MOCKOBCKUN I'OCYJIAPCTBEHHBII YHUBEPCUTET

umenu M.B.JIomoHocoBa

Mexanuko-MmaremMaTudeckuii pakyJIibTeT

Kadeapa Teoepun uucesn

JInnjaoMHast paboTa
cryjienTa 612 rpyunbt
Yannena Jlaypa

PammonajbHabIe allpoKcuMannum 1 KBaJIpaTUIHbIE
dbopmMbI

HayuHbrit pyKoBOIMTE/Ib: JIOIEHT
H.T'. Momesurun

Pernenzenrt

n. 1. Kan

MockBa, 2018 ro.



BBEJIEHUE

B mamnoit crarbe paccMaTpuBalOTCS MPUOJIMZKEHNS Ha OKPYXKHOCTH. ByneT nokazan

aHaJIor TeopeMbl ['ypBura:

Teopema 1. (Hurwitz’s theorem) /las scex o € R\Q cywecmeyem 6.m. dpobeti % maKuz,

Ymo:
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u npu smom, Koncmanma /5 ne moscem Gomo yaywweno. Tee. Ye > /5 cywecmeyem

a
|OZ—E|<

a
maxoe &, 4I1mo Hepacercmaeo \a— E' < ? umeem AUUb KOHEYHO YUCAO peweHuz’z 6 a ¢ Z,
C
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JId 9UCEJI 9KBUBAJICHTHBIX g = "5 JaHHad OIE€HKa TOYHa W HE MOXKET ObITb YJIYy4-

menna. /g ducest He SkBUBaJEHTHBIX £ KOHCTaHTa 13 Teopembl 1 MOxKeT OBITH 3aMeHEHA

Ha, JIpyTyIo, paBHyIo /8. U jocTuraercs ona Ha YnCIaX SKBUBAJICHTHBIX /2.
Tak ke Ham nonaobuTcs yrepxenne Pary [2,3]:

YrBepxkaenune 2. I[lycrs o uppaimonaibaoe u 1pobb p/q, Takas 9To | — §| < q% TOT/IA,

& Pn + Pn—1
b0 p/q C€CTb OJHa U3 ITOAXOAAIINX szo6e1/I K o, aubo p/q €CThb B +— nJjan BHUIda
Gn Gn—1
Pn — Pn—1
qn — dn—1



[MPUBJ/IMKEHNA HA OKPY?KHOCTU

[Mycts o = (ag,00) ¢ Q> u o} + a2 = 1. Touka z = (a,b,Q) € Z> Takag, 4ro

a’?+b* = Q% u xg = (a,b). Oupegenum

D(a,z) = Q- o — ol”

Boisesiem obmryio dopmyiy st D(a, x). Ilyers npsivasi, poxosias depe3 TOUKH
(—1,0) u a mepecekaer smHIO opauHar B Touke (0, ). Byaem pacemarpuBaTh HOIXOIs-
mue apobu k . Ilepecedenunem mpsivoit, mpoxojgiieii depe3 Touku (—1,0) u (0,p/q),
C €IMHUYIHON OKPYKHOCTBIO OYIeT SBIATCA TOYKA BHJIA (%, %) = T. Tlokaxem, 4TO
tr=0(¢" =)t =0-2qpu Q=co-(p*+¢*). Tme co = 1, ecom p, q mveror pas-

HYIO YeCTHOCTB; U ¢y = 1/2, ecyin p, q 0ba HEUeTHBIE.
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g, 1 _ ¢*—p?
T=3Y 1= q?+p?
Teneps Boraucum ' = |(aq, ag) — (%, %)| JI1st TPOCTOTHI U3JIOZKEHUS T1epeobo3Ha-

anm s = £ oo = |/ —2u (A4, B) = (%, %) DKBUBAEHTHOCTH HAIICAHHBI IPU CTPEMJIICHIH

T K HYJIO.
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[Tycts p/q ecthb mojgxoiamas 1pobb K o u |o/ —p/q| < ¢/q¢*. Torna
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CiremoBaTesIbHO
4c? 2 2\2 2 40203 a?\’ 2 2
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B 1 mbI nosib3oBasmuch tem, 9to a/q — o upu x — 0

Teopema 3. Vo = (ay,ay), makozo, wmo o ¢ Q? u af + a3 = 1, Ve > 0, cywecmeyem
om. x=(a,b,Q),a,be€Z,Q €N makuzx, wmo
1
D(a,z) < 5 +e
IIpu amom cywecmeyem makoe o wmo xkowemarnmy 1/2 6 dannom mepasencmee Heav3A

YAYLUUMD.

