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Pentennst MHOTUX 331849 TEOPUHU YUCET AKTUBHO ITPUMEHSIIOTCS M UCIIOJIB3YIOTCS B Pa3-
JIMIHBIX 00IACTIX MATEMATHKHN, HH(POPMATHKH, Kpuinrorpadun u Apyrux Haykax. OmaHOl
U3 TaKUX M3BECTHBIX 3aJ1a4 sBJjsdeTcd 3a/iada YMHOKeHUs IejblX quces. [Ikogrbnuku ee
PEIIaloT ¥ JerKo HAXOAAT OTBET MPUMeHss MeTo I "yMHOKeHns B ¢To10uK". CyTh MeToma
B TOM, 9TOOBI KazK/1yi0 muppy OJHOTO YUC/IA YMHOXKATH HA KAZKIYI0 MuMpy APyroro 4uc-
Jia, TO eCTh € KazKJa0# mudpoit nporectu k onepariunii, cjie0BaTEJIHLHO, TOJYyIAeTCs CI0MK-
noctb O(k?), rae k - nauna aucen. ToMy MeToy yKe nopgaaka 4000 Jet, ero 10CTOMHCTBA,
B LIPOCTOTE U HALJISIJIHOCTH, U, Ka3aJ0Ch, TPYJHO HpUgAyMarb Meroj] adpdekrusnee. B pe-
gyabrare B 1956 roxy A. H. Koamoropos cdhopMynupoBas runoresy, 9To HUKHSIA OIEHKA,
JIJIS CJIO?KHOCTU YMHOXKEHHUS TEJIBIX YUCE IIPH JI000OM MeTO/Ie YMHOXKEHHUA €CTh TaKzKe
BeJINYMHA Topsaka k2.

Opnako yxe B 1960 roay mawanam npuaymbiBath "ObicTphieanmropurmbr. A. Kapaiy-
6a TpeIOYKUT HOBBIT METOJl YMHOYKEHUsI JBYX Kk-3HAYHBIX UUCEJI C OIEHKON CJIOKHOCTU
O (klogQ 3) .

Nnes 3axsovaercs B pazduennu duces a u b aauanl 2k nHa cymmy OJIOKOB JJTUHBL k.
Te.a=a,-T+ayub="0b-T+ by, vie ay,as,by,by - qmuasl k, T -BeIudwHaA CABUTA,

ecJIM pacCMaTPHBATDh YUC/a B ABOMYHON 3allUCH, TO MOYKHO B34Th 1 = 2F. Torna
ab = (ay - 28 + ag)(by - 28 4+ by) = arby - 2%F + (a1by + ashy)2F + asb,

[Tony4yaem, 9TO HY2KHO cjiesiaTh 4 YMHOXKEHU a1b1, asby, a1be, asby. Kapairyba mpeanozKui

IIOCMOTPETH Ha 3TO BbIpazK€HHE IIO-APYTIOMY H II€PEIUCAaTh ero B BUIE!:
CLb = Clel . 22k + ((a1 + ag)(bl + bg) — a1b1 — a2b2) . 2k + agbg.

31ech HYKHO CIeIaTh BCero 3 yMHOKeHust: a1by, (a1 + as)(by + be), asbs, ipu 9TOM, MamHa
KazKJIoro u3 arux 4ucesi ne o6ojiee k + 1. [lpumenss nojiydeHHbl#l aJropuT™ peKypCcuBHO,
NOJIyYaeM, 9TO CJIOXKHOCTh BEIYHCACHHS CHIZKAeTcs Jo k10923,

Buociencreun meron Kapaiy6dsr 0bL1 06006mén 10 napajgaurmel «Pasmesndit u Baact-
BYil», TO eCThb PEKYPCUBHOIO Pa30HEHUs PelaeMoil 33jauu Ha JIBe WJIH OoJee MoI3a adn
TOrO 7K€ THIA, HO MEHBINEro pa3Mepa, U KOMOMHUDPOBAHWUS WX PEITEHUl /Il MOy IeHUsT
OTBeTa K UCXOHOI 3a/1avue; pa30neHns BBITOJTHAIOTCS 0 TeX MOp, TOKa BCe MOA3aadn He
OKaXKyTcCsl JIEMEHTapPHBIMU. 3aTeM IOCJeI0BaT psij padoT, OCHOBaHHBIX Ha uiee Kapa-
1yObl. B HUX aBTOPBI HBITAIOTCH Y/Iy4IIUTh ONEHKY 33 cueT pa3dueHus Ha Jpyrue OJIOKH.
Bosznukaer Bompoc, KakoBa ONTUMAaJIbHAs ONEHKA CJA0XKHOCTH, TO €CTh MUHUMAJILHAS CTe-

neHb upu k7



MoxkHO 3aMeTuTh, 4TO OlEHKON cHu3ly spisierca O(k), Tak Kak HyxKHO 00paborarhb
KazKJIplil pa3psj uucia, a pa3psaiaoB k. Ho HACKOABLKO OJIM3KO MOXKHO TOJMOHTH K 3TO
omeHke?

