à¨¬¥à, à¥è¥¨¥¬ ãà ¢¥¨ï
△2u(x) = f(x), x ∈ IR2 (2.1)ï¢«ï¥âáï äãªæ¨ï

u(x) = 12π ∫IR2 ln |x− y|f(y) dy, (2.2)¥á«¨ f(x) ∈ C(IR2), f(x) = 0 ¯à¨ |x| > onst. � «®£¨ç®, à¥è¥¨¥¬ãà ¢¥¨ï
△3u(x) = f(x), x ∈ IR3 (2.3)ï¢«ï¥âáï äãªæ¨ï

u(x) = − 14π ∫IR3 1
|x− y|f(y) dy. (2.4)� ¬¥ç ¨¥ 2.1. �â¥£à «ë ¢¨¤  (2.4)  §ë¢ îâ ªã«®®¢áª¨¬¨ (¨«¨ìîâ®®¢áª¨¬¨) ®¡ê¥¬ë¬¨ ¯®â¥æ¨ « ¬¨. �¥«® ¢ â®¬, çâ® ¢ í«¥ª-âà®áâ â¨ª¥ ¨â¥£à « (2.4) á â®ç®áâìî ¤® ¬®�¨â¥«ï (§ ¢¨áïé¥£® ®â¢ë¡®à  ¥¤¨¨æ) ¨ § ª  ï¢«ï¥âáï ¯®â¥æ¨ «®¬ í«¥ªâà¨ç¥áª®£® ¯®«ï®¡ê¥¬®£® à á¯à¥¤¥«¥¨ï § àï¤®¢ á ¯«®â®áâìî f(x). �à ¢¥¨¥ (2.3)¤«ï í«¥ªâà®áâ â¨ç¥áª®£® ¯®â¥æ¨ «   §ë¢ ¥âáï ãà ¢¥¨¥¬ Ǒã áá® .�® ¯à¨¨¬ ¥â ¢¨¤ (2.1) ¢ â®¬ ç áâ®¬ á«ãç ¥, ª®£¤  ¯«®â®áâì § àï¤®¢

f(x) ¥ § ¢¨á¨â ®â ®¤®© ª®®à¤¨ âë x3. � ¯à¨¬¥à, ãà ¢¥¨î (2.1)ã¤®¢«¥â¢®àï¥â ¯®â¥æ¨ « à ¢®¬¥à® § àï�¥®£® ¯àï¬®£® ¡¥áª®¥ç®£®¯à®¢®¤ .�§ áª § ®£® á«¥¤ã¥â, çâ® äã¤ ¬¥â «ì®¥ à¥è¥¨¥ − 14π 1
|x| ¨§ (1.19)¥áâì ¯®â¥æ¨ « â®ç¥ç®£® § àï¤  +1 ¢ â®çª¥ 0, ¯®áª®«ìªã ¤«ï ¥£®

f(x) = δ(x).



�¯à �¥¨¥. �ëç¨á«¨¬ ¯®â¥æ¨ « à ¢®¬¥à®£® à á¯à¥¤¥«¥¨ï § àï¤®¢á ¯«®â®áâìî ρ ¢ è à®¢®¬ á«®¥ R1 < |x| < R2.�¥è¥¨¥. �áª®¬ë© ¯®â¥æ¨ « ¬®�® ¯à¥®¡à §®¢ âì ª ¢¨¤ã
u(x) = − 14π ∫

R1<|y|<R2 ρ dy

|x− y| = R2∫
R1 ur(x) dr. (2.5)�¤¥áì ur(x)| ¯®â¥æ¨ « ¢¨¤  (2.12),  å®¤¨âáï ¯® ä®à¬ã«¥ (2.14) (á¬.¨�¥):

ur(x) = − 14π ∫

|y|=r

ρdS(y)
|x− y| = {

−ρr, |x| < r,

− ρr2
|x| , |x| > r.

(2.6)� áá¬®âà¨¬ âà¨ á«ãç ï:1)|x| < R1 =⇒ u(x) = R2∫
R1 (−ρr)dr = −ρ

(R222 − R212 ); (2.7)2)R1 < |x| < R2 =⇒ u(x) = |x|∫

R1 (−ρr2|x| )dr + R2∫
|x|

(−ρr)dr == − ρ

|x|
( |x|33 − R313 )− ρ

(R222 − |x|22 ); (2.8)3)|x| > R2 =⇒ u(x) = R2∫
R1 (−ρr2|x|

)
dr = − ρ

|x|
(R323 − R313 ). (2.9)
�¨á. 82

�à ä¨ª ¯®â¥æ¨ «  (2.5) ¨§®¡à �¥  à¨á. 82.� ¬¥ç ¨¥ 2.2. Ǒà¨ |x| > R2 ¯®â¥æ¨- « (2.9) à ¢¥ ªã«®®¢áª®¬ã ¯®â¥-æ¨ «ã â®ç¥ç®£® § àï¤  ¢¥«¨ç¨ë,à ¢®© § àï¤ã ¢á¥£® è à®¢®£® á«®ï:



u(x) = − 14π 43πR32 − 43πR31
|x| (2.10)2. Ǒ®¢¥àå®áâë¥ ¯®â¥æ¨ «ë.�. Ǒ®â¥æ¨ « ¯à®áâ®£® á«®ï | íâ® ¯®â¥æ¨ « ¯®¢¥àå®áâ®£® à á¯à¥¤¥-«¥¨ï § àï¤®¢:

u(x) = − 14π ∫
S

1
|x− y|σ(y) dS(y). (2.11)�¤¥áì S| £« ¤ª ï ª®¬¯ ªâ ï ¯®¢¥àå®áâì ¢ IR3, σ(y)| ¯®¢¥àå®áâ ï¯«®â®áâì § àï¤®¢.�¯à �¥¨¥. �ëç¨á«¨¬ ¯®â¥æ¨ « à ¢®¬¥à®£® à á¯à¥¤¥«¥¨ï § àï¤®¢  áä¥à¥ |x| = R á ¯«®â®áâìî σ.�¥è¥¨¥:

u(x) = − 14π ∫

|y|=R

σdS

|x− y| = − 14π π∫0 2π∫0 σR2 sin�d�dϕ√
R2 + |x|2 − 2R|x| os� . (2.12)

�¨á. 83
�¤¥áì �, ϕ | áä¥à¨ç¥áª¨¥ ª®®à¤¨ âëâ®çª¨ y, ®âáç¨âë¢ ¥¬ë¥ ®â ¢¥ªâ®à  x : ϕ| ¤®«£®â , �| è¨à®â . Ǒ® â¥®à¥¬¥ª®á¨ãá®¢
|x− y|2 = |x|2 + |y|2 − 2|x| · |y| · os� == |x|2 +R2 − 2|x|R os�.�â¥£à « (2.12) «¥£ª® ¢ëç¨á«ï¥âáï:
u(x) = −σR

24π 2π π∫0 −d os�√
R2 + |x|2 − 2R|x| osϕ == −σR

22 −1∫1 −dt√
R2 + |x|2 − 2R|x|t = σR22 2√R2 + |x|2 − 2R|x|t

−2R|x| ∣∣∣∣
−11 == − σR2|x|(√R2 + |x|2 + 2R|x| −√R2 + |x|2 − 2R|x|) == − σR2|x|(|R + |x|| − |R− |x||

) = {− σR2|x|((R+ |x| − (R − |x|)), |x| ≤ R,

− σR2|x|((R+ |x|+R− |x|)), |x| > R.(2.13)



�¨á. 84
�â¢¥â (á¬. £à ä¨ª   à¨á. 84):

u(x) = {−σR, |x| ≤ R,

−σR2
|x| , |x| > R.

(2.14)�â¬¥â¨¬, çâ® ¯à¨ |x| > R ¯®â¥æ¨ «(2.14) á®¢¯ ¤ ¥â á ªã«®®¢áª¨¬ ¯®â¥-æ¨ «®¬ uQ â®ç¥ç®£® § àï¤  ¢¥-«¨ç¨ë Q = 4πR2σ, à ¢®© § àï¤ã áä¥àë:
uQ(x) = − 14π Q

|x| = −−14π 4πR2σ2|x| = − σR2|x| . (2.15)� ¬¥ç ¨¥ 2.3. Ǒ®â¥æ¨ « ¯à®áâ®£® á«®ï (2.14) ¥¯à¥àë¢¥   áä¥à¥
|x| = R,   ¥£® ¯à®¨§¢®¤ ï ¯® ®à¬ «¨ à §àë¢ , ¯à¨ç¥¬

∂u

∂n

∣∣∣∣
|x|=R+0−∂u∂n ∣∣∣∣|x|=R−0= σR2

|x|2 ∣∣∣∣|x|=R

= σ. (2.16)�à®¬¥ â®£®, ¨§ (2.14) «¥£ª® ¢¨¤¥âì, çâ®
△u(x) = 0 ¯à¨ |x| 6= R. (2.17)�ª §ë¢ ¥âáï, çâ® íâ¨ á¢®©áâ¢  ¯®¢¥àå®áâ®£® ¯®â¥æ¨ «  ï¢«ïîâáï®¡é¨¬¨ ¤«ï ¨â¥£à «®¢ ¢¨¤  (2.11).�¢®©áâ¢  ¯®â¥æ¨ «  ¯à®áâ®£® á«®ï:1) ¥á«¨ σ(y) | ¥¯à¥àë¢ ï äãªæ¨ï, â® ¨ u(x) |¥¯à¥àë¢ ï äãªæ¨ï¯à¨ ¢á¥å x ∈ IR3, ¢ â®¬ ç¨á«¥ ¯à¨ x ∈ S;2) ¥á«¨ σ(y) ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ , â® (n|  ¯à ¢«¥¨¥ ®à¬ «¨ª S ¢ â®çª¥ x ∈ S)