< i)Iyers s, = [0; a4, ag, ..., an, 1, 1,1, ....] u p/qx -n0OIXOASIIAST TPOOH K S,. OGO3HA-
auMm gp = [1;1,..., 1, ap, ...,a1] u T = [0; 1,1, ...] + y,. U3BecrHo, uro

1
S0 — Pr/ k| = Tk — V5
qkrk

Ecmm v, < @ Torna vy, =1+ %k >
sropas I'y, < v/5.

@. CaemoBaresibao, 1pu k > n KaxKjias

Pacemropum gectHoCTb pp 1 qi. [lokarkeM, 910 KaxKaast TPEThsl IOIAXOASINAA IPOOh

(Pk, qr) nMeeT deTHOCTD: (HeueT, HedeT). C HEKOTOPOIO MOMEHTA HMEEeM:

Pk+2 = Pk+1 + Dk
dk+2 = Qk+1 T Gk

1. pr, qx MIMEIOT Pa3HYIO YETHOCTb. ByleM CuUuTarh, 94To pj, HEYETHO, TOIIA U3 YPaBHe-

_ = (=1 k+1 2 C
HUS Qk1Pk — Pr+1qk = (—1) (2) mosygaem, 9To @x11 Tak ke HeueTHo. CiieoBaTe/IbHO,
(k-2 HEIETHOE YUCJIO U TOIJA OJHO U3 TUCEIT Pkt 2, Pry1 HedeTHO. [Tosmyamin, aro map py, gk

OJIMHAKOBO# YeTHOCTU - OECKOHEYHO MHOIO.

2. Pk, qr 00a meuerHble. Torya OJHO W3 YUCENT Pii1, Qrr1 UE€THOE, JPyroe He YETHOE,
OyZeM cuuTaTh, 9TO Pgi1 - 9eTHO. Torna pyio - HEYETHO, U (k41 TAK YK€ HEYETHO. Qkio =
HeY + Hed, T.e. YeTHO. Torja piis U qxi3 00a HedeTHbI. [losryumiiu, 4To HEYeTHBIX mMap -

KazKJasd TPeTbs JIPOOb.



13 BBIIIIECKAa3aHHOTO, CJIEyeT, 9To KoHcTaHTa u3 (1) paBHa %

ii) Ilycte Teneps s, = [0; ay, ...., ap, 2,2, ....]. [Tokazkem, 970 MOXKHO TIOJIYIUTH CJIE/TY-

oIIIee: TOJIXOIAIINX Apobeil 0JMHAKOBOI YeTHOCTH - KOHEYHOE YHUCJIO.

Pn = Qp D1+ Dn—2
dn = Gn * Gn—1 + Qn—2

eCIIN Py_2, (p—o 00a HEYETHBIE, TO OJIHO W3 YUCENT Pp_1,(n—1 9€THO (U3 yp-s (2)),
JIPyroe HEYeTHO, MYCTh P,_1 - Y€THO. BO3bMEM (, HEYETHBLIM, HOJYIUM TPEOyeMoe. eCjin
Pr—2; Gn—2 PA3HOI YETHOCTH, TO MOJIOKKM @, YeTHBIM. Jlajee, T.K. Bce OCTAJIbHbIE @; PABHBI

2, TO UMeeM COXpaHeHue YeTHOCTH Dy, ;.

T.e. s Bcex MOAXOAAIMX JIpoOeit DOIBIINX N UMeeM ¢y = 1, cIeI0BaTe/IbHO MMOJTy-

qaeM KoHcTaHTy B (1) paBHoii 1/2.