MHuorue mpITaTNCh PENTUTD 3TY 33439y U, HaKOHeI, TooM B cBoeiil paboTe TToKa3aJI, uTo
MOZKHO IIPe/IbABATD aJTOPUTM yMHOXKEHHs HE/IbIX 9HCeJl ¢ OleHKoil croxuoctu O (k1) Ve >
0. Ero anropurm 3akodaercsd B pa3douenun yuces a u b na h 6JIOKOB, KayK/Iblii U3 KOTO-
PBIX JUIAHBI [, TAKAM 00Pa30M, JIJIT YUCEN MOJTYIaeM BhIPAYKEHUS:

h—

Z 20 b= Zb 210 < ai,b; < 24k = lh. (1)

=0

To ecTb @ 1 b MOXKHO IpeaCcTaBUTh B BUJ€ MHOTI'OYJICHOB

@) =3 ap ot gw) = b @

u oueBHHO, uTo a = f(2!),b = g(2!). Torma

2h—1 2h—1
ab=f2) g@)= 3 aiby 20 = 3 oo = () ©)
k=0,k=i+j k=0

HyKH0 BBIYHCIUTDH KONDOUIHEHTH ). 51 9TOTO OTAETBHO BBHIYHCIAEM 3HATCHUST
muorouieHoB f(x) u g(x) B roukax —h+1,—h+2,...h—1, h—2. Jlasiee BoccranaBjiuBaem
k09buIEeHTH ¢ 1 BhraucasgeM c(2'), 9To ABATETCS OTBETOM 331491 YMHOKEHHS.

B kadecTBe mpuMepa, TOKA3BIBAIONIETO KaK MOy IaeTCs YCKOPEHHE, DACCMOTPHM CJIy-
qait h = 3. Torma nyxuo BerauCaAUTH 3Hadenus f(z) u g(x) B Toukax 0,—1,1,—2,2. B
cpejiHeM cToJ0Ie TabJUIbl TIOKA3aHO, YeMy DaBHO BbhIpazKeHue (2) depe3 K03(DOuImeHTs

f(z) u g(x), B mocennem crobue - Boipazkenus (3) 11 Ko3bDOUIHEHTOB .

O)ZCO

1):C4+03+02+61+CQ

=0 aoby c
r=1 | (a2+ a1+ ap)- (a2 + a1 + ap) c
(ag — a1 + ag) - (by — by + bg)
=2 | (4dag + 2a1 + ag) - (4ba + 2by + by) | ¢(2) = 16¢4 + 8cz + 4ca + 2¢1 + ¢
(4das — 2a1 + ag) - (4by — 2by + by) | ¢

o

(
(
(—l)=cs—c3+ca—c1+ ¢
(
(

xr=—2 —2) = 16¢4 — 8¢z + 4y — 2¢1 + ¢

[TonyuuB JMHEHHYIO cCHCTEMY OTHOCUTEILHO 5 HEM3BECTHBIX U pellast ee, HaXOJIUM Bce
Cp W BBIYUC/IAEM 3Hauenne Maorodaena c(2).

[Tpu BBIOGOpE MoaxoAsInX h 1 [ MOYKHO JOCTUYH HYZKHOW OINEHKHN O(k““s), Ve > 0.

Ho na srom pesyiabrare TooMa pasBuTue 3aJa9u He 3aKOHUYMIOCH, B HAYAJIH TOSBJIATH-

Cd HOBBI€ aJITOPUTMBI, yJIy4lIalonine CJIOXKHOCTbD. O,ZLH&KO, OHH OCHOBAHBI YK€ He IIPOCTO



Ha pas3bueHun YKuces1, a UCI0JIb3YIoT peodpaszoBanue Oypbe, KOTOPOE BbIUUC/IAETCS METO-
oM 6eictporo peobpaszoBanus Pypoe (BIID). Cnoxuocrs BII® onennBaercs yxke Kak

O(k - log k). O6 stom nogpoGuee nasnee.
CrauaJjia BBeJeM BCEe HEOOXOIUMBIE OIIPe/Ie/IeHHS.

Onpepenenune 1. [Iycts R - nmpousBoibHOE acconMATHBHOE KOMMYTATHBHOE KOJIBIIO

¢ eJIMHUTIEH, HA KOTOPOM 3a/laHbl JIBE ONEPalllu: CJIOKEHUE U YMHOXKEHHUE.

Onpeaenenne 2. [lycts d - HeKOTOpOe HaTYpaJibHOE YHCI0. [IycTh d - 971eMeHT KOJb-

i d d 9 i it 06 d=!

12, PABHBIH cymMme d euHHUIL, U d UMeeT 0OpaTHBIH, KOTOPBI 0603HATINM :
Bynem rooputh, 4To 3jemenT g € R gBigercs npumumusnvim Koprem d-oit crereHu u3

1, ecn g obIaIaeT CAeAYIOMUME CBOHCTBAMMT:
Log#1;
2. ¢ =1,d=min{d € N|g¥ =1};
3. Z?:_Olgip =0, ma 1 <p<d.

Tenepnb B mganHoM koJiblie 11 d € N ompeaeaum npeobpaszopanue Oypobe.

