Mockosckuit ['ocynapcrsennbiit Yuusepcurer umenu M. B. Jlomonocosa
Mexanuko-Maremarndeckuit @akyabreT

Kadempa teopun uncen

Jutiomuast paboTta Ha TeMy
«O cumMeTpugx nmepruoaa MHOTOMEPHOM

IEeITHOI Apoom»

Buimonnwnr:
ctyzeHT 606 rpynmbt

Tirocranrenos Moparum

Hayunwrit pykoBoauTeb:
JOLCHT

F'epman Outer HukostaeBua

Mocksa, 2017



1 Bseaenne

Jlannast paboTa IOCBsIIeHa N3y YEeHUI0 CUMMETPUN [I€PUOa KBaIPATHIHBIX UPPAIIIO-
HAJILHOCTEH TeOMETPUIEeCKUMU UHCTPYMEHTaMU U OOOOIIEHUIO 9TOM CUMMETPUU Ha MHO-
roMepHbIi ciaydait. B uTore Oymer maHO reoMeTpuvecKoe JI0Ka3aTe/bCTBO KPUTEPHUs Ia-
JIMHIPOMUYIHOCTHU TIEPHUOJIa IEMHOM JIpodu ¢ MCIIoIb30BaHueM oJMroHoB Kiielina u pac-
CMOTPEH aHAJIOT CUMMETPUH JIJIsi TAKUX KOHCTPYKIIMI B MHOIOMEPHOM CJIydae.

Paznoxkenune yucesn B 1enmyio J1podb BBIZBIBACT UHTEPEC Yy UCCe0BaTE el B 00/1acTH
TEOpUU 4HcesT yKe He oau roj. Llemras apobb comocTaBsgeT KaxKJI0My JIeHCTBUTETHHO-
MY 9HCJIY KOHEUHYIO UM OECKOHEUHYIO BIIPABO ITOC/IEI0BATE/IHHOCTD HEIIOJTHBIX YACTHBIX,
IIEPBBII 3JIEMEHT KOTOPOI SABJIETCS IEeJIbIM YUCJIOM, & BCE MOCJIE/IYIoIne — HATYPaJIbHbI-
Mu. M3BecTHO, 9TO JIHOOBIE UPPAIMOHAJBHBIE YHCJIa, U TOJHKO OHHU, UMEIOT OeCKOHEYUHOE
pasJjiokeHue B IerHyo jipodb. Bosee Toro, B 1770 romy Jlarpamxk mokasasi, 4To Jirob0e
pellieHre KBaJpaTHONO ypaBHEHUs C IeJbiMu Koddbdurmentamu (Janee keadpamuynas
UPPUUOHAABHOCT) UMEET B 9TOM DA3JIOXKEHUH HAYHHAS ¢ HEKOTOPOTO MOMEHTa [EPHO/I.

K romy ke BbINOJIHSIETCS 1 OOpaTHOE, TaKUM 06pa3oM, BepHO cieiytoree (eM. [1]):

Ilpennoxkenne 1. Yucro « sasasemesa k6adpamuunoti UPpPayUuOHAAbYHOCTbIO Mo20a U
MoAbKO Mmoezda, Ko2da v umeem nepuoduvecroe PadnoNHcenHue 6 Uentyro 0podL HaMuHaA ¢

HEKOMOPO20 MOMEHING.

[enouncierHO-KOMOMHATOPHASI CTPYKTYpa IePpHOIa IEMHON ApoOdu B TOM WJIM MHOM
BHJIe U3ydagach MHOIrUMI MaTeMaTukamMu. OIMH U3 MEPBBIX CIyYaeB MaJIUHIPOMITHOCTH
[2] nenmoit qpobu KBaJApaTUIHBIX UPPAIMOHAILHOCTEl ObLT HANIEH JIIA YUCes BUIa /T,

rae r > 1:

V= lag;ar, a, . . ., as, a, 2ag). (1)

fcHo, 9TO y TaKUX YUCEST CYIIECTBYET NUKINIECKUIT CABUT ITEPHUOIA, TIEPEBOIAIINN 2a
Ha IIePBOE MEeCTO, TOC/Ie KOTOPOT'O HOBBIN MEPUOJ], YNTAETCH CJeBa HAIIPABO TaKKe, KaK 1
MCXOJIHBIN ciipaBa HaJjeBo. VIMEHHO 9TO 3aMedaHne HATAJIKUBAET Ha IIOCTPOEHUE ITOJTHOT'O

ONMCAHUST INCEJI, YIOBIETBOPSIONINX TaK HA3BIBAEMON NaAUHIPOMUMHOCTIU TIEPUOIA.

Omnpenenenune 1. [lepuodom Ha3BIBAETCST MHOXKECTBO MOC/IEI0OBATETHHOCTEl, 0Opa30BaH-
HBIX BCEMU IUKJIMYECKUME CIABUIAMU [OCJIEJI0BATEIbHOCTH 4 = [a1, Ay, . . ., A1, 4], U CO-

OTBETCTBYIOMIas eif GecKoHedHast B 00 CTOPOHBI HOC/IEA0BATEILHOCTD (a).
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W3 onpenenenust BUIHO, 9TO MEPUOJT, — UHBAPUAHTHOE MHOYKECTBO OTHOCUTEIBLHO ITHK-
JIMIECKOTO CIBUTA 00pa3yIoIIeil oC/1eI0BATeIbHOCTH, &, 3HAYNT, B KAIeCTBe 00pa3yoIeit
9TOr0 »Ke MepUoja MOXKeT ObITh BhIOpaH JII000 CABHUI MCXOJHON obpasyiomeii. JlanHoe
OIIpe/IeJIEHUE COTJIACYETCS C €CTECTBEHHBIM pa30ueHueM 9uce)l Ha KJIACChl SKBUBAJIEHTHO-

CTH, OTHOCUTEJILHO PA3JIOXKEHUs B IEIHYIO JIPOOb:

Onpenenenne 2. /Ipa uncia o U w HA3BIBAIOTCS CONPANCEHHUMY (¢ ~ W,) €CIu y

PA3JIOKEHUN (v U W B TEMHYIO JPOOb CYIIECTBYIOT COBIAIAIOIINE KOHUYbL.

Tak kak y 1emHoit Jpodbu ¢ MEepHoJIOM G BCErJia eCTh KOHIIbI, 0Opa30oBaHHbIE OECKO-
HEYHBIM TIOBTOPEHUEM BIIPABO BCEX IUKIMIECKUX CABUTOB shift(a) , TO BOSHHKAET COOT-
BETCTBHUE MEXKJy BBEJIEHHBIM HAMU Nepuodamu, U MePUOINIeCKIME EITHBIMU JIPOOSIMH, a,
BHAYHUT, 1 MEXKIY KJIaCCaMU SKBUBAJIEHTHOCTH IEIHBIX apobeit. Ciemayrolee mpeaaosKeHne

yCcTaHaB/INBaET aJIFe6paI/ILIeCKyIO CBA3b ME2K/J1Y IKBUBAJICHTHBIMU YUCJ/IAMMU:

IIpensioxkenune 2 (Ceppe [3]). a ~ w mozda u moavko mozda, koeda cyuecmeyrom

aw+b
cw+d °

a,b,c,d € Z, ydosaemesoparowue ac —bd = +1 u o =

Craenannoe 3aMedanue O MEPUOJE KBaJIPATHIHBIX UPPAIMOHAILHOCTEH BUa /T Ha-

TaJIKUBa€T Ha CJIEAYIOIIee

Onpenenenne 3. Koneunas mocsieoBarebHOCTh (a1, ag, . . ., Gy_1, G;) HA3BIBAETCS
a) PeYAAPHHM NAAUHOPOMOM, €CTTH Q) = Ayyq_k JIg Jioboro k € {1,... t};
0) yukAUYECKUM NAAUHOPOMOM, €CIIU CYIIECTBYET TAKOI IUKIMICCKII CJBUT UHIIEKCOB

0, 9TO Q) = Uy(r41—k) JVIst J06oro k € {1,... t}.