∂u

∂n
(x+ 0 · n)− ∂u

∂n
(x − 0 · n) = σ(x); (2.18)3) ¯à¨ x 6∈ S ¯®â¥æ¨ « | £ à¬®¨ç¥áª ï äãªæ¨ï:

△3u(x) = 0 ¯à¨ x ∈ IR3 \ S (2.19)
�¨á. 85

�. Ǒ®â¥æ¨ « ¤¢®©®£® á«®ï | íâ®¯®â¥æ¨ « ¯®¢¥àå®áâ®£® à á¯à¥¤¥-«¥¨ï ¤¨¯®«¥©. � ç «  ¢ëç¨á«¨¬¯®â¥æ¨ « ®¤®£® ¤¨¯®«ï. �¨¯®«¥¬¢ í«¥ªâà®áâ â¨ª¥  §ë¢ ¥âáï ¯ à â®ç¥çëå § àï¤®¢ (di-pole) ¢¥«¨ç¨-ë +p
ε ¨ − p

ε   \¡¥áª®¥ç® ¬ «®¬"à ááâ®ï¨¨ ε ¤àã£ ®â ¤àã£ .



�¥«¨ç¨  p (¢¥ªâ®à p~e, á¬. à¨á. 85)  §ë¢ ¥âáï ¬®¬¥â®¬ ¤¨¯®«ï .Ǒ®â¥æ¨ « ¤¨¯®«ï à ¢¥
u(x) = lim

ε→0(− 14π ( − p
ε

|x− x0| + p
ε

|x− x0 − ε~e|
)) == − p4π lim

ε→0 1ε ( 1
|x− x0 − ε~e| −

1
|x− x0|) == − p4π d

dε

∣∣∣∣
ε=0 1

|x− x0 − ε~e| = − p4π 1
|x− x0|2 os( ̂x − x0, ~e). (2.20)�â ª,

u(x) = − p4π 1
|x− x0|2 os( ̂x− x0, ~e). (2.21)

�¨á. 86
� ª ¢ëà �¥¨ï (2.20) ãáâ  ¢«¨-¢ ¥âáï à áá¬®âà¥¨¥¬ á«ãç ï, ª®£¤  ¯à ¢«¥¨ï ¢¥ªâ®à®¢ x−x0 ¨ ~e á®¢-¯ ¤ îâ.�¥¯¥àì  ©¤¥¬ ¯®â¥æ¨ « ¤¢®©®£®á«®ï   ¯®¢¥àå®áâ¨ S ¢ IR3 á ¯«®â-®áâìî ¤¨¯®«¥© p(y) ¨ á ¬®¬¥â ¬¨, ¯à ¢«¥ë¬¨ ¯® ®à¬ «¨ ny ª ¯®-¢¥àå®áâ¨ ¢ ª �¤®© â®çª¥ y ∈ S:

u(x) = − 14π ∫
S

p(y) os( ̂x − y, ny)dS(y)
|x− y|2 . (2.22)

�¨á. 87
� ¬¥ç ¨¥ 2.4. Ǒ®â¥æ¨ « (2.22)¬®�® ¯à¥¤áâ ¢¨âì ª ª ¯à®¨§¢®¤ãî¯® ε ¯à¨ ε = 0 ¯®â¥æ¨ «  ¯à®áâ®£®á«®ï   ¯®¢¥àå®áâ¨ Sε á ¯«®â®áâìî
p(x) dS(x)

dSε(x) . �¤¥áì Sε| ¯®¢¥àå®áâì
S, \á¤¢¨ãâ ï"   ε ¢¤®«ì ¯®«ï®à¬ «¥© (á¬. à¨á. 87).�¯à �¥¨¥. �ëç¨á«¨¬ ¯®â¥æ¨ « ¤¢®©®£® á«®ï   áä¥à¥ á ¯®áâ®ï®©¯«®â®áâìî p.�¥è¥¨¥. � áá¬®âà¨¬ ¯®â¥æ¨ « ¯à®áâ®£® á«®ï   áä¥à å à ¤¨ãá®¢ R+ε¨ R á ¯«®â®áâìî pε

ε ¨ − p
ε á®®â¢¥âáâ¢¥® (à¨á. 88).Ǒ«®â®áâì pε  ©¤¥¬ ¨§ â®£® á®®¡à �¥¨ï, çâ® áã¬¬ àë© § àï¤ áä¥àà ¢¥ ã«î:



�¨á. 88
pε

ε
· 4π(R+ ε)2 − p

ε
4πR2 = 0, (2.23)¯®áª®«ìªã ¢ ª �¤®¬ ¤¨¯®«¥ áã¬¬ § àï¤®¢ à ¢  ã«î!�âáî¤ 

pε = p
R2(R+ ε)2 . (2.24)Ǒ®«ì§ãïáì ä®à¬ã«®© (2.14), ¯®«ãç ¥¬ ¨áª®¬ë© ¯®â¥æ¨ « ¤¢®©®£® á«®ï:
u(x) ≈ {− pε

ε (R+ ε) + p
εR, |x| < R,

− pε(R+ε)2
ε|x| + pR2

ε|x| , |x| > R+ ε.
(2.25)Ǒà¨ ε→ 0 ¯®«ãç ¥¬ â®çãî ä®à¬ã«ã

u(x) =− d
dε

∣∣∣∣
ε=0(R+ ε)pε, |x| < R,

− 1
|x|

d
dε

∣∣∣∣
ε=0pε(R+ ε)2, |x| > R.

(2.26)�â¢¥â.
u(x) = { p, |x| < R,0, |x| > R.

(2.27)�¢®©áâ¢  ¯®â¥æ¨ «  ¤¢®©®£® á«®ï:1) ¤¢®©®© ¯®â¥æ¨ « ¢¨¤  (2.22) | à §àë¢ ï äãªæ¨ï ¢ â®çª å¯®¢¥àå®áâ¨ S:
u(x+ 0 · nx)− u(x− 0 · nx) = −p(x), x ∈ S (2.28)(¥á«¨ äãªæ¨ï u(x) ¤¨ää¥à¥æ¨àã¥¬  ¢ â®çª¥ x);2) ¢¥ ¯®¢¥àå®áâ¨ S ¯®â¥æ¨ « u(x) | £ à¬®¨ç¥áª ï äãªæ¨ï:

△3u(x) = 0, ¯à¨ x ∈ IR3 \ S. (2.29)Ǒà¨¬¥à. Ǒ®â¥æ¨ « (2.27) ¯®¤â¢¥à�¤ ¥â (2.28), (2.29).
§3. �ëç¨á«¥¨¥ ¯®â¥æ¨ «®¢ ¯à¨ ¯®¬®é¨ ä®à¬ã«ë�áâà®£à ¤áª®£®-� ãáá .Ǒ®áª®«ìªã △u = div gradu, â® ãà ¢¥¨¥ Ǒã áá®  (2.3) ¬®�® § ¯¨á âì¢ ¢¨¤¥ div gradu(x) = f(x). (3.1)



�â¥£à¨àãï íâ® à ¢¥áâ¢® ¯® ¯à®¨§¢®«ì®© ®¡« áâ¨ 
 ⊂ IR3, ¯®«ãç ¥¬¯® â¥®à¥¬¥ �áâà®£à ¤áª®£®-� ãáá :
∫

∂
 gradu(x) · nxdS(x) = ∫
 div gradu(x) dx = ∫
 f(x)dx. (3.2)� í«¥ªâà®áâ â¨ª¥ gradu(x) = E(x) (á â®ç®áâìî ¤® § ª ) ¥áâì ¢¥ªâ®à ¯àï�¥®áâ¨ í«¥ªâà¨ç¥áª®£® ¯®«ï ¢ â®çª¥ x,   Q(
) = ∫
 f(x)dx |§ àï¤ ®¡« áâ¨ 
. Ǒ®íâ®¬ã (3.2) ¬®�® § ¯¨á âì ¢ ¢¨¤¥
∫

∂
 E(x) · nxdS(x) = Q(
). (3.3)�â® â®�¤¥áâ¢® ¢¥à® ¤«ï ª �¤®© ®¡« áâ¨ 
 ⊂ IR3.�ëç¨á«¨¬ ¯®â¥æ¨ « (2.12) ¬¥â®¤®¬ �áâà®£à ¤áª®£®-� ãáá . Ǒ«®â®áâì§ àï¤®¢ ¢ (2.12) áä¥à¨ç¥áª¨ á¨¬¬¥âà¨ç , ¯®íâ®¬ã ¯®â¥æ¨ « u(x) â ª�¥®¡« ¤ ¥â íâ¨¬ á¢®©áâ¢®¬. �«¥¤®¢ â¥«ì®,
u(x) = u1(|x|). (3.4)Ǒ®íâ®¬ã ¯®«¥ E(x) = gradu(x) | à ¤¨ «ì®¥:

E(x) = x

|x|u
′1(|x|). (3.5)Ǒà¨¬¥ïï ª íâ®¬ã ¯®«î â®�¤¥áâ¢® (3.3) ¤«ï è à  {|x| < r} = 
,¯®«ãç ¥¬:

|E(x)| · 4π|x|2 = { 0, |x| < R,4πR2σ, |x| > R.
(3.6)Ǒ®áª®«ìªã |E(x)| = |u′1(|x|)| á®£« á® (3.5), â® ¨§ (3.6) ¯®«ãç ¥¬

u′1(r) · 4πr2 = { 0, r < R,4πR2σ, r > R.
(3.7)�âáî¤ 

u′1(r) = { 0, r < R,
R2σ
r2 , r > R.

