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Annoranus

B nacrosimmieit pabore nosiyuensr anasioru reopeMm I'ypeuna u Poburcona o nuodanTo-
BBIX npub/nxkeHnsx. Baarogaps 9TOMY, TOCTUTHYT CYIIECTBEHHBIN IPOTPECC B PEICHUN
kJjaccunueckux 3aja4 Cerpe u Pobuncona o HecuMMeTpUdHBIX JU0(DAHTOBBIX TPUOJINZKE-
HUSX.

Knrouesnie cnoBa: Teopema I'ypsuna, zagadga Cerpe, Teopema Pobuncona, Hecummer-
puganroe muodaHTOBO TPUOINKEHNE, TEMHAT TPO0h.

1 Bsenenne

B 1891 romy B [1] T'ypBui gokasan cBOW 3HAMEHUTYIO TEOPEMY O TOM, YTO JIJIsi BCAKOTO
UPPALUOHAJILHOTO YUC/IA CYNIECTBYET OECKOHEYHOE MHOYKECTBO “J0CTATOYHO XOPOHIUX palu-
OHAJILHBIX NpubauzKenuit. Mbl chopmysiupyeMm ee B JOBOJIHLHO HEOOBIYHON, HO YI0OHOMN i
MTOCJIEIYIOIIETO U3JI0KeHUs (hpopMe.

Teopema 1. Ilycmv o — npoussosvroe uppayuonasvroe wucao. Tozda cyuecmeyem 6ecko-
HEYHO MHO020 PAUUOHAADHBLT “YUCEN § MaxUT, 4mo

—1 P 1
< =—a<

V52 g V52

Kpome mozo, npu corpanenuu 00mozo u3 06yz /5 6 snamenamene A€ol Uil npasoti wacmu
nepasencmea 6mopoti /5 Heab3a 3aMERUMb Ha Kakoe-aubo 6oabuLee Yucao.

B 1945 roxy B pabore [2] Cerpe nomnbitancs o6o6muTs Teopemy ['ypBUIla HA CIyUdail HECUM-
METPUIHBIX MPUOTMKEHUNH. A UMEHHO, /1T KaxK10r0 7 > () eMmy ObLIO HHTEPECHO HANTH “‘caMyto
Gobityo” korcTanTy S(7) ¢ KOTOPOii, TeM He MeHee, BEDHO, YTO sl KAZKJ0T0 UPPAINOHA b
HOT'O (v CYIECTBYeT OECKOHEYHO MHOTO PAIMOHATHHBIX ITPUOTHAKEH I § TaKHX, 9TO

—1
<]—)—Oz<

2 2°
S(me* g S5(7)q
Koneuno, camoit 6016110 TaKON KOHCTAHTHI MOYKET U HE OKa3aThCdA, TAK YTO ONpeeseHue
BeJUIHHBL S(7) HYKHO JaBaTh HEMHOTO HHAYE:

—1
S(7) :sup{c:VaeR\Q 3% p,q € Z raxux, uro — < P« %}
cq 4q cq

Ormernm, ato cam Cerpe B pabore [2| He mo/b30BaJICst HUKAKUM OOO3HAUeHHEM 171 (DyHK-
muu S(7), XoTh W u3ydasa ee. Mbl penmuin 0603HAIUTh 3Ty (GYHKIHUIO [0 [MepBoil GYKBe ero
dpamuImnm.

Touky 7 Mbl GyjieM Ha3biBaTh docmustcumot i GyHKiuu S(-), ecjim CylpeMyM IIpU Olpe-
JeseHun Beanauusl S(7) JocTHraeTes.

Herpyano nmousaTh, 9T0 B TOJIBKO YTO BBEJAEHHON TepMUHOJIOTHNA Teopema 1 dhopMmyanpyercs
caenyomum obpazom: S(1) pasao V5 1 TOCTHAKHMO.

Cam Cerpe B [2] He cMor mocyuTaTh B sBHOM BHJe (DYHKIUIO S(T), HO CMOT BBIITUCATH JJIs
Hee HEKOTOPYIO OIEHKY CHU3Y:



Teopema 2. [lyecmv 7 > 0 — npoussoavroe wucao. Tozda eepro, wmo
S(t) > V1+4r. (1)

Ecau donosanumenvro ussecmmo, umo ™ = 0 uau 4mo % € N, mo amo nepasercmeo obpausa-
emea 6 pasencmeso. Boaee mozo, makue T ABAAOMCA QOCTUNCUMBLMU.

Cerpe BbICKa3aJI THIIOTE3Y, IYTO B CIydae % ¢ N uepapenctBo (1) He ONTHMAJIBHO.

B panbreitiem ObL10 0myOJIMKOBAHO JIOBOJIBHO MHOI'O PabOT, B KOTOPBIX OBLIO IIpeIcTaB/Ie-
HO MHOXKECTBO Pa3HOOOPA3HBIX JTOKA3ATENILCTB TEOPEMbI 2, OJHAKO, 3TU CTATHU He COAep:KaIn
HHUKAKUX HOBBIX PE3YJIbTATOB, TAK 4TO Mbl He OyJeM CChLIAThCA Ha HUX B HacTodIleil padore.

[TepBBIM CYIIIECTBEHHBIM MPOJABUKEHUEM B 3TOM HAIPABJICHUN, KOTOPOE HAM OBl XOTEI0Ch OT-
MeTUTh, ObLIIA CTaThs 3], B KOTOPOI aBTOPY YAaI0Ch JOKA3aTh, ITO IPUOIHKEHHE, ¢ TOTHOCTHIO
He MeHbIIel YeM rapanTupyer HepaBeHCTBO (1), Beera HalleTcst cpe/in JIIOOBIX MITH TOCIe10-
BaTEJIbHBIX HOJIXOJATINX Jpobeii (M. onpeenenue B §2). liu 60iee hopMaTbHO: J1JIst KAXKIOTO
a € R\Q, xaxaoro 7 > 0 u mis kaxkaoro n € N cymecrsyer m € {n,n+1,n+2,n+3,n+4}
TaKOe, ITO MOAXOIAINAA IPOOH % VIOBJIETBOPSIET HEPABEHCTBY

_
— < o< —/—.
I+ irg,  im Ny

Buocaencreun, B pabore [4] Tonry ynanock 1oka3arh, 9T0 yA0BIETBOPSIONIAs HEPABEHCTBY (2)
JIpo0b HaliIeTCsl JazKe CPean YeThIPeX MOCJeI0BATETbHBIX MOIXOAANNX Apobeil, a BOT Tpems
MOIXOAAIIAMY /1T HEKOTOPBIX T U v OOOMTUCH HE YIACTCH.

OHaKO, HAM KaxKeTcs, YTO JOKA3aTeTbCTBO TAKUX DPe3YJbTATOB OBLIO HECKOJIBKO IMPeK-
JIEBPEMEHHO: JefiCTBUTEIbHO, eciu TunoTe3a Cerpe okazauach ObI BEPHOI W MPU HEKOTOPOM T
BepHO, 410 S(T) > /1 + 47, To npubinKeHus ¢ KOHCTAHTOi /1 + 47T, gazKe MyCTh OHU U BCEria
€CTb CPeJIN HEKOTOPOTO KOJUYIECTBA TOCI0BATEILHBIX TOIAXOSIINX, HE O9€Hb HHTEPECHBI, TaK
KaK JIJIsT KayKJI0r0 HPPAIHOHATILHOTO (v BCETa MOYKHO HAHTH OECKOHEYHOE KOJTUIECTBO JTY IIIIX
IpUOJINKEHNH.

CreayromuM BaxKHBIM TPOJBHZKEHHEM B 9TOM Hanpasiennu Oblia pabora [5], B KOTOpOi
Toury ynmasnoch gokazarh runorely Cerpe o ToM, 94T0 npu KaxkjaoM 7 > (0 Takom, 9TO % ¢ N
Bepro, uro S(7) > /1 + 47. Ha camom gene, B [5] 661710 06ocHOBaHHO GOslee CHILHOE YyTBEp-
JKIIeHUe:

(2)

Teopema 3. Ilycmv x > 0 — npoussoavroe wucao. I[loroscum

1 1
y(w)y=c- 23— [1—-2=}]),
T T

2de c = % Tozda dan rascdozo a € R\Q cywecmsyem beckoneuno mHo20 p,q € Z makux, wmo

~1 1
<Z—j—Oé<

(VI+dz+q() ¢ " a (LEE +5(2)) g

(3)

Brociencreun sror pesyabrar ObL1 yiydiien Asb3epom B pabore [6], rie oH obocHOBA,
YTO B Ka4eCTBE C B TeOpeMe 3 MOZKHO B34dTb JazKe \/lg

3



K memocratkam pesyiabraroB Tonra m Asb3epa MOXKHO OTHeCTH TOT (DAaKT, YTO XOTH OHU
U JIOKA3aJd, ITO MouTH Beerga S(7) > /1 + 47, u3 uxX pe3yjIbTaToB HEe BHITEKACT KAKON-TO
HOBO{i $IBHO BBINUCAHHOW HUKHEH ONeHKH jjist S(T), Tak Kak B HepaBeHCTBe (3) OTHOIICHHE
“J1eBOiT KOHCTAHTBI TPUOIMKEHUS K “NPaBoil KOHCTaHTe NPUO/INKEeHNS HE BHIPAYKAETCsA KAKOii-
TO IpocToit dynkImeit or x. OaHaK0, MPU KaykJI0M (GUKCHPOBAHHOM T TAKYIO HUKHIOIO OIEHKY
MOXKHO TOJIYYIHTb YUCJICHHO. JlefCTBUTENLHO, HYXKHO TOJBKO YHCIEHHO Hajitu x = x(7) —

KOpEHb ypaBHEHUsI
VI+dr +y(z)
VR 4y ()

U TI0CJIe 9TOTO CKa3aTh, 9TO B CHJIY HepaBeHCTBa (3) Bepro, uto S(7) > /1 + 4z (1) + vy(z(7)).
Mel npogenanm sty mpoueaypy Ang 7 € [1;1] u nemoncrpupyem pesyasrar paGoThl Ha
caeayioneM rpaduke.

Huxune onenku st S(7)
2.25 \ T

2.2
2.15|
2]. [ 7 ./,‘

2.05 [ //, /./

195 [ s ) ke ‘
]_.9 [ s’ /',‘ ‘

1.85 s/ ."’

18 [ /' ,"‘

, ---- Omnenka Ann3epa
1.75 Omnenka Tonra
f ----  Omnenka Cerpe

| |
0.75 0.95

T

| |
0.55 0.6 0.65 0.7 0.8 0.9

Kak BumHo, HuKHHE OIeHKH Aub3epa u ToHra mpeBocxonar omenky Cerpe s BceX TO-
YeK OTPEe3Ka, KPOME €ro KOHIOB (HAIIOMHKM, 9TO B KOHIEBBIX TOYKaX JaHHOro orpeska Cerpe
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JOKA3aJl TOYHOCTH CBOEi OIeHKH ).

OHaKO, XOTh Pe3y/IbTaT MOJIYIeHHBIH ATb3epOM M SBJISETCS TOCTHXKEHHEM B CPABHEHHH C
u3HaYAIBHBIM pe3yibrarom Cerpe, mpobJiema ele JaeKa 0T CBOero OKOHYATEJbHOI'O PEIIeHHs.
JleficTBUTEIBHO, HU /TSt OJIHOTO 3HAYEHUS T € (%, 1) He OblJIa IOKa3aHa ONMTUMAJIbHOCTD ONEHKH
Anbzepa, TouHoe 3HaveHue dyHKIMK S(T) M0 TPEKHEMY U3BECTHO TOJIBKO TPH TAKUX T, JJIsS
KOTOPBIX % e N.

Hacrosimas ctaTbst 9acTUIHO yCTpaHAeT STOT HpoOes: MBIl CMOTJIH YCTAHOBUTH MoyuHOe 3HAa-
vyenue byuxipuu S(7) st N00a6AAOUE20 DOALWUHCMEA, TOUEK U3 OTPE3KA [%, 1} (a mmeHHO,
st 6ostee wem 99% TodeK W3 TOrO OTpe3Ka), a TaKzkKe yKa3aTh, KaKWe U3 9THX TOYEK J0-
CTHZKHMBI, a Kakue — HeT. [IoMUMO 3TOro Mbl JOKa3a/iM MHOMKECTBO 3aMeUYaTeIbHBIX CBOWCTB
dbyukmum S(7). Crporum hopMyITHPOBKAM MOy Y€HHBIX HAME PE3YJIbTaTOB ([OPOil — JOBOJIBHO
IPOMO3JIKMM) TIOCBAIIEH §2, a TTOKA YTO MBI XOTeJIH Bbl TPOJEMOHCTPUPOBATDH I'Ppad UK, Ha KOTO-
POM OTMEUEHBI MOCYUTAHHBIE HAM TOUYHBIE 3HAUCHUs] (DYHKIUN S(T), a Tak:Ke sl CDABHEHHUSI
LPUBE/IEHBI UX PAHEe YIOMSHYTbIe HUXKHHUE OLEHKHU, JOKa3aHHble AJb3epOM.

Huzxuue ouenku st S(7)
2.25 | |

2.2} el

2.15

2.1

2.05

1.95

1.9

1.85

1.8

1.75 — Tounoe 30a4uenme

---- Onenka Ajib3epa

0.75 0.85 0.95

T

0.65

0.6

0.7 0.8 0.9
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BusiHo, 9To X0Th TOYHOE 3HadeHue (byHKuu S(7) HOCIUTAHO U He BO BCEX TOYKAX [%, 1},
HO TaM, TJe OHO TIOCYUTAHO, OHO 3HAYUTEIHHO IIPEBOCXOIUT PAHee U3BECTHYIO HUYKHIOK OIEHKY,
JIOKA3aHHYI0 AJTb3epoM.

E1e ogHIM pe3yabTaToM, TECHO CBA3aHHBIM ¢ TeopeMoit ['ypBuIia, paccMOTpeHHBIM B HACTO-
amieil pabore, sBseTcsa JNoKasanHasa B [7| Teopema Pobuncona. POOHHCOH 3aaJiCsi BOIPOCOM,
MOKHO JIM B HEPABEHCTBE U3 TeopeMbl 1 0cJaduTh 4yTh-4yTh OJHY U3 I'PAHUIl U YCUJIUTH LPU
5ToM Apyryo. OH yCTaHOBIII, 9TO OTBET HA STOT BOMPOC MOJIOKATEIeH. ET0 TeopemMy Mbl, OATH
ke, chopMyIUpyeM B JOBOJIBHO HEOOBITHOM, HO OY€HbB MOJIE€3HBIM /IS TAJTHHEHTITET0 N3JI0KeH ST
BH/IE.

Teopema 4. Jlaa xasncdozo nososcumenvnozo € < /5 u kaocdozo o € R\Q cywecmsyem
OECKOHEUHO MHO20 PAUUOHAADHBLL YUCEN %’ MAKULT, 4Mo

-1 P 1

Vs-9¢ ¢ “TrvEE

Boaee mozo, neavasa coscem omraszamoca om e caesa (m.e. nososcums € = 0) ocmasus npu
amom cnpasa 1+ /5 6 snamenamene, a maxoce neavaa yseauwumo 1+ /5 cnpasa na newo-
MOPYI0, HE BABUCAULYIO OM € KOHCIMAWMY, 0CMAGUS NPU IMOM CAEEA \/D — € 6 3Hamenamene.

B cpaBuenuu ¢ Teopemoii ['ypBuiia, 3ToT pe3yabTaT BHIVISINT 0YeHb BIIEUAT/IAIONIE: JOCTa-
TOYHO HA CKOJIb YTOIHO MAJIOE € OCTA0HTH IO CPABHEHHIO ¢ /5 IOMYCTHMYIO TOYHOCTD IPHOIH-
JKeHHUs ¢ OJTHOM CTOPOHBI, TaK C APYTrOil TOYHOCTDH Cpasy Ke BO3PACTET Ha HE3ABUCAIIILYIO OT &€
KOHCTAHTY!

O,ZLH&KO, HEKOTOpad 3aBUCHUMOCTDL OT BCJIMYUHBI € TYT BCE 2KEe UMeEeTCd U AJd TOro, I‘ITO6bI
YBUJIETH €e, HaM MOTPedyeTcss BBECTH BCIIOMOTATEIbHOE OlpeJIeIeHne.

1 Kazk 10ro MoJIOXKUTEIBHOIO £ < NG onpeesum dbyukiuo Pobuncona R(e) cenyomum
obpazoM:

R(e) =supqc:Va e R\Q 3 p,q € Z takux, 410 ———— < = — < —

I3 Teopembr 4 ciegyer, 9ro mpH KaxiaoM & BepHO, uro R(e) > 1+ /5, a npu ¢ — 0
cnpaseanBo pasencTso R(g) = 1+ /5 + o(1). Brocieacrsum 3101 pesyanTar 6bll HEMHOTO
yiyanter ToHrom B pabote [8], KOTOpHIii 10KAa3aI CIIEYIOILYIO TEOPEMY.

Teopema 5. /J[aa docmamouno Maiblx NOAOHCUMEALHBLT € GEPHO, YIMO
Rie)>1+V5+c- €% (4)
2de 6 Kauecmee ¢ MONCHO 834Mb ‘2/—05 =0.1118... .

[Tpu BHUMaTEIBHO H3yYeHIN PAOOTHI [8] MbI 0OHAPYKMH, uT0 TOHT AOMYCTHI OIMHOKY MpH
JIOKA3aTeJIbCTBe 3TOU TeopeMbl. ECu MpoOBeCTH BCEe €ro PAacCyXKJIeHHs aKKyPaTHO, TO MOYKHO
JI0Ka3aTh, YTO B KadecTBe ¢ MOYKHO OpaThb JIUIIb 47@% = 0.00237... 9TO HAMHOTO XYy:Ke
3asBJICHHOII TEOPEMBI O.



B Hacrosiineit pabore Mbl, BO-TIEPBBIX, yKa3aJu Ha ¢Bsa3b GyHkuuii R(e) u S(7), a BO-BTOPBIX,
CMOIJIM HAWTHU caMyto GOJIBIIYIO KOHCTAHTY ¢, ¢ KOTOPOH HepaBEHCTBO (4) TeM He MeHee BEpHO.
DTa KOHCTAHTA MPEBOCXOJUT HEe TOJbKO (akTmiecku jokazannyio Tornrom 0.00237... HO m
zaspiennyto uMm 0.1118... . CoorBercrBytonue (popMyIUPOBKN PE3YABTATOB MbI IPUBOJINM B
caeyioneM naparpade.

OnucanHbIX BHITIE PE3Y/IbTATOB HAM yIAJI0Ch TOOUTHCS OIarogaps TOMY, 9TO B HACTOSAIIEH
paboTe MBI TOJIYYIUIN MHOZKECTBO HECUMMETPUYHBIX aHa0roB TeopeM ['ypsuia u Pobumncowna.

Crenyromuit maparpad mocssrmier GopMyInpoBKaM JTOKA3aHHBIX HAMHU Pe3yJbTaTOB, a UX
JIOKa3aTeJbcTBa OyayT manbl B §3. B 3akmountenpHoMm §4 maHHON pabOTHI MBI OMUIIEM BO3-
MOZKHBIE IIYyTH JIAJbHEHINETO YLy dlieHusl MOy YeHHBIX HAMU PE3Y/IbTATOB.

2 @opMyJIMPOBKHN PE3YyJIbTATOB

Jlanubrit maparpad Mbl HadHEeM ¢ POPMYJTUPOBKU HEOOXOUMBIX OIPE/IeICHH.

Henuyro gapodb ¢ HEMOJHBIMA YaCTHBIMU g, 41, A2, ... MBI OyjaeM 0003HAYATDH
a = lag; ay, a9, .. .|. Ecau nemnnas apobb siBJsieTCsl EPUOANIECKO, TO MBI BygeM 0003HAYATH
9TO C MOMOIIBIO TTOTUePKUBAHUS TIEPUO/Ia YePTOH CBEPXY, & HUXKHUI HHIEKC Y HEIOIHO YaCTHOTO
(Witn y TPYIIIBI HEIOHBIX YaCTHBIX ) MBI OY1€M HCIIOJb30BATH JJ1sl COKPAIIEHHO 3aIICH TIeTTHBIX
JIpobeii, y KOTOPBIX HECKOJIBKO MMOAPSIT HAYIIUX HEMOJHBIX YACTHBIX MPUHUMAKT OJTHO U TO ¥Ke
3HadeHue. Hampumep,

0:15,3] = [0:1,1,3] = [0;1,1,3,1,1,3,1,1,3, ...].

n—HO¥ moxxodIeli 1pobbio Yncaa o = |ag; Gy, A, ...| MBI OyJeM Ha3bIBATH BEJIUIHHY
[ag; ar,ag, ... ,a,] = f;—z. Xopomo u3BecTHo, 94TO NP N > 1 BEpHO, 4TO

" _1n+1
po (=)

n Anq?

Y

rie
An = Api1 +[0;ango, . ]+ [05an, ..., aq]. (5)

[locaennsist popmyaa 060CHOBBIBAET CJEIYIONIee BCIIOMOTaTe/IbHOE onpeeenne. Paccmar-
pUBaHUE NPHOINKEHUS 2’—2 — @ MBI OYIeM Ha3BIBATh padpesaruem MeIHoi Ipodu o TT0 HEMOTHOMY
HACTHOMY (ppy1-

3 BBINIECKA3aHHOTO OYEBU/IHO, YTO U3y4aTh MPUOIMIKEHUs] YHCJIa (v €10 MOIXOAATIIMA
JIpOOAMHU Z—: HAMHOT'O IIPOIIE, YeM e€ro NpuOIuzKeHud KAaKUMHU-TO POU3BOJIbHBIMU %, YTO MOTH-
BUPYET BBECTHU CJIJIYIONIEE OIpeJIeIeHNe, TT0 AHAJOTHUH C OIpeIeIeHneM BeudnHbl S (7).