Jlannoe CBOWCTBO MHBAPMAHTHO IPU IUKJIUIECKUX CIBUIAX, a, 3HAYUT, U BEPHO JIJIs
BCEX IPEJICTABUTEICH BBEICHHOIO HAMMU MOHATHUS II€PUOa. Takum 00pa3oM, MOKHO IOBO-
PUTH U O HAJTMHPOMUIHOCTH IIEPHUOJIA COOTBETCTBYIOIIEH 1enHoil 1pobu. Bonpocsk! najins-
JpoMudHoCTH 3arparusasuch B. U. Apaosbaom (em. [4]), a Tunbr cuvmerpuii nepuosa
OpLtn Kiaccudurmpoanbl ero yuaennteit @. Afikapau(cm. [5]), npu momonw ux onmca-
HUSA OTHOCUTEIBHO KO MUIMEHTOB KBaIPaTUIHBLIX (DOPM, COOTBETCTBYIOMINX YPABHEHUIO
KBaIPATUIHON UPPAIMOHAIBHOCTH.

JTi060# MUKINIECKUil NaJUHIAPOM IIPEJICTaBUM B BUJE O0bEJIMHEHUs JIBYX PEryJisip-

oeIx. Ecian O/INH U3 HUX YeTHOM JJIMHBI, TO I/ICXO,ZLHbeI ITaJIMHAPOM IUKJINICCKUM CABUI'OM



MPUBOJIUTCA K PEryJIApHOMY. B ITPOTUBHOM cjiydae 3TOT IMAJUHIPOM MOXKHO ITHUKJIAYe-
CKHUM CJIBUI'OM IIPUBECTU K OObEJINHEHUIO PEry/IsiPHOTO MAaJMHAPOMA HEUeTHON JUIMHBI U
dobasourozo snemenma. OBOHAUNM CONPIZKEHHBIN KOPEHDb st KBAJPATHIHON MPPAIlH-
OHAJILHOCTH W 1epe3 w. AsrebpandecKue KIacCHQUKAIMN 9TUX CIydacB ObLIN OIHCAHBL
9. Tamya (cm. [6]) u O. Tlepporom (cM. [7]) wepes cooTHOIEHNsT HA KBaIPATHIHYIO UD-

pPalroOHaJILHOCTD 1 €ro COIIPAXKEHHOE:

IIpensioxkenue 3 (Fanya). [Tyems o - keadpamusnas uppayuonasvrocms. Ilepuod yen-

HOU OPOOU (v ABAAEMNCA PE2YAADPHDIM NANUHIPOMOM M0206 U MOABKO M020a, K020a
a~w:ww=—1.

IIpensioxkenne 4 (Ileppon). ITycmov « - keadpamuynas uppayuorasvrhocms. Ilepuod
uenHotl Ipobu v ABAAECMCA PELYAADPHHM NAAUHOPOMOM € YEMHBIM J0OABOUHBIM INEMENH-

mom mozda u Moavko moezda, K020a
a~r,reQ.

IIpennoxxenne 5 (Ileppon). Ilycmv o - xeadpamuyunas uppayuonasvrocmow. Ilepuod
uennotic 0poou v ABAAECMCA PE2YAAPHLIM NANUHOPOMOM C HEUEMHBIM 000ABOUHBIM IAE-

MEHMOM Mo2da U MoAbKo moada, Kozda

a~1/2++rreqQ.
OCHOBHBIM PE3YJIBTATOM JIJIsl OJJHOMEPHOM TIEITHON JIpoOU ABJISIETCS CJIe Ly TOTast

Teopema 1. Ilycmov o - keadpamuyunas uppayuorasvrocms. Ilepuod uennot dpobu
ABAAEMCA UUKAUYECKUM NAAUHIPOMOM M0200 U MOALKO M020a, k0200 8biMONHAEMCA 00HO
U3 CACOYIOUUT YCA0BULL:

(a) a~vw: wtw=0 = w’eQ;

6) arw: wtw=1 <= (w—1/2)>€Q;

(B) a~w: ww=1;

(r) a~w: wo=—1.
Boaee mozo, (6) sxeusarenmno (B).

DKBUBAJEHTHOCTL W + W = 0 <= w? € Q ouesumHa. [IpoBepuM 3KBUBAJICHTHOCTD

BHYTpH ciaydas (6). [lycTs w - KBajipaTndHas HppannoHaIbHOCTD, YIOBIETBOPSIONIAST
wtw=1
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Torna (v —w)(z — @) = (r —w)(zr +w —1) = 2% — x + (w — w?). Tlpu 3TOM TpexH/IEH,
pelleHreM KOTOPOro fBJIFeTcs KBapaTHIHas NPPAIMOHATLHOCTD, HMEET PAIUOHATILHBIE

K03 PUITHUEHTHI, OTKY/1a
m m
-zt w—-—w)=2-2+—,—cQ.
n'n

ITostoxxkuTenbpHOE penieHre aToro ypaBHeHUA UMEET BUJL Wi = %—F

9TO PeIlleHUe SIBJIAETCS YUCIOM B, \/% + %, rje § € Q. Bouee roro, jis y100bIX p,q € Q

CYMIECTBYIOT TaKWe paloHabHble m = 4p — q,n = 4q, 910

n+4m  4q+16p—4q p

4n 16q q

dcno, aro Teopema 1 ciemyer u3 [Ipemnoxennit 3, 4, 5, KpoMe HacTH, Kacalomeics

SKBUBAJICHTHOCTH MeXKy ciaydasmu (0) u (B), KOTOPBIA Oy/IeT J0Ka3aH HIZKeE.



2 T'eomerpus 1emnHbIxX JApodeii

s JaHHOrO JIeficTBUTE/ILHOrO (¢ 00603HaunM uepes L, IpAMYyIo Ha Iuiockoctd R?
npoxozsntyio depe3 Toukn (0,0) u (1, ). IIpu sTom Ha mpsimoit £, HeT IeJIbIX TOYeK, 3a
nckoderneM Touku (0,0), Torma u TOJBKO TOT/A, KOTJIa (v HppaIuoHaibHo. B nanbHeii-

meM paccMaTpuBalOTCA TOJIBKO UPpPalliOHaJIbHBIE .

2.1 TIloauronsl KieiitHa cMexKHBIX yTJIOB

[Tycte @ m 8 - pasnmuanble mpparuoHaabHble dnciaa. [Ipamere £, u L5 pasdusaror
ILJIOCKOCTD Ha, YeThIpe yIjia. BBIIyKible 000JI0YKNM HEHYJIEBLIX IEIbIX TOYEK BHYTPU 3THX
YTJIOB HA3BIBAIOTCST CMENCHBLMU NoAu2oHaMmu Kaetitna. BepumHbl STUX TOJUTOHOB — TOYKH
us3 ZQ, a, 3HaA4YUT, MOKHO I'OBOPUTH O HEJIOYUCJICHHBIX JIJIMHaAX pe6ep 1 1EeJIOYUCICHHBIX

yryiax MexKJ1ly HUMUA.

Onpepenenune 4. OTpe3ok Ha IJIOCKOCTH HA3BIBAETCS UEAblM, €CJTH €r0 KOHITbI ITPUHAI-
nexkaT MHozKecTBY Z2. IleJIblit OTPe30K Ha3bIBACTC NYCMbLM, €CIA OH He COIEPKHUT TOYeK
u3 72, KpoMe KOHIOB. I[esouucaennoti daunoti Iejioro oTpesKa Ha3bIBAETCS KOJTHIECTBO

IIyCTBIX II€JIbIX OTPE3KOB BHYTPH HETO.

Onpenenenune 5. JIjs BYX IyCTBIX IEJIBIX OTPE3KOB € OOIIUM KOHIIOM ILJIOMIA b I1a-
paJLiesiorpaMMa, HaATSIHYTOT'O Ha 9T OTPE3KU, HA3bIBAETC UELAOUUCAEHHBIM Y2A0M MEFKTY
9TUMH OTpe3KaMu. Takoil mapaJiiesorpaMM Ha3bIBACTC NPUMUMUESHbILM. J1J1sT TPOU3BOIb-
HBIX IIEJIBIX OTPE3KOB C OOIIMM KOHIIOM 3Ta IO Ib PABHA UEAOYUCAECHHOMY YAy MEXKITY

X IIyCTBIMU HEJIBIMU IIOJOTPE3KaMM, UMEIOITUMU O6HJ‘I/II>JI KOHE€II.