(3.8)�â¥£à¨àãï, ¯®«ãç ¥¬
u1(r) = {C1, r < R,

−R2σ
r + C2, r > R.

(3.9)� ¤ ç . Ǒ®«ãç¨â¥ ¨§ (3.9) ä®à¬ã«ã (2.14).



�ª § ¨¥. �®áâ âë C1 ¨ C2 ®¯à¥¤¥«ïîâáï ¨§ ãá«®¢¨ï ¥¯à¥àë¢®áâ¨¯à¨ r = R ¨ à ¢¥áâ¢  lim
|x|→∞

u(x) = 0, (3.10)ª®â®à®¥ ®ç¥¢¨¤® ¢ëâ¥ª ¥â ¨§ (2.12).� ¤ ç . Ǒà¨ ¯®¬®é¨ ¬¥â®¤  �áâà®£à ¤áª®£®-� ãáá  ¢ëç¨á«¨â¥ ¯®â¥æ¨ «(2.5).
§4. �¥è¥¨¥ ªà ¥¢ëå § ¤ ç ¤«ï ãà ¢¥¨ï � ¯« á ¢ âà¥å¬¥àëå ®¡« áâïå. Ǒ®áâà®¥¨¥ äãªæ¨©�à¨  ¬¥â®¤®¬ ®âà �¥¨©.� ¤ ç  �¨à¨å«¥ á ã«¥¢ë¬¨ ãá«®¢¨ï¬¨   £à ¨æ¥ à¥è ¥âáï ¬¥â®¤®¬¥ç¥â®£® ®âà �¥¨ï,   § ¤ ç  �¥©¬   | ¬¥â®¤®¬ ç¥â®£® ®âà �¥¨ï.�â®   «®£¨ç® á¨âã æ¨¨ ¤«ï ¢®«®¢®£® ãà ¢¥¨ï � « ¬¡¥à  (á¬. £«.I).1. �¥è¥¨¥ § ¤ ç¨ �¨à¨å«¥ ¢ ¯®«ã¯à®áâà áâ¢¥ IR3+ = {x ∈ IR3 : x3 > 0}
{△3u(x) = f(x1, x2, x3), x3 > 0,
u(x1, x2, 0) = 0, −∞ < x1, x2 < +∞; u(x) −→

|x|→∞
0. (4.1)�¤¥áì f(x) | § ¤  ï äãªæ¨ï ¢ IR3+, f(x) ∈ C( �IR3+), f(x) ≡ 0 ¯à¨

|x| > onst.� ©¤¥¬ äãªæ¨î �à¨  G(x, y) ¤«ï § ¤ ç¨ (4.1). Ǒ® ®¯à¥¤¥«¥¨î (áà.(III.6.2)), G ¥áâì à¥è¥¨¥ § ¤ ç¨
{
△xG(x, y) = δ(x− y), x3 > 0;
G((x1, x2, 0), y) = 0; G(x, y) → 0 ¯à¨|x| → ∞,

(4.2)£« ¤ª®¥ ¯à¨ x 6= y.�¤¥áì y| ¯à®¨§¢®«ì ï ä¨ªá¨à®¢  ï â®çª  ¨§ IR3+. �¡®§ ç¨¬ ç¥à¥§�y = (y1, y2,−y3) â®çªã, á¨¬¬¥âà¨çãî y ®â®á¨â¥«ì® £à ¨æë x3 = 0¯®«ã¯à®áâà áâ¢  IR3+:
�¨á. 89



�®£¤  à¥è¥¨¥¬ § ¤ ç¨ (4.2) ï¢«ï¥âáï äãªæ¨ï
G(x, y) = − 14π 1

|x− y| + 14π 1
|x− �y| . (4.3)�®£« á® (1.16), △xG(x, y) = δ(x− y)− δ(x− �y). �âáî¤  ¢ëâ¥ª ¥â ¯¥à¢®¥ãà ¢¥¨¥ (4.2), ¯®áª®«ìªã

δ(x − �y) = 0 ¯à¨ x3 > 0. (4.4)�¥©áâ¢¨â¥«ì®, δ(x − �y) | à á¯à¥¤¥«¥¨¥, á®áà¥¤®â®ç¥®¥ ¢ â®çª¥ �y¨�¥£® ¯®«ã¯à®áâà áâ¢ !Ǒà®¢¥à¨¬ ªà ¥¢®¥ ãá«®¢¨¥ ¢ (4.2): ¥á«¨ x3 = 0, â® à ááâ®ï¨ï |x− y| ¨
|(x − �y)| à ¢ë, ª ª ¢¨¤® ¨§ à¨á. 89. Ǒ®íâ®¬ã ¨§ (4.3) ¢¨¤®, çâ®
G(x, y) = 0. � ª®¥æ, ®ç¥¢¨¤®, G(x, y) −→

|x|→∞
0.�¥è¥¨¥ (®¡®¡é¥®¥) ªà ¥¢®© § ¤ ç¨ (4.1) ¤ ¥âáï ¨â¥£à «®¬

u(x) = ∫IR3+ G(x, y)f(y)dy = − 14π ∫

y3>0 ( 1
|x− y| −

1
|x− �y| )f(y)dy. (4.5)�¥©áâ¢¨â¥«ì®, ä®à¬ «ì®

△xu(x) = ∫IR3+ △xG(x, y)f(y)dy = ∫IR3+ δ(x− y)f(y)dy = f(x). (4.6)�à ¥¢®¥ ãá«®¢¨¥ ¯à®¢¥àï¥âáï ¯à®áâ®:
u

∣∣∣∣
x3=0= ∫IR3+ G(x, y)∣∣∣∣

x3=0f(y)dy = 0 ¨ u(x) −→
|x|→∞

0. (4.7)2. �«¥ªâà®áâ â¨ç¥áª ï ¨â¥à¯à¥â æ¨ï § ¤ ç (4.1), (4.2). �¥â®¤ ®âà �¥ëå§ àï¤®¢.� í«¥ªâà®áâ â¨ª¥ à¥è¥¨¥ u(x) ªà ¥¢®© § ¤ ç¨ (4.1) á â®ç®áâìî ¤® § ª ¨ ¬®�¨â¥«ï, § ¢¨áïé¥£® ®â ¢ë¡®à  ¥¤¨¨æ, ¥áâì ¯®â¥æ¨ « í«¥ªâà®áâ -â¨ç¥áª®£® ¯®«ï § àï¤®¢ á ¯«®â®áâìî f(x) ¢ ¢¥àå¥¬ ¯®«ã¯à®áâà áâ¢¥IR3+, à á¯®«®�¥ëå  ¤ ¯à®¢®¤ïé¥© ¯®¢¥àå®áâìî x3 = 0 ( ¯à¨¬¥à,§¥¬®© ¯®¢¥àå®áâìî ¨«¨ ¯«®áª®© ªàëè¥©, á¤¥« ®© ¨§ �¥áâ¨). �«¥ª-âà®áâ â¨ç¥áª¨© á¬ëá« äãªæ¨¨ �à¨  G(x, y) ¨§ (4.2)| íâ® ¯®â¥æ¨ «¯®«ï â®ç¥ç®£® § àï¤  +1,  å®¤ïé¥£®áï ¢ â®çª¥ y  ¤ ¯à®¢®¤ïé¥©¯«®áª®áâìî x3 = 0. Ǒ®«¥ â®ç¥ç®£® ¨áâ®ç¨ª  ¯¥à¥à á¯à¥¤¥«ï¥â § àï¤ë¢ ¯«®áª®áâ¨ x3 = 0:



®âà¨æ â¥«ìë¥ ¯à¨âï£¨¢ ¥â,   ¯®«®�¨â¥«ìë¥ ®ââ «ª¨¢ ¥â (¨ ®¨ ãå®¤ïâ¢ ¡¥áª®¥ç®áâì):
�¨á. 90Ǒà¨ íâ®¬, ª ª ¨§¢¥áâ®, á¨«®¢ë¥ (¨â¥£à «ìë¥) ªà¨¢ë¥ ¯®«ï E(x) =gradu(x) (á¬. à¨á. 90) ®àâ®£® «ìë ª ¯®¢¥àå®áâ¨ ¯à®¢®¤¨ª  (�¥¬«¨),â ª ª ª ¨ ç¥ á¢®¡®¤ë¥ § àï¤ë ¢ ¯à®¢®¤¨ª¥ ¯à¨è«¨ ¡ë ¢ ¤¢¨�¥¨¥¢¤®«ì ¯®¢¥àå®áâ¨. �âáî¤  á«¥¤ã¥â, çâ® ¯®¢¥àå®áâì ¯à®¢®¤¨ª  ï¢«ï¥âáï¯®¢¥àå®áâìî ãà®¢ï ¯®â¥æ¨ «  u(x)| íª¢¨¯®â¥æ¨ «ì®© ¯®¢¥àå®áâìî,ª ª £®¢®àïâ ¢ í«¥ªâà®áâ â¨ª¥.