Ompenenenne 3. /[uckpemnvim npeobpasosaruem Pypove HazbIBAETCSI 0TOOParKeHUE,
COIOCTAB/IAIONIEe KazKI0My Habopy = = (Xg, T1, ..., Tq_1) € RY HeKoTOpLIil JApyroii HAGOp

& = (%9, 21, ..., 24-1) € R Takoit, 4ro
d—1
~ i .
T; = E z;g", 1=0,..,d—1. (4)
J=0

[To-apyroMy €ro MO»KHO 3aIicaTh B BUJE: BEKTOD & = (X, L1, ..., T4_1) YMHOKAETCSI

na marpuny B = (¢%),0 < i,j < d, B HOJYIeHHOM BEKTOpE i- ag KOMIIOHCHTA PaBHs-
d—1 T

erea ) ;_o x;9%, uro coorsercriyer dopmyiie (4). Hoayuennas marpuna B umeer suj

Marpuikl Bangepmonia:

1 1 1
1 g g?!
1 gt . gD

CJIeJIOBATIBHO, ee onpeenutensb paset [ [ i icq 1(9" — ¢7)-
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Eciu ¢' = ¢/ nna nexoropoix 0 < j <1 < d—1, 10 ¢/ = 1, 1o oupejiesieHuIo 1Ipu-
MITHBHOTO KOPHS, HOJYYaeM, 9To | = j- mporusopeune. Cle0BATeNILHO, OIPeIe HTeTh
He paBeH HYJI0 H MATPHIA HEeBHIPOKIeHa. Tora cymecTsyeT MaTpuia B! - o6paTHas K

Matpuie B. PacemoTpum, Kak oHa yCTpoeHa.

Jlemma 1.
ITycrs marpuna B = (¢g¥),0 < i,j < d. Torna o6parnad K Heit Marpuna B! nmeer Bu
Bl = (Ci—lg—ij)‘
JlokazaTeanCTBO.
Ilokazkem, urto B - B~ = I,,.
JI19 37eMeHTa, CTOAIMIETO Ha MepecedeHnH CTOI0IA ¢ HOMEPOM j W CTPOKH ¢ HOMEPOM i

nuMeeM npegcraBjaceHue:

d'y g*g (5)

T
_
U

1 d—1
I gikzg—kj —J! g(i—j)k —d! go =1.
0 k=0

B
Il
o
£
I

Ecnu i # j, To obo3naumm ¢ = i — j. Torma

d—1 d—1
d-! Zgikgfkj _ szlzqu, —d<qg<d, q#0. (6)
k=0 k=0

ITo onpejieeHII0 TPUMUTUBHOTO KOPHsI Tipu ¢ > () cyMMa B TIpaBoil yactu paseHcTsa (6)
paBHA HY.JIIO.
Ipu ¢ < 0, yMHOXKUM JeByio vacTh Ha ¢ 9@~V memsiem mmjexc cymvmposanust k' =

d—1—k, T.K. g-IPUMHUTUBHBI{, TO CyMMa paBHA HYJIIO; IPYTUMH CJIOBAMH:

U

1 —1 —1
g-a@=1 . g1 g™ = d! g Dd=1=k) — g1 g* =0, 0<—q<d.
0 0 '=0

QU
QU

>~
I
~
I
x
|

. . _7 dil . _ .
Taknm 06pasom, cymma (5) paBHa 1 TOIBKO pn ¢ = j, ciegoBarenanno, d 1Yy — o g gr

0ij. YTBepKAeHHE JeMMBI JOKA3aHO.

Caencreue 1. Obpamnoe npeobpasosarue Pypve Bekropa & = (Lo, &1, ..., Tq_1) € R?

MOKHO BBIYHUC/IATDH 110 POPMYyJIE:

|
I
—
T&.
—

§5979,i=0,..,d—1.

X

<.
I
o



ZLHH Bbl1HCJICHUA Pe3yJibTaTa YMHOXKEHUA ABYX LEJIbIX YHUCEJI UCIIOJb3YECTCd IIOHATHEC

CBEPTKH.

Ounpenenenne 4. [lycrs 3amanst 1Ba Habopa x = (g, T1, ..., Ta—1), Y = (Yo, Y1, ---» Ya—1) €
R, Ceepmroti x * y naspiBaercs nabop 2 = (20, 21, ..., 24_1) € R%, Takoit aro

2k = Z ZiYj, k=0,..,d—-1

i+j=k(modd)

Eciin caurars crporo no ¢opmysie, TO BbIYUC/ICHUE CBEPTKHU I KAXKJIOTO k 3aHuMaeT
O(d) onepanuii, snauut fs Beex k noayuaem O(d?) onepanuii.
C momommpio npeobpasopanusg Pypbe U cJaeayIONedl JeMMbI 33/1a9y BHIUUCICHHS CBEPTKH

MOZKHO CBe€CTH K 3aJa4€¢ ITOKOMIIOHEHTHOI'O IIPpOU3BEACHMA.

_ _ d
Onpenenenne 5. list HabopoB & = (To, 1,y Ta-1),Y = (Yo, Y1, -+, Ya—1) € R* no-
KOMNOHEHMHbLM NPOU3EEOEHUEM HASBIBACTC HADOD T - Y = (LYo, T1Y1, -y Td—1Yd—1)-

N umeer mecTo ciiejiyioniast JeMma.

Jlemma 2.
Ilyeth 2z = x *x y, TOTIA 2 = T - ).
JlokazaTeanCTBO.

Pacemorpum Jiro6oe m € {0, ...,d — 1}, Toraa aast Hero TOJyYnM CIeIyIoliee BhlparKeHue:

d—1 d—1

km kmr
E kg = E g E ZiY;
k=0 k=0 i+j=k(mod d)

9T0 PaBeHCTBO BHIOIHEHO, Tak KakK ¢¢ = 1 B Ko/ble R, Temepb MeHsgeM HOPAI0K CYMMH-

POBAHUS:
d—1 d—1 d—1 d—1
mi m(k—1 _ mi mj
> g™ g™y = wig™ D g™,
i=0 k=0 i=0 =0

BHAYUT, 2, = Ty * Y A8 JTI0O60TO M. JleMMa mokazana.