B obmiem cirydaae 1esible TOYKH BHYTPH TPUMUTHBHOIO IapaJsiiesiorpaMMa MOIYT pac-
moJiaraThbcst Tpon3BoJibHO. OJIHAKO B CcjIydae CMeXKHBIX pebep mosmrona Kireitna BepHO

CJIeJTyIOIIee

ITpennoxenue 6. [Iycmos v - sepuwuna nosueona Kaetna K, u nycmv u uw - baustcadi-
wue K v ueavie mowku na pebpar K, coomsememesyrowuzr v (cm. Puc. 1). Obosnavum
yepes Py npumumuehvili napaiesoepamm, colepircawyutl 6 Kavecmse epuiun U, vV, w.
Tozda ece ueavie mouru enympu Py, omauunsie om 0 U W, NOAYUAIOMCA PACTNANCEHUEM
HA YECAOE YUCAO BePpuUHbL V. B wacmnocmu, ece onu seocam na duazonanry Py, codep-

orcauets v.



Pucynok 1: BepmuHHBIN 0Tpe30K

Joxaszameavcmeo. Tak Kak u, v, w Jjexkar Ha pedbpax moJsmrona K, KOTOPBIH sBJIgeT-
cs1 BBIITYKJION ODOJIOUKOI IEJIbIX TOYEeK BHYTPHU yIjia, To TpeyrojbHuku Ovu nm Ovw He
coJiepzKaT IeJbIX TOYeK, KpoMe Kak B BepmmHax. Torma obe mapbl BekTopoB {v,u} u
{v,w} obpasyior 6a3zuc Z2. CienoBaTe/IbHO, U U W JIeXKaT Ha OJMHAKOBOM PaCCTOAHNN
OT IPAMOM coJiepzKallleil v, UX cyMMa U -+ W JIEZKUT Ha ITOU IIPAMOI, 1 BCE IIeJIbIe TOYKH,
paccTogHne OT KOTOPBIX A0 3TON NPAMONA MEHBINE, YeM Y U U W, ABJIAIOTCA PACTAZKECHUEM

Ha, IIeJI0e YHCJIO BEKTOpa V. ]

Onpenenenune 6. llycrs I, v u P, u3 [Ipemioxkenus 6. /luaronanb NpUMUTUBHOTO T1a-
paJsutesiorpamMMa Py, cojiepzKalnasl vV, Ha3bIBAeTCI 8EPULUHHDIM 0MpPe3kom i V. BTopoit

KOHEIl 9TOi JraroHajm ectb U+ w — v =v + (u—v) + (w — v).

[Inoma p TpUMUTHBHOTO NTapaJIelorpaMMa B TAKOM CJIydae Ha OJINH MeHbIIe KOJIde-
CTBa IEJIbIX TOYEK Ha BEPITUHHOM OTpe3ke. Takum oOpa3oM, MeJIOUUCICHHBINR YOI MEXK /LY
JIByMsI CMeKHbIMU pebpaMu nojimrona KireitHa paBeH 1e/I09UCIeHHOM JIJIMHE BEPITUHHOTO
OTpe3Ka. ITO BJIEUET 3a CODOI CYNIECTBOBAHUE COOTBETCTBUS MEXK/Iy pebpaMu JAaHHOTO

nosaurona Kieitna n BEPIIMHHBIMU OTPE3KaMM CME2KHOI'O C HUM IIOJIMT'OHA:

IIpensioxkenne 7 (Kopkuna [8]). Hycmo Ky u Ky - déa cmesrcrvir nosueona Kaetna.
Hycmv By — amo mmoorcecmeo ecex pebep Ky, a S1 — MHOMHCECMBO BCET SEPUUHHDBLL
ompeskos nosuzona Ki. Ananoeuuno onpedeasromes Eg u So das noauzona Ky. Toz20a

cywecmesyem maxoe 63aumMHo-00no3nawroe coomsememeue ¢ @ By U S — By USy, umo
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(a) p(E1) =Sy, ¢(S1) = Ey;

(6) ¢ coxpansem yeaowuUCACHHDLE OAUHDL

(B) w060t anemenm By U Sy napasresen ceoemy obpasy nod deticmeuem p;

(r) ecau pebpo u 6epUUHHBLT OMPEIOK UMEI 0OUWYIO MOYKY, TO 00UWYI0 MOUKY UME-

0m U uT 06padvl NPy deticmeuy p.

Ky

.. u+wW-—vV
BEepIINHHBIN OTPE30K

Pucynok 2: Bueknus ¢ Mex 1y peOpoM U BEPIIMHHBIM OTPE3KOM

[Tpu Takoit Guekmun B ciydae, Korja u—v € Co u v—w € —Cq, pebpo [V — w, u — V]|
nosiurona Ko MepexouT B Iapasijle/IbHbIH eMy BEpIIUHHBIN OTPe30K [V, U + W — V| 1moJiu-
rona KC;. Kpome Toro, sra Guekiius cOryiacOBBIBACTCS C OPUEHTAIIUSIMUA CMEXKHBIX T10 JIY Iy
L, nomuronos: ommxkaiimmit Kk L3 KOoHeI pedpa IepexoIuT B OMrKaiiiyio BepmuHy K 0
COOTBETCTBYIOITETO BEPITUHHOTO OTpe3Ka 1 HaobopoT. Takum obpa3oM, OIMHAKOBO OpHEH-
THUPOBAHHBIE TTOCJIE0BATE/ILHOCTU [EJTOYUCIEHHBIX JJIUH U IeJIOUUCCHHBIX YIJIOB MOJIH-
TOHOB CMEXKHBIX YIJIOB COBIAQJIAIOT, & 3HAYUT KaKJIoMy mosurony KieiiHa ¢ BBIOpaHHBIM

pazensionuM L, COOTBETCTBYET TaKasl MOCJIEI0BATETLHOCTD. Torma BEpHO CJIeIyolee

CaenctBue 1. Ilycmo Ky u Ko - dsa cmesrcrur nosveona Kaetina, pazdesernnvir L.,.
Tozda cywecmeyem maroe 0603navenue ecex sepwun Ky u Iy uepes v, k € Z, wmo dan
A100020 yenozo k:
2.
(a) Vig_1, Vi — basuc 77,
(6) [Vi_2, Vk] Asasemes pebpom noaveona Ky npu wemmom k, u pebpom Ko npu nevems-

Hom k;



(B) vk Oauoice K L, uem Vi_o;

(r) Vi = Vi—2 + axVi_1,
2de ap — UEAONUCAEHHAA OAUHA OMPE3KA [Vi_o, Vi] U UYCAOUWUCAEHHDIT Y200, COOMEEM-
cmeyrowutl Vi_1.

Ipuvem ama nymepavyus 00HO3HAUHO ONPEIEAAECMCA GBIOOPOM HAMAALHOT GEPULUHDL

noauzoHa.

2.2 Jlemma KopkuHoii

Paccmorpum yrBepkaeHue, obparHoe K ciejctsuio. [lo BeiOpannomy 6a3ucy v_g, v

perierku Z? 1 HOC/IeI0BATEILHOCTH (ay,)kez HATYPATBLHBIX YHCE]T COOTHOIICHUE
Vi = Vg2 + apVi_1 (2)
OIpeJieisieT TOCIe0BATETLHOCTD (V) ez

IIpensoxenune 8 (Kopkuna [8]). Iycmo (ay)rez - npoudsosvhas nocaedosamesvrocmo
HAMYPAALHOIT YUCAEA, U NYCTNG [V_g9, Vo] - Ueavll 0mpesok yeaouucienHol, OAUHYL ag.
IIpednoaootcum, wmo 0 - Gaudicatiwan yeaas mowka K npamotl, nporodswel uepes 6ep-
WUHDL V_9 U Vo, KOMOPaA He aestcum na omot npamot. Tozda cyuecmseem eduncmeenioll
noauzon K ¢ eepwunamu (Vo )mez, Makot, 4mo 0ia 106020 yer020 m

(a) [Vom—2, Vam] — pebpo K;

(6) agm — YEAOUUCAEHNAA OAUNHG [Vom—2, Vo],

(B) Gomi1 — UEAONUCAEHHBIT Y204, COOMBEMCMEYIOUUT Vo, .