—1 T
Seont(T) =sup s c:Va € R\Q 3™ noaxomggamux apobei Pn TAKHX, 9T0 — < Pn _ o< —
qTL an Qn an

D10 onpejeseHne cpaly ke MOPoKaaeT Bompoc: "ma, GYHKIMIO Seon(T) W3ydaTh mpoire,
geMm S(7), HO Kak 3Tu DYHKIUMH BOODIIE CBA3AHBI MeKILy c060i?"

K cuacrbio, 911 (BpyHKIMH BCErJa PaBHLL APYT APYLY, YTO OOOCHOBBIBAETCH CJIEIYIONIUMUI
JABYMS YTBEPAKJJAEHUSIMMU.



Teopema 6. /Jlaa 4106020 uppayuonasoH020 @ U 4100020 HEOMPUUGMEALHOZO T BEPHO, 4IMO
GECKOHEUH0E KOANUMECTNEO PAUUOHANHBLE npubiudcenul B, ydosaemsopaowus nepasencmey
q

1
O<£—oz<—

2 Y
q rq
Hatidymea mozda u moavko moeda, koz2da Haltidemcs beckonewno MHo20 nodrodaswur dpober
En " ydosaemeoparouur momy orce nepasencmey. Anasozunnoe eepro u 0ad “npubausicerudi ¢
qn ’ 1 ”
dpyeaoti cmoponv”.

CaencrBue 1. /s wascdozo neompuuyamervrnozo T 6epho, wmo S(T) = Seont(T).

[Casaa Ha BTOPOH rpaduk n3 §1 ecTecTBEHHO MPEANOIOKHTH, YTO DYHKIWs S(T) ABIAET-
sl HEITPEPBIBHOM 1 HeyObiBatomieil. OKa3blBaeTCs, Tak OHO M eCTh. Bosee Toro, dbyukius S(7T)
VJIOBJIETBOPSIET HEKOTOPOMY JOBOJBHO IIPOCTOMY (PYHKIIMOHAILHOMY YpPaBHEHUIO. DTO rapaH-
THPYET HAM HAIIA CJIeAYIOIas TeOPeMa.

Teopema 7. Ha neompuuyameavhoti noayocu dynkyus S(+) HEnpepuena u MOHOMOHHO He Y0bi-
saem. Kpome mozo, npu ecex T > 0 sepro, umo

S(r) = 78 (1> | (6)

T

S(n) 5 S(r2)

T1 T2

CaencrBue 2. [lycmo 0 < 11 < 15. Toeda

3J1ech HAM XOTEJI0CH OBl OTMETHTD, YTO MBI IPE/IMTOIATAeM, 9TO TeOpeMa, 7, B TOM WU WHOM
BHjIe, OblJIa H3BeCTHA OOJlee PAHHUM aBTOPaM, OJTHAKO, HACKOJIBKO HaM U3BECTHO, B SBHOM BH/Ie
3TU CBOWCTBA HUKTO He YIOMWHAJ.

OueBuiHo, 4T Os1arogapst papeHcrBy (6) jJist yCTAHOBJICHHUSI TOYHOIO 3HAYEHUsS DYHKIUK
S(7) Ha Bcell mOMYNpPsIMOii HAM JIOCTATOYHO YCTAHOBHTH ee 3HadeHnue Ha orpeske [0;1]. B Ha-
crosiineit paboTe Mbl OPPAHIYNMCS W3y dIeHneM moBejenust hyHKun S(7) Ha MOI0Tpe3Ke [%, 1]
1 HailleM ee TOYHOe 3HAUEHWe [JIs OYeHb MHOTHX TOYeK U3 ITOr0 OTPe3Ka.

B Tex Toukax, B KOTOPBIX HaM YAACTCS MOCYUTATH TOUHBbIE 3HAUEHWS, OHU OYIyT 3HAYHU-
TEJIbHO MPEBOCXOUTh PAHee W3BECTHBIE HUYKHUE ONEHKM, MOKA3aHHbI AJb3epoM (CM. BTOPOI
rpadux B §1), 0HAKO B T€X TOYKAX, B KOTOPHIX MBI HE CMOIJIH MIOCYUTATH TOYHOE 3HAYCHHE, MbI
BCE PABHO MOYKEM, MPHU HEOOXOIUMOCTH, BHINMUCATH HUZKHHUE OINEHKH, HAMHOTO ITPEBOCXOSIIINE
pesyabrat Asbdepa. Lasg sroro y Hac ecth jBa MeToja. [lepBolit — naiiTu j1Jist JaHHONH TOYKA
71 GUIMKARTIIYIO CIeBa TOUKY Ty, 3nadenue Gpynkmun S(-) B KOTOPOH HAM H3BECTHO, M COCTATHCS
Ha HeyObIBaHue (hpyHKIuH. Bropoit — HalTH A1 JAHHON TOYKM 71 OJIMKAUIMIYIO CIpaBa TOUKY
Ty, 3Hadenune Gynknuu S(-) B KOTOPOH HAM HM3BECTHO, W COCIAThCs Ha cieacteue 2. MHoraa,
Jiydinas orneHka Oy/eT MoJIydaThCcsd ¢ MOMOIILIO MEPBOr0 METOJia, MHOrJA — C TMOMOIIBIO BTO-
poro, HO BCerja IMOJIydeHHble ONEHKHU OYIyT JIydille OIeHOK AJib3epa, B 4eM MOKHO yOe uThes
VI Ha BTOpOit rpacduk B §1.

Tounoe 3nauenne dyuknun S(7) MBI OyIeM HAXOAUTD € TOMOIIHIO HIZKECHOPMYTHPOBAHOM
TEOPeMbl, YKa3bIBaIOMeil Ha CBsI3b Mexkay 3ajadeit Cerpe m HECHMMETPUYHBIMH AHAJIOTAMU
TeopeM ['ypBuma n Pobuncona, ompejeseHne KOTOPbIM Mbl JIaJIUM B CJEAYIONHUX ab3arax.



Hecummempuurvim anasozom meopemuvs Lypsuua ¢ napamempamu A u B Mbl Oymem Ha-
3BIBATH YTBEPIKIEHHE O TOM, YTO s KayKIOTO HPPAIMOHAILHOIO (v CYIIECTBYeT GECKOHEUTHO
MHOTO P, ¢ € 7Z TaKHX, 4TO

—1 P 1
— < —a< —
A ¢ Bg?
1 HH OIHY U3 9THX KOHCTAHT HEJb3s YBEJIUUUTH IIPU COXPAHEHUHU IPYTOA.

B upe/iiosioxkenun “CTUHHOCTH HECUMMETPUYHOIO aHaJiora TeopeMbl ['ypBuiia ¢ napamerpa-
M A u B MBI OyeM Ha3bIBaTh NPasviM GHAN020M Meopemvl Pobuncona ¢ napamempamu A u R
YTBEPKIEHNE O TOM, 9TO IJIA KaryKIOTO TMOJOKUTEJIHHOTO € < A W KayKI0ro WPPalroOHaIbHOTO
« cymecTByeT 6€CKOHEYHO MHOIO P, ¢ € 7 TaKuX, 9TO

—1 P 1
— < - —a< —
(A-e)¢* ¢ Rq?
IPUYEM HeJb3sl COBCEM OTKA3aThCs OT € B JIEBOM 3HaMeHarese (T.e. MOJIOKHUTH ¢ = () win
YBEJIMIUTH KOHCTAHTY [ HA HEKOTOPYIO, HE 3aBUCHIIYIO OT € BEJUYUHY.

AHATOTMYHO MBI OIIPEIEINM A8 aHan02 meopemv, Pobuncona ¢ napamempamu L u B Kak
YTBEPKJIECHUE O TOM, UTO JIJId KazK/JI0r0 MOJOKHUTEILHOro € < B 1 KaxKJ0ro HppamuoHaIbHOro
Qv cyIIecTByeT OECKOHEYHO MHOIO P, ¢ € 7 TaKHX, ITO

— <t—a<——

L¢* ¢ (B—¢)¢
npu4dyeM HeEJIb34d COBCEM OTKa3aTbCd OT € B IIPpAaBOM 3HaMeEHaTeJIe (T.e. IIOJIOZKUTH &€ = 0) nJjim
YBEJIMIUTH KOHCTAHTY [ Ha HEKOTOPYIO, HE 3aBHUCHIILYIO OT £ BEJIUYHUHY.

Vrak, MBI TOTOBBI C(POPMYJIHPOBATH TEOPEMY O CBSI3H TOJBKO UTO BBEJEHHBIX OIIPE/IeTeHUi
¢ 3amaueit Cerpe.

Teopema 8. Cnpasedausn, caedyroujue 06a ymeescoeHus:

1) Ilyemv daa nexomopwuix noaoscumenvuus wucea A, B, R maxuzx, wmo R > B doxa-
30HG CNPABEIAUBOCTNG HECUMMEMPUYHO20 AHAN026 Meopembr Typsuya u e20 npaso2o aHan02a

meopemu, Pobuncona. Tozda eepno, wmo, eo-nepswz, S(1) = A daa ecex T € [%;%}, 60-
BMOPLLL, MOUKA T = % ABAACNCA €OUHCMBEHHOT DOCTNUNCUMOTL TOUKOT HA IMOM OMPEIKE, U

6-MPEMBUL, AEEAA 2PAHUUA 0AHH020 OMPESKA ONMUMAALHA, MO €CMb HU OAA KAKO20 NOAONCU-
A A _
meavH020 0 < % He 6epHo, 4mo S (ﬁ — (5) = A.

2) Ilycmo dasn wexomopux noaosxcumenvruur wucea A, B, L maxux, wmo L > A doxa-
301G CNPABEJAUBOCND HECUMMEMPUYHOR0 AHAN02G Meopemv, Typsuua u €20 aAe6020 anaA02a

meopemu, Pobuncona. Toeda eepro, wmo, eo-nepswzr, S(T) = BT daa ecex T € [%;%], 80-
8MOPBIT, MOYKG T = % ABAAEMCA €OUHCNBEHHOT JOCMUNCUMOT OYKOT, HG IMOM OMpPesKe, U

6-MPEMBUL, NPAGAA 2PAHUUG AGHHO20 OMPESKA ONMUMAALHA, MO eCMb HU 0AA KAKO20 NOAO-
AHCUMEALHO20 0 HE GEPHO, UMo S (% + 5) = Br.

Takum 06pa3oM, JJisl HOJTYYeHUsT TOYHBIX 3HaYeHuil hyHKInN S(7) BO MHOIHX TOYKAX HAM
MIPEeJICTOUT TOJYIUTh MHOTO aHAJIOTOB TeopeM 1 u 4, 9To MBI ceffdac U cieaeM, OJIHAKO Tepe/t
ITUM HAM [IOTPEOYeTCsl BBECTH €llle HECKOJIbKO BCIOMOI'ATEeJIbHbBIX OIIPe/I1e/IeHHil.



Kaxk u panee, myctb o = [ag; a1, G, - . . |. [omoxum

A(a) = limsup Ag,, B(a) = limsup Ag,y1.
n—oo n—oo
D10 onpesesieHne UMeeT OYeHb HOHATHBIA cMbica. Besmuannsr A(a) u B(a) oupeaensior Han-
JIYUIITHe KOHCTAHTHI, ¢ KOTOPBIMH 9YHCIO (v MOXKET ObITh HPUOIHZKEHO CBOUMHE ITOXO/SIIIME
JPOOSIMH € JIBYX DasJudHbIX CTOpOH. Tak Kak s nsydenust nosejgerus dbyHkmun S(7) HaM
noTpebyeTcss HEMHOTO MO-PA3HOMY CMOTDETh HA TOYHOCTH HPUOIUZKEHHI ¢ PA3HBIX CTOPOH, TO
HETIOJIHbIE YACTHBIE YHCIa ( MBI 3a9aCTYI0 OYJeM HyMEepOBATH CJIEIYIONHM 06pa3oM:

a=[bo;a1,b1, ... ,an, by, ...

MpbI ycTaHOBU/IM CIIPABEIUBOCTD CJAEAYIONIEH JIIOOONBITHON TeOpeMbl, CBA3LIBAIOIIECH 3HA-
genust pynknuii A(a) u B(a), B3ATHIX 0T KBaJIPATHIHON UPPAIMOHATBHOCTH.

Teopema 9. ITycmov o & Q — weadpamuvnas uppayuorasvrocms. Tozda % e Q.

CTpyKTypa AaJbHEHITNX HEeCKOJIbKHX CTPAHUIl JaHHOTO maparpada takoBa. Kak MbI yike
YIIOMUHAJIN, HAM YIAJI0Ch I0KA3aTh HECKOJIBKO CeMEHCTB TeopeM, aHAJIOTHIHBIX TeopemaM 1 u 4.
OJ1HaKoO KOHCTAHTBI, YIACTBYIONIHE B (DOPMYIMPOBKAX ITUX TEOPEM, UMEIOT OUeHb HeYTOOHBIi
BHJI, TAK 4TO, MPEXKJe 4eM (DOPMYJIUPOBATH MOJTyUEHHbIE HAMHU PE3yJIbTaThl, Mbl OMNPEIETUM
HECKOJIbKO CeMefiCTB Ynces, KOTOPbIe U OY/IYyT SABAATHCS STHMHU KOHCTAHTAME U3 (POPMYTHPOBOK,
a Tak ke JajuM HeDOJIbIINe KOMMEHTAPHH OTHOCUTEJHHO TOTO, OTKY/a 3TU UYUCTA BOOOIIE
BO3HUKAIOT. VITaK, HPUCTYIIHAM.

lycrs Fy, — k—oe uncao @ubonauaun. CireyIONIy0 MUIPOKO U3BECTHYIO JEMMY He CJOXKHO
060CHOBATH 110 UH/LYKIUH.

Jlemma 1. /laa xaoscdozo yenozo k > 0 u kaotcdozo x > 1 eepro, wmo

 Fyra+ Frg

0; 1, x| = .
0; L, @ Fepr- o+ Fy

[lyers k > 0 — nenoe. [omoxkum o, = [2; 1oy 1, 2. Braromaps semme 1 HeTpyHO COCTABUTD
KBAIPATHOE YDABHEHHE HA (v, PENIUB €10, MOXKHO JOKA3ATh CIELYIONLYIO JIEMMY:

Jlemma 2. Ilpu xaoscdom yesom k > 0 eepro, umo

F
af =1+ |24 22
F2k+2

Oupenesnm Taxzke Beamannnt A}, Ly, By, R} u 7} caegyiomum o6pasom:

1
Fop, - 05 4 Fopp—y
1 b
F2m+1 * Qg + F2m

Fop, - a%mH + Fom1 Fomyo- a%m—&-l + Fomt Al — 149
) 2m — )

Al =1+
2m+1 1 1
F2m+1 : a2m+1 F2m F2m+3 . a2m+1 F2m+2

1 1 1
Fop g, + Foe1 Fopgo - gy + Fopp Fopmyo - gy + Fopp

Ly, =1+ :
Fopp - Oé%m + Fop Fomgs - 045m + oo

2m

Ly, . =1+2- :
mtl Fomis - 031 + Fopio

10



1 1 1 1 1 1 Allg
1 —1 ’
oy — 2

[nsas #Ha 3TH onpeiesieHus, COBEPIIEHHO He sICHO, KaK BeJyT cebs JTaHHbIe TOCIeI0BaATe Ihb-
HOCTH C POCTOM k, TaK 4TO Mbl PENIHJIN ITPOSICHUTH 3TO B HaIleil cieiyiomnieil jemMme, Bce yrBep-
KIAEHUS U3 KOTOPO# HECHAOXKHO JOKa3aTh NPIMBIMUA BHITUCTCHUSIMU.

Jlemma 3. Cnpasedausvi caedyrouiue mpu ymeepircoeHu:

1) Hocaedosamenvrocmv Ay, Ly, A1, Ly, Ay, LY, ... sospacmaem, cmpemacy x V5.
2) Iocaedosamenvrocmv By, R}, Bl, Ry, By, ... yoweaem, cmpemaco x 1 + V5.
8) Ilocaedosamenvrocmv Ty, Ti, Ty ... 603PACTNAETM, CMPEMACD K 1;(5/5.

Tak:ke, 119 WLTIOCTPAIUA TOJHKO UTO OMUCAHHBIX 3aKOHOMEPHOCTEH, MBI MPUBOINM CJIe-
JIYIOILY 0 TabJIUIy HaYaJIbHBIX YJI€HOB BBEJIEHHBIX HaAMU IOCJIE0BaATETbHOCTEII.

E |0 1 2 3 4
Al | 1.732050. .. | 1.959591... | 2.160246... | 2.192599... | 2.224859. ..
Ly | 1.943375... | 2.159591... | 2.192545... | 2.224857... | 2.229644. ..

R; 3.357738. .. | 3.253047... | 3.238529... | 3.236426. ..
B | 3.464101... | 3.265986... | 3.240370... | 3.236694... | 3.236159. ..
0.5 0.6 0.666666. .. | 0.677419... | 0.6875

Mbl He npuBojguM 3Havenue R} B 3T0ii Tabauue, HoTOMYy uTO B (DOPMY/IUPOBKAX TOC/IELYI0-
IAX TeopeM 3Ta BeJMYNHA y4acTBOBAThH HE OyIeT.

MpbI cMOTJIH JIOKA3aTh, YTO TOJBKO YTO BBEJECHHBIC HAMHU YUCJIA YIOBJIETBOPSIOT CJIELYIOIIHM
paBeHCTBaM.

Jlemma 4. Ilpu xaorcdom vyeaom k > 0 cnpasedausvl caedyroujue vemuipe paBeHCMBa:

1) Alay) = A, 2) B(ay) = B,

3) SR Fop + Fomyo

5 Fym
2m — ) 4) ) Slian
2'F2m+2

T. = .
2m+1
2 - Fymia+2 Fypie+3
OrmeTnM, 9T0 U3 paBeHCTB 1) U 2), a Takzke TeopeMbl 9 CJIeayer, 9T0 BeJTNIHHbI T,cl pau-
OHAJIBHBI, YTO ANPUOPH JIajeko He odeBuHO. OMHAKO, paBeHcTBa 3) U 4) JeMMbl 4 TOMOTarT
HaM YCTAHOBHUTDH ABHBII BHJ 3TUX PAlMOHAJIBHBIX YHCEJI.

VTak, MBI, HAKOHEIl, TOTOBBI CPOPMYIUPOBATH HAIIU aHajoru TeopeM ['ypsuna u Pobunco-
Ha.

Teopema 10. Chnpasedausnvl caedyrowue mpu ymeepHcoeHus:

1) Ilpu waorcdom uesom k > 0 das xasncdozo o € R\Q I p,q € Z marux, wmo
—1 P 1
— < ——a< —=—. 7
A2 " q " T Bl )

Boaee mozo, neavaa samenums eeaununy Aj caesa ma karoe-aubo 6oavuiee wucao, 0CmMasus
npu amom B} cnpasa, a maxoice neavasa samenums seaununy Bi cnpasa na xaxoe-aubo boavuiee
wucao, ocmacue npu amom A} caesa.

11



2) Ipu wascdom yeaom k > 1 das wastcdozo nososcumenvrozo € < Aj u kascdozo uppayu-
oHaavho20 o 3° p,q € Z marux, 4mo
-1 P 1
— < - —a< . (8)
T _ 2 1.2
(Ak €)q q Ri.q
Boaee mozo, neavasa coscem omraszamoca om € caesa (m.e. nososcums € = 0) ocmasus npu
amom Ry cnpasa , a makoice neavaa yeeaunumsv Ri cnpasa na Hexomopyio, ne 3a6UcCAUY0 om
£ KoHcmanmy, ocmasus npu amom A} — e caesa.

3) Ipu xasicdom yeaom k > 0 daa xascdozo noaoscumenvrozo € < B} u xasicdozo uppayu-
oHarvro20 a 3% p,q € Z marux, 4mo

—1 D 1
z - — 9
< a<(B,§—5)q2 9)

1.2
L.q q
BO./L@(E mozco, HEADB3A COGCEM OTNKA3AMDBCA 01N £ CNPABa (m.e. NOAOHCUMD £ — 0) ocmasue npu
3Mom L/,lC CAEBA, (4 MAKHCE HEADIA YEEAUMUND L,lC CAEBA HA HEKOMOPYN, HE 3A8UCAULY O €
KOHCMAHMY, 0CMA8US NPU IMOM B,i — € cnpasa .

Buamo, uTo nepsbiii myHKT TeopeMbl 10 1aeT HAM TEIYI0 CEPUI0 HECUMMETPUYHBIX AHAJIOTOB
Teopembl ['ypBHIA, TaK KaK HHW OJHY W3 I'DAHUIl B HepapeHCTBe (7) HEJIb3sl yAYUITUTH MPH
coxpaneHuu apyroit. OIHAKO, €CJIU pa3pelnTh OCIa0UTh OJHY U3 HUX HA MPOU3BOJIHHO MAJIYIO
BEJIMYMHY €, TO APYIYI0 MOXKHO OyIeT YCHINTh Ha HE3aBUCAIILYIO OT € KOHCTAHTY, O 4eM HaM
roBopsaT HepaseHcTBa (8) u (9). Tak 4TO B 9TOM CMBICJIE, BTOPOH U TPETHil MYHKTHI TEOPEMBbI
10 gamigrorcs 06001eHUsIMEU TeopeMbl POOMHCOHA.

C momoripio Teopem 8 n 10 MbI MOZKeM BBIIUCATH TOTHOE 3HaYeHIe GyHKINH S(7T) HA MHOTTIX
OJOTPe3KaxX OTpe3Ka [%7 1]. OHaKO, OJlHA W3 OCTABIIMECS MEXKJY STHMU OTpe3KaMu “Jabip”’
OymeT JO0BOJIBHO IMIHPOKOH, TaK 4TO MBI CUMTAEM HYKHBIM BBECTH €Ie OJIUH Psil HapaMeTpOB
1 chopMyTHPOBATDH €Ille OJHY CepHio aHaJIoroB TeopeM 1 m 4, uTobbl “paspsaauts’ ee. VTax,
HPUCTYIIIM.