�¨á. 91
�áå®¤ï ¨§ íâ®£® á¢®©áâ¢  á¨«®¢ëå«¨¨© ¯®«ï E(x), ¥£® ¨ ¬®�®  ©-â¨. �«ï íâ®£® ã�® ¢á¯®¬¨âìà¨áã®ª á¨«®¢ëå «¨¨© ¯®«ï ¤¢ãåâ®ç¥çëå à §®¨¬¥ëå § àï¤®¢ ®¤¨- ª®¢®© ¢¥«¨ç¨ë (á¬. à¨á. 91). �§á¨¬¬¥âà¨¨ á¨«®¢ëå «¨¨© ®â®á¨-â¥«ì® ¯«®áª®áâ¨ á¨¬¬¥âà¨¨ § àï¤®¢á«¥¤ã¥â, çâ® á¨«®¢ë¥ «¨¨¨ ¯¥à¯¥-¤¨ªã«ïàë íâ®© ¯«®áª®áâ¨. Ǒ®íâ®-¬ã ¯®«¥  ¤ ¯«®áª®áâìî á¨¬¬¥âà¨¨á®¢¯ ¤ ¥â á ¨áª®¬ë¬. �âáî¤  ¨¯®«ãç ¥âáï ä®à¬ã«  (4.3).3. � ¤ ç  �¨à¨å«¥ ¢ ç¥â¢¥àâ¨ ¯à®áâà áâ¢ .

�¨á. 92
�¥â¢¥àâì ¯à®áâà áâ¢  IR3++ | íâ®¤¢ã£à ë© ã£®« ¢¥«¨ç¨®© 90◦ (á¬.à¨á. 92). Ǒãáâì f(x) ∈ C(IR3++),
f(x) ≡ 0 ¯à¨ x > onst. � áá¬®âà¨¬§ ¤ çã �¨à¨å«¥ ¢ IR3++







△u(x1, x2, x3) = f(x1, x2, x3), x1 > 0, x2 > 0, x3 ∈ IR;
u

∣∣∣∣
x1=0 = 0, u

∣∣∣∣
x2=0 = 0; u(x) → 0 ¯à¨ |x| → ∞. (4.8)�ãªæ¨ï �à¨  G(x, y) § ¤ ç¨ (4.8) ¯® ®¯à¥¤¥«¥¨î, ¥áâì à¥è¥¨¥ ªà ¥¢®©§ ¤ ç

̈



△xG(x, y) = δ(x− y), x ∈ IR3++;
G

∣∣∣∣
x1=0 = 0, G

∣∣∣∣
x2=0 = 0; G(x, y) → 0 ¯à¨ |x| → ∞.

(4.9)�¤¥áì ¯ à ¬¥âà y ∈ IR3++.� ª ï äãªæ¨ï �à¨  â ª�¥  å®¤¨âáï ¬¥â®¤®¬ (¥ç¥âëå) ®âà �¥¨©(�¨á. 93).
�¨á. 93Ǒãáâì �y = (y1,−y2, y3) | ®âà �¥¨¥ â®çª¨ y ¢ ¯«®áª®áâ¨ x2 = 0, ~y =(−y1, y2, y3) | ¢ ¯«®áª®áâ¨ x1 = 0, a ŷ = (−y1,−y2, y3) | ª®¬¯®§¨æ¨ïíâ¨å ®âà �¥¨©. Ǒ®¬¥áâ¨¬ ¢ â®çª¨ y ¨ ŷ § àï¤ë +1,   ¢ �y ¨ ¢ ~y |§ àï¤ë −1. �®£¤  ¨å í«¥ªâà®áâ â¨ç¥áª®¥ ¯®«¥ ¨¬¥¥â ¯®â¥æ¨ «

G(x, y) = − 14π 1
|x− y| + 14π 1

|x− �y| + 14π 1
|x− ~y| − 14π 1

|x− ŷ| (4.10)Ǒà®¢¥à¨¬, çâ® íâ  äãªæ¨ï ¤¥©áâ¢¨â¥«ì® ã¤®¢«¥â¢®àï¥â ãà ¢¥¨ï¬(4.9). �®-¯¥à¢ëå, ¯à¨ x ∈ IR3++
△xG(x, y) = δ(x− y)− δ(x− �y)− δ(x− ~y) + δ(x− ŷ) = δ(x− y), (4.11)¯®áª®«ìªã δ(x − �y), δ(x − ~y) ¨ δ(x − ŷ) à ¢ë ã«î ¯à¨ x ∈ IR3++!Ǒ®íâ®¬ã ¯¥à¢®¥ ãà ¢¥¨¥ ¢ (4.9) ¢ë¯®«ï¥âáï.� «¥¥, ¯à®¢¥à¨¬ ªà ¥¢ë¥ ãá«®¢¨ï ¨§ (4.9):  ) ¯à¨ x1 = 0 â®çª  xà ¢®ã¤ «¥  ®â y ¨ ~y,   â ª�¥ ®â �y ¨ ŷ (á¬. à¨á. 93). Ǒ®íâ®¬ã ¢¯à ¢®© ç áâ¨ (4.10) ¯¥à¢®¥ á« £ ¥¬®¥ ¢§ ¨¬® ã¨çâ®� ¥âáï á âà¥âì¨¬,  ¢â®à®¥ | á ç¥â¢¥àâë¬; ¡) ¯à¨ x2 = 0 â®çª  x à ¢®ã¤ «¥  ®â y ¨ �y,



  â ª�¥ ®â ~y ¨ ŷ (á¬. à¨á. 93). Ǒ®íâ®¬ã ¢ ¯à ¢®© ç áâ¨ (4.10) ¯¥à¢®¥á« £ ¥¬®¥ ¢§ ¨¬® ã¨çâ®� ¥âáï á® ¢â®àë¬,   âà¥âì¥ | á ç¥â¢¥àâë¬.�ç¥¢¨¤® â ª�¥, çâ® G(x, y) → 0 ¯à¨ |x| → ∞.� ª¨¬ ®¡à §®¬, ªà ¥¢ë¥ ãá«®¢¨ï ¢ (4.9) â ª�¥ ¢ë¯®«ïîâáï.�«¥¤®¢ â¥«ì®, G(x, y) ¨§ (4.10) ï¢«ï¥âáï äãªæ¨¥© �à¨  § ¤ ç¨ �¨à¨å«¥(4.8). Ǒ®íâ®¬ã à¥è¥¨¥ ¯®á«¥¤¥© ¬®�® § ¯¨á âì ¢ ¢¨¤¥
u(x) = ∫IR3++ G(x, y)f(y) dy == − 14π ∫IR3++ ( 1

|x− y| −
1

|x− �y| − 1
|x− ~y| + 1

|x− ŷ|
)
f(y) dy. (4.12)� ¤ ç . � ©¤¨â¥ äãªæ¨î �à¨  ¨  ¯¨è¨â¥ ä®à¬ã«ã ¤«ï à¥è¥¨ïªà ¥¢®© § ¤ ç¨ ¢ ç¥â¢¥àâ¨ ¯à®áâà áâ¢  (¯à¨ â¥å �¥ ãá«®¢¨ïå   f(x),çâ® ¢ (4.8)):





△u(x) = f(x), x1 > 0, x2 > 0, −∞ < x3 <∞;
u

∣∣∣∣
x1=0 = 0, ∂u

∂x2 ∣∣∣∣
x2=0 = 0; u(x) → 0 ¯à¨ |x| → ∞. (4.13)�ª § ¨¥. Ǒ® ¯¥à¥¬¥®© x1 á«¥¤ã¥â ¯à¨¬¥¨âì ¬¥â®¤ ¥ç¥â®£® ®âà -�¥¨ï,   ¯® x2| ç¥â®£® ®âà �¥¨ï.� ¤ ç . � ©¤¨â¥ äãªæ¨î �à¨  ¨  ¯¨è¨â¥ ä®à¬ã«ã ¤«ï à¥è¥¨ï§ ¤ ç¨ �¨à¨å«¥ ¢ á«¥¤ãîé¨å ®¡« áâïå:1) ¢ ¤¢ã£à ®¬ ã£«¥ à áâ¢®à  α = π

n , n = 3, 4, 5, . . . (¤«ï n = 1, 2 íâ®á¤¥« ® ¢ëè¥);2) ¢ ®ªâ â¥ âà¥å¬¥à®£® ¯à®áâà áâ¢ : x1 > 0, x2 > 0, x3 > 0;3) ¢ á«®¥: 0 < x3 < a, −∞ < x1, x2 < +∞ (¨áá«¥¤ã©â¥ áå®¤¨¬®áâì¯®«ãç¥®£® àï¤ );4)¢ \¯®«®¢¨¥" á«®ï: 0 < x3 < a, −∞ < x1 <∞, x2 > 0;5) ¢ \ç¥â¢¥àâ¨" á«®ï: 0 < x3 < a, x1 > 0, x2 > 0.� ¬¥ç ¨¥ 4.1. � ¯à¥¤ë¤ãé¥© § ¤ ç¥ ¬®�® ¢¬¥áâ® ãá«®¢¨ï �¨à¨å«¥
u
∣∣� = 0   à §«¨çëå ãç áâª å £à ¨æë à áá¬®âà¥âì ãá«®¢¨¥ �¥©¬  