J7s1 JI00BIX IBYX OTPE3KOB [V_o, Vo| 1 [V 5, V{)], yaoBieTBopsttomux yeaosusm [Ipes-
JIOXKeHnd 8, cymecTByeT eauHcTBeHHbIi oneparop A € GLy(Z), takoit, uto Av_5 = v/,

u Avy = v{. Torga B oboznauennsx [Iperoxkenns 8 BepHo ciesyroree

CaencrBue 2. [lycmwv dea dannvix nosuzona Kaetina umerom odunarxosyro nocacdosa-
meavrocmy (ax)gez, onpedeaentyro éviwe. Tozda cywecmeyem eduncmeernvlil ONepamop

A € GLy(Z), maxot, wmo Av; = v,.

2.3 Iloawmronnl Kieiina u nmenHbie Jpoon

CBsI3b MeXK Ly MOCJIEIOBATEILHOCTBIO (g )kez TETOUUCEHHBIX JJINH U YIJIOB MIOJTUTNOHA

Kitefina ¢ HemoiHbIMI 9aCTHBIME HEMHBIX JIpo0eil ycTaHABINBACT CJICLYIONUi (haKT:



ITpennoxkeune 9. /laa mobwx k,m € Z, k = m onpedeasum p u q xax xosdbduuuermos
) 7
PA3N0AHCEHUA NO OA3UCY: Vi = QVim_2 + PV_1. T020a p u ¢ — 63auMHO-NPOCMBIE UEADIE
yucaa, u
p

5 = [am;am+1, Ce ,ak].

B nasnbreiimem pacemarpuBatorest o > (3. Touku (1,0) u (0, 1) sBiistiorest BepriunHaMu

CMEZKHBIX ITOJIUTOHOB KJIefIHa ICl u ICQ TOIr'la 1 TOJIbBKO TOI'la, KOI'la
a>1, —-1<p3<0, (3)
U B TaKOM CJIyda€ MOXKHO IIOJIO2KUTb

V_o9 = (1,0), V_1 = (0, 1) (4)

\\‘2\2 A8

Pucynox 3: [Tosmuronsr Kieiina u memnnbie 1podu
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IIpensoxenune 10. [Tycmo « u B ydosaemeopsrom (3). Ilycmv nocaedosamenvrocmo

(Vk)kez, onpedeasemesn uepes (ag)kez coommowenuamu (2) u (4). Tozda
a=lag;as,as,...] u —1/f=la_1;a_9,a_3,...]

IIpu smom das ar0bozo k = 0 umeem v = (qx, Pr), 20€ Pp U Qx — HUCAUMEAD U 3HAME-

namenw k-0t nodrodawed dpobu .

Joxazamensvcmeo. YTBepKaeHue ciaeiayer u3 paccMorpenus ciaydasds m = 0 B Ilpemto-
xenun 9. Ilpu k > 0,k — oo oTHOIIEHME OPAMHATHI Py BEPIIUHBI Vi K €€ abCIucce q
crpemutcst K «. CoorHomenue Ha —1/f mosydaercst TOBOPOTOM KOHCTPYKITUM HA yTOJI
7/2 ¥ CMEHOW OpHEeHTAIlMU yIJa, a, 3HAYUT, ¥ CMEHbI MOCJIeJI0BATEIbHOCTH (ak)kez HA

(a—1-k)kez- O

Tak kak omeparopsl u3 GLy(Z) coxpaHSIIOT 1eJOYMCIeHHbIe YIJIbI U JIJIUHBI, TO JIJIsI

pou3BOJIbHBIX v 1 3, u3 Ciie/icTBUS 2 BBITEKAET CJEAYIOmuii pakT:

IIpennoxenne 11. ITycms Ky u Ky - cmesicrvie noauzonv. Kaetina, coomsememeyiousue
Lo u Ls u pazdesennvie Lo. Iyemv (Vi)iez, (ar)rez u3 obosnavenut Caedecmeus 1, ¢
6ulopanot eepuunoti vo. Toeda cywecmeyem eduncmeennodi onepamop A € GLy(Z),
maxoti, 4mo 6epHo CAeOYIoULee:

(a) Av_y = (1,0), Av_1 = (0,1), a, snauum, u Avg = (1,a0);

(6) AL, = Ly, ALs = Ly (8 wacmuocmu, o ~ o', f~ f');

(B) o u B' ydosaemesoparom (3);

(r) nocaedosamesvrocms (a) ecmv nocaedosamesvHOCMb, 00pa308aHHAA CKACTKOU
OECKOHEUHBLT 6NPAGO U 6460 NOCACI0EAMEALHOCTEL 6CET HEMOANHDIT YACTIHYLT COOMEEM-

cmeenno 0aa yennux dpobet o u —1/p".

2.4 KsBaapaTrudHble UppPaIiOHAJIbHOCTHU

Teopema Jlarpan>ka. 3amernm, 9TO s JTFOOBIX CONPSI’KEHHBIX KBAIPATUIHBIX UPPa-
IUOHAJIBHOCTEN v U 5 ux cooTBercTByiomue Hanpasierus (1, ) u (1, 5) nepexoaar mos
neiicreuem GLo(7Z) B HampaBiieHusi, 3ajaHHbIE JIBYMsI COIPSI?)KEHHBIMU KBaJIPATUIHBIMU

APPAIOHAJIBHOCTAMU.
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s m060#f epuoInyHOl, BO3MOXKHO HaYMHAas ¢ HEKOTOPOIO MOMEHTA, IIEIHOM Ipo-
6u « cymecrByer GLo(7Z)-9kBUBaeHTHAS €ff YHCTO TepHOAMIecKasl IernHas pobb, yiIo-
BJIeTBOpsiioNIas ycaoBusaM [Ipemgoxennss 11. Obo3HadunM Takyio ApoOb, MOPOXKIAEMYIO
UCXOIHBIM IIEPUOJIOM, depe3 o > 1, a depes 3’ - cOOTBETCByIOIIEe BTOPOE HaIPaBJ/ICHUE
st o u (ag) 3 Hpemmoxennn 10. Torma cymecrsyer onepatop A € SLy(Z) ¢ monoxu-
TeJIbHBIMI COOCTBEHHBIME 3HAYEHUSIMU, CABUIAIONINI BepIIUHbI (Vi) BJIOJbL YIBOEHHOIO
[IEPUOJIa, TO €CTh, COXPaHsdasl Ha MecTe IOJUIOHbI KileiiHa, KOTopble COOTBETCTBYIOT Ha-
npasiennsm Lo 1 Lg. pu stom ALy = Lo, ALy = Lp, 3Ha40T o/ (CI1€10BATEIBHO
U () — KBaJIpaTHYHble UpparmoHaabuocT. B mobasienue kK IIpenoxkennto 10 mosydaem

TeopeMy Fanya O TOM, 4YTO €eCJIn

/ S
o = [ag; ar, - - -, aql,

TO BBCJCHHOE BbIIIC B/ ABJIAETCAd COIIPAZKEeHHBIM K O/, 1 nmMeeT MeCcTO

—1/5/ = [a a1, - -, agl-

O6parHo, Jyist 11000#i KBaJAPATHIHON UPPAIMOHATILHOCTH (v CYIIECTBYET TaKoil ornepa-
Top A € SLy(Z), uro (1, ) sBisiercst ero cobcTBeHHBIM BeKTOpoM. KBasparndnast uppa-
[UOHAJILHOCTH FAPAHTUPYET CYIIECTBOBAHKE IEJIOUUCIEHHO CUMMETPIUIECKOH MATPUIIBI C
II0JIOZKUTEIbHBIMU COOCTBEHHBIME 3HAUEHUSIMHU, KOTOPasi COOTBETCTBYIOET IeJIOi KBajpa-
TH4HO# bopme, obHystoeit BekTop (1, ). Takum o6pa3om, cymiecTByeT neprouIHOCTb
1EJIOYKMCJIEHHBIX JIJINH M YIJI0B Tojurona Kieitna st £, BJIOJIb TUNEPOOINIECKUX CIBU-
0B ¢ COOCTBEHHBIM HalpasienneM (1, ), 9To rapaHTUpyeT HePUOJUIHOCT ¢ HEKOTOPOTO

MOMEHTa II0CJIe10BaTEJIbHOCTU HEIIOJIHBIX YaCTHBIX HeHHOfI ,H‘pO6I/I .