Omnpemennm moc/Ie10BaATeLHOCTD Heabix unces Gy, caempytommum obpaszom: Gog = 0,G1 =11u
JUTs Kazkaoro k BepHO, 9T0 Gy = 4G_1 — Gg_o. C HOMOIIBIO CTAHIAPTHON TEXHUKH HETPY/IHO
IPOBEPHUTD, 9TO I KaxKI0ro k € 7 BepHO, 9TO

v - (V8"

Gy = e (10)
[To MEAYKINY HETPYIHO A0KA3aATh CIAEAYIOILYIO JJEMMY, CXOXKYIO ¢ JJeMMOit 1:
Jlemma 5. Jlasa xascdozo yerozo k > 0 u kascdozo x > 1 eepro, umo
= Bezse b
[ycrs & > 0 — uenoe. [Mojoxum o = [1;m]. Buaropapa semme 5 merpyano

COCTaBHUTHb KBaJApaTHOEC ypaBHEHHUE Ha CY%. Pemrus ero, MOKHO J0OKa3aTh CJAECAYIOIIYIO JIEMMY:

Jlemma 6. Ilpu xascdom yesom k > 0 eepro, umo

€]
1+ 5+4-Gkil
2

12



Oupesiesium Takzke peauannbl By, Ri, A7, L2 v 77 coejiyiomum o6pasoM:

26 (14 ) + G =G 261 (14 72) + Gt = G

(Grsr = G) - (14 21 ) + G ! (G — Ginr) 721 + o) + G

B, =2+

Y

2 26 - (14 77— ) + G = G
2m—+1
BQm—H _2+2 B v 1 9
<Gm+1 Gm) (1 + 031 +Gm
2 2G,, - (1 + ﬁ) Gy — Gy 2 - (1 + agﬂ) F Gt — G
R2m+1 =2+ = + = )
(G — Gin) - <1 + ag;l) + G (Gusz — Gmg1) - <1 + ag;l) + Gt
26 - (14 ) + G = Gy
R, =2+2 2m :
(Gm-‘rl - Gm) : (1 + agl > +Gm
1 1 1 1 A?
A2 = — L= — 2k
k aiJrai—l’ k Oéz+ 1 2’ Tk B?
: _
5 —1
ap — 1

[nsins Ha 9TH onpeiesieHIs, COBEPIIEHHO He SICHO, KaK BEJIYT ceOd JaHHbIe MOCIe0BaATeIbHO-
CTH C POCTOM k, TaK UTO MBI PEIIHIN HPOACHUTDH 9TO B Hallleil caeayiomieil mjeMMe, aHaI0THIHOM
JeMMe 3, BCe YTBEPXKJAEHUS U3 KOTOPO# Tak»Ke HECJIOXKHO JIOKA3aTh NPAMBIMUA BHIYUCJIECHUSIMH.

Jlemma 7. Cnpasedausvl caedyroujue mpu ymeepiHcoeHua:
1) Hocaedosamenvrocms A3, L3 A3 L3, A3, ...

2) Iocaedosamenvrocmy Bi, R2 B? R} Bj, ...

3) Iocaedosamenvnocms T4, T8, Ta . ..

YowuBaEM, CMPEMACH K %5.

go3pacmaem, cmpemacs k 2v/3.

5+3

yovieaem, cmpemacs K 2.

Tak:ke, 19 WLTIOCTPAIUA TOJHKO UTO OMUCAHHBIX 3aKOHOMEPHOCTEH, MBI MPUBOINM CJIe-
JIYIOILY 0 TabJIUIy HaYaJIbHBIX YJI€HOB BBEJIEHHBIX HaAMU IOCJIE0BATETbHOCTEII.

E 10 1 2 3 4

AZ | 2.236067... | 1.959591... | 1.944521... | 1.943457... | 1.943381...
L? 2.159591... | 1.957188... | 1.944359... | 1.943446. ..
RZ | 3.236067... | 3.357738... | 3.449627... | 3.456349... | 3.463061...
B} | 2.236067... | 3.265986... | 3.358718... | 3.449637... | 3.456349. ..
7|1 0.6 0.578947... | 0.563380... | 0.562264

Mbl He npuBojauM 3HadeHue L3 B 310l Tabiuie, IOTOMY 4TO B (DOPMY/IMPOBKAX TOC/IeLYI0-
IAX TeopeM 3Ta BeJMINHA y4acTBOBAThH He OyIer.

MpbI cMOTJIH JIOKA3aTh, YTO TOJBKO YTO BBEJECHHBIC HAMHU YHCJIA YIOBJIETBOPSIOT CJIELYIOIIHM
paBeHCTBAM, aHAJTOTHIHBIM PABEHCTBAM U3 JIEMMBI 4.
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Jlemma 8. Ilpu xascdom yesom k > 0 cnpasedausvs caedyrowue wemuipe pageHcmaoa:

1) A(e) = Ay, 2) B(eg) = By,

3) 2 Gom + 4G 241 + 2 4) 2 _ Gami2 (4G2mi1 + 5Gomy2)
am 6 (Gom + Gomy1) amtl 9 (Gomy1 + Gam2) (Gomy1 + 4Gopmio — 1)

Tenepb MBI TOTOBBI C(hOPMYJIMPOBATH €Il OIHY Cepuio aHajaoros Teopem ['yppuna u Pobun-
COHA.

Teopema 11. Chnpasedausnvl caedyrowue mpu ymeepHcoeHus:

1) Ilpu waosrcdom uesom k > 0 das xascdozo o € R\Q I p,q € Z marux, wmo

—1 P 1
<P a< (11)
2.9 2.2
Al g Bjq
Bo,/Lee moeo, HEADB3A 3AMEHUTND 66./LU/‘I,UHy Ai cAesqd HA ECI,KOG—JLU6O 60/waee '%UC/LO7 ocmasue
TLpU I OM B,% cnpaea, a marvice HeaAb3A 3GMEHUTTD GQﬂU%UHy B,% CTLp(lG(l HQ mmoe—./Lu60 60/waee
wucao, ocmasus npu amom A caesa.

2) Ipu wascdom yeaom k > 0 daa xastcdozo nososcumenvrozo € < A2 u kasicdozo uppayu-
oHaavho20 o 3°° p,q € Z marux, 4mo
-1 P 1
Y < - —a< = (12)
2 _ 2 2,2
(Af —¢e)q q Riq
Boaee mozo, neavasa coscem omrasamoca om € caesa (m.e. nososcums € = 0) ocmasus npu
amom RE cnpasa , a maksice neavaa yeeaunums Ry cnpasa na HEKOMOPYI0, He 3a46UCAULYIO O
£ KoHcmanmy, ocmasus npu amom A — e caesa.

3) Ipu xasicdom yeaom k > 1 daa xascdoeo noaoscumenvrozo € < BE u kasicdozo uppayu-
oHanorozo o 3% p,q € 7 makrux, 4mo
—1 P 1
——<-—a< —=-. (13)
2 2 2 _ .\ 2
Li¢* g (By —¢e)a
Boaee moeo, HeAb3A cOBCEM 0MKA3AMLCA 0M € cnpasa (m.e. noroscums € = 0) ocmasus npu
amom L2 caesa, a maxoice neavsa ysesunums Li cae6a Ha HEKOMOPYI0, HE 3A6UCAULYIO OM &
KOHCTANMY, 0cMasue npu smom Bi — & cnpasa .

OtMeruM, 910 (HOPMYJIHUPOBKA JAHHON TeopeMbl pu k = (0 B TOYHOCTHU COBHALAET ¢ Pop-
MYJIHUPOBKAMHU TeopeM 1 u 4, TaK YTO B 9TOM CMBICJ€ HaIlla TEOpeMa SBJSETCS UX MPSIMBIM
0000IIeHIEeM.

Teneps copmyupyem crepcTBus 0 Beananae GyHKun S(7), HOTydatoIuecs TPUMEHEHH -
eM TeopeMbl 8 K TeopemaM 10 u 11.

Teopema 12. Cnpasedausnl caedyrouue vemuipe YmeepHcoeHu:

1) Ilpu kasrcdom T € [1;/\%; 1} sepro, wmo S(7) = /5. Eduncmeennoti docmusicumoti mov-

Kol Ha amom ompesre aeasemcs T = 1. Jlesasa epanuya ompeska, Ha KOMopom cobawdaemcs
ykazannoll 3akon nosedenus gyrnkuyuu S(T), Heyaywwaema.
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2) Ilpu xascdom T € [%, %ﬂ eepro, umo S(T) = 2v/37. Eduncmeennoti docmusicumot

mMmoYKkot Ha IMOM ompeske ACAAEITNCA T — % HpCLGCLﬂ eparuya ompe3xa HeEYAYHuaema.

3) Hycmo durcuposano wekomopoe i € {1,2} u npoussoavroe ueaoe k > 1. Toeda npu

Al AL ; . . .
KaHcooOM T € [R—f; B—’;] sepro, wmo S(1) = Aj},. Eduncmsennot docmusicumot moukot na smom
k k

AZ
ompesKe ABAACMCA T = B—i I'panuyn 9moz0 ompesra HeYAYUULGEMDL.

4) Ilycmo gurcuposaro nexomopoe i € {1,2} u npoussoavnoe uyenoe k > 1. Tozda npu

Al i ; . . .
Kaostcdom T € [B—’“,B—"] sepro, wmo S(T) = Bj1. Eduncmeennot docmustcumot mouwkol 1na
k k

A
amom ompesxre Asasemca T = =&. I'panuyv 2moz20 ompesra HeYAYHULGEMDbL.

7
Zk
By,
[ToiiMeM, KaK yCTPOEHO ITOIMHOYXKECTBO OTpe3Ka, Ha KOTOpPOM TeopeMa 12 jaeT TodHOe 3Ha-

genue yuximun S(7). [lyarer 1) u 2) naxomar dbynknuio S(7) OKOJIO KOHIEBBIX TOYEK pac-

CMaTPUBaeMOI'0 HaMH OTPeE3Ka.
1 1

. . AL L}
= =i BT
[MyuxTer 3) u 4) npu i = 1 Haxoaar S(7) Ha ceMelicTBe OTPE3KOB 7L Bt | » KOTODBIE ¢ POCTOM
k k
k caBuraioTcsi BIPaBO, HUKOIJIA HE MEPECEKAIOTCsl JAPYT C JAPYIOM U CXOMATCs 1pu kK — 00 K

TOYKe 14\{\5/5 — IpaBoii TpaHulle OTPe3Ka U3 IePBOro IIyHKTA.

[IyukTer 3) u 4) npu i = 2 wHaxomaT S(7) Ha ceMeiicTBe OTPE3KOB [g—%; B—j’%
pocroM k CABUIalOTCs BJIEBO, HUKOLA HE LEPECEKAIOTCs JIPYT € JIPYTOM U CXOAATCs nupu k — 00
K TOYKE 526 — JIEBOH T'PAHUIlE OTPE3Ka M3 BTOPOrO IMYHKTA.

Kak pacnosiozKenbl JIpyr OTHOCUTENBHO JApyra cemeiicTBa 0Tpe3koB u3 3) u 4) myHKTa npu

7 PaBHBIM OJIHOMY M JBYM? DTH JIBa ceMefCTBa OTPE3KOB MMEIOT o0Iee HAYaJI0, T.e. OTPE30K

A2 12 AL L}
[R—%, B—%] COBITAJIAET C OTPE3KOM [R—%, B—J . Ho, mpu k > 1, Kax yzKke O6bLJIO OTMEYEHO, OTPE3KH, OT-
Bedalolue 3HAUCHNIO ¢ = 1, HAUMHAIOT CABUTATHLCS BIPABO, & OTPE3KHU, OTBEYAIONINE 3HAUCHUIO
1 = 2, — BJIEBO.

DTH 3aKOHOMEPHOCTHU CXeMATUIHO OTPAYKEHBI HA, CJIEYIOTIEM PUCYHKE, MACIITA0 Ha KOTOPOM
He cobmoen. 2KUpHBIME OTMEYEHBI TOYKH, B KOTOPBIX S(T) JIOCTHKIMO.

} , KOTOpBIE €

1 5+/3 A3 A3 L3 Ay A Ly Ay A Ly V5 1
2 12 R2 B2 B2 R} B BY R Bl B} 1+v/5
L4 | reirei—0— |—o—] } L | b—e—| +Heo—ireire | °

HackoJibko 00JIbIIYI0 YacTh OTPe3Ka [%, 1} ITOKPBIBAIOT BHIIIEOIUCAHHBIE JIBA ceMelcTBa OT-

A2 L2
e3K0B? CJI0KUB JJINHBI OTPE3KOB [l' 5+\/§} [ V5 '1} [—’“ —’C} upu k 1,2.3,4}, a TakzxKe
p pit P 29 12 > [ 1445 ’ Ri’Bz , 1P 6{ ) S }7

AL Ll
[R_Ii; B—E] , mpu k € {2,3,4,5}, moxHO ybeaurbes, uro cymma pasaa 0.49508 ..., a 3HauwT,
HAIl OTPE3KU NOKpBIBaoT Gosee 99% orpeska [%, 1], KaK 1 OBLIO 3asBJICHO BO BBEJICHUMU.

B zakmodenue jgannoro naparpada Ham ocraercd cOpMyJMPOBATH HAIIU PE3Y/JIbTaThl O
dbyuknun Pobuncona R(e).

B caenyiomieit Teopeme Mbl (bOpMYTHpPYEM HARJACHHYIO HAME CBA3b JAHHON (DYHKIUE ¢ yKe
u3y4enHoit Hamu dynknueit S(7).
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Teopema 13. ITycmo € < V/5 — npoussoavhoe nososcumenvroe wucao. Ilonrosrcum

T(e) = {7’ >0: <S(7’) >5 — 5) U (S(T) —V5—cu 0ocmu9+cumo)}.

Honooicum t(e) = inf T'(€). Tozda sepro, wmo R(e) =

K coxasenuto, Hamux 3HaHuii o nosenennu Gyaknuu S(7) MOKa HE XBATAET, YTOOBI C MO-
MOIIBIO TEOpeMBbl 13 st KaXKJIO0Tr0 € B SIBHOM BHJIE BBIUHCIATH R(€) mim XoTs Obl yKa3aTh
HAHOOJBIIYI0 KOHCTAHTY ¢ B TeopeMe 5.

O,ZLH&KO, BOCHOJIb30BaBIINUCH MHBIM, HECKOJIBKO Me€Hee IIPAMbIM MeTOA0M, Mbl CMOIJIN JOKa-
3aTh CJIEIYIONIYIO TEOPEMY:

Teopema 14. s 1106020 noaoscumensrozo € < /5 eepho, wmo

10 +2v/5 2

>1
R(e)>1+V5+ 15

(14)

10425
45

HAtidYMCA CROAD Y200H0 Maavie nosodcumenvhvie € makue, wmo R(g) < 14 /5 + cg?.

Konemanma neped €2 onmumasvha 6 mom cmolcae, wmo 0aa mobot ¢ > 8EPHO, MO

Bu/iHo, 4T0 Hala TeopeMa, Kak yzke ObLI0 YIOMIHYTO BO BBEJCHUN, 3HAYUTEILHO CHJIbHEe
3asiBJIEHHON (HO HeBepHO mokazanuoit!) Tonrom teopemsr 5.

Crenyromuit maparpad Mbl TOCBATHM [IOKA3aTEJbCTBAM BCEX CHMOPMYINDPOBAHHBIX 37€Ch
TeopeM. B 3aksounTesbHOM §4 MBI chOpMyIApYyeM HAITy TUIOTE3Y, KOTOPYIO MOKa He yIaJI0Ch
JIOKa3aTh, O TOM, KaKue elle aHaJoru TeopeM 'ypsuna u PoOuHCOHA CYIIECTBYIOT U KaK BeJleT

cebst bynkmust S(7) HA OTpe3Ke [%, 1} .

3 JlokazaTeiqbCTBa pe3yJabTaTOB

B nacrosiem maparpade Mbl OCI€I0BaTENIbHO JTOKAXKEM BCe YTBEPKIAeHUs, CPOPMYITHPO-
Baunbie B §2. /loka3aTe/bCTBY KaxKJI0TO YTBEPKIAEHUST MBI MTOCBITUM OTAEIbHBIH Toamaparpad.

3.1 Jloka3areqabCTBO TeOpeMbl 6

HyCTb HaM JaHO IIPOU3BOJIbHOE HPppalWOHaJbHOE YHC/I0 (d U IIPOU3BOJIBHOE IIOJIO2KUTEJIb-

Hoe 4ucJIo r. HCHO, 9TO HaM JOCTaTOYHO JOKa3aTb, YTO €CJIM CYIIECTBYET OECKOHETHO MHOTO
P

paIMOHAJIbHBIX TPUOIMZKEHUI 7 Y/IOBJICTEODSIONINX HEPABEHCTBY

1
0<l _a< (15)

q rq?

TO Halijercs u GECKOHEYHO MHOIO IIOJIXOJSIINX Jpodeit ‘;ﬁ VJOBJETBOPAIONINX TOMY Ke Hepa-

Y
n
BEHCTBY.
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OTMeTHnM, 9TO MOAXOIAIIAS ;Lp06b OoJIBbIIIe (v TOIJA B TOJIBKO TOrJa, Koraa n = 2m + 1.
PaccmorpuMm mociie1oBaTe ibHOCTD {ql,q3,q5, ... }. ObpasyeMm u3 Hee HOBYIO MOCJIETOBATEb-
Hocth {Q1, Q2, Q3, ...} caeayionum 06pazoM: MeXK/Iy JIOOBIMU JIBYMsI COCEJHUMHU SJIEMEHTAMK
Qom—-1 A Qo2m+1 UCXOMHONH TOCJIETOBATEIBLHOCTH MBI JIONAIIEM YHUCIIA

Gm-1+ @m, @m-1+ 20m, -, Gm-1+ (@2mt1 — 1) Gam = Gmt1 — Gom.

AHamornaHbIM 00pa30M MOCTPOUM MOCTeN0BATeNbHOCTD { Py, Po, P3, ... }.
[Ipo guca 5 n3BeCcTHO (CM., Hampumep, [9]), 9T0, B HEKOTOPOM CMBICJIE, OHH W TOJBKO OHH
SIBJISIFOTCS. HAMJTY YIIMMM OJIHOCTOPOHHUME IpubanKkeHussMu. Bosee ¢popmasbHo, I/IBBGCTHO 9T0

JUTst JTIOO0TO 1, JII0OOTO ¢, JIeXKamero Mexay (), u (11, 1 JIOOOTO p TAKOTO, 9TO 2 > Q' BEPHO,

ITO . P
ntl ). In _ p_ ).
0< (Qn+1 a) Qni1 < (Qn a) Qn < (q a> q (16)

Nrak, nycthb § — IPOM3BOJILHOE PAIMOHATBLHOE YUCI0, YAOBIETBOPsIIONIee HepaBeHCTBY (15).
[Iycrb @, < ¢ < Qny1. 13 HepaBencTsa (16) ciaemyer, aro

P, , 1
<Qn ) @ <(5_“)'Q<iF

Wrak, MbI IOKa3aJI1, YTO €CJU CYyIIECTBYET OECKOHEYHO MHOTO PAIIMOHAIBHBIX THCET 9, yJ10-
P’Il

BJIETBOPAIONTUX HepaBeHCTBY (15), TO /1711 GECKOHEYHO MHOTUX 1 4UCIA “ YAOBJIETBOPLIOT TOMY
JKe HePABEHCTBY. DTO eIlle He COBCEM TO, UYTO MBI XOTeJH J0Ka3aTh, TaK KaK B TIOCJeI0BATE b~
Hoctu {Q1,Q2, 3, ...} €CTh HE TOIHKO 3HAMEHATEIH MOAXOMASIINX Ipobeii, HO U HEKOTOPHIe
JIpyTHE YUCTIA.

[IycTh pamuonaibHOE YHCIO0 g” ynosserBopsier HepasercTBy (15). U mycrh gncio k takoso,

910 @, = Gom—1 + k - qon. BBegem dyukimio

P2m-1 kam 2
flk) = —a ) (qm_1 + k- Gam
( ) (q2 T ) (Clz 1 q2 )

Herpyano ybeaurnes, 9To

f(/c):qgm-(%—a)-k2+q2m_l-q2m-<p2—m-|-m—2a>-k+q§m_1-(m—a>.

2m q2m q2m—1 q2m—1

U3 nocseanero paBencTsa Buano, 9to f(k) siBasercs: mapaboioii, BeTBH KOTOPOH HAIIpaBJIe-
HbI BHI3, T.e. f(k) saBisercs Beinykioil dbynkmnmeii. Tak kak 1;2::—: >au 7;22:—11 > o, To f(0) >0
u f(agmy1) > 0. B cuny Boimykioctu 310 o3uadaetr, uro f(k) > 0 upu Beex k € [0; ag,i1], a
Takke 910 MuHEMYM byukiun f(k) Ha orpeske [0; agy,11] AocTHTAaETCS B OHON M3 IBYX I'pa-

HAYHBIX TOYeK. Be3 orpanmdeHnst OOIIHOCTH, IIyCTh B PABOi. DTO 03HAYAET, UTO

Pom+1 9 P, ) 1
o) g < (5t a) Q<
( dom+1 ) 2l < Qn

9TO U 3aBeplIiaeT JOKa3aTeJIbCTBO BCeil TeOPpEMBI.
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3.2 JlokazaTeJbCTBO cjieacTBus 1

Jlannoe cJjiejicTBUE BbITEKaeT U3 TeOpeMbl 6 IpaKTUYEeCKH OYeBH/IHBbIM obpa3oMm. /leficTBu-
TeJBHO, MYCTH /I HEKOTOPOTO UPPAITMOHAIBLHOTO (¢, HEKOTOPOro 7 2> 0 1 HEKOTOPOTO MOJIOYKH-
TEJIBHOTO ¢ BEPHO, UTO CYNIECTBYeT OECKOHEYHO MHOTO PAIMOHAJIBHBIX YUCET § TaKWX, 9TO

—1 P T
— <= —a< —.
cq q cq
Bes orpanndenus oOIHOCTH, MOXKHO CUYUTATH, 9TO U3 TOTO CJIEJYET, YTO YTO CYIIECTBYeT Oec-
KOHEYHO MHOT'O PAIMOHAJBHBIX YHCE] § TaKUX, 9TO
-1 p

— <t -a<0.
cq q

B cuy Teopembl 6 U3 3TOrO CJIEAYeT, 4TO CYIIECTBYeT OECKOHEIHO MHOIO MOAXOMANINX JPO-
Geit f]’—:, VIOBICTBOPAIONIAX TOMY K€ HepABEHCTBY.