PacemorpuMm konbnio R = Zgr . B aTom Kosblle HyzKHBIE I JTQJIbHEHIEro ajro-
PUTMa, OIEPAINN CJIOXKEHUs, YMHOXKEHUsI Ha CTeNeHb JIBOWKM W MPUBEIEHHE 110 MOIYJIIO
BBITIOJIHAOTCA JIETKO, & UMEHHO! MHOZKEHUE- 9TO IIPUIINCBIBAHUE K YUCJIY COOT-

2" +1 : y y
BETCTBYIOIIEE YHCJIO HYJIEH; OCTATOK OT jesenus Ha 2F 4+ 1 cunraercs: HCXO/s U3 YCIOBHS

2% = —1(mod 2% + 1) u jocraTouno pa3buTh 4ncyio Ha 6710KH 10 2% mudp U BEIYUCIUTD

6



3HAKOIIEPEMEHHYIO CYMMY IOJYYUBIINXCH YUCEJ.
Bynem pacemarpusath caydait k = 2, [ > 0.

Jlemma 3.
Jlnst Besikoro g € R BepHO crieyrorniee paBeHCTBO:

2l—1 -1

> g =[]0+¢"

i=0
JlokazaTeanCTBO.

Hoxazxkem unayknueii mo [. [Ipu [ = 1 yTrBepKaeHue, oqeBuIHO, BBIIOIHEHO. IlycTh yTBEp-

JKJIEHH€E BBIIOJHEHO JJIst BCex duces1, Mmenbimux [. Tormga s [:

2l—1 2l-1_1

> 9 =0+9) 3 (4 (7)

i=0
[To mpeAnoaoKeHn0 HHIYKIMH, TIPaBY0 9acTh (7) MOKHO Da3/JOKUTh B MPOU3BE/CHHE:

2l-1_1 -2 -1

> () =TI0+ ) =TT+

i=0 i= i=1
[Moncrapiisist 5170 BhIpazkerue B (7), moydaem

2l—1 -1 -1

Yg=0+g]Ja+)=]]0+5)

i=0 i=1 i=0
Y10 10Ka3bIBAET JIEMMY.
B konbne R mrs Beraucienuns: npeobpasosanns Oypbe HYKHO HAWTH TPUMUATHBHBIN KO-
peHb, JIJIsd 9TOTO:
JlemMma 4.

Mycts g € R m g*/? 4+ 1 = 0(mod 2% + 1). Torma ansa 1 < p < k BHmOAHACTCS:

N
—_

g = 0(mod 2" + 1) (8)

ﬁ
I
o

JlokazaTeanCTBO.
ITo mpeawiaymeit gdemme pu k = 2! cymmy (8) MOKHO MpeJICTABATH B BH/IE

-1

k—1
dog"=1[0+g")
=0

i=1
Jokazkem, uro 1 + ¢%? = 0(mod2¥ + 1) st mexoroporo i : 0 < i < [. Hycrs p = 277/,

p/-uedernoe nciao u 0 < f < [. Bosbmem ¢ = [ — 1 — f. Torga 1 + gQip =1+ ngpl =

7



1+ g"?" =14 (=1)” = 0(mod2* 4 1). T.e. namum TaKoe i UPH KOTOPOM MHOKHTE/ID

(1 + ¢g*P) paBen HyImi0, 3HAUNUT, BCe NPOU3BeEIeHNe HOJL 110 mod 28 + 1.

[Torywaem cienyioniyo Teopemy:
Teopema 1.

B kosblie R = Zok 1 uncyio 2% apjisiercsd IPUMATHBHBIM KODHEM cTerneHu k.
lokazaTeabcTBo.

Yucsio 22 obuiaiaer cBoiicrBamMu:
12241
2 ()= (04 = (1P =

3. (222 41 = 0(mod 2¥ + 1), smaunt, Mozkenm npivenuTs gemvy 4 n S g = (),

a1 <p<k.

110 OIIpeJIeIeHNIO TToAydaeM, uTo 22 IPIMUTHBHBIH KOpeHb cTenenn k. Anagormano, 227-

HPUMHUTHBHBIA KOpEHb cTelenn k.

Tak kak k-cTenens jBoiikn n 2F + 1-HedweTHOE, TO 3TH YNC/IA B3AUMHO IIPOCTHIE, 3HAUNT,
JIJId HUX MOXKHO BBITIOJIHATH W oOpaTHOe mpeodpaszoBanue Oypeoe.

PaccMoTpuM aropuTMBl I BEIYUCICHHAS TPSIMOTO U 00paTHOTO npeobpazoBanus Py-
phe.

Cuauajia BBeJieM OIpejieJIeHIe OIePaIlly *, KOTOpad OyAeT IPUCYTCTBOBATH B aJIro-
puUTMe.

Ompenenenune 6. [lesoe yucsio j mpejcrapisieM B JIBOUYHON 3alMCU U [I€PEBOpAIU-
BaeM Bce Ko3(PUIHEHTH, IPYTUMHA CJA0OBAMHE, Juid j = 25715 + ... + 25,1 + j, cCHMBOIOM

J* Gymem obosHavaTh j* = 2571 4+ .+ 25 + j1.