3 JlokazareabcTBO Teopembr 1

[Iycrb « - KBajlpaTHIHAST UPPAIMOHAIBHOCTD, U MYCTh (A )kez - MOCIEI0BATEIBHOCTD
IeJI0UNCIEHHBIX JIJIMH U YTJI0B Iosmmrona Kieitna, coorBercrByiomiero L, u Ls. Ilpu sTom
JIJINHY JIFOOOT0 (pMKCUPOBAHHOI'O Pedpa MJIu BEPIITNHHOIO OTPe3Ka mourona Kireitna Moxk-
HO 0603HaYATh 3a G . Ecam w ~ a, 1o cymectByer Takoit A € GLy(Z), aro AL, = L, u
ALs = L5 1 10C/IeI0BATEIbHOCTD () SBJISIETCS TOCIEI0BATEbHOCTHIO MEJOYNCTIEHHBIX

JUTUH 1 yri10B nosmrona Kieitna, coorBercrBytorero L, u Lo
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[TocenoBarenbHOCTS () O TeopeMe Jlarparzka mepuoandma, i e€ Iepuoji ¢ COBIaIa-
eT ¢ HeproIoM IenHoil 1podu . Ilpu 9ToM mepnos a SBAAETCA UKINICCKAM TATNHIPO-
MOM TOIJIa ¥ TOJILKO TOIJIa, KOIJ[a COOTBETCTBYIOIMAA OECKOHETHAs ITOCIEI0BATEIHLHOCTD
(@) = (ag) commerpuana. Ilerrpom sToit cuMMerpun siBisiercst JnbO 37eMeHT (ay ), U B Ta-
KOM CJIydae MepHoJl IPeJICTaBUM B BHJIE OObEINHEHNsT PETYISIPHOIO MAIUHIPOMA U STOTO
IeHTpa; 60 IMO3UIHST MEXKLY SJIEMEHTAMH (ag), ¥ B TAKOM CJIy9ae MEPHO/ PEICTABIM
B BUJIE PErYJISPHOTO NaauHapoMa. Takum o0pa3oM, MEHTP CHMMETPHI MOXKET OBITh “erm-

HBM, HEHETMHBIM NI MEHCTLOSUUUOHHBIM.

Jlemma 1. [Tocaedosamenvrocms (ay) umeem wemuvili uewmp mozda u moavko mozda,
Ko2da

a~w: w+w=0. (5)

Jlokazamenvcmso. Ilycrs w ynosiaerBopsier (5). B arom ciyuae L, u L; CAMMETPUIHBI
OTHOCUTEJIbHO KOOPAMHATHBIX oceil. Oboznaunm mosuron Kiteitna, cojep:kamuii TOUKY

(1,1), gepe3 K, n nooxum

1 0 -1 0
B
0 -1 0 1

Torna, ecau |w| > 1, To mmeer mecro AK = K, 1 ap MOXKHO COIOCTABUTH BEPTUKAJIBLHOMY
pebpy nosmrona K’ (em. Puc. 4). Ecim |w| < 1, o umeer mecro BK = K, u ap MOXKHO
conocTaBUTh BeprukaabHoMy pedpy K (em Puc. 4). Torga ag — deTHBI HIeHTp cuMMeTpUR
(ak).

O6paTHO, JJId JaHHOI'O (ak) C 9€THBIM IIEHTPOM Qg IIOJIOZKHUM
V_9 = (1,—(10/2), V():(]_,ao/Q).

B cuiy Jlemmbr Kopkunoii jiyis nociieioBaresibHoCTH (ay) ¥ BBIOPAHHOM HAYAIbHO Mapbl
(V_2,Vp) CYIIECTBYET €JMHCTBEHHBIN TTOJIUTOH K, COOTBETCTBYOMNIHIT HeKOTOPBIM L, u L.
[Ipu stom Av_, = vo, Avy = v_,. IloBropraoe npumenenne Jlemmbr Kopkunoit K mape

(Av_y, Avy) u neHTpasibHas CUMMETPUst (ay) BIEKYT CJIELyIOIIne PABeHCTBA:

Urak, w = —w. 0
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| : K =K'
7 B 0 —1
a
27 -1 K= K"
- 0 1
1
K=K L,
Qo —
) ol k2t 4
=1 i NN e
a_q ag aq
\J
o] > 1 Lo W <1 L

Pucynok 4: Cummerpun B ciaydae w + @ = 0

Jlemma 2. [locaedosamenvriocmo (ay) umeem newemuniil yenmp mozda u moavko moezda,

Ko20a

a~w: wtw=1 (6)

Jlokasameavcmso. Ilycrs w > @ ynosrersopsiior (6). B arom ciyuae L, u L5 MeHAIOTCS

MeCTaMH IIOJI JIeNCTBUEM

1 0 -1 0
A: y B:

1 -1 -1 1
O6oznaunm nosuron Kieitna, comepzkamuii rouky (1, 1), gepes K.
Ecin w > 1, 1o cymecrByer pebpo noqurona K = K’ | comepxkaiee Touku (1,0) u
(1,1). Torma sTomy pebpy MOKHO COIOCTABUTH ¢ (cM. Puc. 5). 3uaqut, ag — HedeTHDIIH

IIEHTD CUMMETPHUH (ay), TaK Kak

1 1
1/2 1/2

Ecimm w < 1, To cymectByer pebpo mosmrona K = K’ | conepxariee Touku (—1,0) u

(1,1). Torma sToMy pebpy MOXKHO COLMOCTaBUTH Gy (cM. Puc. 5). 3HaunT, ag — HEYETHBIH
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1
M ,C/ — IC/
1 -1
a2
B i -1
’C// — IC//
-1 1
] L -
¥Z g = L.,
o k=K a
N ] B N Li_
/ 1—w
AN ¢ S __H. —
/ =
I o _ i 0
‘ 7 /
w>1 Li w<1

Pucynok 5: Cummerpun B ciiydae w + @ = 1

[IEHTD CUMMETPHUH (ay), TaK Kak

0 0
1/2 1/2

O6patHo, JyIst JaHHOTO (@) ¢ HEYETHBIM IEHTPOM (g MOJIOKIM
voo=(1,(1—a0)/2), vo=(1,(14+ap)/2).

Paccyxnenus nz ooOparnoit yactu jjokazarejabcrsa JlemMmbl 1 anajgoruaubiM 06pa3oM ycra-

HaBJINBaIOT COOTHOIICHNMA:

Nrak, w =1 —w. [

JIemma 3. [Hocaedosamenvrocms (ay) umeem wevwemmnuid yeHmp mozda u moavko moezoa,
K020a

a~w: wo=1. (7)
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a2

o 10

a_q

()

Ly \ L

Pucynok 6: Cummerpun B ciaydae ww = 1

w

Jlokasameavcmso. Ilycts w ynosmerBopsier (7). B srom ciyuae L, n L; MEHSIOTCS Me-

CTaMU MOJ, AeCTBUEM
0 1

10

A=

[Iycrs murst onpenenennoct w < 0. O6o3naumm depes K - mouron Kireitna, comepskarmmii
ra csoeM pebpe Toukn (1,0) u (0, 1) (em. Puc. 6). Torga sTomy pebpy MOXKHO COOCTABUTD

ap. 3HAYUT, ay — HEYETHBIH MEHTP CUMMETPHH (ay), TAK Kak

1/2 1/2
1/2 1/2

O6patHo, JyIst JaHHOTO (@) ¢ HEIETHBIM IEHTPOM (g MOJIOKIM

14+ag 1—ag 1l—ag 1+ ag
V_g = ) y Vo= ) .
2 2 2 2

Paccyxnenns n3 obpaTHoil HacTn J0Ka3aTeaIbcTBa JIeMMbl 1 aHATOTTIHBIM 00PA30M yCTa-

HABJIHBAIOT COOTHOIIECHHUSL:
AK =K, AL,=Ly, AL;=L,.
Urak, w = 1/w. O

JIlemma 4. Ilocaedosamenvrocmo (ax) umeem MeHcno3uuortvll Yenmp moz0a u moib-
K0 moada, Koz2da

a~w: wo=—1. (8)
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,CQ @i a2
B a1 Th 0 -1
-2 q_; @ K1 Ki =K,
Qo —— 1 0
a_q .
° a_2 B
S i
Pucynok 7: Cummerpun B ciiydae ww = —1

Jlokazamenvemso. Ilycrs w ymosmiersopsier (8). B atom ciygae L, u Lg OpTOrOHATBHBI

1 MEHSIOTCI MecTaMU 1oJ, JdeficTBueM

HYCTI) JJIs1 OIIpeAeJIEHHOCTH W > 1. Toraa W 1 W YIOBJIETBOPAIOT (3) 1 MO2KHO IIOJIO?KUTb
V_o = (1,0), V_1 = (0, 1),

COIIOCTABJIAA (1) BEPTUKAJILHOMY pebpy nosurona Kiieitna, cOOTBETCTBYIOIIEMY YIVIY MEXK-
ay (1L,w) u (1,w) (em. Puc. 7). Takum o6paszom, ist 1106010 deTHOro k BepHO AV = V_3_k,
OTKY/JIa JIJis JTI0O0T0 1eJIoro k
ap = a_1_g , (9>
9TO SKBUBAJIEHTHO CUMMETPUH (dy) ¢ IMEHTPOM B MO3UIUN MEXKIY Gy U a1
O6parHo, it JAHHOTO (ay) C TIEHTPOM CUMMETPUU B MO3UIUU MEXKIY g U 4_1 HOJIO-

KM

V_o = (1,0), Vo = (1,(1,0).

