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ÎËÈÌÏÈÀÄÀ 2023

1. Íàéòè âñå ðåøåíèÿ u ∈ D′(R) óðàâíåíèÿ

(u′ − u) · sin 2023x = 0.

2. Äîêàæèòå, ÷òî ëþáîå êëàññè÷åñêîå ðåøåíèå u(x, t) çàäà÷è

ut = uxx â ïîëîñå [0, π]× R+, u(0, t) = u(π, t) = 0

óäîâëåòâîðÿåò îöåíêå |u| ≤ Ce−γt, ãäå C, γ � íåêîòîðûå ïîëîæèòåëüíûå êîíñòàíòû.

3. Ïóñòü u(x, t) � ðåøåíèå çàäà÷è Êîøè

utt = a2∆u, u|t=0 = ϕ(x), ut|t=0 = ψ(x), x ∈ Rn,

ñ ôèíèòíûìè íà÷àëüíûìè óñëîâèÿìè. Âåðíî ëè, ÷òî∫
Rn
u(t, x)dx =

∫
Rn
ϕ(x)dx+ t ·

∫
Rn
ψ(x)dx?

4. Íàéòè ðåøåíèå çàäà÷è Êîøè:

uxx + 2uxy + uyy = 0

u(x, 0) = sinx, ut(x, 0) = x2.

5. Ïðè êàêèõ p ∈ (1,∞) è n ≥ 2 â ñóùåñòâóþò îòëè÷íûå îò íóëÿ ãàðìîíè÷åñêèå ôóíêöèè, ëåæàùèå â

ïðîñòðàíñòâå Lp(R
n)?

6. Ìîæåò ëè ñòðóíà ñ òðåíèåì îñòàíîâèòüñÿ ñàìà? Îòêëîíåíèå ñòðóíû îò ïîëîæåíèÿ ðàâíîâåñèÿ îïè-

ñûâàåòñÿ óðàâíåíèåì

utt + αut = uxx ïðè (x, t) ∈ (0, π)× R+

ñ ãðàíè÷íûìè óñëîâèÿìè

u(0, t) = u(π, t) = 0.

Ìû ãîâîðèì, ÷òî ñòðóíà îñòàíîâèëàñü, åñëè u 6≡ 0, îäíàêî åñòü òàêîå T > 0, ÷òî u(x, t) = 0 ïðè t > T .

7. Ïóñòü F (x) : [0,+∞)→ R � îãðàíè÷åííàÿ íåïðåðûâíàÿ ôóíêöèÿ.

Íàéòè â îáëàñòè R+ × R+ âñå îãðàíè÷åííûå ðåøåíèÿ çàäà÷è

ut =
1

2
x2uxx, u|t=0 = F (x),

äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìûå ïî x è îäèí ðàç ïî t âíóòðè îáëàñòè R+×R+ è íåïðåðûâíûå

íà ìíîæåñòâå {(x, t) : x > 0, t > 0}.

8. Äîêàæèòå, ÷òî ñóùåñòâóåò f(x, t), |f | < ε, ò.÷. ðåøåíèå çàäà÷è
utt − uxx = f(x, t) â (0, π)× R+,

u(x, 0) = sin 2x, ut(x.0) = 0

u(0, t) = u(π, t) = 0

îáðàùàåòñÿ â òîæäåñòâåííûé íîëü ïðè t > T, ãäå T > 0 � íåêîòîðàÿ ïîñòîÿííàÿ.

9. Ìîæåò ëè ãàðìîíè÷åñêàÿ ôóíêöèÿ â ïîëîñå [0, π]×R+ íå áûòü òîæäåñòâåííûì íóëåì è óáûâàòü ïðè

y → +∞ áûñòðåå ëþáîé ýêñïîíåíòû?

10. Áóäåò ëè êàêîé-òî èç íàãðåòûõ ñòåðæíåé îñòûâàòü ïðè t→∞?

(a)

{
ut = uxx, 0 < x < π, t > 0

ux(0, t) = ux(π, t) = 0,
(b)

{
ut = uxx, 0 < x < π, t > 0

u(0, t) + αux(0, t) = u(π, t) = 0.

Ìû ãîâîðèì, ÷òî ñòåðæåíü îñòûâàåò, åñëè ‖u(x, t)‖L2((0,π)) → 0 t→∞.
Ðåøåíèÿ ïðåäïîëàãàþòñÿ êëàññè÷åñêèìè.



ÎÒÂÅÒÛ

1. u = cex +
∑

k∈Z,k>0

cke
x− πk

2023 θ

(
x− πk

2023

)
−

∑
k∈Z,k<0

cke
x− πk

2023 θ

(
πk

2023
− x
)
, c, ck ∈ R.

2. �

3. Äà

4. u = y(x− y)2 + y cos(x− y) + sin(x− y).

5. Íåò.

6. Íåò.

7. u =
eln |x|/2−t/8√

2πt

∫
R
e
−| ln |x|−η|2

2t e−η/2F (−eη)dη.

8. �

9. Äà. Íàïðèìåð, u = Re exp
(
− exp

(
y−i(x−π/2)

2

))
.

10. Còåðæåíü (b) ïðè α ∈ (−∞, 0] ∪ (π,+∞).