AgroputMm 1 Buicmpoe npeobpa3osanue Pypuve.
Hano: x = (g, 1, ..., Tas_1).
Haittu: & = (Zo, 1, ..., Tos_1)-

o S
g- IPUMUTHBHBIH Kopenb u3 1, crenenn 2°, T.e. g°> = 1.

1. Crpoum marpuny A = (au,), tme 0 < u < 5,0 < v < 2° — 1 1o craexymooeMy

MPaBUIY:



st w = 0 mostoKuM

ao,p = Toyx

2. 1ng 0 < u < s, pu Beex v, 0 < v < 2°: Beraucigem

u

_ 257Uy
Qyp = Ayu—1,w + g Qy—1 w+2v-1, (9)

rjae

. U, €CAN lg_yy1 = 0,
) u—
W=V —lg_yt1 - 2 =

v—2""1 ecan iy = 1;
3. lloayuaewm, aro gaa 0 < ¢ < 2°

CLS,Z' = XT;.

YrBepxkaenue 1 Ouenxa caoscrnocmu das bvicmpozo npeobpasosarnus DPy-
poe.
KomuaectBo apudmerndeckux omeparuii B aaropurme 5s - (25 — 1).

JlokazaTeanCTBO.
B nyskre 1 amroputma- KoqmdecTBo apudmerndeckux omeparuii 2s - (25 — 1). Tak kak

b

I Kaxkgoro v Takoro, uro 0 < v < 2° — 17 %7 3aHuMaeT 2s omepaluii, B CBI3H C
TeM, 4TO YKHCJI0 ¥ B JIBOMYHON 3aIUCHU, [IePEBOPAYUBAEM, a JaJjee KaxK/yio nHudpy HyzKHO
YMHOYKHTH HA CTENEHDb JIBOWKU W CJOKUTH MOJyUeHHbIE Pe3yJTbTaThl.

B nynkTe 2 Bemosigaercs st Kaxkiaoro u, v : 0 <wu < 5,0 < v < 2° — 1 no 3 apucdmern-

JecKue Olepanut, T.e. Bcero 2s - (2° — 1) +3s - (2° — 1) = 5s - (2° — 1). Takum obpasowm,

CJIOXKHOCTH ajroputma 5s - (2° — 1).

g noKa3aTeabcTBa KOPPEKTHOCTH aJATOPUTMa MMOCMOTPHUM, ITO MPOUCXOTUT HA KarK-

JIOM IIare, Jijist 3TOI0 Teopema.

Teopema 2.
Hna kaxapix w,v : 0 <u < 5,0 < v < 2°—1; 377eMeHT MATPUIBL Ay, TPEJICTABIACTCS

B BHJE:

Gy = Z Ij*gv‘gru[ziu] (10)

Jj¥*=v*(mod 25—u)
[Tox 3HAKOM CyMMUPOBaHUS 110JPA3yMeBaETCd CYMMUPOBAHUE 110 BCEM J TAKUM 4TO j* =

v*(mod 2°7").



lokazaTeanCcTBO.
Jokaxkem muayKImei mo u juig pcex 0 < v < 2° — 1

baza: npu u = 0 mmeem:

v-25 i
E Tjxg [2] = E Tjx = Xyx = Qg4 -BEPHO.

j*=v*(mod 29) j*=v*(mod 29)
3J1eCh HCLOJIB30BAI0CH paBeHcTBo L] = 0.

ITycTs yTBEpsKaeHHe BepHO JJd BCeX Gy_1, 1pn 0 < v < 2° — 1, nokaxkem, 9TO yTBep-

KJCHUE BEPHO JJIA Uy y -

u

257 %y
Ay = Qy—1w +g Qy—1,w+2u—1 (11)
[To mpe IoI0KEHNIO0 WH LYK
w.257u+1|: j* :|
aufl,’w e E gj]*g 2s—u+1
j*=w*(mod 25—utl)
L
w+2u71 9s—u+1 [ 3 ]
Qy—1w42u-1 = E xj*g( ) e

J*=(w+2v—1)*(mod 25—u+1)
IPU W = U — Gg_ypp - 2471

CupaBe/IuBbl paBEHCTBA:

J" J" , ,
[28—11} =2 {W] T Js—uts
(U . is—u+1 . 2u71)* — U* 95U, is—u+1
(V4 (1 —dg 1) - 2 =0+ 257" (1 —iyyr1)

o Ilpn i5_p 11 = 0, mmeem

u

) .
Ay—1,p4+2v-1 =

2 : p-28—utl I s—u j : v2u—1).25—u J* -1
x]*g [257u+1:| + 92 v xj*g( ) |:2.57u:|

j*=v*(mod 25—u+l) JF=v* 25— (mod 25—u+1)

25~
Ay = AQu—1,0 +g

3/1ech HCIOJIB30BAJIOCH TO, YTO B IIEPBOH cyMMe js 11 = 0, & BO BTOPO#t Js_ 11 = 1.