Jlorryctum, 910 J1poOH § He ecThb Hoaxoadmas Jpodbb K o. Torma pacemorpum Ba

BapuaHTa:

1. § €CTb MeJraHa, T.€. BLIIOJIHEHHO P = Pr + Pr—1 ¥ ¢ = i + Qp—1. DyzeMm cuurarhb
k nocrarouno Gosbimm (k»n.) Umeem cienytomee: pri1 + pr—1 = 2(px + pr—1) = 2p,

2q = qry1 + qr—1- Torma:

(Ghr1 — Pry1) + (Qeo10v — P—1) N 1 1 1 1
2 42 \Ges1 Qr—r V2q

qgol —p =

YuaurbiBasg, 910 p U ¢ 0b0a HeueTHbIE, T.e. ¢o = 1/2, D(a,z) = 1/2.

2. Ecan xe npobb 150 He SIBJISIETCsI HU IOAXOMSINeil ApoObio, HU MeJIuaHoil, TO u3

IPEJIO?KEHN A CDaTy nMeeM:
1

p

o' ==[>
q q

iii) JIyst Beex ocTaabHBIX of MMeeM ¢ MeHbIe deM 1/4/8 i, cie0BaTeIbHO, KOHCTAHTY

B (1) memnbiie gem 1/2. >

Bameuanne 1: Kak BugHo u3 mokasarebCTBa, BCe YUCIa o SKBUBAJICHTHBIE { = @
UMEIOT OJINH M TOT YK€ MOPSAJOK MPUOJINKEHNsI, T.e. COXPAHMIOCH CB-BO KOTOPOE MMEJIOCh
B oxHOMepHOM ciydae. C Ipyroif CTOPOHBI, JJIsl YHCe SKBUBAJEHTHBIX \/2 HMMeeTcs 2

caydas, TepBblil ¢g = 1 ObLT IMOKa3aH B JOK-Be TeopeMbl 2. [lokaxkem, UTO MMeeT MecTo
Co — 1 / 2:



< 1. IIpm p,_2,qn_o - 0Da HEYETHBIE, JOCTATOYHO MOJOXKUTDH @, YE€THBIM U TOTJIA

OyseM uMeTb 0.M Tap p;, ¢; - HEIETHBIX.

2. Ilycts p,,_o - 9€THO, (,,_o - HEUETHO, TOTJIA P,,_1 - HeueTHO. [losioum a,, - HeIeTHBIM,
uMmeeM p, - Hed. I Torga cpemu 4wucen ¢, q,_1 poBHo 1 mederno. /laree, T.K. a; = 2 TO

YETHOCTDb OY/IeT COXpPaHATCHA. >

Bameuanue 2: 13 coorBercrBust Mexay |of — p/q| u D(«, ) HEKOTOpbIE TeOpEMbI
BEpHbBIE JIsI IEMHBIX IPoOeil B 0JJHOMEPHOM CJIyuae, MOI'YT ObITh [I€PEHECEHHBI Ha CJIydail

OKPYZKHOCTH:

YrBepxkaenne 4. Kakosa Obl HE ObL1a MOJOKATEIbHAST (DYHKIUS ¢(q) HATYPAJILHOTO

apryMeHnTa ¢, Haﬁ,ﬂeTCH nppanuoHaJJibHOE€ 9UCJIO ¢, OJigd KOTOPOI'O HEPaBEHCTBO

la = p/al < (q)
uMeer GecUnc/IeHHOe MHOXKECTBO pellieHnil B nesbix p, q (¢ > 0).
Kak BumHo w3 dopmyasr D(o,x) = const - £Q), TJae T 5TO DPACCTOSHUE MEXKITY

"poobpazoM- a 1 APOOHIO %’. Te. D(a,z) < p(q)Q n T.K. () U g CBSI3aHHBI COOTHOIIIEHIEM

Q = co(¢* + p*) To UmeeT MecTO GBHITH

VYrepxkaenune 5. Kakosa Obl Hu Oblia mosioxKuTebHas DYHKIWs ¢(()) HATYPATHLHOTO

aprymenta @, naiinerca o = (a1, ) ¢ Q% u o + a3 = 1, Jy19 KOTOPOTO HEPABEHCTEO

D(a, z) < 9(Q)

uMeeT GecumciieHHoe MHOxKecTBO pertenuii B x = (A, B, Q) € N3, A2 + B2 = 0?,.
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