A 310, B CBOIO 0Yepeb 03HAYAET, YTO MHOMKECTBA TeX ¢, CYHPeMyM 10 KOTOPLIM Oepercs B
onpeeseHun BeauIuH S(T) U Seont(T), MOTHOCTHIO COBIAJIAIOT, YTO 3aBEPINAET JOKA3ATEIHCTBO

caeAacTBus 1.

3.3 Jloka3aTeJabCTBO TeOpeMbI 7

MonoTronnoe neybbiBanue mpakTUYeCKHA 09eBHIHO. J[eficTBUTEBHO, IYCTh Ty > T; U HEKOTO-
poe TOJIOKUTETHHOE C JIEXKUT B MHOYKECTBE, CYIIPEMyM 110 KOTOPOMY OepeTcst TIpu ONpeIe/IeHUN
S(7). llokazkeM, 9TO OHO JIEZKUT M B MHOXKECTBE, CYIIPEMYM MO KOTOPOMY OGepercss mpH Ompe-
nenenun S(Ty). DTO BEPHO, B CHIIY TOTO, UTO JIJIsI JTIOOOTO ¢ BEPHO, UTO

T T2

cq?  cq?

Papenctso S(1) = 75 (%), BepHOe 171 BceX 7 > () JIOKa3bIBaeTCsd MPAKTUIECKH TaK ZKe.
Hy»kHo0 b 3aMeTUTh, 9TO

—1 T
VaeR\Q HOOP,QEZTaKI/IX,‘{TO—<B—Oé<— &
«® g cq?
-7 - 1
& (Va € R\Q 3% p,q € Z maxux, uro — < — — (—a) < —2) &
cq q cq
-1 P 1
& |V e R\Q 3% p',q € Z takux, ut0 — < — — o' < 7= |,
scq® g ~cq?

a 3HAYUT, YUCJIO C JIEKUT B MHOYKECTBe, onpejessionieM S(7) Toraa u TOJbKO TOTJA, KOLJA
TUCTO £ JIEXKHT B MHOZKECTBE, OIpeendiomeM S (%) .

JokazarenbeTBO HempepbiBHOCTH S(T) MOXKHO MTPOM3BECTH HEMOCPEJCTBEHHO, TaK JKe, KaK
MBI JIOKA3aJId MPEIbAYIINIe B YTBEPKICHUA U3 9TOH TeOpeMbl, HO Mbl IIOCTYIIUM 00Jiee H30III-
PEHHBIM CIIOCODOM, OObSICHUB, YTO HEIIPEPBIBHOCTD CJEAYeT U3 YKe JOKa3aHHbIX cBoicTB. Jleii-
CTBUTE/ILHO, IPEJIOJI0KUM, YTO B HEKOTOPOii Touke Ty # 0 dbyukius S(7) He HenpepbiBaa. Tak
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Kak 9Ta (GYHKIUS MOHOTOHHA, TO B TOUKe Tp OHA HMeET JIEBBI{l M HpaBble HpPejesbl, KOTOPbIe
MbI 0603HaIHM S(79 — 0) 1 S(7) + 0) COOTBETCTBEHHO, IPUYEM HPABbI CTPOTO OOJIBIIE JTEBOTO.
Ho Guiarojapst yke jloka3aHHOMY (DYHKIMOHAJIBLHOMY ypaBHEHHIO jijist S(7) Mbl BHAUM, 9TO

S(l_o):S(To+0)>S(To—O):S(i+O>’

To To To To

T.e. HPeJNoJIoKeHre 0 Hamuauu y pyukiun S(7) pa3pbiBa B HEHYJIEBOH TOYKe MPOTUBOPEIHUT
ee MOHOTOHHOCTH.

HenpepoiBaocts 310t byHKIMu B Hyjie 00OCHOBBIBAETCS € MOMOIIBIO Jokazanuoit Cerpe
TeopeMbl 2. JlelicTBUTEIBHO, B CHJIy MOHOTOHHOCTHU HaIleil (DYHKIUKU Mbl MOYKEM yTBEPXKIATD,

qTO
1 4
lim S(7) = lim S(—) = lim /1 +— =1,
T—0+ n—oo n n—oo n

T.e. 9TO ITOT MpeJIeJ COBIaaaeT ¢ TOIHbIM 3HadenneM S(0), 4To u 3aBepInaeT J0Ka3aTeabCTBO
TeopeMbl 7.

3.4 Jloka3aTeJbCTBO CJIEICTBUS 2

[Iycts 0 < 71 < To. B ety moHoToHHOCTH DyHKIME S(T), a Tak:Ke ypaBHenus (6) BepHO,
970 S S
) )22
71 1 T2 T2

3.5 Jloka3aTejabCTBO TeopeMbl 8

JlokazaTesbcTBa MEPBOIO0 U BTOPOIO IIYHKTOB 3TOH TeopeMbl OYAYyT OYeHb IMOXO0XKH MerK-
JIy coboit, OJHAKO I yJI00CTBA MBI PEININJIA TMOCBATUTH KayKAOMy W3 HUX CBOW OTIEIbHBIN

nognaparpad.

3.5.1 Jloka3aTeJabCTBO MEPBOTO ITYHKTA TEOPEMBI 8

13 cipaBeyinBOCTH HECHMMETPUIHOTO aHAIOTa Teopembl ['ypBura ¢ mapamerpamu A u B
CJeIyeT, IYTO YUCI0 A JeKUT B MHOXKECTBE, CYIPEMYM II0 KOTOPOMY OepeTcs IpH OIIpe e/ IeHuN

BEJIMIUHBI S (%), a HUKaKoe OOJIbIee YHUCJIO He JIEKUT. DTO O3HAYAET, 9TO S (%) = A u ToUKa

% SABALETCA JOCTUZKAMOIA.
13 monoronnocru dyukinuu S(7) Tenepb Caepyer, 4yTo Jjisi BCeX T € [%; %] BEPHO, 4TO

S(7) < A. Tokazkem crpaBeiTiBocTh 06paTHOro HepaBeHcTBa S(7) > A Ha 3TOM OoTpeske. s

9TOTO HAJIO MOKA3aTh, YTO s KayKI0ro € < A BepHO, 4ro jmiag Kaxkaoro a € R\Q cymecrsyer

OECKOHEYHO MHOTO pPalluOHaJIbHBIX 9HCEeJI g TaKuX, 9TO

-1 P 1
— < -—a< 57— (17)
_ 2 A—e 2
(A-2)¢* ¢ —=q
Tak Kak mpu JaHHOM BBIOOpEe T BEpHO, YTO % < R, T0 cupaBeuBoCcTh HepaBeHcTBa (17)

clenyer M3 CIPaBeIIMBOCTH IIPABOIO aHajIora Teopembl PobuHcoHa ¢ mapamerpamu A u R.
Urak, mbl gokazauu, 4o S(7) = A Ha paccMaTpuBacMOM OTPE3Ke.
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[IpeamonokuM JOCTUKAMOCTh HEKOTOPOH TOUYKHU T € [%; %), T.e. TOT (PaKT, ITO IPU TAKOM

7 B (17) MoxHO mofcTaBuTh ¢ = (. Tak Kak MpH TAKOM T, KOHETHO, é > B, To MBI TIOJTy4a-
eM IPOTHBOpeYdrne ¢ HECUMMETPUYIHBIM aHAJIOrOM Teopembl 'ypBuma ¢ napamerpamu A u B,
YTBEPKJAAIONINM, B Y4aTHOCTH, YTO KOHCTaHTa B Heyaydriaema. TakuMm oOpaszoM, BCE TOUYKH
paccMaTpUBAEMOro OTPE3Ka 3a MCKJII0YEHUEM €ro MpaBoil IPAHUILI HEJTOCTHKUMBI.

OcTaoch TPOBEPUTH ONTUMAJIBHOCT JIeBO# rpaHullpl. [IpenmosokumM, 9To Ipu HEKOTOPOM
HOJIOKUTETBHOM § < }% HepaBeHCTBO (17) crpaBeiuBo U mpu 7 = % — d. MOoKHO TPOBEPHTD,
YTO IIPU MAJIBIX € HpaBasi 4acTb HepaseHcTBa (17) Oyaer npesocxoaurh R Ha HEKOTOPYIO (hHK-
CUPOBAHHYIO, HE 3aBUCHILYI0O OT £ BEJIUYUHY, Yer0 HEe MOXKET ObITb B CUJIY CIIPABEITHBOCTH
mpaBoro anajora teopembl Pobutcona ¢ mapamerpavu A n R. Takum obpaszoM, jeBas TpaHUIA
U MpaB/a ONTUMAJIbHA.

[lepBBlif MyHKT TeOpeMbl 8 MOJHOCTHIO JTOKA3AH.

3.5.2 JdokazaTreabCTBO BTOPOTO IIYHKTAa TE€OPEMBI 8

U3 cupaBeyinBOCTH HECUMMETPUYIHOIO aHaI0ra Teopembl ['ypBuiia ¢ napamerpamu A u B
CJIeYeT, ITO YUCI0 A JIeKUT B MHOZKECTBE, CYIPEMYM 110 KOTOPOMY O€peTcst Ipu OIpe e/ IeHun
BEJINYUHBI S (%), a HUKaKoe 0OJIbIee 9uC/Io He JIEKUT. DTO 03HATAeT, 9T0 S (%) = A u Touka
% SABJALETCHA JOCTAKAMOIA.

Tenepnb, w3 paBenctsa S (%) = A ¢ TOMOIIBIO CJCJCTBUS 2 MBI MOJIYYAEM, UTO JIJIsT BCEX
TE [%; %} BepHo, ato S(7) < BT.

[TpoBepum Tenepsb CIpaBeIMBOCTL 00pATHOTO HepasencTBa S(7) > BT Ha paccMarpuBa-
eMOM OTpe3Ke. J[jist 3Toro J0CTaTOvYHO JI0KA3aTh, YTO JJIsi KAXKI0ro € < BT BepHO, 9TO i

kaxkaoro o € R\Q cymecrByer 6eCKOHEYHO MHOTO PAIMOHATBHBIX YUCEJT § TaKUX, 9TO

LI ! (18)
— <t —a< .
(Br—¢)¢* ¢ (B-2)¢

Tak kak npu jJJaHHOM BBIOOpE IapaMeTpoB BepHO, 4To BT — & < L, TO cupaBejIuBOCTD
HepaBeHcTBa (18) BBITEKAET U3 CIPaBeIMBOCTH JIEBOIO aHAJIOTA TeopeMbl PoOWHCOHA ¢ Tapa-
MeTrpamMu B u L.

Urak, Mbl nmokazasu, aro S(7) = BT jis Beex T € [%;é].

[IpeamonoKum 1OCTHKUMOCTD HEKOTOPOH TOYKN T € (E? %}, T.e. TOT (PAKT, YTO MPH TAKOM
7 B (18) moxkuo mogcrasuth ¢ = 0. Tak Kak mpm TakoMm T, KOHeUHO, BT > A, TO MBI 1O-
Jiy9aeM TPOTHBOPEYHe ¢ HECUMMETPUYIHBIM aHAJIOrOM TeopeMbl ['ypBuiia ¢ mapamerpavu A u
B, yTBep2KmamomuM, B 9aTHOCTH, 9TO KoHcTaHTa A Heynydmaema. Takum obpaszom, Bce TOUKHA
paccMaTpuBaeMOro OTPE3Ka 338 MCKJIIOYEHUEM er0 JIEBOH I'DAHUIIBI HETOCTUZKUMBI.

Ocraiocs npoBepuTh ONTHMATBLHOCTE TTPABOI TpaHuIlbl. [Ipeano0KuM, 910 TP HEKOTOPOM
d > 0 mepasencrBo (18) cnpaBenBo u Ipu 7 = é + 0. MoKHO TPOBEPUTH, ITO MPU MAJIBIX €
JieBasi 4acTh HepaBeHCTBa (18) Oymer npeBoCXouTh L HA HEKOTOPYIO (GUKCUPOBAHHYIO, HE 3aBH-
CAIIYIO OT € BEJIMYHHY, YeTO He MOYKeT OBITh B CHJIY CIIPaBeJTMBOCTH JIEBOTO aHAJIOTa TEOPEMBI
Pobuncona ¢ napamerpavu L u B. Takum 0b6pa3om, jieBas rpanuia u npaBa ONTHMAJIbHA.

Bropoit myHKT Teopembl 8 MOJTHOCTHIO JOKA3aH, & BMECTe ¢ HUM — U BCSA T€OPeMa.
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3.6 Jloka3aTejabCTBO TeopeMbl 9

[Tycrs a € Q — npou3BoJIbHAS KBAJIpATUIHASI MPPAIMOHAIBHOCTE. VI3BECTHO, 4TO HEIOJIHBIE
YaCTHBIE (v C HEKOTOPOrO MOMEHTa nepuoandubl. [Tomoxum

a = [ag;a1, ... ,ak,C1,Ca, ~-v 1 Cm) -

Omnpenennm npn xaxkoM 1 < i < m BeauwanHs! «;, o n C; CAeayonum 06pa3om

ai:[ci;ci+17 cev 3Cp,C1,Coy ... ,Cm],
/ .
a; =[0;¢-1, - €1, Cmy C—15 -+ 5 C1] 5
!
Ci:Oéi—l—Oéi.

[IpousBoasa pa3spessl MO JOBOJIBHO CHJIBHO y/IaJeHHBIM OT HadaJsa HEMOJTHBIM YaCTHBIM YHCIa
« ¥ stz Ha hopmyaay (5) HETPYIHO yOeAUThCsI, YTO sl HEKOTOPBIX 4 U ip BEPHO, UTO

A(a) :OiAa B(Oé) :OiB-
A(a) .
g jokasare/ibcTBa TOTO, 4TO Bl € Q wmbr okaXkem Gostee obmMit (haKT O TOM, HA CAMOM

.. C; " .
Jleie TIpH BCeX 1, j BEPHO, ITO & € Q. /lokazeBaTh 3TO MbI Oy/IeM IPSIMOil TPOBEPKOIT SKBUBA-

JIEHTHOTO, HO DOJIee TPOCTOrO YTBEPKIEHUS O TOM, UTO TP KaxKJIOM ¢ BEPHO, UTO CLH e Q.
T
Urak, mycTb, 6e3 orpanudenus: o0muOCTH, ¢ # m. Torna
/ /
Cz' o; + o a; + o

2 / !
= = =—c¢ + (o — ;) - ¢ + 0. 19
Cip1 i1+ ! L ( ) (19)

!
a;—Cj a;+c¢;

NsBectna Teopema lamya (cum. [10]), yrBeprkpaiomast, 910 4HCIa ( B —) ABIAIOTCH KOD-
HSAME OJJHOTO M TOTO YK€ KBAJAPATHOTO yPABHEHUS C MEJBIMU KOI(DMOUIMEHTAME, T.€. OHH COTPSI-
KeHbl IpyT apyry. 1o Teopeme Buera, a; + (—a}) n —a;, — panmonanbHble qucia. B cuity
menodku papeHcTs (19) u3 3TOTO CIIeyer, UTo CCH — PAIHOHAJILHOE UHCJIO, YTO 3aBepIIaeT
JTOKA3aTETECTBO TEOPEMBI.

3.7 Jloka3aTeJabCTBO JIEMMBI 4

1s obocHOBaHUS MEPBOTO MYHKTA ITOM JEMMBbI 3aMeTUM, UYTO Pa3Pe3bl, BEDXHUM IIPeIeIOM
KOTOPBIX OyJIeT SBIAThCS Benmdauaa A(qy,) BCErma NelaloTes M0 HEMOJHBIM YaCTHBIM DABHBIM
eaunune. OJHAKO, ITH €IUHUIBI KMEIOT PA3/IMYHOE OKPYZKEHUE, TAK YTO HAJI0 HOHSTH, 110 KAKOI
HIMEHHO eIUHHUIE BHYTPH KasKI0TO IePHOAA lojyq,2 JyUIIe IPOU3BOIATL paspes. C IOMOIILIO
CTAHJAPTHBIX apUPMETHIECKIX BHIYUCICHUT (KOTOPhIe Mbl Ha MTPOTSIZKEHUN BCeii CTAThU BCErIa
Gy/1eM OIyCKaTh, YTOOBI He YIJIUHATH U 6€3 TOTO JIJTMHHBI TEKCT) MOXKHO YO IUThCs, 9TO PA3pes3
JIy4IITe TPOU3BOINTH IO TeM eJIMHUIIAM, KOTOPble HanboJiee CIIBHO Y1 IeHbl OT COCeICTBYIONIIX
C HUMH JIBOEK.

[Ipu k = 2m rakasg “neHTpaabHas’ eIUHUIA OQHA BHYTPH KaxKa0ro nepuoja. Cruenas pa3pes
o Heit yoexK1aeMcs, 94To

A(ay,) =14 [0 Lom, 2, Tamsr ] + [05 Lom, 2, Tamg) -

21



bnaromaps nemmam 1 u 2 HeTPYIHO yOEIUTHCs, ITO TOJHKO YTO MOJIYIEHHOE BhIpAYKEHHE sl
?
1 1
A (ay,,) B TOYHOCTH COBIAJAET C OUpejeIeHneM BeTuauabl Aj, .
Cayuait k = 2m + 1 pasbupaercst, B 1ejioM, anajgoruaso. [IpaBga B HeM Takux “HEHTPAIb-
HBIX €JWHHUIL BHYTPH KazKJI0T0 Tleprojia Oy/aer ABe, pa3pe3bl 10 KOTOPbIM B IIpejie/ie abCOJTI0THO

skBUBaeHTHBI. CrenaB paspes 1o jro00it n3 HuX yOerk1aeMcst, 9To

1 . —_— _ _
A (1) = 1+ [05 Lom, 2, Tamrs) + [05 Loms2, 2, Tangs)
‘{TO, OIIATH }Ke, B TOYHOCTDH COBIIaJaeT C A%m+17 €CJIN BOCIIOJIB30BATHCA JIEeMMaMMH 1 n 2

Jlisi obocHOBaHMS BTOPOI'O PABEHCTBA M3 ITO JIEeMMbI Mbl 3aMETUM, 4TO OOJILITMHCTBO pa3-
Pe30B, BepXHUil TIpejieJl KOTOPBIX Gepercs Ipu olpejejleHun Beaumdnnbl B (af) genaiorcs 1o
HEMOJIHBIM YaCTHBIM paBHBIM ejunuiie. Ho, BHYTpH KaKJI0r0 mepuoja lok i1, 2 €CTh POBHO OJIUMH
paspes 1o jaBoiike. C IOMOIBIO CTAHAAPTHLIX apu(pMEeTHICCKUX PACIeTOB MOYKHO IPOBEPHTD,
YTO UMEHHO 3TOT paspe3 u OVIeT caMbIM JIyUIIEM B npeaee. To ecThb

B (a}) =2+ [0; Tops1, 2] + [05 Tors1, 2] -
BuziHO, 9TO 3TO BBIpasKEHHE B TOYHOCTH COBIAJAET C OMpenesenneM By

PapencrBa 3) u 4) HACTOSIIIEH JIEMMBI MOYKHO ITPOBEPHUTDH TPSAMBIM BbIYUCIEHHEM: JeHCTBI-
TeJIbHO, TaK KakK Jiid duces PuboHaddu cymiecTByeT ‘3amknyras’ ¢dopwmyiaa bune, To u s
qUCeNT T, MBI HMEEM TOJHOCTBIO “3aMKHYTYH” dopmyiy. Ocranoch “nump’ yIpocTUTh ee 110
TpebyeMoro B JeMMe BHIA.

3.8 JlokazaresabcTBO TeopeMbl 10

Jloka3zaTesbCTBO JJAHHOI TeopeMbl Oy 1eT OCHOBAHO Ha CJejyloleit ujaee: Mbl Oy/ieM pa3douBaTh
BCE HpPaIMOHAJBHBIC (v HA KJACCHI, B 3aBUCUMOCTH OT TOT'O, BCTPEYAETCA JTH KaKas-TO 3a/aH-
Hag KOHEUHas [0CJIe0BATeIbHOCTD HATYPAIbHBIX YHCEJI CPE/IH [OC/Ie0BATEIbHOCTH HEIIOIHBIX
JACTHBIX (v BECKOHEYHO MHOIO pa3 WM HerT. JIJIsg KarKI0ro BBIJEJIEHHOTO KJACCa MbI ¢ IIOMO-
IBIO HETIOCPEJICTBEHHOTO mojicueTa 1o opmyiae (5) ybeauMces, 9To Jjist KayKI0r0 (v U3 JAHHOTO
KJs1acca HepaBeHncrsa (7)-(9) BepHbl. A noc/ie IpuBeieM IPUMEP HEKOTOPBIX KOHKPETHBIX (v, JIJIsT
KOTOPBIX 9TH HEpaBEHCTBa HE MOI'yT 6bITb YCHUJICHDI.