[TockombKy 25 Yy + (v 4 2¢71) . 257 ([;,J — 1) =254 [23,u] + 2571 ([;,J — 1), a

. .
[2§,u} ecTh HedeTHOe 4nucJo u g2 = 1, Haxoaum

Ay = Z .Tj*gvgs_u[QSjj“] + Z _ij*gv.Qs_u{zsjiu]

j*=v*(mod 25—u+1) §r=v*425—U(mod 25—u+1)
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OObeuneHne MHOXKECTB HHJIEKCOB J, BXOJMINIUX B MEPBYIO U BTOPYIO CYMMY MOZKET
OBITH 337aHO ycaoBueM j* = v*(mod 2°7%). Dro nokaseBaer pasecTso (10) B cayuae
Z's—u—i-l = 0.

o [Ipm is,_,11 = 1, mmeem

u

_ 257w _
Ay y = Qo y—2u—1 +g Qy—1,0 =

> gt [F2em] 4 g > xj*g”sw([zsjiu]‘l)

Jj*=v*—25—"%(mod 25— utl) J*=v*(mod 25—u+1)

3/1ech UCTIOJB30BATIOCH TO, UYTO B MEPBOil cyMMe 5,11 = 0, & BO BTOPO# j_ 11 = 1.

IMockonbky 25 %y 4 v - 257 ([2§iu} — 1) =254 [25;} u (v —2ut). gs—url [st—uﬂ] =

-k

<5k
v 25T [2]—_}, a [2]—_] €CTh YeTHOE YUCJI0, HAXOAUM

1}-2‘9_“[ ji ] 1)-23_“[ J'i ]
auﬂ} — E x]*g 25—u + E x]*g 25—u

j*=v*—25"U(mod 25— utl) j*=v*(mod 25— utl)
O6beaunenne MHOXKECTB HHIEKCOB j, BXOAAIIUX B IEPBYIO U BTOPYIO CYMMY MOZKET OBITD
3aaH0 ycjosueM j* = v*(mod 2°7%). Dro gokazviBaer paseHcrBo (10) B ciyuae is_ 11 =
1.
Cure10BaTeIbHO, YTBEPZKICHIE TEOPEMbI JOKA3AHO M1 BCEX 1U.
[Ipn u = s morygaem
251
o= Y, g t=) a g =i
j:jx=vx(mod 1) j=0

DTO JIOKA3bIBAET KOPPEKTHOCTDH AJTOPUTMA.

AgaroputMm 2 Obpamhnozo 6vicmpozo npeobpasosarnus Pypuve.
Hano: & = (o, Ty, .oy Tp—1)-
Haittu: © = (29, 1, ..., Tp—1)-

-1 o 1 DL —2% _ 1
¢~ '- NIpUMUTUBHLIA KopeHb u3 1, cremenu 2°, T.e. g~ ° = 1.

1. Crpoum marpuny A = (au,), e 0 < u < 5,0 < v < 2° — 1 Do caexyomemy
IPABHIIY:
V 0<v<2°—1 H010:KUM:

~

Qg0 = Tyx

2. qis 0 < u < s, mpu Beex v, 0 < v < 2°: Boraucasgem

_9s—u

v
Ayov = Qy—1w +g Qy—1,w42v-1,

11



Tne

. U, €CHAU lg_qyy1 = 0,
. u—
W=V —lg_yt1 " 2 =

v— 247 ecan ig_ypq = 1;

3. Tlonyuaem, aro s 0 < i < 2°
1

€Tr; = §as,i.

Buano, 9To ToT ajropuTM o6paTHOIO Ipeodpa30BaHUd HAIIOMHHAET AJTOPHTM JIId
IPSIMOTO Mpeobpa30BaHUs, ¢ TOM JIMITH PA3HHUIEH, UTO 37eCh IPUMUTHBHBIH KOPEHDb OepeT-
cs1, obparHbIil TOMy, 9T0 OpaJiu npu npsaMoM mpeobpa3oBanuu. T.e. 3/1eCh TPUMUTHBHBIHI
KOpeHb- ¢!, Bce CBOIICTBA W3 ONMpeiesIeHns 2 IPIMATHBHOTO KOPHS, OUeBH/IHO, BBIIOIHA-

fored. [lomydaem ciemyroniyto Teopemy:

Teopema 3.
HonoxuMm ag, = Ty A1 Beex 0 < v < 2° — 1.
Omnpenennm mist Kaxkapix u,v : 0 <u<s,0<0v<2°—1

_95—uy,
Ayop = Qy—1w +g Qy—1,w42v-1,

TJIe W =10 — ls_yi1 - qu-t

Toraa a,, npeacrabigeTcda B BHJE:
%
—v-257% Jf
Ay oy = g Tjxg [25 u]

JlokazaTeanCTBO.
AHaJ’IOFI/I‘IHO JAO0Ka3aTeJIbCTBY TE€OPEMbI 2. ,ZLOCT&TOLIHO 3aMCEHUTDb B JO0Ka3aTeJIbCTBE TEO-

peMbl 1 IPUMUTHBHBINR KOPeHb ¢ Ha ¢ .

YrBepxkaeHue 2 Koppexkmnocms pabomst aszopumma obpammozo npeobpa-
308aHUSA.
B ycnoBugx Teopembl 3 MOJIOKHAM 4 = S, TOTIa
251
A~ —j*v - —jv
Asp = g g7 " = E zj-g77 (12)
jrjx=vx(mod 1) j=0
ITo cencrBuio 1 mpasast acthb paBeHcTBa (12) ecth 06paTHOe peobpaszoBanue Oypbe,

3HAYHUT:

251 1
- —Jjv __ s .

E Tj-977" =12, -2°, Te. §au,v_xv.