∂u
∂n

∣∣∣� = 0, ª ª ¢ § ¤ ç¥ (4.13). �«ï à¥è¥¨ï â ª¨å § ¤ ç ã�® ¯à¨¬¥ïâì¬¥â®¤ ç¥â®£® ®âà �¥¨ï ¢ íâ¨å ãç áâª å £à ¨æ.� ¤ ç . � ©â¨ äãªæ¨î �à¨  § ¤ ç¨ �¨à¨å«¥ ¢ á«¥¤ãîé¨å ®¡« áâïå:1) ¢ è à¥ |x| < IR. �ª § ¨¥: ¨áª âì ¥¥ ¢ ¢¨¤¥ áã¬¬ë äã¤ ¬¥â «ì®£®à¥è¥¨ï − 14π 1
|x−y| ¨ ¯®â¥æ¨ «  \®âà �¥®£®" § àï¤  q4π 1

|x−y∗| ¥ª®â®à®©¢¥«¨ç¨ë q > 0,  å®¤ïé¥£®áï ¢ â®çª¥ y∗, \á¨¬¬¥âà¨ç®©" â®çª¥ y®â®á¨â¥«ì® áä¥àë:
y∗ = R2

|y|2 y



2) ¢ ¯®«ãè à¥ |x| < R, x3 > 0. �ª § ¨¥: ¯à¨¬¥¨âì ¬¥â®¤ ¥ç¥â®£®®âà �¥¨ï ¢ ¯«®áª®áâ¨ x3 ¨ á¢¥áâ¨ § ¤ çã ª è àã.3) ¢ ç¥â¢¥àâ¨ è à  |x| < R, x2 > 0, x3 > 0.
§5. �¥è¥¨¥ ªà ¥¢ëå § ¤ ç ¬¥â®¤®¬ äãªæ¨¨ �à¨ ¢ ¤¢ã¬¥àëå ®¡« áâïå. Ǒà¨¬¥¥¨¥ ª®ä®à¬ëå¯à¥®¡à §®¢ ¨©.1. � ¤ ç  �¨à¨å«¥ ¢ ¯®«ã¯«®áª®áâ¨ IR2+ = {x ∈ IR2 : x2 > 0}.
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△u(x1, x2) = f(x1, x2), x2 > 0, −∞ < x1 <∞;
u

∣∣∣∣
x2=0 = 0, u(x) → 0 ¯à¨ |x| → ∞, (5.1)£¤¥ f(x) ∈ C( �IR2+), f(x) = 0 ¯à¨ |x| > onst. (5.1′)�ãªæ¨ï �à¨  G(x, y) íâ®© § ¤ ç¨ ã¤®¢«¥â¢®àï¥â ãà ¢¥¨ï¬




△xG(x, y) = δ(x− y), x ∈ IR2+;
G

∣∣∣∣
x2=0 = 0, G(x, y) → 0 ¯à¨ |x| → ∞,

(5.2)£¤¥ y ∈ IR2+. � å®¤¨âáï íâ  äãªæ¨ï ¬¥â®¤®¬ ¥ç¥â®£® ®âà �¥¨ï,¯®¤®¡® (4.3), ¨áå®¤ï ¨§ äã¤ ¬¥â «ì®£® à¥è¥¨ï (1.20) ®¯¥à â®à � ¯« á    ¯«®áª®áâ¨:
G(x, y) = 12π (ln |x− y| − ln |x− �y|), £¤¥ �y = (y1,−y2). (5.3)Ǒ®íâ®¬ã à¥è¥¨¥ § ¤ ç¨ (5.1) ¨¬¥¥â ¢¨¤

u(x) = ∫IR2+ G(x, y)f(y) dy = 12π ∫ ln |x− y|
|x− �y|f(y) dy. (5.4)



2. �ãªæ¨ï �à¨  ¤«ï ¤¢ã¬¥àëå ®¡« áâ¥©.� ®â«¨ç¨¥ ®â âà¥å¬¥àëå ªà ¥¢ëå § ¤ ç äãªæ¨î �à¨  ¤«ï ¬®£¨å¤¢ã¬¥àëå ®¤®á¢ï§ëå ®¡« áâ¥© ¬®�®  ©â¨ ¯à¨ ¯®¬®é¨ ª®ä®à¬ëå®â®¡à �¥¨©. �â® á¢ï§ ® áâ¥¬, çâ® äãªæ¨ï �à¨  G(x, y) ï¢«ï¥âáï£ à¬®¨ç¥áª®© ¯® x ¯à¨ x 6= y,   ª®ä®à¬ë¥ ®â®¡à �¥¨ï ¯¥à¥¢®¤ïâ£ à¬®¨ç¥áª¨¥ äãªæ¨¨ á®¢  ¢ £ à¬®¨ç¥áª¨¥.Ǒà®¨««îáâà¨àã¥¬ á¢ï§ì äãªæ¨© �à¨  á ª®ä®à¬ë¬¨ ®â®¡à �¥¨ï¬¨  ç áâ®¬ ¯à¨¬¥à¥ ªà ¥¢®© § ¤ ç¨ (5.1). �«ï íâ®£® ¯à¥®¡à §ã¥¬ ä®à¬ã«ã(5.3) ª ¢¨¤ã
G(x, y) = 12π ln( |x− y|

|x− �y|) = 12π ln ∣∣∣∣x− y

x− �y ∣∣∣∣. (5.5)� ¬¥ç ¨¥ 5.1. Ǒ®á«¥¤¥¥ à ¢¥áâ¢® ¢ (5.5) á¯à ¢¥¤«¨¢® ¯à¨ ãá«®¢¨¨,çâ® x−y
x−�y ¯®¨¬ ¥âáï ª ª ¤¥«¥¨¥ ª®¬¯«¥ªáëå ç¨á¥«:

x− y

x− �y = x1 + ix2 − y1 − iy2
x1 + ix2 − y1 + iy2 . (5.6)Ǒà¨ íâ®¬ �y = y1− iy2 ®ª §ë¢ ¥âáï ª®¬¯«¥ªá®-á®¯àï�¥ë¬ ç¨á«®¬ ª y.�â¬¥â¨¬, çâ®1) ¯à¨ ª �¤®¬ ä¨ªá¨à®¢ ®¬ y ∈ IR2+ ®â®¡à �¥¨¥

x 7→ z = �y(x) ≡ x− y

x− �y (5.7)¯¥à¥¢®¤¨â ª®ä®à¬® ¢¥àåîî ¯®«ã¯«®áª®áâì x2 > 0 ¢ ¥¤¨¨çë© ªàã£
|z| < 1;2) â®çª  y ¯à¨ ®â®¡à �¥¨¨ (5.7) ¯¥à¥å®¤¨â ¢ 0:

y 7→ �y(y) = 0. (5.8)
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�¥¯¥àì à áá¬®âà¨¬ ®¡é¨© á«ãç © § ¤ ç¨ �¨à¨å«¥ ¢ ¯«®áª®© ®¤®á¢ï§®©®¡« áâ¨ 
 ⊂ IR2 á ªãá®ç®-£« ¤ª®© £à ¨æ¥© ∂
, á®¤¥à� é¥© ¥ ¬¥¥¥¤¢ãå â®ç¥ª:




△u(x) = f(x), x ∈ 
;
u

∣∣∣∣
x∈∂
 = 0u(x) → 0 |u(x)| → ∞, x ∈ 
. (5.9)£¤¥ f(x) ∈ C(�
), f(x) = 0 |x| > onst(y).�ãªæ¨ï �à¨  íâ®© § ¤ ç¨ ¯® ®¯à¥¤¥«¥¨î ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬





△xG(x, y) = δ(x− y), x ∈ 
;
u

∣∣∣∣
x∈∂
 = 0G(x, y) → 0 |u(x)| → ∞, x ∈ 
. (5.10)�¤¥áì y| ¯ à ¬¥âà, y ∈ 
. �§¢¥áâ® ¨§ ���Ǒ (â¥®à¥¬  �¨¬  ,á¬. [16℄), çâ® ¤«ï «î¡®© ®¤®á¢ï§®© ®¡« áâ¨ 
 ⊂ IR2 á £à ¨æ¥© ∂
,á®¤¥à� é¥© ¥ ¬¥¥¥ ¤¢ãå â®ç¥ª, áãé¥áâ¢ã¥â ª®ä®à¬®¥ ®â®¡à �¥¨¥
   ¥¤¨¨çë© ªàã£. Ǒà¨ íâ®¬ «î¡ ï  ¯¥à¥¤ § ¤  ï â®çª  y ¬®�¥â¡ëâì ¯¥à¥¢¥¤¥  ¢ ã«ì. Ǒãáâì �y(x) â ª®¥ ®â®¡à �¥¨¥ (á¬. à¨á. 96).