Urak, npucrynum. [ycrs a = [bo; ay, by, ... ,an, by, ... ].

Caywat 1. 3*°a, > 3.

B srom caydae, fesrast pa3pessl M0 TAKUM (,,, KOTOPbIE He MeHbIIIe TPOHKHU, Mbl yOeK 1aeMcsl,
uro A(a) > 3. BumuM, uro st Takux « Hepasenctsa (7)-(9) BepHBI, TAK KAK TOTHOCTH TOJBKO
YTO HaMAEHHBIX ITPUOIMKeHUIT HAMHOTO Jiydie Tpedyemoi B TeopeMe 10. [leiicTBuTebHO,

3>v5= lim L} = lim Al
m—0o0 m—o0
a 3HAUUT, B CUJy BO3pacTaHus moc/eposarebuocreii L u Al Bepuno, uro npu kaxjom ¢puk-
cuposannoM k € N Bepro, uto 3 > Li, u 3 > A}, n yx Tem Gosee, 3 > A} —e. B nanbueiintenm,
OJIO0HBIE MecTa MbI OYIeM PacHUChIBATH MEHee MOJIPOOHO.

Tak, Mbl TPOBEPUJIH, YTO JJisl TEX (v, KOTOPbIe MOANANAI0T Mo ciydail 1 HepasencTsa (7)-
(9) BepHBbI. B ganbHeiiem Mbl GyeM PACCMATPUBATH TOJIBKO TAKHE (v, KOTOPBIE STOMY CJIYUYAI0
HE Y/I0BJIETBOPSIOT.
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Cayuat 2. 3°b, > 3.

B srom ciydae, nenast pa3pessl Mo TaKuM b,,, KOTOpbIe He MEHbIIe TPOHKH, Mbl yOeK 1aeMcsl,
aro B(a) > 3+ ﬁ 2%1 = 13—1, TaK KaK COCEJICTBYIOIUE C TAKUME b, YHCIAA Gy W (pp1 HE
MOT'YT OBITH 0OJIbIIIE JIBOWKYN B CHJIY cjaydad 1.

Tak kak % > 3.464101... = B} — mepsoro wiena yObIBaIoOmed MOCIETOBATEIHHOCTH
By, Ry, Bf, Ry, B, ..., T0o m mia takmx « mepaserctBa (7)-(9) Bepubl. B nasbmeiinrem mbr
Oy/1eM paccMaTpUBATH TOJHKO TAKUE (v, KOTOPBIE HE YIOBIECTBOPSIOT HEPBBIM JIBYM CJIyUasiM.

Cayvati 3. 3° a, = 2.
B sTom ciyuae, nestast paspesbl 10 TAKHM d,,, KOTOpPble PaBHBI JABOHKe, MbI yOerK1aeMcs, 4To
1 1 _ 8 8
Ala) > 2+ 537 + 537 = 5. Onarb xe, Tak Kak 3 > V5, 10 nepasencrsa (7)-(9) sepubt u st
TAKUX (V.

[Toce pa3bopa THX TpexX CIy4aeB HAM OCTAJIOCh TpoBepuTh HepaseHcTBa (7)-(9) TOaBKO
SIS

a = [bo;ai, by, ... ,an, by, ...], Takux, uro AN e N:Vn > N a, =1, b, € {1,2}. (20)

Kazxoe u3 wepasencts (7)-(9) juist Takux ducest Mbl OyjieM JOKa3bIBATH HEMHOTO [IO-PA3HOMY.
JlokazaTesbeTBY KarK/0ro W3 HUX MBI MMOCBATHM OTAEIBHBIN moamaparpad.

3.8.1 [Ioxa3aTeJbCTBO CIPABEAJINBOCTU HepaBeHCTBA (7)

Urak, mycrs dbukcnpobano HekoTopoe teaoe k > 0. ITycrs a mveer Bug (20). TokazaTeancTBo
ONATH OyJIeT MOCTPOEHO Ha Pa3dope HEeCKOJIbKUX CJIYYaeB.

Cayuati 1. B nocaedosamenvrocmu b, cyuiecmsyem bOeckoHeuwHo MH020 cocednur 08oexk,
pasdesennvz e bosee wem (k — 1)-ot edunuued.

Janubprit caydait Mbl OyIeM paccMaTpuBaTh TOJAbKO eciu k > 0. Ecom ke k = 0, To cpa3y
epexo MM K pazdopy ciydas 2.

Urak, mycts k£ > 0. B 9T0M citydae npow3Bos pa3pessl M0 TAKUM JIOCTATOYHO Y/IaIeHHBIM
OT HavaJa JIBOHKAM ¢ MOMOIIHI0 (bopMybl (5) MOKHO MOJIYYUTh HEKOTOPYIO HHKHIOIO OTEHKY
Ha BeuuuHy B(«). deiicTBUTEIBbHO, TAK KaK pa3pe3 JOCTATOYHO yAaJleH OT Hadasia, TO Mbl MO-
JKEM CUUTATh, YTO B €10 OKPECTHOCTH paBeHcTBa 13 (20) yiKe BBIIOJHSAIOTCsI. HeTpyaHO OHATH,
YTO HAUXYIITUM TaKOe MpUOUKeHrne OYIeT TOTIa, KOT/Ia COCEeICTBYIONINE JTBOWKN Pa3/Ie/IeHbI
B II0CJI€I0BATEIbHOCTH b,, MAKCUMAJIbHO BO3MOYKHBIM KOJMIECTBOM €IMHUI. B HameMm caydae
510 k — 1. Tlpu 3TOM B mOC/I€10BATEIHLHOCTH HEMOJHBIX YACTHBIX YHUC/IA (r TAKUe JBOHKH Oy-
IyT paszgesensl (2k — 1)-oii equHuIel, TaK KAK MBI CIHTAEM, YTO BCE G, DPABHbI €UHUIE B
OKPECTHOCTH pa3pe3a. Kpome Toro, 3To npubjnzKeHne OyaeT HAUXYIIIMM, €CJIH KPpOMe IBYX
BBIIIEYIIOMSIHYTBIX TBOEK APYTHX JABOEK B OKPECTHOCTH pa3pesa HeT. lTak, Mbl MOKA3aIl, 9TO
B 9TOM CJIy4ae.

Bla) > 2+ [0; 15-1,2,1] + [0;1] .

[IpuMenuB JleMMy 1, 9TO HEpaBEHCTBO MOXKHO 3alMcaTh B 0ojiee SBHOM BHIE CJIELYIOIIIM
obpazoM:
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3++5 For <3+2\/5> + Fop—2
B(a) > 5 + > :
Foy, (3+2 5) + Fop1
C momorpio apudMETHIECKUX MOICIETOB MOKHO YOCAUTHCS, UTO U3 TOJBKO UTO IOJIYI€H-

HOIl HUZKHel onenKn BesmuuHbl B(a) caemyer, aro npu kaxaom k > 1 sepno, aro B(a) > By,
U3 Yero, B YaCTHOCTH, CJEJIYET, YTO HepaBeHCTBO (7) BEPHO JJisl TAKHUX (V.

Cayuwati 2. B nocaedosameavrocmu b, cywecmeyem auwd KoHewHoe “ucao deoek, aubo
cywecmeyem 6eckoHeuHo MHO20 cocednux deoek, paszdesennvx no kpatimetd mepe (k + 1)-od
eduruyed.

B sTom ciiyuae OyneM 1eiicTBOBaTh aHAJIOIHYHO, TOJTHKO Pa3pe3arh MbI OyIeM 10 TaKuM
a, = 1 KOTOpBIE JAJbIIEe BCErO OT COCEJACTBYIONIUX C HUMH JBOeK. Kak u panee, OyjieM Impej-
[0JIaraTh, 9YTO B OKPECTHOCTH pa3pe3a paBeHcTBa u3 (20) yzKe BHITOJHAOTCS. JList IOy YeHnst
HIDKHeH omeHkn mias A(a) HaM moTpedyercst paccMOTPETh OTAETHHO CIyIad YeTHOTO W HedeT-
HOTO K.

[Iycts kK = 2m. B srom ciydae y Hac ectb GECKOHEYHO MHOI'O OJIOKOB JITMHBI XOTsS ObI
2m + 1 u3 eanHWYHBIX b,. A 3HAYNT, cAeJaB pa3pe3 Mo OIHON M3 ABYX a,, COCEICTBYIONMINX C
MEeHTPAJIBHON equHuIe B TaKOM OJI0OKe, MBI MOXKEM TOOHTHCS TOrO, 9TO C OJHOH CTOPOHBI OT
Hee OymeT XoTst OBl 2m eIWHHIL, a ¢ ApYyTroit — XoTs Ob1 2m + 2. HeTpyaHo mpoBepuTh, IYTO TaKoe
upubsimkenue Oy1eT UMeTh HAUXY/IIIYI0 TOYHOCTh, KOIJIa BCE OCTAJIbHBIE b, PABHSIIOTCS JIBOKE.
To ecth B 3TOM Ciryuae

A() > 1+ [05 120, 2, 1] + [05 1242, 2, 1] .
[Ipumensist jemmy 1 Mbl 3allUIleM 3TO HEPABEHCTBO B SIBHOM BHJIE CJIeLyIOIIUM 0Opa3oM:

Fom (1+V3) + Fope1 Fona (1+V3) + Foa

Ala) > 1+ .
() Fomt (1 + \/§) + o Fopmgs (1 + \/3) + Fomqa

Ecim xxe k = 2m + 1, TO ¢ NOMOIIBIO AHAJOTHIHBIX PACCYKICHUNE MOYXKHO IMOKa3aTh, YTO

Lomyo (1+ \/§) + Fomqr
Fomis (L+V3) + Fopso

Ala) > 142 [0;1op42,2, 1] =142

C MOMOIIBIO HETIOCPEJICTBEHHBIX BBITHCJIEHHIT MOKHO yOEIUThCs, ITO BHE 3aBHCHMOCTH OT
qeTHOCTH k > 0 MOJyUeHHAS HUKHsAS ONEHKa BeIMYuHBl A(q) BCerja BiIedeT HEpaBeHCTBO
A(a) > Aj, a 3HaunT HepaBeHCTBO (7) BEPHO M JIJIs TAKHX (.

Bamernm, 9TO €IMHCTBEHHBIMU HPPAIMOHATBHBIME (v, JJisi KOTOPBIX HepaBeHCTBO (7) Bee
ellre He TOKA3aHO, ABJIAI0TCH TOJBKO TAKHAE (v, HEIOJHbIE YaCTHBIC KOTOPBIX COBIIAJIAIOT ¢ HEIIOI-
HBIMH YaCTHBIMHA Oéll$ HadlHad C HEKOTOPOIro MOMeHTa U, BO3MO2KHO, C HEKOTOPbLIM CABHUI'OM 4Ye€T-
Hoit bt g rakux o Bepro, uto A(a) = A}, B(a) = B{, 01HaKo, U3 3TOTO eIe He CJAeyer,
9TO JIJI HUX BEPHO HepaBeHCTBO (7), TaK KakK CTpeMJIeHHe K 0O0UM TUM BEPXHUM IpejesiaM
MOzKeT ObITh CcHu3y. [lokazkeM, 9TO Ha camMoM Jjiejie XoTsi Obl K OJHOMY U3 HHX (a Ha camMoM
JeJie - BCerjia pOBHO K OJIHOMY) HPOUCXOIUT cBepxy. Ham Gymer yno0HO 0603HAYUTH HEIOJIHBIE
JACTHBIE TAKOTO (v CJEYIONUM 00pa3oM: « = [ao; a1, A2, -« . , A2m, Log+1, 2].
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Ham Takxke morpebyercs onpenenTb hOpMaJIbHYI0 GECKOHEYHYIO B 00€ CTOPOHBI CTPOKY
B =1..,b_1,b0,b1, ...] = [logs1,2; logs1, 2], 9/1EMEHTH KOTOPOU MPOHYMEPOBAHBI IEJIBIME
YUCJIAMU, & TOYKA C 3andToil B Heil “pazjenser” boy, 1 bopaq.

Bregem nBe BelmawHbBI, XapaKTePU3YIONHe Pa3InIne MexKI1y o u .

[lycth 07 — mMakcnmasbHbIl HOMep B [0; 2m|, ayst koToporo a,, # b,,. Hanpumep, ecan
Qo # 2, TO 01 = 2m. Ecnn ag,, = 2, HO ag9,,—1 # 1, TO 07 = 2m — 1. Ecin ke Takoro Homepa
HeT, TO HOJIOXKUM 01 = —1.

Eciu 01 # —1, To nonoxkum oo = 1 ecan by, > a,,, 1 10j0kuM 09 = 0 ecsint by, < a,,. Ecin
o1 = —1, To MONOKUM 09 = 1.

To, kakass u3 JAByX 4acTell HepaBEeHCTBA (7) BBIIIOJIHAETCA B JAHHOM CJyd4vae 3aBUCUT OT
JeTHOCTH 01 + 09. Hanpumep, no dopmyie (5) HETPYIHO yOEIUTHCS, UTO €CIH 01 + 03 Y€THO,
TO JleJlag Pa3pesbl 110 KaKIoil JBOUKe B IIepUOJe, T.e. PACCMATPHBAS BEIUIHMHBL A2y in(2k+2)—1
npu n € N, MBI Toy4daeMm, 9T0O

Aomn(2k42)-1 = 2 + [0; Logy1, 2] + [0; (Lokt1, 2)n4 s Logs1, Qom, .., a1, @0] >
: . _nl
> 24 [0; 1oy1, 2] + [0; 1oxt1, 2] = By,

A 3HauuT, ecau 0y + 0y 9ETHO, TO HEPABEHCTBO (7) BEPHO I/ TAKHX (.

Amasorndno, ecim oy + 0y HEYETHO, TO Jejasd paspesbl Mo HanbGo/ee NeHTPAILHON eTnHnIe
¢ HEeYeTHLIM MHIEKCOM BHYTPH KasKJOTO IIEPHOJA, MOXKHO YOEJIUTLCA, YTO COOTBETCTBYIONIZE
A\, Gosbie A, a 3HAYMT, HEpaBEeHCTBO (7) BEPHO W JJIs TAKAX (.

Urak, nocsae pasbopa BCeX 9TUX CJAYdYAEB Mbl JOKA3a/1M CIIPABEIJIMBOCTL HepaBeHcTsa (7)
JIUI KazKI0r0 UPPAIHOHAILHOIO (.

3.8.2 [Ioxa3aTeJbCTBO HEYJIydYIIaeMOCTH HepaBeHcTBa (7)

JloKazaTesbCTBO HEYJIVUIIAeMOCTH SIBJISETCS HECJOXKHBIM CJIEICTBHEM TOJIHLKO UTO MpHBE-
JIEHHBIX paccyzKaenuil. Ham norpebyercsa paccMOTpeTh ABa YUCIa, HEITOJIHbIEe YACTHBIE KOTOPHIX
HaduHad C HEKOTOPOIoO MOME€HTa U, BOBMO2KHO, I10CJI€ 4Y€THOI'O C/ABUI'a, COBIIaAal0T C HEIIOJIHbIMU
YaCTHBIMU ai. OHO U3 HUX — ¢ YETHOH CyMMOil 01 4+ 09, a Apyroe — ¢ HederHoii. Hampumep,
MOYKHO PACCMOTDETh 9ucaa a + 1 1 af — 1 COOTBeTCTBEeHHO.

[IpeamoaoKuM, 9T0 HepaBeHCTBO (7) YIydIlaeMo, T.e. IPU HEKOTOPOM k B HEM MOYKHO YCH-
JINTH OJHY W3 IpaHull. be3 orpanuyenusd oOHIHOCTH, NMYCTh JeBYIO. 10 ecThb MJIsT HEKOTOPOTO
e > 0 BepHO, YTO /I KaXKJIOTO MPPAIMUOHATHLHOTO (v CYIIECTBYET OECKOHEYHO MHOTO YHCE]T
P, q € 7 TaKuX, 9TO X '

- p
(Al+o ¢ ¢ "Bl

[IpuseM K IPOTUBOPEYHIO, MOKA3AB, 9TO ITO HE BEPHO i 4mcaa o) — 1. JleficTBurensro,
B CHJIY T€OPeMBI 6 JIOCTATOYHO PACCMATPUBATDL TOJBKO IOAXOAsIIHe Ipodu. Tak Kak
A(aj, — 1) = Al < A} + &, TO CyIMECTBYET JHITH KOHETHOE TUCIO P, ¢ € Z TAKUX, 9TO

1 P
Al+od ¢ =

Tak Kak mas af, — 1 cymMa 07 + 09 HEIETHA, TO, KaK OBLIO (PaKTHIECKH 0GOCHOBAHO MPH

pasbope peIbIIyIIero MyHKTa, CyIeCTBYeT JIUIb KOHEIHOE YUCTIO0 P, ¢ € 7 TaKHUX, ITO

O<p < 1
-——a < —=.
q BLq?

(21)

25



A sHauurt, 1ig yucaa o — 1 HepaBeHCTBO (21) He BBIOIHAETC, T.€. JIeBast TPAHUIA HEPABEHCTBA
(7) me ymydrmaema.

Anajiorun4no, ¢ MOMOIBIO Yucaa af + 1 ¢ 4eTHOl CyMMOl 01 + 0y MOZKHO IIPOBEPUTH HEYJLy Y-
IAeMOCTh [IPaBOiil TPaHUITH HepaBeHCTBa (7).

3.8.3 Ioka3aTejbCTBO CIPABEAJIMBOCTU HEPaBEHCTBA (8)

Nrak, mycTh HUKCHPOBAHO HEKOTODOE 1ejoe k > 1 1 HEeKOTOpoe TooKuTebHoe &€ < A
Kaxk yzke GBbLIO yIOMSIHYTO, TOCTATOYHO JOKa3aTh (8) TONBKO JJIsT TEX (v, KOTOPhIe NMEIOT BH/I
(20). st mokasaTesbCcTBa HAM MOTPEOYETCsT PACCMOTPETh HECKOJIBKO CJIYUAeB.

Cayuati 1. B nocaedosamesvnocmu b, cywecmsyem Auwd KOHEWHOE YUCAO 060€K, AUOO
cywecmsyem OeCKOHewHO MHO020 COCeOHUT 060ek, pasdesennuix no kpained mepe (k + 1)-ot
edunuyed.

OTor ciaydail yxke msydasics B §3.8.1, rge ObLIO MMOKA3aHO, 9TO JJjisI TAKHX (v BEPHO, UTO
A(a) > A}. 910 060CHOBBIBACT Il TAKUX (v CIIPABEIINBOCTH HEPABEHCTBA (8), TaK Kak, KO-
neuno, Aj > Aj —e.

Ecau ycinosus ciaydasi 1 He BepHBI, TO B IOCJe0BaTeIbHOCTH b,, OECKOHEYHO MHOI'O JBOEK
3 ?
PACCTOSIHUAS U3 eIUHUIL MeKJy KOTOPBIMH HadWHAasi ¢ HEKOTOPOrO MOMEHTa He TPEeBOCXOIAT k.
Anpuopu, BO3MOXKHBI J[BE€ PA3JIHIHBIE CHTYAIINH:
?

Cayuati 2. Paccmoanus us edunuy, mexncdy cocednumu 080UKAMU 6 NocAedo8aMeAbHOCTIU
b, HAMUHGA C HEKOMOPO20 MOMEHINA 6Ce20a PasHbl k.

B 9TOM C/Iyduae HEMONHBIE YACTHBIE (v COBIANAIOT ¢ HEMOJHBIMH YACTHBIMH (i HAMHHAS C
HEKOTOPOI0 MOMEHTa U, BO3MOXKHO, ¢ HEKOTODbIM CABMIOM 4eTHOH jyuubl, u A(a) = Al >
> A} — e, Tak 4TO JUIg TAKUX (v HEPABEHCTBO (8) BepHO.

Cayuat 8. Paccmoanus us edunuy, mexncdy cocednumu 080UKAGMU 6 NocAedo8amesbHOCTIU
b, becroneurno mmo20 pas we npesocxrodam k — 1.

[IycTh mocae0BaTeIbHOCTD 1y, Ny, ... — JTO MOCAEI0BATEIHHOCTH WHIEKCOB ITHX “OJIn3-
Kux’ JBOEK B IOCJIEI0BATEIbHOCTH b,. /115 3aBepireHnst J0Ka3aTeIbCTBA HAM JTOCTATOYHO II0-
Ka3aTh, 9TO HAYHHASA ¢ HEKOTOPOIO MOMEHTA BCe pa3pe3bl MO 9THM JABOMKAM HMEIOT TOYHOCTH
ayumte, uem Rj. MHAYe roBopd, HAZO MOKA3ATH, 9TO Ag,, 1 > R} HAUAHASA ¢ HEKOTOPOTO i.

[Tocsie/1Hee HepaBeHCTBO U BIIPABJLY BEPHO, TaK KaK Mgy, 1 MOXKHO, OY€BHJIHO, OIEHUTH CHU3Y
crenyomuM 06pazoM. MUHUMATBHBIM Ag,, 1 OyIeT Torma, Korja paccrogHue u3s b, = 1 Mexmay
KA K/IBIMH COCETHIMHM JIBOMKaMu Oy1eT Kak MOXKHO OosrbImuM. Tak Kax MBI pa3pe3aeM II0 OTHON
u3 “OIM3KHUX” JIBOEK, TO OJHO U3 PACCTOSHUN HY?KHO IOJIOKUTH PABHBIM k— 1, Bce 2Ke ocTaJIbHbIE
PACCTOSTHUSI HUYEro He MENlaeT HAM MOJIOKUTH PAaBHBIME k (pACCTOAHUS JIMHHONU Goubine k
3alpeIeHbl PACCMOTPEHUEM TIDe/IBIYIINX CaydaeB). VTak, Mbl MOKAa3a/IM, 9TO JJIst OOJIBIIHX 1
BEPHO, UTO

Aon—1 > 2+ [05 11,2, Topra, 2] + [0; Topg, 2] -

HepaBencTBo u npasia cTporoe, Tak Kak mnap “0Ju3Kux’ JIBOGK B HAIeH MOCIe10BaATEIbHO-
CTU HEMOJIHBIX YACTHBIX OECKOHEYHO MHOTO, B TO BPeMsI KaK s MOJYyIeHWs ITON OMEHKNH MBI
PEJIITOIOKIIN, YTO OHA OJTHA.

