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1. Ìîãóò ëè âñå íåíóëåâûå ðåøåíèÿ ñèñòåìû

ẋ = f(x), x ∈ Rn, f ∈ C1(Rn), f(0) = 0,

áûòü íåóñòîé÷èâûìè ïî Ëÿïóíîâó, åñëè íóëåâîå ðåøåíèå ýòîé ñèñòåìû

1) íåóñòîé÷èâî;

2) óñòîé÷èâî;

3) àñèïòîòè÷åñêè óñòîé÷èâî

ïî Ëÿïóíîâó?

2. ×àñû ñ ìàÿòíèêîì (ñîâåðøàþùèì ìàëûå êîëåáàíèÿ, áåç òðåíèÿ) ñïåøèëè íà 2 ÷ â ñóòêè. Êîãäà ãðóçèê
íà ìàÿòíèêå îïóñòèëè íà 1 ñì, ÷àñû ñòàëè ñïåøèòü íà 1 ÷ â ñóòêè. Íà ñêîëüêî ñì åùå íóæíî îïóñòèòü
ãðóçèê, ÷òîáû ÷àñû øëè òî÷íî?

3. Íàéòè êðèâóþ, ó êîòîðîé äëèíà îòðåçêà ëþáîé åå êàñàòåëüíîé, çàêëþ÷åííîãî ìåæäó êîîðäèíàòíûìè
îñÿìè, ðàâíà ôèêñèðîâàííîìó ÷èñëó a > 0.

4. Ñóùåñòâóåò ëè ó óðàâíåíèÿ φ̈+ sinφ = 0 òàêîå ðåøåíèå ϕ , äëÿ êîòîðîãî ôóíêöèÿ t 7→ sinϕ(t) áûëà áû
íåïåðèîäè÷åñêîé?

5. Ïóñòü îòîáðàæåíèå f : Rn → Rn ïðèíàäëåæèò êëàññó C∞. Âåêòîðíîçíà÷íàÿ ôóíêöèÿ y : R → Rn

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ y′ = f(y) ñ íà÷àëüíûìè óñëîâèÿìè y(0) = 0 è óäîâëåòâîðÿåò óñëîâèþ
|y(x)| → ∞ ïðè x → 1−0. Ñëåäóåò ëè îòñþäà, ÷òî ïðè äîñòàòî÷íî ìàëûõ y0 ðåøåíèå ðàññìàòðèâàåìîãî
óðàâíåíèÿ ñ íà÷àëüíûìè óñëîâèÿìè y(0) = y0 íå ìîæåò áûòü îïðåäåëåíî äëÿ âñåõ x > 0?

6. {
ẍ1 + ω2

1 x1 = u(t), x1(0) = x01, ẋ1(0) = ẋ01

ẍ2 + ω2
2 x2 = u(t), x2(0) = x02, ẋ2(0) = ẋ02.

Ìîæíî ëè òàê äâèãàòü òåëåæêó ñ äâóìÿ ìàÿòíèêàì (ò.å. ïðàâèëüíî ïîäîáðàòü îáùóþ ôóíêöèþ u(t) ),
÷òîáû îñòàíîâèòü îáà ìàÿòíèêà, ò.å. ìîæíî ëè äëÿ çàäàííûõ ÷èñåë ωi > 0, x0i , ẋ0i , i = 1, 2, óêàçàòü
ôóíêöèþ u(t) òàêóþ, ÷òîáû äëÿ íåêîòîðîãî T > 0 áûëî âûïîëíåíî x1(T ) = x2(T ) = 0, ẋ1(T ) = ẋ2(T ) =
0 ? Ðàññìîòðèòå äâà ñëó÷àÿ: ω1 = ω2 è ω1 ̸= ω2.
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7. Ðåøèòå óðàâíåíèå
∂u

∂x
+ (2y − u)

∂u

∂y
= y + 2u.

8. Äîêàæèòå, ÷òî äëÿ ëþáîãî ε > 0 ìîæíî óêàçàòü òàêóþ ãëàäêóþ ôóíêöèþ |a(t)| < ε, ÷òî óðàâíåíèå

ẍ+ (1 + a(t))x = 0, t > 0,

èìååò íåîãðàíè÷åííîå ðåøåíèå.

9. Ðåøèòå óðàâíåíèå
du

dx
− u2 =

1

x4
.

10. Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå y′′′ + p(x)y = 0, ãäå p(x)� íåïðåðûâíàÿ ôóíêöèÿ, p(x) < 0 ,
x ∈ R . Ïóñòü y � òàêîå åãî ðåøåíèå, ÷òî y(x1) = y′(x1) = 0, y′′(x1) = y0 â íåêîòîðîé òî÷êå x1 ∈ R.
Ïðè êàêèõ çíà÷åíèÿõ y0 ýòî ðåøåíèå îáðàùàåòñÿ â íîëü õîòÿ áû â îäíîé òî÷êå x2 > x1?