�¨á. 96�ª §ë¢ ¥âáï [8℄, äãªæ¨ï �à¨  (5.10) ¨¬¥¥â ¢¨¤ (5.5):
G(x, y) = 12π ln |�y(x)|. (5.11)�âáî¤  ¯®«ãç ¥¬ à¥è¥¨¥ § ¤ ç¨ �¨à¨å«¥ (5.9):

u(x) = 12π ∫
 ln |�y(x)| f(y) dy. (5.12)� ¤ ç . Ǒà®¢¥àìâ¥, çâ® äãªæ¨ï (5.11) ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ (5.10).�ª § ¨ï:



 ) ln |�y(x)| = Re ln�y(x)| £ à¬®¨ç¥áª ï äãªæ¨ï ¯à¨ �y(x) 6= 0, â. ¥.¯à¨ x 6= y;¡) ln |�y(x)| ¯à¨ x = y ¤®¯ãáª ¥â à §«®�¥¨¥ln |�y(x)| = ln |x− y|+O(1), x→ y; (5.13)¢) ¯à¨¬¥¨â¥ â¥®à¥¬ã ®¡ ãáâà ¨¬®© ®á®¡¥®áâ¨ ¤«ï ¤®ª § â¥«ìáâ¢ â®£®, çâ® O(1) ¢ (5.13) | £ à¬®¨ç¥áª ï ¯à¨ x = y äãªæ¨ï;£) ªà ¥¢®¥ ãá«®¢¨¥ G∣∣∣∣
x∈∂
 = 0 ®ç¥¢¨¤®, ¯®áª®«ìªã

|�y(x)∣∣∣∣
x∈∂
| = 1�¯à �¥¨¥. � ©¤¥¬ äãªæ¨î �à¨  ¨ ä®à¬ã«ã ¤«ï ®¡é¥£® à¥è¥¨ï§ ¤ ç¨ �¨à¨å«¥ ¢ ¯®«®á¥ 
 (¤«ï f(x) ∈ C(�
), f(x) = 0 ¯à¨ |x| > onst):





△u(x) = f(x), 0 < x2 < a, −∞ < x1 <∞;
u

∣∣∣∣
x2=0,a = 0, u(x) → 0 ¯à¨ |x| → ∞. (5.14)�¥è¥¨¥. �®ä®à¬® ®â®¡à §¨¬ ¯®«®áã   ªàã£ (á¬. à¨á. 97).

�¨á. 97Ǒà¨ íâ®¬ â®çªã y ¯¥à¥¢¥¤¥¬ ¢ ã«ì: w = e
πy
a ,

z = e
πx
a − e

πy
a

e
πx
a − e

π�y
a

(5.15)�¥¯¥àì ¯® ä®à¬ã«¥ (5.11)
G(x, y) = 12π ln ∣∣∣∣eπx

a − e
πy
a

e
πx
a − e

π�y
a

∣∣∣∣ (5.16)¨ ¯® ä®à¬ã«¥ (5.12) à¥è¥¨¥ § ¤ ç¨ (5.14) ¨¬¥¥â ¢¨¤
u(x) = 12π +∞∫

−∞

a∫0 ln ∣∣∣∣eπx
a − e

πy
a

e
πx
a − e

π�y
a

∣∣∣∣f(y)dy2dy1. (5.17)



�â¬¥â¨¬, çâ®
e

πx
a = e

π
a (x1+ix2) = e

πx1
a (os π

a
x2 + i sin π

a
x2). (5.18)

�¨á. 98
� ¤ ç . � ©¤¨â¥ äãªæ¨î �à¨  ¨ ¯¨è¨â¥ ä®à¬ã«ã ¤«ï à¥è¥¨ï § ¤ ç¨�¨à¨å«¥ ¢ á«¥¤ãîé¨å ®¡« áâïå:1) ã£®« ¢¥«¨ç¨ë α (á¬. à¨á. 98);2) ªàã£: |x| < 1 (¯®«ãç ¥âáï ª« áá¨ç¥-áª ï ä®à¬ã«  Ǒã áá® );

�¨á. 99
3) ¯®«ãªàã£: |x| < 1, x2 > 0 (¯à¨-¬¥¨â¥ ¬¥â®¤ ¥ç¥â®£® ®âà �¥¨ï¯® x2 ¤«ï á¢¥¤¥¨ï ª § ¤ ç¥ 2);4) á¥ªâ®à ªàã£ : |x| < 1, 0 <argx < α(á¬. à¨á. 99).� ¬¥ç ¨¥ 5.2. � ï äãªæ¨î �à¨  § ¤ ç¨ �¨à¨å«¥ ¢ ®¡« áâ¨ 
,¬®�®, ®ª §ë¢ ¥âáï, à¥è âì ®¤®à®¤ë¥ ãà ¢¥¨ï △u(x) = 0 ¢ 
 ¯à¨¥®¤®à®¤ëå ªà ¥¢ëå ãá«®¢¨ïå u

∣∣∣∣
∂
= f(x): ¥á«¨ ∂
 ª« áá  C2 ¨

f ∈ C2(∂
), â® (¯®¤à®¡®áâ¨ á¬. ¢ [3, á.429℄; [10,á.48℄):
u(x) = ∫

∂
 ∂G(x, y)
∂ny

f(y)dy,£¤¥ ∂
∂ny

| ®¯¥à â®à ¤¨ää¥à¥æ¨à®¢ ¨ï ¢¤®«ì ¢¥è¥© ®à¬ «¨ ª£à ¨æ¥ ¢ â®çª¥ y ∈ ∂
. �â® á¯à ¢¥¤«¨¢® ¤«ï ®¡« áâ¨ 
 «î¡®©à §¬¥à®áâ¨: 
 ⊂ IR2, 
 ⊂ IR3 ¨ â. ¤.�¯à �¥¨¥. � ©¤¥¬ ä®à¬ã«ã ¤«ï à¥è¥¨ï § ¤ ç¨ �¨à¨å«¥ ¢ ¯®«ã¯«®á-ª®áâ¨
△u(x1, x2) = 0, x2 > 0; u(x1, 0) = f(x1); u(x) −→

|x|→∞
0,£¤¥ f(x1) ∈ C(IR), f(x1) = 0 ¯à¨ |x1| > onst.�¥è¥¨¥. �ãªæ¨ï �à¨  ¤«ï ¯®«ã¯«®áª®áâ¨ ¨¬¥¥â ¢¨¤ (5.3):

G(x, y) = 12π ln√(x1 − y1)2 + (x2 − y2)2 − 12π ln√(x1 − y1)2 + (x2 + y2)2 == 14π ln((x1 − y1)2 + (x2 − y2)2)− 14π ((x1 − y1)2 + (x2 + y2)2).



�ç¨âë¢ ï, çâ® ¢¥èïï ®à¬ «ì ny ª ¯®«ã¯«®áª®áâ¨ x2 > 0 ¥áâì ¢¥ªâ®à(0,-1),¯®«ãç ¥¬:
(∂G(x, y)

∂ny

)∣∣∣∣
y2=0= −

( ∂

∂y2G(x, y))∣∣∣∣y2=0== 14π 2x2(x1 − y1)2 + x22 + 14π 2x2(x1 − y1)2 + x22 = 1
π

x2(x1 − y1)2 + x22 .�â¢¥â.
u(x1, x2) = x2

π

+∞∫

−∞

f(y1) dy1(x1 − y1)2 + x22 .
§6. �¡®¡é¥ë¥ à¥è¥¨ï £¨¯¥à¡®«¨ç¥áª¨å ãà ¢¥¨©.� ¯®¬¨¬ (á¬. §2 £«. I), çâ® ®¡é¥¥ à¥è¥¨¥ ®¤®à®¤®£® ãà ¢¥¨ï� « ¬¡¥à 

∂2u(x, t)
∂t2 = a2 ∂2u(x, t)

∂x2 (6.1)¨¬¥¥â ¢¨¤ (II.2.3):
u(x, t) = f(x− at) + g(x+ at). (6.2)�á«¨ äãªæ¨¨ f(x) ¨ g(x) ¤¢ �¤ë ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë, â®

u(x, t) ¨§ (6.2) â ª�¥ ®¡« ¤ ¥â íâ¨¬ á¢®©áâ¢®¬. �á«¨ �¥ f(x) ¨«¨ g(x)à §àë¢ë¥ äãªæ¨¨, â® u(x, t) â ª�¥ ¡ã¤¥â à §àë¢®©. Ǒ®ª �¥¬. çâ® ¢íâ®¬ á«ãç ¥ u(x, t) ¨§ (6.2) â ª�¥ ¡ã¤¥â à¥è¥¨¥¬ ãà ¢¥¨ï (6.1), ¥á«¨â®«ìª® ¯à®¨§¢®¤ë¥ ¢ ®¡¥¨å ç áâïå (6.1) ¯®¨¬ âì ¢ á¬ëá«¥ ®¡®¡é¥ëåäãªæ¨© (á¬. § ¬¥ç ¨¥ 2.1 £«. I). �â® § ç¨â, çâ®
〈∂