[Tpu Bemosinennn (9) nBa nosmrona Kieitna Ky u Ky ¢ cOOTBETCTBYIONMME BepIIHHAMI
Vom U Vo1, M € Z apasiorca n3omopduabivu. Torma CrreicTBue 2 BjedeT CyIecTBOBa-
rne takoro B € GLy(Z), 1ro

BVk = V_3_L-
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Ho orpesok [v_y, v_3] oproronanen [v_s, vo|. Utak, B = A n ww = —1. O

4 MmuoromepHoe 0000IIeHIE CUMMETPHUN IIePUOo/Ia IIerl-
HOIT JIpodu;

B ciaydae oObIKHOBEHHOM IenHoOil J1pobu Teopema Jlarpam:ka craBuT JiI00OH KBaJpa-
TUYIHOI UPPAIMOHAIBLHOCTH B cooTBeTCTBHE onepatop A € Sliy(Z) ¢ pasiuaabiMu Uppary-
OHAJIBHBIMU ITOJIOZKUTEJIbHBIMN CO6CTB€HHBH\H/I SHaYeHUuAMU, IJid KOTOPOI'O BEKTOPa (1, Oé)
u (1, &) aBistorest cobeTBeHHbIMU 1 06pa3yoT nosuron Kieiina C, coorsercTByonmii Ha-
upasieauam L, u Lg. Oueparop A capuraer 1mocjegoBaTeIbHOCTb HeJ0UNCICHHBIX ITHH
1 yryioB rosinrona K BJ10J1b HEKOTOPOro nepuosia (a), a, 3Hadnt, Ha 0K nmeercss cBOGOHOE
JIeficTBUE TPYIIIIBI, TIOPOXK/IEHHO 1esibiMu crenensiMmu A. Bostee Toro, o ~ w Torma u T0J1b-
KO Torja, korga cymecrByer G € GLy(Z), ycranasauBaronmii n30MopGhu3M MOJUTOHOB

Koefina n

G = ,

orkyia B cuny Crencrsus 2 B uzomopdroM nojurone oneparop GAG™! € SLy(Z) cupu-
raer I1oC/IeJ0BaTEeILHOCTD MEJOYUCIeHHBIX JIJINH U YIJI0B mojurona GK BIOIb TOTO XKe

nepuojia (a).

4.1 ]._.[O.TII/IS,ZI;pr Kieitna MHOI'OMEPHbIX CUMILJIINIIAJIBbHBIX KOHYCOB

IIycTb B mpocTpancTBe R™ JaHbl n IUIIEPILIOCKOCTEH OOIIEro MOJI0KEeHHSsI, COJIePKAIINX
HadaJs0 KoopimHat 0 n pasubBaIomuX MpocTpancTBo Ha N = 2" CUMILIMIAJIBHBIX KOHYCOB

Ci,...,Cy. Ilycts C - ouH U3 3TUX KOHYCOB.

Omnpenenenne 7. Boiyikas obosaka K pemerkn Z" BuyTpu Kouyca C' Ha3bIBaeTCs
noausdpom Kaetna wim (n-1)-meprott yennot dpobuio. Ilapycom HA3BIBAETCS TDAHUIA

nosimyipa Koreiina OKC.

B ClIydae, KOor'la OIIpeIesIAIone II0JIU3/AP 7 FI/IHepHJIOCKOCTeﬁ HE CO/IepzKaT HEJIbIX

TOYEK, BEPHO CJIE/IYIONIee
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IIpensioxkenune 12 ([9]). ITycmo n eunepnaockocmeti, onpedeasoujux konyc C u noausdp
IC, ne codeporcam ueavir mouex, 3a uckaroueruem 0. Tozda:

(a) I - 3amrHnymoe mroocecmso;

(6) TN C - Komnaxmmo das 110600 onoproti 2unepniockocmu T % K;

(B) m NIOK - suinykavili MHOLODAHHUEK,

(r) OK asaaemca obsedunenuem (n—1)-mepnvix epanets, aobaa mouxa us 0K aeorcum
AUWD 6 KOHEUHOM MHOACECTNGE IMUL 2panel;

(1) OK 2omeomopgro R,

4.2 Teopema /lupuxiie u npejcraBjaeHue rpynmnbl dupuxiie

Onpenenenune 8. Ilycts P - mose anrebpanmdeckux duces crermenn n wHag Q. IIpowms-
BOJIbHAS & IATUBHAS MTOArpyIa P panra n Ha3bIBaeTCs noaHbm modyaem Han P. Econ

HMOJIHBIN MOAY/b DD C P saBjisieTcs KOJIBIOM € €IMHUIEH, TO OH HA3BIBACTCA NOPAIKOM.

Eournuueti nopsika D HasbiBaerca Takoe € € D, uto et € D. Teopema dupuxie
0 eJIMHUIAX yTBEPXKJIAeT CYIIECTBOBAHUE M €JIMHCTBEHHOCTH PA3JIOYKEHUS BCEX €JIMHUIL

JIAHIOTO MOPSJIKA 9epe3 CTEIeHN APYTHX ¢IUHHI coeLyionmm obpasom(cem. [10]):

ITpennoxenue 13. [lycmo P - noae anrzebpauveckur wuces cmenenu n = s+ 2t, 2de s u
t - cOOMBEMCBEHHO KOAUMECTNBO BEWECTNEEHHDIT U KOMNAEKCHUIT U3oMoppusmos ud P 6
C, a D - npoussorvrwiti nopadox nwad P. Tozda D codeporcum marue edunuunt €1, . . ., &y,
eder =s+t—1, umo mobas edunuuya € € D eduncmeerntvim 06pa3om npedcmasuma 6
sude

e=2¢&...er

cCr oy

2de ay, ..., a, - ueave, a & - Kopensv u3 eduruybl, codeporcawuiica 6 D.

[Iycrs nan oneparop A, yaoBaeTBOpsionuii
A€ SL,(Z), xa- nenpusodum nad Q, o(A) € R. (10)

B rakom citydyae omeparop A mmeer m pasiMUHbIX HPPAIMOHAJIBHBIX COOCTBEHHBIX 3HAa-
yenuii. CoOCTBEHHBIE BEKTOPa TOTO OIlEpPaTopa ecTh 00pa3yoline HEKOTOPOTO CUMILIN-

1aJibHOTO Kouyca O, mpudeM o0pasyoniue IpsiMble He COJIEPZKAT PAIMOHAIBHBIX TOYEK,
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kpome 0, OTKy/la U3 Pa3JMIHOCTH COOCTBEHHBIX 3HAYEHHH HHMKakas rpanb C He couep-
JKUT PaIMOHAJIBHBIX, & CTaJI0 ObITh, W IEJBbIX TOUeK. Takum oOpas3oMm, /jisi COOCTBEHHBIX
KOHYCOB TaKHX OIepaTopoB A BbllojHsercs yciosue [Ipemnoxkenns 12.

[Iycte Dir(A) - epynna Jupuxae matpuiibl A, cocTosinas U3 BCEX IEIBIX KOMMYTH-
pytorux ¢ A marpun uz GL,(Z), a Dir, (A) C Dir(A) - moaMHOXKECTBO 9TOH TPYIIIIHI,
COCTOSIIIEE U3 MATPHIL C [TOJIOXKUTEJIbHBIMI COOCTBEHHBIMU 3HAUYEeHUsIMU. TOrIa BEpHO Cie-
JLYIOIIIEe
IIpensioxkenune 14. Ilycmv mampuya A ydosaemsopsem (10). Tozda aobas mampuua
B € Dir(A) npedcmasuma 6 sude mmozouaena om A cmenenu n — 1 ¢ payuonasvHomu

KoapPuyueHmamu.