Jlerko yGemuThCs, ITO MpABasg YACTH MOJYYEHHOH ONEHKH B TOMHOCTH paBHAa R, 9TO u
3aBepINaeT JIOKA3aTeIbCTBO CIPABEJIMBOCTH HepaBeHeTBa (8) Juist Beex a.
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3.8.4 doka3aTenbCTBO HEYJIydYIIaeMOCTH HepaBeHCTBa (8)

JlokazaTesibCTBO HeyJ Iy dIaeMOCTH HePpaBeHCTBa (8) Oy/eM IPOBOJAUTD B JiBa IHArA.

Ha mepBom, GoJiee JIerKoM Trare, Mbl OKazKeM, 9TO B JIEBYIO YaCTh HEpaBeHCTBA (8) Helb3st
nosoxkuth € = (0. [eficTBurenbro, ecau Ob OBLIO MOXKHO, TO JieBasi 9acTh (8) coBmasa Obl ¢
JIeBoit 4acThio (7), a mpaBast 9acTh Oblia Obl CUJIbHEE, TAK KAK MPH KayKI0M IeJI0M k > 1 BepHO,
aro R} > Bj. A 370 Gbl NPOTHBOPEYNIIO YKe TOKA3AHHON HEYIydIIaeMOoCTH HepaBeHCTBa (7).

Ha BTOpOM, O0Jee cI0KHOM Tmare, Mbl MMOKazKeM, 9TO HU IIPU KaKoOM TesioM k > 1 mpaByio
4aCcTh HEPABEHCTBA (8) HEJIb3s YJIYUIIUTh TAK, 9TO0BI 9TO YJIydIIeHHe He 3aBHCENO OT E.

[Ipegnosioxkum mporuBHoe. [lycth npu Hekoropom mnejiom k > 1 cyIiecTByeT HEKOTOPOE
§ > 0 Takoe, 9TO I KAXKJOTO IOJOKHTEJNBHOTO £ < Aj M KaKJIOTO UPPAIMOHAILHOTO (v
BEpPHO, UTO HaiijleTcsd OECKOHETHO MHOTO P, ¢ € 7 TaKuX, UTO

p
(AL —e)¢®> ¢ (R, +9)¢* (22)

OmnpegenuMm npu KaxkiaoMm r € N qucio oz,{,’r CJEIYIONUM 0Opa30M:

Oéllc,r = [2; 1ok-1, 2, (Log41, 2), ]

Ucxonst uz paccykaennii B §3.8.3, HETPY/IHO MOHSITH, ITO MOC/IEI0BATETHHOCTD B (oz}ﬁ’r) yObI-
BAET ¢ POCTOM T W cTpeMuTca K R, mpw r — 00. B 9acTHOCTH, Haiijiercs Takoe m, 4TO
B(ay,,,) < Ry + 0. dcno, aro A(ey,,,) < A(ay) = Ap. B wactiocrn, majigercs Takoe 1mo.o-
xuTepHoe € < Ay, uro A(ay,,) < Ap —e.

Buum, 9ro Jyist TAKOro BRIGOPA napaMerpoB HEPABEHCTBO (22) He MOXKET ObITh BBIIIOJHEHO
st ay ,, Tak Kak A(ay,,,) < Ap—en B(ay,,) < Rp+0. Tlory4ennoe npornBopetne 3apepraer
000CHOBAHIE HEYJTydIIAaeMOCTH HEPABEHCTBa (8).

3.8.5 [Ioka3aTeJbLCTBO CIPaBEAJINBOCTU HepaBeHCTBA (9)

Urak, mycrb BbUKCHPOBAHO HEKOTOPOe Teoe k > () U HEKOTOpOe MOJOKATENbHOE & < Bj.
Kaxk yKe GBbLIO yIOMSHYTO, JTOCTATOUHO JOKA3aTh (9) TOJBKO JJIsl TeX (v, KOTOPBIEe NMEIOT BH/I
(20). Jlnst mokasaresbCTBa HAM HOTPEOYETCsT PACCMOTPETh HECKOJIBKO CJIYdaeB.

Cayuati 1. B nocaedosameavrocmu b, cyuecmsyem beckonewrno MHo20 cocednur 080exk,
pasdesernnoir e boaee vem (k — 1)-ot edunuyed.

Janubrit caydait Mbl OyJeM paccMaTpuBaTh TOJALKO eciu k > 0. Ecom ke k = 0, To cpa3y
nepexoiuM K pasbopy ciaydas 2.

Urak, mycts £ > 0. Dror caydaii yxke u3ydaicd B §3.8.1, rae Obl10 mMoKaszaHo, 9TO JJIsd
TAKHX (v BEpHO, 9T0 B(r) > B}. 9T0 060CHOBBIBACT I TAKAX (v CIPABETUBOCTH HEPABEHCTBA
(9), Tak Kak, koneuno, B} > B} — .

Ecan ycnoBus ciyuass 1 He BepHBI, TO B TOCIEIOBATEJIHHOCTH b, JTUOO KOHEYHOE YHCJIO
JIBOEK, JITOO OECKOHEYHOE, HO PACCTOSHUS U3 €JIMHUI] MEYK/Iy COCEJIHUMHU JIBOMKAMU HAUYUHAS C
HEKOTOPOTO MOMEHTa He MeHbIe k. Apuopu, BO3MOXKHBI JIBe PA3JIUIHBIE CHTYaI[HH:
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Cayuati 2. Paccmoanua us edunuy, mescdy cocednumu 060UKAMU 8 NOCAEIOBAMENLHOCTIU
b, HAYUNMGA C HEKOMOPO20 MOMEHME 8CE20a PasHbL k.

B 3T0M C/lyuae HeNoJHble YaCcTHbE (v COBLAJAIOT ¢ HENOJHBIMU YaCTHLIMM (vp HAYUHAS C
HEKOTOPOTO MOMEHTa M, BO3SMOKHO, ¢ HEKOTODBIM CABHTOM 4eTHOH gmmubl, u B(a) = B} >
> B} — ¢, Tak 4TO0 115 TaKNX v HEpaBeHCTRO (9) BepHO.

Cayuati 3. B nocaedosamenrvrnocmu b, cyuecmsyem beckonewno mMuo20 6,40k06 daunv, k+ 1
u3 eduHuy,

Paz6op sToro ciydas OyaeT MPOUCXOAUTH HEMHOrO IMO-pa3HOMY B 3aBHCHMOCTH OT TOTO,
YeTHO WX HEeYeTHO k.

[Iycrs k = 2m — gerno. O603HAUNM 4depe3 Ny, N, ... MOCAEAOBATEIHHOCTb HHIEKCOB ITUX
“menTpasbHbIX” equHUIL B O60Kax u3 (2m + 1)-oit eqununbl. BygeM npon3BoauTh paspessl 10
(p,+1 — ONHOHN W3 ABYX a,, Hanbosee OMM3KHUX K b,,. VHaue rosops, OyaeM paccMaTpUBaTh
BEJTMIUHBL Aoy, -

s 3aBeplIeHnsT JOKa3aTebCTBA HaM JOCTATOYHO MTOKA3aTh, YTO HAUYMHAS ¢ HEKOTOPOI'O
MOMEHTA BCe Agy,, Gombire L .

[TociietHee HEpaBEHCTBO M BIpaB/y BepHO. /leficrBuTe/ibHO, B CUIYy BBIOOPA MHIEKCA pas3-
pe3aHus sICHO, 9TO BJIEBO OT pa3pesa CTOAT KaK MUHUMYM 2m + 2 equHunsl (m + 1 u3 b, u
m + 1 u3 a,), a cnpaBa — 2m ejauHul. MUHAMATBHBIM Mg, OyIeT TOrJa, KOLJA OCTABIIHECS
b, OyayT nBOHMKaMHU KakK MOKHO darie. Tak Kak Mbl yKe MHHOBAJIM HPEJbIAYIIUE CJYYau, TO
caMag JacTasl pacCTaHOBKA JIBOEK, KOTOPYIO HAM HYZKHO PAaCCMOTPETh 3TO 2m eTUHUIL B IOCIe-
JIOBATEJILHOCTH b, MEXKIy KaKIbIMH JABYMs JBoiiKamMu. VTak, Mbl TOKa3aad, 9T0 /s OOJIBITHX
1 BEPHO, 9TO

Aong, > 1+ [05 1,2, Tammgt, 2] + [0 Lomga, 2, Tamr1, 2] -

HepaBeHCTBO ¥ TIpaB/ia CTPOroe, Tak Kak 0J0KoB u3 (k + 1)-0if eIMHUIBI B TTOCIIE0BATE b=
HOCTH b,, 0ECKOHEYHO MHOI'O, B TO BpeMsl KakK JIJIsI TOJIYYeHUsI 9TOI! OMEeHKH MBI ITPeII0I0KIIIH,
4TO OH OJIUH.

C nmomompio jiemMm 1 u 2 HETPYAHO yOeAUTHCs, UTO IpaBas J9acThb MTOJYYEHHOI ONEHKU B
TOYHOCTH paBHa L} , 4TO U 3aBepIIaeT JOKa3aTeJbCTBO CIPaBe/IMBOCTH HepaBeHcTBa (8) s
Bcex o mpu k = 2m.

[Iycts k = 2m + 1. O6o3HauuM 4Yepes ni, ng, ... HOCJEI0BATETLHOCTH UHIEKCOB JIEBOil U3
JBYX “HEHTPaJbHBIX” ejaunull B 0j10Kax u3 (2m + 2)-yx ejunui,. Paccyxkias abCcoJII0THO aHaJI0-
THYHO TOMY, KaK Mbl PACCYXKJIAJN B CJIydae 9eTHOTO k, MOXKHO IOKA3aTh, UTO JJI OOJIBIINX 1
BEPHO, UTO

)\Qni >1+ [0, 12m+27 2, 14m+37 2} + [0, 12m+27 2, 14m+37 2} .

C momomipio 1eMM 1 1 2 HeTPYAHO YOeIUThCs, YTO TpaBasd 9acTh MOJTYYCHHON ONEHKH B TOY-
HOCTH paBHa Lj,  ;, 9TO U 3aBepIIaeT TOKA3aTEIbCTBO CIPABEITHBOCTH HepaseHcTsa (9) ams
Bcex v u nipu k = 2m + 1.

ITak, BHE 3aBUCHMOCTH OT Y€THOCTH k, HEPABEHCTBO (9) MOJHOCTHIO TOKA3AHO.

3.8.6 [Ioxa3aTeJbCTBO HEYJIydYIIaeMOCTH HepaBeHcTBa (9)

JloKa3aTebCcTBO Hey Iy IliaeMoCTH HepaBeHCTBa (9) 6y1eM MpoBOAUTE B JiBa IHATA.
Ha nepBoM, 6oJiee JIETKOM TIare, Mbl HOKayKeM, 9TO B IPABYIO 9acTh HepaBeHCTBA (9) Hesb3s
nosnoxkuTh € = 0. [eficTBUTENBHO, eciu OBl OBLIO MOXKHO, TO TpaBast 4acTh (9) coBmana Obl ¢
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IpaBoil 4acThio (7), a Jiepas 9acTh Obl1a Obl CHIIbHee, TaK KaK IPU KaxKI0M 1ejoM k > 0 BepHO,
aro L}, > A}. A 370 6B IPOTHBOPETMIIO Y2Ke JOKA3AHHON HEYJIydIIaeMOCTH HepaBeHcTBa (7).
Ha Bropom, Gosiee C0KHOM I1are, Mbl IIOKaXKeM, 9TO HU HPU KaKOM 1ejoM k > 0 JsieByio
qacTh HepaBeHCTBa (9) HEb3s YIYUIIUTh TaK, 9TOOBI 9TO YJIydIlIeHHe He 3aBHCENO0 OT E.
[Ipepnosioxkum mporuBHoe. Ilycth npu Hekoropom nejiom k > (0 cyIiecTByeT HEKOTOPOE
§ > 0 Takoe, 9TO I KAXKIOTO TOJOKHUTEIBHOTO £ < Bl M KaxKI0ro MppanuoHAIBLHOTO (v
BEpPHO, UTO HaiijleTcsd OECKOHETHO MHOTO P, ¢ € 7Z TaKuX, UYTO

—1 <p < 1
s <= —«
(L +0)¢® ¢ (

B —e)¢*
Omnpegenum npu Kazxkiaom [ € N quciio oz,lﬁl CJIJIYIONIAM 00pa30M:

oy = 25 Logrs, 2, (Lokgr, 2)))

Ucxonst u3 paccyzxaenuii B §3.8.5, HETPY/IHO TOHSITH, YTO MOC/IEI0BATETHHOCTD A(a}ﬁl) yObI-
Baer ¢ poctom | m crpemmurcs K Lj npnm | — oo. B wacTHOCTH, Haiigercs Takoe m, UTO
Alay,,,) < Ly + 6. fceno, aro B(ay,,) < B(ay) = Bj. B gacrrocTH, Hajiiercs Takoe moJio-
xuTesbnoe € < By, uro B(ay,,) < By, —¢.

BuuMm, 9To Jyist TAKOTO BEIGOPA MAapaMeTpOB HEPABEHCTBO (23) He MOKET OBITH BBHITIOJHEHO
st o, 1ak Kak Aoy, ) < Lp+0u B(ay,,,) < By, —e¢. Tlomyuennoe nporusopedne 3apepmaer
000CHOBAHIE HEYJIydIIaeMOCTH HepaBeHcTBa (9).

(23)

3.9 Jloka3aTejgbCTBO JIEMMBI 8

s obocHOBaHMS IEPBOrO IMYHKTA TOM JIEMMBI 3aMETHM, YTO Pa3pe3bl, BEPXHUM IIPEIeI0M
KOTOPBIX OyJIeT SBIAThC Benmdauaa A(q;) BCerga NealoTes 10 HEMOJHBIM YACTHBIM DABHBIM
enunutie. OIHAKO, 9TU eIUHUIBI UMEIOT pa3IudHOoe OKPYzKeHHe, TaK UTO HaJ0 IMOHATH, IO Ka-
KOWi UMEHHO ejuHulEe BHYyTpH KaxKjoro nepuogaa (1,2)g, 1,1 jayqme upoussogurs paspes. C
ITOMOIIBIO CTAHIAPTHHIX apudMeTHIeCKUX BhITUCICHUN MOXKHO yOeUuThCsI, YTO pa3pes Jydlie
MIPOU3BOIUTH 10 TeM eJWHUIIAM, KOTOPhIe COCEICTBYIOT TOJBKO ¢ OJHOM ABOIKOI. Paspesn 1o
BCeM TaKHM eJIUHHAIIaM aOCOJIOTHO KBUBAJIEHTHHI B npesese. Craeslap pa3pes IO OJHOW U3 HHUX
ybex maeMest, ITO

Ala?) =1+ [0;1,(1,2),“1,1 10:(2, D, 1, (1, 2)5, 1, 1].

Braromaps nemMe 6 BHIHO, 9TO 9TO BBIPasKeHHE B TOYHOCTH COBIIQJIAET C OIpeesIeHHeM
BeTMauHbL A%

s 0bocHOBaHMS BTOPOTO PABEHCTBA U3 9TOf JIEMMBI MBI 3aMETHM, 4TO HMENOYKY PABEHCTB

1++5
Bed) -8 (L2 — V5B

HETPY/IHO IIPOBEPUTH HEIMOCPEJACTBEHHO, TAK 9TO MPOU3BE/EM J0KA3ATE/IbCTBO B ciaydae k > 1.

C OMOTIBIO CTAHAAPTHBIX apu(PMETHICCKUX BHIYUCTEHIIT MOYKHO IPOBEPUTH, ITO PA3PE3HI,
BEPXHHIl Ipesiesl KOTOPHIX Gepercs IpH onpejeenun Benanabl B (a2) genaioresa 1no “namnbo-
Jee” MeHTpaIbHON JABOiKe BHYyTpH Kaxkaoro nepuoma (1,2)g, 1, 1. Ham npumercs paceMoTpeTn
OT/IEJIBHO CJIydYail 9eTHOr0 U HeYeTHOro K.
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[Ipu £ = 2m + 1 takag “menTpanbHag’ JIBOIKa oJHa BHYTPH Karxkiaoro nepuoja. Craenan
paspes 1o Heil yoexKaaeMcs, 9To

B (031) =2+ |05 (1,2)0, 1,1, (T 21, 11| + {05 (1,20, 11,1, 2z, 1,1

Baarogapst memmam 5 u 6 HETPYIHO yOEANTHCs, ITO TOJHKO YTO MOJYIEHHOE BbIPpAYKEHWE JIJIsT
2 2
B (a2m +1) B TOYHOCTHU COBIIaJIaeT C OIpeJieleHueM BeJTUYuHbl Bs, .
Cnay4ait k = 2m paszbupaercs, B LeJoM, aHajgoruduo. IIpaBma B HeM Takux “HEeHTPaJIb-
HBIX” JIBOEK BHYTPH KazK/J0I'0 Heprojia OyjieT JiBe, pa3pesbl 110 KOTOPbIM B Ipejiesie abCOJI0OTHO
skBuBaeHTHBI. CrenaB paspes 1o j000it n3 HuX yOerka1aeMcst, 9To

B (03,) =2+ [0 (1,2)m, 1,1, (1, 2o, 11| + (05 (1,2)n 1,11, 2o 1,1

2

5m» €CIIH BOCIOJIB30BATLCS JIEMMaMK O 1 6.

9TO, OIATDH K€, B TOYHOCTh COBNaJIAeT ¢ B

PapercrBa 3) u 4) HACTOSIIIEH JIEMMBI MOYKHO TPOBEPHUTDH MPSAMBIM BbIYUCIEHHEM: J1efCTBU-
TEJTBbHO, TAK KaK Juid aucen @ cymecTByer “samkayTas” dbopmyrta (10), To u qyig aucen 77 Mbl
nMeeM TIOJTHOCTBIO “BaMKHYTYIO  dopmyry. Ocranoch “numb’ yOpOCTUTL ee 10 TpebyeMoro B
JIEMMe BH/IA.

3.10 /loka3zaTeqbCTBO Teopembl 11

JlokazaTebCcTBO JAHHON TeopeMbl OYeT, B TeJ0M, OYeHb OJIM3KO K JJOKA3aTeThCTBY OUYeHb
oxozkeit m moKa3aHHOI paHee Teopembl 10.

Tak kak cpazy nocse dopmyupoBku TeopeMbl 11 ObL10 ormedeno, yto npu k = 0 ona
COBIAJIaeT C yzKe JOKa3aHHBIMU TeopeMaMu 1 m 4, To U pa3dupaTh 3TOT caydail MBI 3/1eCh He
OyneM, a OTPAaHUIUMCS JI0KA3aTeJIbCTBOM 3TOU TeopeMbl TOIBKO Tpu k > 1.

Urak, npucrynum. [Iycrs o = [bg; ay, by, ... ,apn, by, ... ].

Caywati 1. 3*°a, > 3.

B sroMm cirydae, genas paspesbl 10 TAKHM @,,, KOTOPbIe He MEHbIIIe TPOHKHU, MbI yOerK 1aeMc,
aro A(w) > 3. Buauwm, uro qoia rakux  mepasencTsa (11)-(13) BepHBI, TaK KAK TOYHOCTD TOJIb-
KO 4TO HaliIeHHbIX TPUOINKEHnit HaMHOTo Jiydiie Tpedyemoii B Teopeme 11. JleficTBureibHo,
3 > /5 = A2 — meproro unena yOwBaromeil nocieaoparebrocTn A2 L2 A2 L2 A2 ... a
SHAYMT, B CHIY yObIBaHHA mociaeposarenbnocteit L1 m Al Bepmno, uro npu xaxmom dbukcupo-
BanuoM k > 1 BepHO, uT0 3 > L2 m 3 > A% u yx Tem Gonee, 3 > A2 — ¢.

Urak, Mbl npoBepu/im, 9TO Jisl T€X (, KOTOPbie HOALIALAI0T 10J Caydail 1 HepaBeHCTBA
(11)-(13) BepHbl. B gambreiirmem Mbl OyJeM pacCcMaTpHBATh TOJBKO TaKhe (v, KOTOPbIE 3TOMY
CJIydaro He YJIOBIETBOPSIOT.

Cayuwat 2. 3° b, > 3.
B sroMm ciaydae, genas pa3pessl 0 TaKUM b, KOTOPbIe He MeHbIIe TPOHKHU, Mbl yOerK 1aeMcs,

aro B(a) > 3 + Fll QJF% = 13—1, TaK KaK COCEICTBYIOIIUE ¢ TAKUMHU b, UHCIAA G, U G, HE
MOT'YT OBITH OOJIbIIIE JIBOWKHK B CHJIY cjaydas 1.
Tak kak ]

1
— >2V3= lim R? = lim B?

3 m—00 m—00
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v nocaegosarensocth B3, R: BE R?, ... BO3pacraer, TO mpu KaxkaoMm k > 1 BepHO, 4TO
11 2 11 2 i

3 > R w3 > Bj. A spaunr, u 1y Takux o HepapencTsa (11)-(13) Bepurr. B paabueitmenm
MbI OyJIEM PACCMATPUBATH TOJBKO TAKHE (v, KOTOPBIE HE YI0BJETBOPSIOT IIEPBBIM JIBYM CJLy 9asIM.