§=0
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Koapno, B KOTOpoM OyaeM TPOBOJUTH ONepaIuu U MPUMATHBHBIN KOPEeHb, UCIIOIb3Y-
fonuiicsa A1 npgMoro npeobpasoBanusg Pypwe u obpaTHOro, onpesener panee. Temepn
oruiieM, Kak paboraer ajaropur™m, npuaymanubiii [Ilenxare u IItpaccenom B 1971 romy.

B sTtoM ajiropurme yMHOMKEHHS IEJIbIX YHCeJ UJes 3aKII0YaeTCs B MPEITON0KEHUH,
qTo "nciaa a,b < 2", rorga seibupaercs m € N,m > 4 rakoe 4ro 2n:2™ u k > 4n/2™ +m
upu srom 2™ | 2k.

Bosbmem k = n, Torjaa 04eBHIHO, BBITIOJHAIOTCH BCE TPEOOBAHMSI.

Ilycry k = 22 wan 22571 monoxkum h = 25,1 = k/h. U1 GygeMm npejcTapiaTh YuCIa B
[-u4HOit 3amucH, T.e. @ = Z?;Ol ;20 b = Z o 2 te 0 < 2,y < 2L Takum obpasom,
Mbl pa3busin anucia a u b Ha h 6JI0KOB JJIMHBL [ M JIJIT UX YMHOXKEHHSsI Oy/1eM UCII0/b30BaTh

CJACIYIONAN aJrOPuTM

Anroput™M 3 YMHOMCEHUA UEABIT YUCEAN.
Jano: uncna a,b € Z, 0 < a,b < 2.
Haiitu: ab (mod 2F + 1).

1. Onpegmesnum HAGOPBL & = (Lo, 1,y ooy Tn—1)Y = (Yo, Y1, s Yn—1), LAE

h—1 h—1
a= Z ;20 b = Z y; 2"
i=0 i=0

(@, bi- 670K, cocTaBIeHHbIE U3 | PA3PSIOB YUCEN a, b COOTBETCTBEHHO)

2. C momormipio 6icTporo mnpeobpasopanust Pypbe, Boraucisiem & = (Zg, L1, ..., Tp_1),

G = (Yo, 1y .- Yn—1) B34B B KAUECTBE ¢ UPUMUTUBHbI KOpenb u3 1 cremenn 22/°,

3. Beruucagem 2+ = (Zodo, 191, -, Lh19n—1)(mod 2% +1). IIpuToM, 115 BLIYUCICHA
KAazKJ0r0 HPOU3BEICHUA PEKYDPCUBHO IPHMEHSICM 3TOT AJTOPHTM yMHOXKEHHS, JI0

TOro MOM€EHTa, IIOKa YHCJIla He 6y,ZLyT MaJICHbKHMH.

4. Boruucisiem obparnoe npeobpasoanune Pypbe Habopa T - ¢, T.e. HAXOJAUM TaKON
HaboD 2z = (20, 21, ..., Zh_1), Z; CUATaeM 4ucIaMu 1o mod 2%, u Taxkue, uTo 2; = Z; - §;,

Torjaa 2 =1 - 4.



h—1 ;

IIpousBesenye 4qucea a © b MBI BBIYHCAHAA 10 mod 2F + 1, TeM caMBIM MBI HAILIH
HE TOYHOE UX HpousBejienue. [[jig TOYHOro, Ha/I0 U3HAYAJIBHYIO JJIMHY Yuce] Kk CIeaaTh
B JiBa pasza bosbine, T.e. 2k jgonucaB HYKHOE KOJUYECTBO HYJEfl M yMHOXKHUTH TEM JKe
asnropur™oM. Torna Mbl Haiijem ux npoussejenue no mod(2% + 1), a Tak Kak caMu 4mc-

7a MenbIe 2¥, To ux mpomssegenne MenbIre 22F ) HaiieM TOUHOe 3HAYEHNE TPOM3BEICHHS.

YrBepxkaeHuE 3
IToyuennoe 4ucsio z Gymer npomspegenneM uuces a u b(mod 28 + 1).
JlokazaTeanCTBO.

Pazbuenue B nynkre 1 uumcen wa OJIOKH, APYIUMU CJIOBAMHU, MOYKHO 3alUCATh B BHJE

npencrapienus ux wmuorowtenavu. Te. f(T) = S a1 g(T) = Y17}y T, Torma
a=f(2),b= g(2") u ux mpomssenenme ab = f(24)-g(2"), obosmasmm c(z) = S0 2™ =

f(z)g(z). Takum obpazom, Ham HaIO HaiTH KOIDODUIEHTH HOTYUYEHHOIO MHOTOYIEHA,
c(x). Kosdbduruenrst ¢, = Zi+j5m(modh) T;Yj, TO ONpPeIeseHHIo 4 MoTydaeM, 4TO Cp,
ABJIAIOTCA CBeTKOH x;,y;. CieJoBaTeIbHO, 9Ty CYMMY MOKHO HafiTH 110 jeMMe 2 depes

npeodbpasopanne Pypbe, 4TO Mbl U CJIEJIAJIH.

YrBepxkaenue 4 Quenkxa caoxHcHocmU.
B mepBoM myHKTE anropuTMma MPOUCXOIUT pasfeaenne Ha Oa0ku, aTo 3anumaer O(h) =
O(2°) apudmernueckux oneparmii.
B nmyHKTe 2 aJropuTMa KOJIXIeCTBO Oleparuii o yreepzaenuto 1 pasao 5s - (25 — 1).
B nyukre 3 o gemme 5 koamdectso omepanuit O(k - log k - loglog k).
[Tynkr 4, anajornves 0.2 u B HeM KOJMYECTBO onepaiuii 5s - (2° — 1).
B nynkTe 5- 2h = 2571 apudmernuecknx omeparmii.