Joxazameavcmeo. Paccmorpum BekTop e € Z". Tak kKak omeparop A yaoBIeTBOPSET
yeaosuio [pemioxkenust 12, To Bce KOOpAUHATHI BEKTOPa € B COOCTBEHHOM Oas3uce orepa-
topa A ormranst ot 0. Torna nessle BekTopa e, Ae, . .., A" le nuHeitno He3aBUCHMEL U 06-
pasyioT 6a3uc R™ B culy HepaBeHCTBa HYJIIO KaK KOOPJIUHAT, TaK 1 olpejiennTess Banaep-
MOH/I JIJIT pa3JINIHBIX COOCTBEHHBIX 3HAYEHU vy, . . . , (t,. SHAUUT Il BeKTOp Be nme-
eT B IIeJIoM Oasmce paIoHaIbHbIe KOOPJIUHATEL, TO ecTh Be = bpe+bjAe+. . .+b, 1 A" e,
rine b, € Q. Torna B = boE + biA+ ...+ b, 1 A" !, JleiicTBUTEIBHO, Ha IIPOU3BOIHHOM

0a3UCHOM BEKTOpE M3 KOMMYTAaTHUBHOCTU A uB ciaenyer
B(Ak€) = Ak(Be) = (boE + blA —I— e —f- bn_lA)Ake
O

Bamevwanue 1. 3ameTnm, 9TO B JOKA3aTEILCTBE HE UCIOIb30BasIoCk yeaosue B € GL,(Z),
a 3HaunT daxkT BepeH i Bcex B € Mat,(Z), kommyrupytonux ¢ A. Ilycrs I'(A) -
MHOXKECTBO BCEX TaKuxX marpuil B.

[Tycrb « - coberBennoe 3uavenue oneparopa A, ynosiersopstoriero (10). Q(«) - mpo-
croe asrebpandeckoe pacimpenne, Q(A) - MHOMOWIEHBI ¢ PAIMOHAIBHBIME KO hHIIEH-

tamu ot A. [Ipum sTOM
Diry(4) € Dir(A) € I'(4) € Q(A) = Qlz)/r0) = Qle),

a 3HAYUT CYIIECTBYET €CTECTBEHHBINH m3oMopdusm ha, @ Q(A) — Q(«). Cremyrormmii
dakT ycTaHaBIMBaCT CBA3b MeXK/y Ipymioil Dir(A) u equHUIAME HEKOTOPOrO HOPsiIKa

Ha1 nojteM Q(«).
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IIpensioxenune 15 ([11]). ITycmo « - cobemeennoe snavenue onepamopa A, ydosaemeso-
parowezo (10). Tozda epynna Dir(A) usomoppra mysvmuniukamuenots epynne edunuy,
nopadka hao(I'(A)) nad norem Q(cr), npuvem uzomoppusm smom docmuzaemca cyarce-

nuem ha o na Dir(A).

Ecmu Bce kopau HenpuboguMoro HaJl (Q xapakTepucTuIecKoro MHOTOUIeHa I (v Be-
IMeCTBeHHBI, TO Bee m3oMopdusmer n3 Q(«) B C BemecTBeHHBI, a KOPHIMU U3 €IHHUIIBI
MoryT ObITh ToabKO 1. IIpu srom Diry (A) me moxkeT comepxkarh —FE u sBisiercs M0/
rpymoit cBo6o/1Hoi abesteBoit rpymmbl Dir(A). Takum ob6pasom, ciieayroriee yTBEPK IeHIe

saBysiercd caenactsueM lIpenmoxkennit 13 u 15.

IIpennoxkenue 16. I[fycmv a - cobecmeennoe anavenue onepamopa A, ydosaemeopsro-

wezo (10). Toeda Dir(A) = (Z/2Z) ® Z" ', Dir (A) 2 Z"!.

4.3 CuMMeTpHuu IIapycoB

Jliobast matpunia uz Dir, (A) = Z"! upu jaeficreun B cobersennom i A Konyce
C' coxpaHsieT pelieTky u 00pas3yolye 9Toro KoHyca (Kak COOCTBEHHBIE HAIPABJIEHU).
[To/102KUTEILHOCTD COOCTBEHHBIX 3HaYeHnil Biaeder coxpanenne C, a snaant K u OK. Ta-
KM 06pa3oM, uMeercs cBobojHoe nefictere Ha OKC rpymmsl ¢ (n — 1) obpasyiomieit 6e3
HEIOJBUKHBIX TOYEK, 4 3HAYUT B IIOJIMIOHE CYIIECTBYET OJHOCBA3HASA CBA3HAs (Pynda-
MEHMANGHAA 00AACTMDb, COCTABICHHAS U3 00bLeIUHEHN TpaHeil MOJu3apa U COAeprKaIast
POBHO OJIHOTO IpeAcTaBUTE/IsE OPOUTHI J1I000iH Toukn P € 0K wim, 94To Toxke caMoe, pOB-
HO OJHOI'O IIPeACTaBUTeNsE OpouThl J1000i rparun OK. Obpas3 dyHIaMEeHTAJIbHOI 001aCTH
npu geiicreun Dir, (A) ectb Bech napyc 0K, U B 9TOM CMBICJIE MOXKHO TOBOPHTH O €r0
nepuouIHOCTU. Bojee Toro, eciu B napyce 9K ecTh Takas 00J1acTh, ABjsmomeiics ¢yH-
JTAMEHTAJILHOI OTHOCHTEIBHO jeficTBua rpymnsl 2 = Z" ! ma srom mapyce, To OK co-
OTBETCBYeT COOCTBEHHOMY KOHYCY HEKOTOpOro omepartopa A, yaosiersopsitomiero (10), a
suadnT u A = Dir, (A).

Pacemorpum oneparop A Buga (10) u coorBercrBytomnmii emy konyc C'. JIro6oii orre-
patop G € GL,(Z), coxpanstomuii C, odeBujno, coxpansier K u 0K, npu stom yro-
PAI0YEHHbI HAbOp cOOCTBeHHBLIX Hamnpasjenuii C' mepecrapisercd 1o NUKIy. Ecam sta

ImepeCcraHoBKa TOXK/JIECTBEHHa, TO OIIEPpaTOp G KOMMYTHDPYET C A 1 UMeeT HOJIOKUATEILHBIC
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coOCTBeHHBIE 3HAYeHNUs, a, 3HaInT, G € Dir, (A), u sToT omeparop capuraer GyHIaMeH-
TaJIbHYIO0 00J1aCTh BJOJbL IIEpHOia. B cilydae HETOXKIECTBEHHOCTH MEPECTAHOBKU (PyHIa-
MeHTaJIbHasg 00JIacTh He o0sg3aHa OoToDpaxKaThcsd Ha cebsi, OoJiee TOro, 3TO MOXKET ITPO-
usoiitu ¢ Jioboit hyHIaMenTaabHO obsacThio. Ecin oneparop G € GL,(Z) coxpansier
HEKOTOPYIO (byHIaAMEHTAIbHYI0 00s1acTh F' (He 00s13aTeIbHO COCTOSAIILY IO 13 IpaHeii, HO COo-
JiepzKaliiee POBHO TI0 OJIHOMY TIpejicTaBuTesto opour napyca 0K npu geiicreuu Dir, (A)),

to 0K, a snaunt u C' coxpansierca oz jeiicrBuem (. Bojiee Toro, BepHo ciiemyioliee

IIpensioxkenune 17. [lycmov dan onepamop A euda (10) u coomsememeyrowud, emy Kko-
nyc C. Pacemompum npoudsoavrvti onepamop G € GL3(Z). Tozda caedyrougue ycaosus
IKBUBANCHIMHDL:

(a) G coxpansem C u umeem nenodsustcryro mouky P enympu C, a snavwum u neno-
dsuotcnvle mouku 6doav nanpasasenus OP C C;

(6) G coxpasnaem nexomopyio pyndamenmanvryro obaacmov napyca F' 6 cmoicae deti-

cmeus epynno, Diry (A).