2u
∂t2 , ϕ(x, t)〉 = a2〈∂2u

∂x2 , ϕ(x, t)〉, ∀ϕ ∈ C∞0 (IR2). (6.3)�â®¡ë ¤®ª § âì â®�¤¥áâ¢® (6.3),  ¯®¬¨¬, çâ® ¯® ®¯à¥¤¥«¥¨î ®¡®¡-é¥ëå ¯à®¨§¢®¤ëå
{
〈∂2u

∂t2 , ϕ〉 = −〈∂u
∂t ,

∂ϕ
∂t 〉 = 〈u, ∂2ϕ

∂t2 〉,
〈∂2u

∂x2 , ϕ〉 = −〈∂u
∂x ,

∂ϕ
∂x 〉 = 〈u, ∂2ϕ

∂x2 〉, (6.4)Ǒ®íâ®¬ã â®�¤¥áâ¢® (6.3) íª¢¨¢ «¥â®
〈u, ∂

2ϕ
∂t2 〉 = a2〈u, ∂2ϕ

∂x2 〉, (6.5)¨«¨
〈u, ∂

2ϕ
∂t2 − a2 ∂2ϕ

∂x2 〉 = 0. (6.6)



� ª®®à¤¨ â å ξ = x− at, η = x+ at â®�¤¥áâ¢® (6.6) § ¯¨è¥âáï ¢ ¢¨¤¥(á¬. (I. 2.8)) +∞∫

−∞

∫
u(ξ, η) ∂2ϕ

∂ξ∂η
dξdη = 0. (6.7)� §«®�¥¨¥ (6.2) ®§ ç ¥â, çâ®

u(ξ, η) = f(ξ) + g(η). (6.8)Ǒ®¤áâ ¢«ïï (6.8) ¢ (6.7), ¯®«ãç ¥¬+∞∫

−∞

f(ξ)( +∞∫

−∞

∂2ϕ
∂ξ∂η

dη
)
dξ + +∞∫

−∞

g(η)( +∞∫

−∞

∂2ϕ
∂ξ∂η

dξ
)
dη = 0. (6.9)�® íâ® â®�¤¥áâ¢® ®ç¥¢¨¤®, ¯®áª®«ìªã+∞∫

−∞

∂2ϕ
∂ξ∂η

dη = ∂ϕ

∂ξ
(ξ, η)∣∣∣∣∣η=+∞

η=−∞
= 0,+∞∫

−∞

∂2ϕ
∂ξ∂η

dξ = ∂ϕ

∂η
(ξ, η)∣∣∣∣∣ξ=+∞

ξ=−∞
= 0 (6.10)¢ á¨«ã ä¨¨â®áâ¨ ϕ(ξ, η). � ª¨¬ ®¡à §®¬, à ¢¥áâ¢® (6.3) ¤®ª § ®.Ǒ����������« áá¨ä¨ª æ¨ï «¨¥©ëå ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå ¢â®à®£® ¯®àï¤ª .1. �à ¢¥¨ï á ¯®áâ®ïë¬¨ ª®íää¨æ¨¥â ¬¨.� áá¬®âà¨¬ ãà ¢¥¨¥ ¢ IRn ¢¨¤ 

n∑

i,j=1 aij
∂2u

∂xi∂xj
+ n∑

i

ai
∂u

∂xi
+ a0u(x) = 0, x ∈ IRn; aij = aji. (1)Ǒà¨¢¥¤¥¬ ¥£® ª ª ®¨ç¥áª®¬ã ¢¨¤ã, ¢ ª®â®à®¬ aij = 0 ¯à¨ i 6= j. �«ïíâ®£® à áá¬®âà¨¬ «¨¥©ãî § ¬¥ã ¯¥à¥¬¥ëå

{ y1 = c11x1 + . . .+ c1nxn,
. . .
yn = cn1x1 + . . .+ cnnxn,

(2)¨«¨ ¢ ¢¥ªâ®à®¬ ¢¨¤¥
y = Cx. (3)



� ª®®à¤¨ â å yk ¨¬¥¥¬ ∂u
∂xi

= ∑n
k=1 ∂u

∂yk

∂yk

∂xi
= ∑n1 Cki

∂u
∂yk

, ¨ â ª�¥
∂2u

∂xi∂xj
=∑n

k,l=1 CkiClj
∂2u

∂yk∂yl
. Ǒ®¤áâ ¢«ïï ¢ (1), ¯®«ãç ¥¬

∑

i,j,k,l

aijCkiClj
∂2u

∂yk∂yl
+ . . . = 0, (4)£¤¥ ¬®£®â®ç¨¥¬ ®¡®§ ç¥ë ç«¥ë, á®¤¥à� é¨¥ ¬« ¤è¨¥ ¯à®¨§¢®¤ë¥äãªæ¨¨ u. �®�® § ¯¨á âì (4) ¢ ¢¨¤¥

n∑

k,l=1 bkl
∂2u

∂yk∂yl
+ . . . = 0, (5)£¤¥

bkl =∑
i,j

ai,jCklClj .� ¬ âà¨ç®© ä®à¬¥ b = CaC∗, £¤¥ a ¥áâì ¬ âà¨æ  (aij),   C∗ |âà á¯®¨à®¢  ï ¬ âà¨æ  ª C. �â  ä®à¬ã«   ¯®¬¨ ¥â § ª®¯à¥®¡à §®¢ ¨ï ¬ âà¨æë ª¢ ¤à â¨ç®© ä®à¬ë(aξ, ξ) = n∑

i,j=1 aijξiξj . (6)� ¨¬¥®, ¥á«¨ á¤¥« âì § ¬¥ã
ξ = dη, d = (dij)i,j=1,...,n, (7)â® ¯®«ãç¨¬, ¥á«¨ ¢§ïâì d∗ = C, çâ®(aξ, ξ) = (adη, dη) = (d∗adη, η) = (CaC∗η, η) = (bη, η).� ª¨¬ ®¡à §®¬, ¥á«¨ § ¬¥  (7) ¯à¨¢®¤¨â ª¢ ¤à â¨çãî ä®à¬ã ª£« ¢ë¬ ®áï¬ (â ª ï § ¬¥  áãé¥áâ¢ã¥â, ª ª ¨§¢¥áâ® ¨§ «¨¥©®© «£¥¡àë) (aξ, ξ) =∑n1 bkη2k, â® § ¬¥  (3) á ¬ âà¨æ¥© C = d∗ ¯à¨¢®¤¨â¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ (1) ª ¢¨¤ã (5) á â®© �¥ ¤¨ £® «ì®©¬ âà¨æ¥© b:

n∑1 bk
∂2u
∂y2k + . . . = 0. (8)Ǒà¨ íâ®¬ ¢®§¬®�ë á«¥¤ãîé¨¥ ¢ à¨ âë:I.det a 6= 0. �®£¤  ãà ¢¥¨¥(1)  §ë¢ ¥âáï ¥¢ëà®�¤¥ë¬, ¨ ¢á¥ bk ¢(8) ¬®�® á¤¥« âì à ¢ë¬¨ ±1. �á«¨ ) ¢á¥ bk ®¤®£® § ª  (¢á¥ +1 ¨«¨ ¢á¥ -1), â® ãà ¢¥¨¥ (8) ¨¬¥¥â¢¨¤ ∂2u

∂y1 + . . . + ∂2u
∂y2n + . . . = 0 ¨  §ë¢ ¥âáï í««¨¯â¨ç¥áª¨¬. Ǒà¨¬¥à |ãà ¢¥¨¥ � ¯« á  (I.8.22);



¡) ¢á¥ bk ®¤®£® § ª , ªà®¬¥ ®¤®£®, â® (8) ¯à¨¨¬ ¥â ¢¨¤
∂2u
∂y2k + . . .+ ∂2u

∂y2n−1 − ∂2u
∂y2n + . . . = 0 (9)¨  §ë¢ ¥âáï £¨¯¥à¡®«¨ç¥áª¨¬. Ǒà¨¬¥à | ¢®«®¢®¥ ãà ¢¥¨¥ (I.7.1);¢) ¥ª®â®àë¥ bk (¡®«¥¥ ®¤®£®) ¯®«®�¨â¥«ìë,   ®áâ «ìë¥ bk (â ª�¥¡®«¥¥ ®¤®£®) | ®âà¨æ â¥«ìë, â® (8) ¨¬¥¥â ¢¨¤

∂2u
∂y21 + ∂2u

∂y22 . . .− ∂2u
∂y2n−1 − ∂2u

∂y2n + . . . = 0¨  §ë¢ ¥âáï ã«ìâà £¨¯¥à¡®«¨ç¥áª¨¬. �â® ¢®§¬®�® ¯à¨ n ≥ 4.II.det a = 0. �®£¤  ãà ¢¥¨¥ (1)  §ë¢ ¥âáï ¢ëà®�¤¥ë¬, ¨«¨ ¯ à -¡®«¨ç¥áª¨¬ ¢ è¨à®ª®¬ á¬ëá«¥. Ǒà¨¬¥à | ãà ¢¥¨¥ â¥¯«®¯à®¢®¤®áâ¨(I.8.16).�¯à �¥¨¥. � ©¤¥¬ ª ®¨ç¥áª¨© ¢¨¤ ¨ § ¬¥ã ¯¥à¥¬¥ëå (2) ¤«ïãà ¢¥¨ï
∂2u
∂x21 + 4 ∂u