Caywat 3. 3° a, = 2.
B srom ciyuae, mestast pa3pesbl 0 TAKHM ,,, KOTOPBIE PABHBI ABOHKE, MBI yOEKIaeMCsI, 9TO
1 1 _ 8 8
Ala) 2 2+ 57 + 537 = 5. Onarp xe, Tax kax 3 > V5, o nepasencrsa (11)-(13) sepnbt n 1715
TAKUX (V.

[Tocsie pazbopa 9TUX TPEX CJIy9aeB HAM OCTAJI0Ch HpoBepuTh HepasencTsa (11)-(13) Toabko
TS

a = [bo;ai, b1, ... ,an, by, ...], Takux, uro AN e N:Vn > N a, =1, b, € {1,2}. (24)

Kazx noe u3 wepasencts (11)-(13) quia Takux quces Mbl Oy1eM JT0Ka3bIBATh HEMHOTO [TO-PA3HOMY.
JlokazaTesbeTBy KarkKI0ro W3 HUX MBI MTOCBATHM OTAEIBHBIN moamaparpad.

3.10.1 [Joxa3aTeJbCTBO CIPABEIJINBOCTH HepaBeHcTBa (11)

Urak, mycrb bukcupoBato HekoTopoe 1eoe k > 1. Ilycrs o umeer Bug, (24). JToka3aTeabcTBO
ONSATH OyJIeT MOCTPOEHO Ha Pa3dope HECKOJIbKUX CJIYYaeB.

Cayuati 1. B nocaedosameavrocmu b, cywecmeyem beckoneuno mHo20 cocedrux edunui,
pasdesennviz e bosee wem (k — 1)-ot dsotixod.

Ob6o3HaYUM 11OC/IeI0BATEIBHOCTD MHIEKCOB Taknx Oyim3kux nap b, = 1 gepe3 n; u n; + s;.
[Ipuyem popMyAMPOBKOII pacCMAaTPUBAEMOI0 HAMHU CJIydas rapantupyercd, 4ro s; < k — 1.

B sTom ciaydae mponsBojis pa3pe3nl MO Gy, 41, COCEACTBYIOMNM ¢ b,, = 1, ¢ momomnipo ¢op-
MyJIbl (5) MOXKHO TOJIYYUTh HEKOTOPYIO HUZKHIOK OIEHKY Ha BesimauHy A(a).

JleiicTBATEIHFHO, MOYKHO CUUTATH, UTO pa3pe3 JOCTATOYHO yIAJeH OT Hadaaa, TO €CTh MBI
MOZKEM CUYUTaTh, YTO B €ro OKPECTHOCTH paBeHCTBAa mM3 (24) yKe BblnosHAOTCH. Herpy/mo
MOHATH, YTO HAUXY/IIINM TaKoe MpuOImKenne Oymaer Toraa, KOraa BeJIUYNHA S; MAKCUMAJIbHA,
a JIPYyTruX eInHUI Kpome b, u b, i, B HOCIegoBaTeNbHOCTH b, HeT. ITak, MBI IOKa3aJd, 9TO B
TOM CJIyUae.

A(a) > 1+ [05(2,1)5-1,1,T,2] + [0:1,1,2,1] .

[IpumeHuB jJleMMy 5, 9TO HEPABEHCTBO MOXKHO 3alHCaTb B 00J€€ IBHOM BHUJIE CJIELYIOIIIM
obpazom:

-1

343 2Gg <3+3\/§> + Gr-1— G2
> —+

Al 3 (Gr — Gr—1) (%) + G

C moMoIpio apudMETHIECKUX [TOJICYETOB MOXKHO YOeIUTHC, YTO U3 TOJBKO YTO MOJIYYEH-
HOIl HIDKHEl onenkn Bemannbl A(q) caemyer, 9ro npu kKaxkaom k > 1 Bepno, uro A(a) > A%,
U3 4Yero, B 9aCTHOCTH, CJeAyer, 4To HepaBeHCTBO (11) BepHO Jyisi Takux a.
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Cayuwati 2. B nocaedosamesvrocmu b, cywecmsyem Autd KoOHEUHOE YUCAO eduruy, Aubo
cywecmeyem 6eckonewno MHozo cocednur edunuy, pazdeaennuix no xpatinet mepe (k + 1)-od
0601iK01.

B sTom cirydyae HaMm rapaHTUDPYeTCs, ITO CYIECTBYET O€CKOHEYHO MHOTO OJIOKOB JTHHBL k + 1
n3 b, = 2. Byaem nmpousBoanTh paspesnl 1o ‘Hanbojee NMeHTpabHON IBOiTKe B TaKOM OJIOKe.
st nostydenns HuzKHe omeHku jiig B(«) HaM mOTpebyeTcss pacCMOTPeTh OTIENbHO CJIYYan
YeTHOTO W HEYETHOTO k.

[Iycrs k£ = 2m. B srom ciiydae Takast meHTpaJbHas JBOWKA B KaxKaoM 0J10Ke bl k + 1
posHO oxHa. HerpyaHo BuaeTh, 9TO HAUXYANIAM pa3pe3 1o Heil OyaeT Torna, Kormaa Bee b, BHE
paccMaTpuBaeMOro Hamu OJI0Ka paBHBI euHUIE. TakuM 00pa3oM, Mbl JIOKa3a/d, 4YTO B ITOM
caydae

B(a) > 2+ [0;(1,2)m, 1] + [0;(1,2), 1] -

[Ipumensist JeMmy 5 MBI 3aIIHAIIEM 3TO HEPABEHCTBO B SIBHOM BH/JIE CJIEYIOIUM O0Opa30M:
2G,, (Hf ) e Gm_1
(Gm-'rl - Gm) <1+\[) + G

Bla)>2+2:

Ecim ke k = 2m + 1, TO ¢ MOMOIIBIO AHAJOTUYHBIX PACCYXKICHUH MOXKHO TOKa3aTh, YTO
paspes 1o OJHON U3 JIBYX IEHTPAJIbHBIX JBOCK B OJIOKE JUIMHBI 2m + 2 JlaeT HaM CJIEIYIOILYIO
OIIEHKY:

B(a) > 2+ [0;(1,2)m11, 1] + [0 (1,2), 1] -

[Ipumensis ieMMy 5 MBI MOYKEM 3AITHCATH 3TO HEPABEHCTBO B IBHOM BHJIE CJIEIYIOIIMM 00pa30M:

2C i (Hf ) 4 Grgr — G

(Grg2 — Gy1) (H\[) + G

2Gm<1+f)+G Gy

" (G — ) (55 1 G

C IMOMOIIBIO HEIIOCPEACTBEHHBIX BBIYUCJEHUIA MOYKHO yGG,JHTbCH, 9TO BHE 3aBUCHMOCTH OT
deTHOCTH k > 1 1OJIyueHHAsl HUKHss OlEHKA BeJuduHbl B((r) Beerja Bieder HEePaBeHCTBO
B(a) > B%, a suaunr, HepaseHcTBO (11) BepHO M 171 TAKHX Q.

Bamernm, 9TO €MHCTBEHHBIMH MPPANMOHAJBHBIME (v, JJIsl KOTOPBIX HepaseHCTBO (11) Bee
elre He JI0KA3aHO, SBISIOTCA TOJBKO TaKhe (v, HEIOIHbIE YaCTHBIE KOTOPLIX COBIAIAIOT ¢ HEIIOJI-
HBIMH YACTHBIME (v; HAYMHAS ¢ HEKOTOPOTO MOMEHTA U, BOSMOXKHO, ¢ HEKOTOPBIM CJIBUTOM T€T-
HOit ymHbl. [[1a Takux o BepHo, uTo A(a) = A%, B(a) = B?, 0IHAKO, U3 3TOTO IIe He CJIEIYeT,
9TO Jijisi HUX BepHO HepaBeHCTBO (11), Tak Kak crpeMyeHHe K 0O0MM THM BEPXHUM HPeesiam
MOKeT ObITH CHU3ZY.

Ha camom gesie, abCOMIOTHO Tak Ke, KAK MBI CIAEJAIN 9TO IPH J0KA3aTeIbCTBE aHAJIOIHY-
HOro MecTa B TeopeMme 10, MOKHO II0KA3aTh, YTO JJId TAKHX (@ CTPEMJICHHE K OJHOMY M3 9THX
IPEIeIOB BCEria MPOUCXOIUT CBEPXY, a K APyromy — cHu3y. T0, K KAKOMY zKe U3 JIBYX IpeIeIoB
IIPOUCXOJIUT CTPEMJIEHUE CBEPXY, ONPE/IeIIeTCd YeTHOCThIO CyMMbI BEJIUYHUH 01 U 09, KOTOPbIE
ONpeeaATca abCoMIOTHO AHAJOTHIHO TOMY, KAK OHU ONPEJIEISINCh B JIOKA3ATEILCTBE TEOPe-
MbI 10, C TeM JIMIIb OTJIMYUEM, 9YTO Telepb Mbl CpaBHUBaeM HEIIOJIHbIE YaCTHbBIE (v C 3JIEMEHTaMU
OeckoHedHOI B 06e cTOpOHBI HocHaeoBaTenbroctn [ = [(1,2),,1,1;(1,2),,1,1].

HNrak, mocse pazbopa BceX 3TUX CJIyYaeB Mbl JOKA3aJd CIHPaBeJINBOCTL HepaBeHcTBa (11)
JIUISE KazKJI0r0 MPPAIMOHAJIBHOIO (V.
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3.10.2 [Toka3arejbCTBO HEYJydYIIaeMOCTH HepaBeHcTBa (11)

Jloka3aTejbCTBO HEYJIYUIIaeMOCTH MOXKET ObITh ITPOBEJIEHO TOYb-B-TOYb TEM 2Ke 00pa3oM,
KaK Mbl JIOKA3aJI1 HEYJIY4IIaeMOCTh HEPABEHCTBA (7) JIist 3TOr0 HAM HY2KHO PacCMOTPETH J(Ba
SKBUBAJIEHTHBIX oz,% gucaa. OIHO — ¢ 9eTHOI CyMMOIi 01409, a Ipyroe — ¢ HedeTHOH. B qanaoM
cJIydae Mbl MOIVIM ObI PACCMOTPETh YHCJIa az +1m ozi — 1 cooTBeTCTBEHHO.

3.10.3 [Ioka3aTeJibCTBO CHPABEAJINBOCTU HepaBeHCTBA (12)

Urak, mycTh (bUKCHPOBAHO HEKOTOPOE Teaoe k > 1 m HEKOTOpOe MOJNOKUTENbHOE £ < A%
Kaxk yze 6b1J10 yIOMSIHYTO, JOCTATOYHO J0Ka3aTh (12) TOJIBKO it TeX v, KOTOPbIE HMEIOT BH /L
(24). Jlns mokasaresbCTBa HAM HOTPEOYETCsT PACCMOTPETh HECKOJIBKO CJIydaeB.

Cayuat 1. B nocaedosamesvrocmu b, cywecmsyem 6eckoHeuHo MHO20 COCEOHUT €OUHUL,
pazdeaennoz ne boaee uem (k — 1)-ot dsotirod.

DTor caydaii yxke maydasnacsa B §3.10.1, rge ObIIO TOKAa3aHO, YTO [Ji TAKUX (¢ BEPHO, ITO
A(a) > A2, 910 06OCHOBBIBAET JUIs TAKAX (¢ CIPABEJJHBOCTL HepaBeHcTBa (12), Tak Kak,
KoHeuHo, A7 > A7 —e.

Ecaun yenoBud crydas 1 He BEpHBI, TO B ITOCJIeI0BATETBHOCTH b, OO JINIIb KOHEYHOE YHCJIO
eJIMHUT, JINOO KOJIWMYEeCTBO eIWHUI] OeCKOHeYHO, HO HAaYWHas ¢ HEKOTOPOTO MOMEHTa JIObIe
JIBE TAKUe eJMHUIbI pa3jie/ieHbl XoTs Obl k jiBoKamMu. ANpuopu, BO3MOXKHBI J[BE Pa3JIddHbIE
CUTYAITAU:

Cayuat 2. Pacemosmus us deoex meoncdy cocednumu e0unUUuamu 6 nocaedosamesbhocmu
by, HAYUHAA C HEKOMOPO20 MOMEHMA 6ce2da PasHbL k.

B 3TOM ciyuae HENOJHbIE YACTHBIE (v COBIMAIAIOT C HEMOJHBIMH TaCTHBIMH (Vi HAYMHAS C
HEKOTOPOTO MOMEHTA M, BO3MOXKHO, ¢ HEKOTOPBIM CIBATOM veTHOil myumbl, u A(a) = A2 >
> A? — &, Tak 9TO JUIA TAKUX v HepaBeHCTBO (12) BepHO.

Cayuati 3. B nocaedosamenvrocmu b, cyuiecmsyem beckonewrno muo20 6.a0k06 daunst k+ 1
u3 deoex.

Paz6op manHoro ciaydas OyaeT TpOUCXOAUTH HEMHOTO MO-PA3HOMY B 3aBUCHMOCTH OT TOTO,
9eTHO WJIA HEeYEeTHO K.

[Iycte k = 2m. O603HAYAM OCTE0BATETHHOCTD HHIEKCOB “IIEHTPATIBHBIX TBOEK B KAKIOM
6Js10Ke 4yepe3 n;. HeTpyaHo BumeTh, 94TO paspe3 Ho b,,, T.e. BeJIMUUHA Aoy, OyJeT HAUXYIIIAM
ecJId BepHO cieayolniee. Bo-nepBoixX, 3ToT 0J10K OyIeT UMeTh JJIMHY POBHO 2m + 1, a coceHue
¢ HuM b,, OyIyT paBHBI eauHUIE. BO-BTOPHIX, BHE 3TOT0 OJI0KA €IMHUIHI B MOCI€10BATEIbHOCTH
by, OYIyT HOSABILATHCA KaK MOXKHO dalle. B Hairem ciydae 91o o3Havaer, 4to nocje b, = 1 Oyuer
CTOSITH POBHO 2m b, = 2, a mocae — cHoBa b, = 1.

Taknm obpaszoMm MBI JI0Ka3aJH, 9TO JJIs OOJBINTAX ¢ BEPHO, ITO

Ao, > 24+ |05 (1,2)0, 1,1, T8, 2 11|+ [05(1,2)00, 1,1, (T, 20 1,1 -
HepaBencTBo u npaB/ia cTporoe, Tak Kak B MOC/IEI0BATEJIHLHOCTH b, TIO TIPEIOJIOKEHUIO BCTPE-

qaeTcd OECKOHEYHO MHOIrO OJIOKOB JITUHBL 2m + 1 u3 b, = 2, B TO BpeMsd KakK ab3aleM paHee Obl
OrpyOMJIM BBIYHCIEHHUS, IPEIINOI0KUB, ITO TaKOH OJIOK POBHO OJIMH.
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C nomomipio JieMM 5 U 6 HETPYIHO yOeauThCsd, UTO MpaBasd YacTh HEPABEHCTBA W3 IMPe/IbI-
Iymiero ab3ana B TOTHOCTH COBNAJAET ¢ BemmamHoil B3, . TakuM obpasoM, HepaseHCTBO (12)
[IOJTHOCTBIO 0DOCHOBAHHO B ciydae k = 2m.

Ecim ke k = 2m + 1, To 0603HaYUB Yepe3 n,; MOCJEA0BATEILHOCTD, HAPUMED, JIEBBIX U3
JIBYX HEHTPAJIbHBIX b, = 2 B KazKJI0M OJIOKe JUIMHBI 2m—+2 1 paccy»K/1as MOocjae 3TOro abCOJTIOTHO
AHAJIOTUIHO, MOXKHO TOKAa3aTh, ITO

Nony > 24 03 (1, D1, 1, L (1 2z L1 + 0512, 11T D, 1,1

U HEPABEHCTBO W BIIPABJY CTPOTOE.

C nomorpio jtemM 5 u 6 HETPYIHO yOEINThCs, 9TO MpaBasg IacTh HEPABEHCTBA W3 IMPE/IbI-
Jymiero ab3ana B TOYHOCTH COBIAAAET ¢ BemauHoit B3, . Taknm 0bpasom, HepasercTBo (12)
IOJTHOCTBIO 0DOCHOBAHHO U B caydae k = 2m + 1.

UTak, BHE 3aBUCUMOCTH OT Y€THOCTH k HepaBeHCTBO (12) MOJIHOCTHIO JOKA3AHO.

3.10.4 [doka3arejbCTBO HEYJydYIIAeMOCTH HepaBeHcTBa (12)

JloKazaTebeTBO HEey Iy IIIaeMocT HepaBeHeTBa (12) GymeM MpoBOJUTE B JiBa IIATA.

Ha nepBom, GoJiee JIerKoM mrare, Mbl IIOKazKeM, 9TO B JIEBYIO 9aCTh HepaBeHCTBa (12) Heb3st
nosoxkuth € = 0. JleficrBuTesbHO, ecau Obl OBLIIO MOXKHO, TO JieBas dacTh (12) coBmasa Obl ¢
JeBoit yactbio (11), a mpaBas yacTh Gblia Obl CHIbHEE, TAK KAK P KK I0M 1esioM k > 1 BepHO,
aro R? > B?. A 370 Gbl IPOTUBOPEYMIIO y2Ke JOKA3AHHON HEyJTydmraeMocTH HepasencTsa (11).

Ha BTopowMm, Gosiee cJIOKHOM Iare, Mbl TIOKazKeM, YTO HU ITPU KaKOM TeoM k > 1 mpaByio
qacTh HepaBeHCTBa (12) HeIb3sl yJIydIIUTh TAK, 9YTO0BI 9TO YJIydIIeHHe He 3aBUCENO OT €.

[Ipeanosoxkum mporusuoe. [lycth npu Hekoropom mnejsiom k > 1 cymiecTByeT HEKOTOPOE
0 > 0 Takoe, 94TO /I KAXKJIOTO TMOJOKUTEJTHHOTO £ < Ai M KaxXJ0T0 UPPANUOHAJIBLHOIO
BEpHO, 4TO HaiimeTcs 6€CKOHEYHO MHOIO P, ¢ € 7, TaKHX, 9TO

—1 P 1

— o — 25
@ —o¢ ¢ ““Eioe (25)

Onpenenum npu kKaxgaoM r € N qncio ai}r CJIEJIYIOIIIM 00Pa30M:

Oéi,r - [1’ (17 2)k+17 17 17 ((17 2)k7 17 1)7«]

y 2
Ucxona w3 paccyxenuit B §3.10.3, HeTPYHO TOHATH, 9TO TOCHeAOBATETLHOCTE B(aj )
yOBIBaeT ¢ POCTOM T U cTpemutca K R mpu r — oo. B wacTHOCTH, Haiijierca Takoe m, 9TO
2 2 2 2\ _ A2 "
B(ag,,) < R + 9. fcno, uro A(aj,,) < A(ag) = Aj. B yactaocTn, nafijercs Takoe MOJI0KH-
Tesibioe € < A2, uro A(a?, ) < A2 —e.
Buum, 9T0 J1d TAKOTO BRIGOPA MAPAMETPOB HEPABEHCTBO (25) He MOKET ObITh BBITIOTHEHO
s o, Tak Kak A(ap ) < A2—en B(a3,,) < Ri+6. Tlomyuennoe npoTHBOpETHe 3aBepIiaeT
0BOCHOBAHWE HEYJIydIIaeMOCTH HepaBeHcTBa (12).

3.10.5 JIoxa3aTeJabCTBO CIPABEIJINBOCTH HepaBeHCTBA (13)

Wrak, myctb GUKCUPOBAHO HEKOTOPOE Iesioe k > 1 m HEKOTOpOe IOJIOKUTETbHOE £ < B,z.
Kax yzke ObLIO YIOMSIHYTO, JOCTATOYHO J0Ka3aTh (13) TOJIBKO it TeX v, KOTOPbIE HMEIOT BH/I
(24). st nokasaresbecTBa HAM HOTPEOYETCsl PACCMOTPETh HECKOJBKO CJIYdaeB.
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Cayuwati 1. B nocaedosamesvrocmu b, cywecmsyem Autd KoOHEUHOE YUCAO eduruy, Aubo
cywecmeyem 6eckonewno MHozo cocednur edunuy, pazdeaennuix no xpatinet mepe (k + 1)-od
0601iK01.

DTor cayuail yxe pasdoupascsa B §3.10.1, rae ObLIO MOKA3aHO, 9TO I TAKAX ( BEPHO, ITO
B(a) > B?. 970 060CHOBHBAET s TAKHX (v CIPABEIMBOCTH HepaseHcTBa (13), Tak Kak,
KoHeuHO, Bf > B} —¢.

Ecymm ycyioBus ciaydas 1 He BEpHBI, TO B MOC/EJ0BATETLHOCTH b, OECKOHEYHOE YHUCJIO €/U-
HUILT U PACCTOSHUA U3 b, = 2 MeXKJy COCeIHUMH M3 HUX HaYHHAs C HEKOTOPOI'O MOMEHTa He
IPeBOCXOIAT k. AIpHOpH, BO3SMOXKHBI JIB€ PA3JINYHBIEC CHTYAINH:

Cayuati 2. Pacecmoanusa us deoek mesrcdy cocednumu eQUHUUAMU 8 NOCAEIOBAMENLHOCTIU
b, HAYUNHGA C HEKOMOPO20 MOMEHMA 8CE20G PasHbL k.

B 910M Cjlyuae HEloJHbe YACTHBIE (v COBLAJAIOT ¢ HENOJHBIMU YaCTHLIMM (f HAYUHAS C
HEKOTOPOI0 MOMEHTa U, BO3MOYKHO, C HEKOTODBIM CJIBUIOM 4eTHOil juubl, u B(a) = BE >
> B? — ¢, TaK 4TO0 s Taknx o HepaseHcTBO (13) BepHO.