Jlokasameavcmso. Ilyukr (6), oueBmgHO, BiedeT (a), MOCKOJBKY 0Opa3bl JIFOOBIX pas-
muaHbix gueek Fy = A(F) u Fy = Ay(F), tme Ay # Ay, A; € Dir (A), sBisitorcs
pazmanbivu sueiikavu GA;G7HF) u GA,G™H(F).

Hokazkum obparhyio dactb. Pacemorpum G € GL3(Z), coxpanstrormuit C' v uMeroruii
HEMO/(BUZKHBIE TOYKM B0k Hanpassienus OP C C. O6osnaunm 4epes (uq, ug, uz) - co0-
crBennblii 6asuc oneparopa A. Omeparop G umeer HenoABU:KHYIO TOUKY BHyTpu C, a
SHAYUT U3 COXPAHEHHS PA3JIOZKEHUs ITOH TOYKHU 110 COOCTBEHHOMY Oa3uCy CJIELyeT TO,
4970 orepaTop (G HETOXKJIECTBEHHBIM 00PA30M mepecTaBiseT (U1, Us, U3) U PACTATHBAET UX
Ha HEKOTOpPbIe KodddunueHTol. [Ipr 3T0M 09eBHIHO, YTO OLEpAIUU EPECTAHOBOK U Pac-
TszkeHuit KommyTupyior. Takum obpaszom, B COOCTBEHHOM Oa3uce TOT ONEPATOD UMEET
sun G = J,D,, tne J, # E - marpunia HeTPpUBUAIBHBIX [TEPECTAHOBOK OA3MCHBIX BEK-
TOpOB (U1, Ug, U3), B KAXKJIOM CTOJIOIE U CTPOKE KOTOPOil POBHO IO OJHOl 1, a omeparop
D, = (%1 )\22 § ) Anajiornuno, u3 pasioKeHus HEIOABUKHON TOYKH IO COOCTBEHHOMY

3
Oas3ncy BepHO: Aj A3 = 1.

Pacemorpum mopmHOXKecTBO rumepbosonyia S = {z1zox3 = 1,2; > 0} B KOOpAUHAT-

HOM TIpejicTaBieHnu (uy, us, us). Pasnoxkenue oneparopa GG 04eBUHBIM 06PA30M BJI€UET

paserctBo G(S) = S, Upu 3TOM HAJUYUE HAIPABJICHUS C HEIOJBUKHBIMU TOYKAMU B
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(' osHavaeT HaJM4Me HENOABUKHON Toukm B S moj jeiictsueM G. OTobOpazkeHme o,

3aj1aBaeMoe cucreMoii ypasuenuit {y; = log x;}, orobpazkaer romeomopdno S Ha runep-

1

 Ha 3TON

IJIOCKOCTD Y1 + Y2 +y3 = 0. [lokaxkem, 1T0 MHyIIMpOBAHHOE JIefiCTBIE WlogOG om,,
ILJIOCKOCTH €CTh JIBUXKEHHE C HEIIOJBUKHOI TOYKOI. /leficTBUTE/IBHO, JTIOOBIE JIBE Pa3/Int-
Hble TOUYKH (Y1, Y2, Y3) U (Y, Yh, Y4) TEPEXOISAT IIPU ITOM OTOOPAYKEHUN COOTBETCTBEHHO B

TOYKHN C KOOp,ILI/IHaTaMI/I
(log Ao—1(1) + Yo-1(1), 108 Ao-1(2) + Yo-1(2), 108 As-1(3) + Yo-1(3)),

(log Ag-1(1) + y;—1(1)710g Ao=1(2) —}-y(',_l(Q),log Ao=1(3) +y(/7_1(3))7

9TO B TOYHOCTU O3HA4YAET COXPaHEHWE €BKJIMJIOBBIX PACCTOAHUN IIPU 3TOM HAEUCTBUU HA
TUIEePILIOCKOCTH Y1 + Y2 +y3 = 0. IIpu 3ToM 06pa3 HemoaBmKHON TOYKHU Ha S 1O 1eifiCTBI-

eM (G gBJIsI€TCs HENOJIBUZKHON TOYKOH TMIEPILJIOCKOCTH 10/, HH/Ly ITUPOBAHHBIM JIEHCTBHAEM.

1

g ABJIIETCA OCEBOA CI/IMMeTpI/Ieﬁ nJj I1I0BOPOTOM Ha YTI'OJI 2%,

Taxum obpazoMm, g 0 G o,
rie k = 2 wm k = 3. 9To BIevYeT CyIIeCTBOBaHHE TaKoil (pyHIaMeHTaIbHOI 00/IacTH
F', B cMmbIciie JieiicTBUsT apasiie/IbHbIX MMEPEHOCOB BJOJIh HE3aBUCHUMBIX HAIPaBJIEHUI,
IOPOKJIEHHBIX {75 0 B © ﬂlj);,B € Diry(A)}, a0 me, 0 G o WE);(F/) = [F'. Ilomoxus
Fs = WE);(F "), mmeem G(Fs) = Fg. T'omeomopdrocTh S U mapyca, KOTopast JOCTUAeTCs
npoeknueit 0K uHa S ydgamu, npoxoadmumu depe3 0, aHAJTOTTIHBIM 00Pa30M ITOKA3BIBAET

cytiecTBoBaHue Tpebyemoil dbyHaMenTaabHoi obmactu B OK. [

Takum ob6paszoM, cuMMeTpHUH Tepuojia IEIHOW JIpoOdu B MHOIOMEPHOM CJIydae ecTh B
TOYHOCTH CUMMETPHUHU KOHYCA, COOTBETCTBYIOIIETO STOMY apyCy, COJAEPKAIINE HEIIO/IBUK-

Hbl€ TOYKH BJOJIb HEKOTOPOI'O HallpaBJICHUA.

4.4 YacTtHbIl caydaii cuMMerpun nmapycos B R?

[Iycrs man onepatop A € SL3(Z) Buna (10) u coorBercrBytonmit emy Kouyc C'. Pac-
CMOTPHM YaCTHBII ciTyuafi coxpanenuss C' u HenoapuzkHocTu Touku P € 73 suyrpu C nog

neiicruem G € GLg(Z). B rakom ciyuae cymecrsyer Taxoit oneparop G € GLs(Z), aro
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Torma mosmsap Kieitna K u napyc 0K st rakoro koryca C' 6yayT n3oMOpdHBI TOJTUIIPY
Kueitna GK u napycy é(@IC) komyca GC', KOTOPBIH SIBJIAETCS COBCTBEHHBIM IS Olepa-
topa A’ = GAG™! Buna (10). IIpu stom oneparop G’ = GGG coxpansier ' = GC,
K' = GK u 0K' = G(0K), ocrapisis menomsimkuoi Touky e = (1,1,1).

Kax mbl BoisicHuu, orneparop G ¢ HemojBuzkHOW Toukoit BHyTpu C! neificTByer Ha
HAIIPABJIEHUsT TOI0 KOHYCa HETOXKJIECTBEHHON IUKJINIECKO# mepectanoBkoit. Ilycrs aTa

IepecTaHoOBKa UMeeT MOpAI0K 3. PaccMoTpuM orepatop

0 01

G'=1100

010
Tora KOHYC C HEPUOIIMYECKHM IIapyCOM IEPeXOJnT B cebs HpH JIeflCTBHE TOTO olepa-
TOpa B TOM ¥ TOJBKO B TOM CJIydae, KOIJla HAIIPABJICHHS STOI0 KOHYCA IPEICTABUMBI B
suge (1, ap,a9), (1, aiz, o) m (1,82, ail) Craso 6BITh, ecau kKonyc C' mepexoaut B cebs
Y JICHCTBHM 3TOTO OIEPATOpa W MMeeT HEIOIBHKHYIO TOYKY, TO BEKTOPA, 3aIaI0IIIe

cobcTBenHble Hanpasaenus, sujga (1, a1, £1), (1, az, B2) u (1, as, 53), YIOBIETBOPSIOT CO-

OTHOIICHUSIM:
N(ap) = ajasaz = 1, (g, g, ag) — conpasicernvie KyOULeCKue UppatuonasbHOCIU;

N(p1) = B1Pafs = 1, (51, Pa, B3) — conpasicermnvie Kybuseckue uppayuonasbHoCmu.
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