Bcero nonyuaaem xomdectso oneparwit O(k - log k - loglog k).

JlemMma 5.
KonmgecTBo onepanuit B myHKTe 3 aaropuT™Ma YMHOMKEHHS TeIbIX Yuces paBHO k - log k -
loglog k.

JlokazaTeanCTBO.
[Tycts M (k)- koawdaecTBO oneparuii IS MepeMHOYKEHUS IBYX duces JuHbl log k. B a-

TOPUTME HCIIOJIB3YeTCd PEKYPCHsS, TO €CTh HYKHO IIPUMEHHUTDH AJTOPUTM JJjid h ducesn,
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kazk10e Juabl 2]. COOTBETCTBEHHO, MOIYyIaeM OHEHKY
M(k) < ck-logk + hM(21).

O6oszmaunm M'(k) = M(k)/k, Torma

M'(k) < c-logk + hM'(21),

k. 1 < 2VE, 10 M'(k) < ¢-logk + hM'(4VE).
JokazkeM 1mo WHAYKIUH, 9T0 B 91oM ciaydae: M' (k) < d'k-log k-loglog k, ipn nogxojsiem
BBIOOpE (.

ITycrb yrBep:kaenue Bepuo s M’ (4\/%), nokazkem yreepxaenne st M’ (k).
M'(k) < c-logk+4c log(2 + %log k) + c'logk - log(2 + %log k)
s Goabmux k emossnercs (2 + 1log k) < %log k, orcrona
M(k) < c-logk + 4¢ logg + 4c loglog k + C’logglog k+ clogk - loglog k

st GOIBIIUX YUCe/T IEPBbIe TPU CJaraeMbiX He 00Jiblie adCOJIOTHON BEJIMYMHBI YeTBep-

Toro, Takum obpazom, M’ (k) < dk-logk -loglog k, a snaunt, M (k) < c-k-logk-loglog k.

B HacTosimee BpeMst yKe eCThb 00J1ee OBICTPBIe AJITOPUTMBI YMHOMKEHNS MEIbIX THCE.
log*k
Tax M. @iopep B 2007 oy IpUAyMaI alrOPUTM CO CIOKHOCTBIO k - log k - 20009k pre

log*(k)- Ha3bIBaETCS UTEPUPOBAHHBIM JOrapudmMoM 1
log* (k) = min{n > 0|log™k < 1} rae logVk = k,log™k = loglog" Y (k).

UssectHO, aT0 MEOKHTENb 2°U°9°F) pacrer Memrennee 1060i mrepanun JorapudMoB, HO
BCe JKe fABJIsIeTCs HeOrPaHUYEHHO Bo3pacTalomeil (pyHkimeii.

B cBoeit pabore Piopep BBOJAUT KOJIbIIO MHOI'OYJIEHOB HaJl KOMILJIEKCHBIMUA YHCJIAMU
Clz]/(z¥ +1) u upoussoaut yzxe nas Mporowenamu npeobpasosanue Oypne. OCHOBHON
CJIOZKHOCTBIO IIPU JJAHHOM BBIOODE KOJIBIA SBJISETCS HAXOXKICHHE TPUMUTHBHOIO 3J1€MEH-
ta. s atoro @iopep B cBoeit paboTe UCIONB3YeT CBeJAeHUe 3aJaUl K 0133 1a9aM MeHb-
Iero pasmMepa, a Jijigd HAUX OH BLIOMPAET MPUMHTHBHBINA KOPEHD, SABJAIONIMIICA CTENEHbIO
JBoiiku. Torja yMHOXKEHHE U JieJIeHHe Ha NPUMUTUBHBIA KOPEHb MOXKET OBITb BBIYHCJICHO
¢ TIOMOIIbIO CJIBUTA.

HO YMHO2KEHHE 4uce]l ¢ IIOMOIIbIO 9TOIr'O aJI'OPpUTMa Ha BBIYMCJAUTEIbHON MallluHe upea-
CTaBJIdeT CJI0ZKHOCTbD. TaK KaK KOMIIJIEKCHBI€ YHCJIa HEJIb34d 3alliCaTh B TaMATH HEJINKOM,

a OKpYIJVIEHHE IPUBOJAUT K IIOTEPAM TOYHOCTH OTBETA.
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N 8 2008 roxy A. e, III. Caxa, II. Kypyp u P. Canrxapuiiiu mocTpomim moXoxKuit
AJITOPUTM, OCHOBAHHBII y7Ke Ha MOJIYJbHOMH, a He KOMILIEKCHOH apndMeTnke, JTOCTUTHYB
IIPA 9TOM TAKOTO 2Ke BpeMeHu paborsl. OHu paccmarpuBatoT kKoubio R = Zlx]/(p¢, 2™ +1)
IS HEKOTOPOTO 1711, KOHCTAHTHI ¢ H IIPOCTOTO p. DJIEMEHTHI B HeM TaK K€ €CTh MHOTOYICHBI.
OnHAaKO B HEM He BCerja CyIIecTBYeT HPUMUTHBHBI KOPEHb, MO3TOMY eIle OTIeJbHOI

3aj1a4eil ABJIAeTCS BLIOOP TapaMeTpoB KOJIbIIA.
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