∂x1∂x2 − 3∂2u
∂x23 = 0. (10)�¥è¥¨¥. �®áâ ¢«ï¥¬ ä®à¬ã (6) ¨ ¯à¨¢®¤¨¬ ¥¥ ª £« ¢ë¬ ®áï¬:

ξ2 + 4ξ1ξ2 − 3ξ23 = (ξ1 + 2ξ2)2 − 4ξ22 − 3ξ23 = η21 − η22 − 3η23 . (11)� ª¨¬ ®¡à §®¬, â¨¯ ãà ¢¥¨ï (10) | £¨¯¥à¡®«¨ç¥áª¨©, ª ª ¢ (9).� ¬¥  (7), â®ç¥¥, ®¡à â ï ª ¥©, ¨¬¥¥â ¢¨¤
{
η1 = ξ1 + 2ξ2,
η2 = 2ξ2,
η3 = ξ3. (12)�â®¡ë ¯à¨¢¥áâ¨ íâ¨ á®®â®è¥¨ï ª ¢¨¤ã (7), ã�® ®¡à â¨âì ãà ¢¥¨ï(12): 



ξ2 = η22 ,
ξ3 = η3,
ξ1 = η1 − 2ξ2 = η1 − η2.�âáî¤  ¯®«ãç ¥¬ ¬ âà¨æã d:
d =  1 −1 00 12 00 0 1¨, á«¥¤®¢ â¥«ì®,

C = d∗ =  1 0 0
−1 12 00 0 1



� ª¨¬ ®¡à §®¬, § ¬¥  (2) ¨¬¥¥â ¢¨¤
{ y1 = x1,
y2 = −x1 + 12x2,
y3 = x3.� ®¨ç¥áª¨© ¢¨¤ ãà ¢¥¨ï (10), ¢ á®®â¢¥âáâ¢¨¨ á (11), â ª®©:

∂2u
∂y21 − ∂2u

∂y22 − 3∂2u
∂y23 = 0.� ¤ ç . � ©¤¨â¥ ª ®¨ç¥áª¨© ¢¨¤ ¨ § ¬¥ë ¯¥à¥¬¥ëå (2) ¤«ïãà ¢¥¨©

∂2u
∂x1∂x2 + ∂2u

∂x2∂x3 + ∂2u
∂x3∂x1 = 0

∂2u
∂x21 − ∂2u

∂x1∂x2 + 6 ∂2u
∂x1∂x3 = 0.2. �à ¢¥¨ï á ¯¥à¥¬¥ë¬¨ ª®íää¨æ¨¥â ¬¨.�¥¯¥àì ¯ãáâì ¢ (1) ª®íää¨æ¨¥âë ¯¥à¥¬¥ë¥:

n∑

i,j=1 aij(x) ∂2u(x)
∂xi∂xj

+ . . . = 0. (13)�®£¤  ¤«ï ª �¤®£® ä¨ªá¨à®¢ ®£® x0 ∈ IRn ¬®�® à áá¬®âà¥âì ãà ¢¥¨¥á \§ ¬®à®�¥ë¬¨" ¢ â®çª¥ x0 ¯®áâ®ïë¬¨ ª®íää¨æ¨¥â ¬¨
n∑

i,j=1 aij(x0) ∂2u(x)
∂xi∂xj

+ . . . = 0.�¨¯ íâ®£® ãà ¢¥¨ï  §ë¢ ¥âáï â¨¯®¬ ãà ¢¥¨ï (13) ¢ â®çª¥ x0.Ǒà¨¬¥à | ãà ¢¥¨¥ �à¨ª®¬¨
y
∂2u
∂x2 + ∂2u

∂y2 = 0|í««¨¯â¨ç¥áª®¥ ¢ ¯®«ã¯«®áª®áâ¨ y > 0,£¨¯¥à¡®«¨ç¥áª®¥ ¢ ¯®«ã¯«®áª®áâ¨
y < 0 ¨ ¢ëà®�¤¥®¥   ¯àï¬®© y = 0.



�¯¨á®ª ¨á¯®«ì§®¢ ®© «¨â¥à âãàë.1. �¥àá �., ��® �., �¥åâ¥à �. �à ¢¥¨ï á ç áâë¬¨ ¯à®¨§¢®¤ë¬¨.�.: �¨à, 1966. 351 á.2. �ã¤ ª �.�.,� ¬ àáª¨© �.�., �¨å®®¢ �.�. �¡®à¨ª § ¤ ç ¯® ¬ â¥¬ -â¨ç¥áª®© ä¨§¨ª¥. �.: � ãª , 1980. 686 á.3. * �« ¤¨¬¨à®¢ �.�. �à ¢¥¨ï ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨. �.: � ãª , 1981.512 á.4. �« ¤¨¬¨à®¢ �.�. �¡®¡é¥ë¥ äãªæ¨¨ ¢ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¥. �.:� ãª , 1982. 318 á.5. �« ¤¨¬¨à®¢ �.�. ¨ ¤à.�¡®à¨ª § ¤ ç ¯® ãà ¢¥¨ï¬ ¬ â¥¬ â¨ç¥áª®©ä¨§¨ª¨. �.: � ãª , 1982. 256 á.6. �¥«ìä ¤ �.�., �¨«®¢ �.�. �¡®¡é¥ë¥ äãªæ¨¨ ¨ ¤¥©áâ¢¨ï  ¤ ¨¬¨.�.: �¨§¬ â£¨§, 1958. 470 á.7. �®¬¬¥àä¥«ì¤ �. �¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï ¢ ç áâëå ¯à®¨§¢®¤ëåä¨§¨ª¨. �.: �§¤-¢® ¨®áâà.«¨â., 1950. 470 á.8. �ãà â �., �¨«ì¡¥àâ �. �¥â®¤ë ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨: ¢ 2-å â. �.:�®áâ¥å¨§¤ â, 1951. �.I.9∗. �¨å ©«®¢ �.Ǒ. �¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï ¢ ç áâëå ¯à®¨§¢®¤ëå.�.:� ãª , 1983. 424 á.10∗. �«¥©¨ª �.�. �¥ªæ¨¨ ®¡ ãà ¢¥¨ïå á ç áâë¬¨ ¯à®¨§¢®¤ë¬¨. �.I.�.: �§¤-¢® �®áª.ã-â , 1976. 110 á.11∗. Ǒ¥âà®¢áª¨© �.�. �¥ªæ¨¨ ®¡ ãà ¢¥¨ïå á ç áâë¬¨ ¯à®¨§¢®¤ë¬¨. �.:�¨§¬ â£¨§, 1961. 400 á.12∗. �®¡®«¥¢ �.�. �à ¢¥¨ï ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨. �.: � ãª , 1966. 443á.13∗. �¬¨à®¢ �.�. � ¤ ç¨ ¯® ãà ¢¥¨ï¬ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨. �.: � ãª ,1975. 127 á.14∗. �¨å®®¢ �.�., � ¬ àáª¨© �.�. �à ¢¥¨ï ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨. �.:� ãª , 1977. 735 á.15∗. �¨«¨¯¯®¢ �.�. �¡®à¨ª § ¤ ç ¯® ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨ï¬. �.:� ãª , 1979. 128 á.16. � ¡ â �.�. �¢¥¤¥¨¥ ¢ ª®¬¯«¥ªáë©   «¨§. �.:� ãª ,1985. 207á.17. �¢ àæ �. � â¥¬ â¨ç¥áª¨¥ ¬¥â®¤ë ¤«ï ¬ â¥¬ â¨ç¥áª¨å  ãª. �.: �¨à,1965. 412 á.18. �¨«®¢ �.�. � â¥¬ â¨ç¥áª¨©   «¨§: �â®à®© á¯¥æ¨ «ìë© ªãàá. �.:�§¤-¢® �®áª.ã-â , 1984. 207 á.
* �¥ª®¬¥¤ã¥¬ ï «¨â¥à âãà  ¯®¬¥ç¥  §¢¥§¤®çª ¬¨.



�£« ¢«¥¨¥.Ǒà¥¤¨á«®¢¨¥. 3�« ¢  I. �¨¯¥à¡®«¨ç¥áª¨¥ ãà ¢¥¨ï. �¥â®¤ å à ªâ¥à¨áâ¨ª. 4�« ¢  II. �¥â®¤ �ãàì¥. 67�« ¢  III. �¡®¡é¥ë¥ äãªæ¨¨ ®â ®¤®© ¯¥à¥¬¥®©.�¥â®¤äãªæ¨¨ �à¨  ¤«ï ªà ¥¢ëå § ¤ ç   ®âà¥§ª¥. 105�« ¢  IV. �ã¤ ¬¥â «ìë¥ à¥è¥¨ï ¨ äãªæ¨ï �à¨  ¤«ïãà ¢¥¨© á ç áâë¬¨ ¯à®¨§¢®¤ë¬¨. 129Ǒà¨«®�¥¨¥. 150�¨â¥à âãà . 154


