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1. Ó äèôôåðåíöèàëüíîãî óðàâíåíèÿ ẋ = ax, a > 0, âñå ðåøåíèÿ, êðîìå x ≡ 0, íåîãðàíè÷åíû ïðè t > 0 .
Ìîæíî ëè äîáèòüñÿ ñóùåñòâîâàíèÿ îãðàíè÷åííîãî íåòðèâèàëüíîãî ðåøåíèÿ, äîáàâèâ ê ïðàâîé ÷àñòè bxm ,
ãäå b > 0 , m ∈ N, è ðàññìàòðèâàÿ óðàâíåíèå ẋ = ax+ bxm ïðè t > 0 ?

2. Ðàññìàòðèâàåòñÿ óðàâíåíèå Íüþòîíà ẍ = −x3 + xn , n ∈ N. Ïðè êàêèõ n ïîëîæåíèå ðàâíîâåñèÿ x0 = 0
óñòîé÷èâî ïî Ëÿïóíîâó?

3. Îöåíèòü ñíèçó êîëè÷åñòâî íóëåé ðåøåíèÿ óðàâíåíèÿ ẍ+ tx = 0 íà îòðåçêå [−100, 100] .

4. Ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêèé ìàÿòíèê, óïðàâëÿåìûé ìàëîé ñèëîé u(t), |u(t)| < ε : ẍ+ω2x = u, x(0) =
x0, ẋ(0) = x1 . Ìîæíî ëè ïðèâåñòè ìàÿòíèê â ïîëîæåíèå ïîêîÿ çà êîíå÷íîå âðåìÿ, òî åñòü âåðíî ëè, ÷òî äëÿ
ëþáûõ x0, x1, ε > 0, ñóùåñòâóåò òàêàÿ u(t), |u| ≤ ε, ÷òî ñîîòâåòñòâóþùåå ðåøåíèå x(t) óäîâëåòâîðÿåò
óñëîâèÿì x(T ) = ẋ(T ) = 0 ïðè íåêîòîðîì T > 0? Åñëè ìîæíî, îöåíèòü ýòî âðåìÿ ÷åðåç ε, ω, x0, x1 .

5. Ëåãêî âèäåòü, ÷òî âñå ðåøåíèÿ óðàâíåíèÿ ẍ + ω2x = 0 îãðàíè÷åíû. Äîêàæèòå, ÷òî äëÿ ëþáîãî ε > 0
ñóùåñòâóåò òàêàÿ ãëàäêàÿ ôóíêöèÿ a(t), |a(t)| < ε , ÷òî óðàâíåíèå ẍ+(ω2+a(t))x = 0 èìååò íåîãðàíè÷åííûå
ïðè t > 0 ðåøåíèÿ.

6. Èçâåñòíî, ÷òî x(t, t0) � ðåøåíèå çàäà÷è Êîøè

ẋ = x− e−2tx3 + et, x|t=t0 = 1,

� â ñëó÷àå t0 = 0 èìååò âèä x(t, 0) = et . Íàéäèòå ïðîèçâîäíóþ u(t) ðåøåíèÿ x(t, t0) ïî íà÷àëüíîìó
ìîìåíòó t0 ïðè t0 = 0 (çíàÿ, ÷òî îíà ñóùåñòâóåò).

7. Ïóñòü ñèñòåìà ẋ = f(x) ( f ∈ C1(R2) ) íà ïëîñêîñòè èìååò èçîëèðîâàííóþ îñîáóþ òî÷êó (0, 0) , ïðè÷åì
òåì æå ñâîéñòâîì îáëàäàåò è åå ëèíåàðèçàöèÿ u̇ = Au â ýòîé òî÷êå. ßâëÿåòñÿ ëè êàêîå-ëèáî èç ñëåäóþùèõ
äâóõ óòâåðæäåíèé ñëåäñòâèåì äðóãîãî:
à) âñå ôàçîâûå êðèâûå èñõîäíîé ñèñòåìû � öèêëû, îêðóæàþùèå îñîáóþ òî÷êó;
á) âñå ôàçîâûå êðèâûå ëèíåàðèçîâàííîé ñèñòåìû � öèêëû, îêðóæàþùèå îñîáóþ òî÷êó?

8. Ìîæíî ëè ñèñòåìó ẋ1 = a11(t)x1+a12(t)x2, ẋ2 = a21(t)x1+a22(t)x2, çàìåíîé ïåðåìåííûõ y1 = h11(t)x1+
h12(t)x2, y2 = h21(t)x1 + h22(t)x2, ïðèâåñòè ê âèäó ẏ1 = 0, ẏ2 = 0?

9. Îïèøèòå âñå âîçìîæíûå òèïû ïîâåäåíèÿ ïðè t → +0 ðåøåíèé óðàâíåíèÿ t2 ẍ+ atẋ+ bx = 0, a, b ∈ R.

10. Íàéòè ðåøåíèå óðàâíåíèÿ ẋ(t) = x(π)x(t).

11. ßâëÿåòñÿ ëè íåîãðàíè÷åííûì íåïðîäîëæàåìîå (ìàêñèìàëüíî ïðîäîëæåííîå) âïðàâî ðåøåíèå çàäà÷è Êîøè:
ẋ = x2 + 2yz, ẏ = y2 + 2xz, ż = z2 + 2xy, x(0) = 1, y(0) = 2, z(0) = 3?

12. Èçâåñòíî, ÷òî íåêîòîðàÿ ôóíäàìåíòàëüíàÿ ìàòðèöà ñèñòåìû

ẋ = A(t)x, x ∈ Rn, t ∈ R,

ïðè âñÿêîì t ∈ R îðòîãîíàëüíà. Âåðíî ëè, ÷òî ïðè âñÿêîì t ∈ R ìàòðèöà A(t) êîñîñèììåòðè÷íà?

13. Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå y′′′+ p(x)y = 0, ãäå p(x) < 0. Ïóñòü y(x) � òàêîå åãî ðåøåíèå,
÷òî y(x1) = y′(x1) = 0, y′′(x1) > 0 â íåêîòîðîé òî÷êå x1 ∈ R. Äîêàçàòü, ÷òî y(x) âîçðàñòàåò ïðè âñåõ
x > x1.


