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1. (1) Íàéäèòå ðåøåíèå óðàâíåíèÿ òåïëîïðîâîäíîñòè u′t = u′′xx â âèäå áåãóùåé âîëíû.

2. (4) Íàéäèòå ÿâíîå ðåøåíèå çàäà÷è Êîøè
∂p

∂t
=
∂2p

∂x2
+ x

∂p

∂x
+ x2 p, p(0, x) = 1.

3. (3) Ïóñòü u(t, x) � ðåøåíèå çàäà÷è Êîøè
∂u

∂t
= C(t)

∂2u

∂x2
, u

∣∣
t=0

= ϕ(x),

ϕ(x) � íåïðåðûâíàÿ ôóíêöèÿ, lim
x→−∞

ϕ(x) = a, lim
x→+∞

ϕ(x) = b, C(t) � ãëàäêàÿ ñòðîãî
ïîëîæèòåëüíàÿ ïåðèîäè÷åñêàÿ ôóíêöèÿ. Ñóùåñòâóåò ëè ïðåäåë u(t, x) ïðè t→∞?

4. (3) Ïóñòü u(x) ∈ H1( ), ãäå = [0, 1]× [0, 1] ∈ R2. Ôóíêöèÿ u(x), x ∈ R2, ÷åòíî ïðî-
äîëæàåòñÿ íà ïðÿìîóãîëüíèê Π = [−1, 1]× [0, 1]. Äîêàæèòå, ÷òî ïðîäîëæåííàÿ ôóíêöèÿ
ïðèíàäëåæèò H1(Π).

5. Ïóñòü Ω � îãðàíè÷åííàÿ îáëàñòü â Rn, u(x) ∈ ◦
H1(Ω).

à) (2) Äîêàæèòå, ÷òî ïðîäîëæåíèå íóëåì u(x) íà Rn ïðèíàäëåæèò H1(Rn).

á) (3) Âåðíî ëè îáðàòíîå óòâåðæäåíèå, èìåííî: ïóñòü u(x) � òàêàÿ ôóíêöèÿ íà Ω, ÷òî
åå ïðîäîëæåíèå íà Rn íóëåì ïðèíàäëåæèò H1(Rn); ìîæíî ëè óòâåðæäàòü, ÷òî u(x) ∈
◦

H1(Ω)?

6. (3) Ïóñòü u(x), v(x) ∈ H1(Ω). Äîêàæèòå, ÷òî max
{
u(x), v(x)

} ∈ H1(Ω).

7. (4) Ñïðàâåäëèâà ëè äâóñòîðîííÿÿ òåîðåìà Ëèóâèëëÿ äëÿ óðàâíåíèÿ ∆u + a(x)u = 0 â
Rn, ãäå a(x) < 0 âíå íåêîòîðîé îêðåñòíîñòè íà÷àëà êîîðäèíàò?

8. (3) Ïóñòü u(t, x) � ðåøåíèå êðàåâîé çàäà÷è
u′′tt = u′′xx + f(t, x), u(t, 0) = u(t, 1) = 0, u(0, x) = u′t(0, x) = 0.

Èçâåñòíî, ÷òî
∣∣f(t, x)

∣∣ � íåîãðàíè÷åííàÿ ôóíêöèÿ ïðè 0 6 t < ∞, x ∈ [0, 1]. Ìîæåò ëè∣∣u(t, x)
∣∣ áûòü îãðàíè÷åííîé íà [0,∞)× [0, 1] ôóíêöèåé?

9. (2+2+2+4) Ìîæåò ëè ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè
u′t = u′′xx, u

∣∣
t=0

= ϕ(x),
∣∣ϕ(x)

∣∣ 6 const,
∣∣u(t, x)

∣∣ 6 const,

èìåòü ëèíèþ óðîâíÿ
{
u(t, x) = 0

}
ñëåäóþùåãî âèäà:
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10. (6) Òîò æå âîïðîñ î ðåøåíèè çàäà÷è Êîøè äëÿ óðàâíåíèÿ êîëåáàíèé ñòðóíû
u′′tt = u′′xx, u

∣∣
t=0

= ϕ(x), u′t
∣∣
t=0

= ψ(x).