Cayuati 3. B nocaedosamesvrocmu by, cyuecmeyem beckoneuno MHo20 eQUHUY, PACCMOAHUE
us b, = 2 meocdy komopwvimu He npesviwaem k — 1.

Ob6o3Ha4uM 4Uepe3 n; IoCJae0BaTeIbHOCTH UHIEKCOB JIeBhIX b, = 1 u3 3Tux nap “0au3kux’
b, = 1. ByaeMm npon3BOIUTE pa3pe3Hl MO Ay, +1 — TOH a,, KOTOpasd UaeT cpasy mnocie b,,. llnade
roBops, OyJeM pacCMaTpHUBATh BEJIUITHBL Aoy, 1.

Jl1s1 3aBepireHns J0Ka3aTeIbCTBa HaM JOCTATOYHO ITOKA3aTh, YTO HAUMHAS C HEKOTOPOI'O
MOMEHTA BCe gy, 41 Gosbmie L2

HerpynHo BuaeTh, 9TO BeUINHA A2y, 41 Oy/IeT MUHIMAJIbHA TOI/IA, KO/ JIBOMIKH B HOCTe-
JIOBATEJILHOCTHU b, OyIyT BCTpedaThcss KaK MOXKHO dalie. B Hairem ciaydae 1o OyaeT o3HadaTh,
YTO COCEICTBYIONINE C PAa3pe3oM b, paBHbIE eIWHUIE, pa3feaenbl poBHo (k — 1)-oif ABOIKOIA,
a BCe oCTaJibHbIE Taphl cocetHUX b, = 1 pazjesiensl poBHO k jaBoiikamu. [losrygaem, aro cipa-
BeJIINBO CJIEIYIOIIee HePaBEHCTBO:

Nangrr > 1 (052,100, 1, (1,2) 11 + 0,1, (1,2)5, 1,1

HepaBencTBo u nmpaBja crporoe, Tak Kak nap “0Ju3kux’ €JIUHUI] B TIOCJIeI0BATEIHLHOCTH b,
0eCKOHEYHO MHOTO, B TO BpeMs KaK JJId MOJYYeHHd STOM OMEeHKH MBI IPEeINOJ0KIINA, YTO OHA
Takas OJIHA.

Herpy/ o y6euThest, 4T0 npasas 4acTh HO/LyYeHHO ONEHKU B TOYHOCTH pasHa L2, 4ro u
3aBepIaer JTOKA3aTebCTBO CIPaBeINBOCTH HepaBeHcTBa (12) nist Beex a.

3.10.6 [Ioxa3aTesibCTBO HEYJIyd4IIaeMOCTH HepaBeHcTBa (13)

J1oKa3aTeIbeTBO HEYJIYIliaeMoOCTH HepasencTsa (13) GyaeM mpoBOAUTH B JBa IIArA.

Ha nepBom, GoJiee JIerkoM mrare, Mbl OKazKeM, 9TO B IPABYIO 9aCTh HepaBeHcTBa (13) Hetb3s
nosoxkuth € = 0. [eiicrBurenpno, eciau Obl ObLIO MOXKHO, TO IpaBas dacTb (13) coBnasa Obl
¢ mpaBoii gactbio (11), a JieBast yacTh Oblaa OB CHIBHEE, TAK KaK MPU KayKIOM TeaoM k > 1
BepHO, 9To L2 > AZ. A 3T0 GBI NPOTHBOPEUMIIO yIKe IOKA3AHHOMN Hey Iy qIMaeMOCTH HEPABeHCTBA
(11).

Ha BTOpoM, GoJlee c/I0JKHOM IIare, Mbl ITOKaKeM, UTO HH IIPH KaKOM IeaoM k > 1 jeByio
qacTh HepaBeHCTBa (13) HesIb3sl yJIydIIUTh TAK, 9TO0bI 9TO YJIy4lHIeHHEe He 3aBUCEJO OT €.
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[Ipeamonoxkum mporuBHOe. IlycTh mpu HekKoTOpOM TenoM k > 1 cylmecTByeT HEKOTOPOe

§ > 0 Takoe, 9TO JJIs KAXKIOTO TOJOKHUTEIBHOTO £ < B? M KaxKJI0ro UpparMoOHATIBLHOTO (v
BEPHO, 4TO Haiijgercd 0ECKOHEYHO MHOTO P, ¢ € 7 TaKuX, 4TO
—1 D 1

—_— < —. 26
e g ““H-o¢ (26)

Omupegenum npu Kazxkiaom [ € N quciio O‘i,l CJIJIYIONIAM 00pa30M:

ai,l = [1; (17 Q)k—lv 17 17 ((17 2)k7 17 1)[]

Uexonsa u3 paccy:xkiaenuit B §3.10.5, HeTPpYAHO HMOHSATH, YTO MOCJEI0BATEILHOCTD A(ai}l)
yoBIBaeT ¢ pocrom [ u crpemurea kK L2 mpu [ — oo. B wacTHOCTH, HafimeTcsa Takoe m, UTO
A(0},,) < Li + 6. dcno, uro B(of,,) < B(aj) = B;. B uactaocrn, HaiiieTcsi TAKOe MOIOKH-
TebHoOe € < BY, uro B(aj ,,) < Bf —«.

BuiM, 910 [yt TAKOrO BEIOOPA MapaMeTpoB HEPABEHCTBO (26) He MOKET OBITH BBHIIIOJHEHO
g of ,, Tax Kax A(of ) < Li+0 u B(aj,,) < Bi—e¢. Ilomyuennoe npoTusopetne 3apepimaet
0BOCHOBAHUE HEYJTydINaeMOCTH HepaBeHCTBa (13).

3.11 Jloka3aTeJbCTBO TeopeMbl 12

lanHasg Teopema SBJAETCHA JOBOJBHO HECTOXKHBIM CJI€JICTBAEM NMPUMEHEHUs TeopeMbl 8 K
Teopemam 10 m 11.

HeficTBUTE/ILHO, TEPBBIH IyHKT 3TO TEOPEMBbI 1OJIy4YaeTcs, €CJ IPUMEHUTh TeopeMy 8 K
teopeme 11 ipu k& = 0. Vin, 9To 3KBUBa/IeHTHO, TeopeMy 8 K TeopemMaM | u 4, KOTOpbIe ABJISAI0T-
cst “anasiorom Tteopembl ['yppumna’ u “npaBbiM aHajg0ToOM TeopeMbl PobuHcona” ¢ mapamerpamn
A=+5B=+v5R=1+5.

Bropoit myHKT 3TOil TeopeMBbl HOJIyHaeTCs, ecjii TPUMEeHHTh TeopeMy 8 K Teopeme 10 mpu
k=0, rak kak A} = /3, B} =2V3, le%g

JIg 1oKa3aTeibCTBA TPETHero W 4eTBEPTOro MyHKTa TeopeMbl 12 npu ¢ = 1 HyKHO puMe-
HUTH TeopeMy 8 K Teopeme 10 mpu k > 1, a npu ¢ = 2 — K Teopeme 11 npu k > 1.

OtmeTnM, 9TO Teopema 8 IOKAa3bIBaeT ONTUMAJIBHOCTH JIWIIb JIEBBIX TPAHUI] OTPE3KOB

Al Al AL
[R—é; B—’“] 1 MPAaBBIX I'PAHUIL OTPE3KOB [B—’;; B—k] Ho nmockonbKy IpyTrue uX TpaHUIBl COBIIAIAI0OT
k k k k

npu GUKCHPOBAHHBIX 3HAYCHUSAX k U 2, TO OHH TOXKE SBJIAIOTCS ONTHMAJTHLHBIMH.

7 2

3.12 Jloka3aTeJgbCTBO TeopeMbl 13

[Iycth € < /5 — IPOU3BOIBLHOE MOJTOKHTETBLHOE THCIO.
[Tokazkem, mias Hagama, aro R(e) > *ﬁ‘f
OueBuIHO, ITO

T(e) = {T > 0: V5 — £ JIeXKAT B MHOKECTBE, CYIPEMYMOM KOTOPOTO SBISETCS S (T)}

Tak Kak MHOXKECTBO Te€X ¢, CYIIPEMYM II0 KOTOPLIM O€peTcs HpH ONpEICICHHU BEJIAIHHDI
S(T), ¢ POCTOM T CTAHOBHUTCS TOJIBKO OOJIBINE U GOJIBINE, TO OUEBUIHO, UTO 1'(€) ecTh HAIpAB-
JIEHHBIH BIIPABO Jiy4, a t(g) — ero HadaJio.
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B wactHOCTH, BepHO, 4TO Jtoboe t' > t(¢) mpunagiexut T(g). D10 O3HAYAET, UTO JJIs
kaxaoro o € R\Q 3 p,q € Z raxkux, 910

-1 t
<P o<

(VE—¢)¢®> ¢ (V5—¢)q®

V5—¢
t

JIEZKUT B MHOZKECTBE, CyIIPEMYM 110 KOTOPOMY OepeTrcs HIpH OLpPeJIe/IeHUN

CrupaBeyIMBOCTD 9TOr0 HEPABEHCTBA MIHOBEHHO BJedeT HepaBeHCTBO R(e) > TaK

V5—¢

t/

KaK KOHCTAHTA
Bestmanubl R(e).
B cmty npousBoJbHOCTH BbIOOpa ¢’ > t(€) MBI TOJydaeM, 9TO Ha CaMOM JIeJie CIIPABe/[JTUBO

HepaBeHCTBO R(g) > ‘{i—)g, XOTb t(€) MoxKer u He jexarh B 1'(g).
[TokazkeMm Temepb, 9T0 Ha camoM jeye R(e) = {i—)e Bynem nefictBoBaTh OT MPOTUBHOTO

W TIPEJIITOJIOKIM, YTO TIPH HEKOTOPOM NOoJoKuTeabnoM € < /5 Bepno, uro R(g) > % B

JaCTHOCTH, M3 9TOrO CJejyeT, 9To npu Hekoropom ¢ > 0 Bepro, uto R(e) > ‘ﬁ;)a + 0. D10
O3HAYaeT, 4TO M Kaxk0ro o € R\Q 3% p,q € Z rakux, 410

1 1
<]2—a<

V5o a —(5__)5 . 5) o (27)

t(e

[onoxum
Vb —¢
= —
V5—¢ )
HerpynHo BumeTh, uTo, Bo-epBbiX, t < t(€), U BO-BTOPBIX, U3 CHPABEIJHBOCTH HEDABEH-
crBa (27) cnenyer, uto t' € T'(g). D10 nporuBopeduT TOMY, 9TO t(£) ABAsIETCS WHPUMYMOM
MHO)KecTBa T'(£) U MOJyd4eHHOe TTPOTHBOPEYHE 3aBEPIIAeT JIOKA3ATeIbCTBO TEOPEMBI.

3.13 /lokazaTejqbCTBO TeopeMbl 14

JokazarenbeTBO Teopembl 14 Mbl HadHEeM ¢ 000OCHOBaHWsI NCTHHHOCTH HepaBeHcTBa (14).
Jenatrh 310 MBI OyJIeM HEMHOTO MTO-Pa3HOMY B 3aBUCHMOCTH OT TOTO, HACKOJIHKO MaJjia BEJTUINHA,
e. Koneuno, nanbosiee nuaTepeco HepapeHcTBO (14) Tosibko pu € — 0, TaK KaK TOJBKO MPH
TaKHX € TeopeMa 14 rapaHTHpYeT ero ONTUMAJbHOCTD, OJIHAKO, /IS TMOJHOTHI U3JIOKEHUS MBI
paccMOTpuM # cjiydan “0oJbinux’ €.

Cayuati 1. € > V5 —1

Ussecrho, uyro s kaxgoro o € R\Q 3% p,q € Z rakux, 4ro

-1 p
— <= —a<l
q q

B ucrunHOCTH 5TOTO baKTa JIErKO YOeNThCsI, HATIPHMED, BCIOMHIB O TOXKAeCTBe (5) U 3aMeTHB,
UTO KaXKJI0€ A, HE MEHBINE eIAHUIILL.
Tak Kak



TO, KOHEYHO, Jyisi Kaxaoro « € R\Q 3% p, ¢ € Z rakux, 4ro

—1
<Z—)—a<0.

(Vo—-e)¢® ¢

A 3HaunT, B 3T0M Ciaydae R(g) paBHsieTCsT 400, TAK KaK sIBJSIETCsI, TI0 ONPEJIEJEHUI0, CY-
IPeMYMOM HOJIOZKUTETbHON YUCIOBOI MOJYOCH, TaK 9TO HepaBeHCTBO (14) B 060CHOBaHUU He
HY2KJIaeTCs.

Cayuati 2. V5 —1>¢>+v/5—+/3

B srom cirydae Jierko BueTh, 9TO HaiijgeTcs Takoe nejoe k > 2, 94To

4 4
1+4—<L — 14+ —. 2
\/ +k+1_\/5 €<V+k (28)

Baarogapst Teopeme 2 Mbl 3HaeM, 4T0 s Kaxka0ro o € R\Q 3 p, q € Z rakux, 4ro

-1 1
—<]—)—a< . (29)
(Vi+i)er ¢ (ky/1+1) @
Tak Kak
-1 -1
<

\/3—6 /1_|_%’

10 13 (29) caenyer, uto R(e) > ky/1 + ;. Teneps, urobnr nokasars nepasencTso (14) mis Beex

€, YJIOBJIETBOPSIONUX (28), TOCTATOUHO MPOBEPUTD, UTO

k,/l+%>1+x/§+(m2—?/5>-(\/_—,/1+ki+l) . (30)

B cnpaseymsoctu HepaBeHcTBa (30) mpu k paBHOM 2 miam 3 JIeTKO yOeIuThCA MPSIMbBIM
BeruncaenueMm. [pu k > 4 jans mokazarensersa (30) J0CTATOYHO 3aMETHUTh, UTO €ro JieBas
JacTh He MEHbIIle YeThIPeX, & MPaBYIO ONEHUTh CBEPXY CJETYIOMUM 00pa3oM:

1+¢6+<1OZ—52‘/5>-(\/'— “%1) <1+¢5+<m+4—52“5)'(¢5_1)2<4.

Takum 06pa3oM, Mbl 3aBepIuaIn 060CHOBaHNe HepaBeHCTBa (14) mpH BeeX €, OTHOCSIIHXCST
K cjaydvaro 2.

Cayuati 3. /5 —+/3>e¢>0

Paz6op sToro, camoro mHTEpecHOro caydas OyaeT uaeiiHo oueHb IOX0K Ha pa3dop caydas 2,
OJIHAKO Telepb MBI OYJeM MOJIb30BaThCs He paHee M3BECTHBIMHU pesyiabraramu Cerpe, a Hailmei
HOBO#T Teopemoit 10.

Nrak, v/5 — € JeKUT B OTpe3Ke [\/3, \/a . Tak kak OJarojgaps JiemMe 3 Mbl 3HAEM, YTO

nocrenoBaTeasnocTh /3 = Al LY, AL LY AL LY, ... Bospactaer k /5, 10 v/5 — ¢ oba3aTesno
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oTna iaeT B OTPE30K MeK1y KaKUMH-TO JIBYMS COCEJTHUMU YJIeHAMU 3TOU MOc/IeJ0BATETbHOCTH.
Hawm npuzgercst pa3obparh OTIEIbHO HECKOJIHKO BAPUAHTOB.

Hodcayuati 3.1 IIpu nexomopom yeaom k > 0 eepro, wmo Aj < VE—e< L.
Bnaromapsa TperbeMmy myHKTY TeopeMbl 10 MBI 3HAEM, 9TO JJTA KaXKAOTO JTIOCTATOTHO MAJIOTO
£/ ¥ KaxKJ10ro MppanmuoHaJbHOro o 3° p, ¢ € Z Takux, 4ro

LIS PN ! (31)
—<——a< —.
Lig® " q (B — )¢
Tak kax
-1 < —1
VEEE

to u3 (31) crenyer, uro R(e) > Bj. Jasa nokasartenbcTBa HepasencTba (14) mam ocramoch
TOJIBKO yOeIUThCs, 9TO IPH KazKI0M 1ejaoM k > 0 BepHO, ITO

10 + 2/5 2
Bl >1+V5+ 2—5\/_ ~<W—A,§). (32)

1o HEeTPpYyAHO CcAe/iaTh € IIOMOUIbIO CTaHAaPTHbIX BbIYUCJ/JIATE/IbHbIX METOJ0B. Ormerum JIMIIb,
qTO Iocjiegnee HepaBeHCTBO CTOUT PaCCMaTPUBATh OTAEC/JIBbHO IIPU Y€THBIX M HEYCTHBIX k coort-
BE€TCTBCHHO.

Iodcaymati 3.2 Ipu nexomopom yeaom k > 0 eepro, wmo L), < /5 — e < A,{:H.
Bararomaps Bropomy nyHkTy TeopeMbl 10 MbI 3HaEM, YTO JIjId KaXKJA0TO JIOCTATOYHO MaJIOro
€' M KazKJI0ro HppanuoHaabHoro o 1°° p, ¢ € 7 Takux, 4To

-1 P (33)
——— < - —a< .
(Alchrl - 5’) ¢ q Ry ¢?
Tak xak
—1 - —1
\/3 — € Allc+1’

JIIsT HEKOTOPOT'O JIOCTATOYHO MAJIOTO € BepHO, YTO

-1 - —1
Vb —¢ A11c+1_5/'

1
Teneps u3 (33) caeayer, uro R(e) > Ry, u jis joka3arebcrsa Hepasencrsa (14) nam ocra-
JIOCh TOJBKO yOEJUThCS, YTO IPU KAXKIOM 1ejoM k > 0 BepHO, 9To

10+ 24/5 2
R, >1+V5+ Z—5f -(VS—L;).

Kak u npu pazbope IpeablIyIiero HoJcaydas, 3T0 HeTPYIHO CAeIaTh ¢ IOMOIIBIO CTAHIaPTHBIX
BBIYHCJIUTEIBHBIX METOI0B, PACCMATPUBAS 110 OTAEJIHLHOCTH YeTHBIE U HeUeTHbIe 3HAYeHus k.
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IIodeaymati 8.3 Ipu nexomopom veaom k > 0 sepro, wmo Al = NG
Baaromaps mepsoMy HyHKTY TeopeMbl 10 MBI 3HaeM, 4TO /s KarxKJIO0I0 UPPAIHOHAILHOIO
a 3% p,q € Z Takux, 410
—1 P 1
——<t—a< =
1.2 1.2’
Ay q Byq
npuueM KOHCTanTa Bj B 3HAMEHATE e TPABOil 9aCTH He MOYKET ObITh YJIyUIIIeHa TTPU COXPAHEHUN
Al = /5 — ¢ B teBoii wacTu.
D10 03HAUAET, UTO B} ABIgETCS HANGOIBIIAM THUCIOM B MHOZKECTBE, CYTIPEMYM TI0 KOTOPOMY
GepeTcst IpH OMpeIeIeHn Benannbl R(g), T.e.

R(v5— A}) = B} (34)
Temepsb HepaBeHCTBO (14) SIBISIETCS CIEACTBEEM y¥Ke YIOMSHYTOTO HepaBeHCTBa (32).

Urak, noce pazbopa TUX Tpex CJIydaB Mbl YCTAHOBUJIU CIPABEIMBOCTH HepaBeHCTBa (14)
pu Beex £ < v/5. OCTaIoch TOIBKO JTOKA3ATh €r0 HeyIydIIaeMOCTh TS MAJIbIX &.
MBI ¢ie1aeM 3TO ¢ TOMOMIBIO paBeHcTBa (34) u3 noxcaydast 3.3.

Bynem neiicrBoBaTh 0T MpOTHBHOrO. lIpeamosioxKmM, 9T0 Mpu HEKOTOPOM ¢ > % JLJIs
BCEX JIOCTATOYHO MAJBIX € BEPHO, UTO
R(g) > 1+ V5 + ce? (35)
C moMOIIbI0 HECT0:KHOM BBIYMCIATEIHHON TEXHUKH MOYKHO IIPOBEPUTH, ITO
. Bl..i—1-v5 10+2V5 -
im = c
2
1
meree (\/5 - A2m+1) 45
A snaunt, Haiigerca Takoe M € N, aro ans Bcakoro m > M BepHO, ITO
) 2
Bomir <145+ ¢ (\/S - AQmH) . (36)

Braromapsa pasenctsy (34) Buamo, 4to jys Bcex m > M mepasencrsa (35) u (36) nporu-
Bopedat apyr apyry. Tax xax ¢ poctom m Bemanna /5 — A} | MOKeT cTaTh CKOMb YTOTHO
MaJIOif, TO 9TO 3aBepIIAeT JOKA3ATEIBCTBO HEYJIydliaeMocTn HepasencTsa (14) mpu € — 0, a
BMECTE C HUIM — U JI0Ka3aTeJIbCTBO BCeit TeopeMbl 14.

4 3akJodeHue

B 3aksovenue Mbl OMUIIEM HAITY THIIOTE3Y O TOM, KaK YCTPOEHO moBejaeHue GyHkimn S(7)
Ha TOM ocraBiieMcs 1% orpeska [%7 1] , Ha KOTOPOM MbI TIOKA HE 3HAEM €€ TOYHOI'O 3HAYCHUS.

Hawm karkercs, 910 Ha 9TOM MHOKecTBe (DyHKIWs S(T) yCTpoeHa OYeHb CJIO0KHO, TaK UTO
JTaxke 171 (POPMYJIUPOBKY HAIleil TUIOTe3bl HAM MOTPeOyeTCs BBECTH BCIIOMOTATETbHBIE OMpe-
JleJIeHus .

PekyppenTHO onpenenum mpu KazkaoM 1ejaoMm n > 0 MHOXKecTBO M,,, cocTodIee U3 CTPOK,
KazKJIble JIBE U3 KOTOPBIX CPABHUMbI U HEKOTOPbIE U3 HUX OY/IYT ABJALATHCH “TIOTOMKAMU~ JIPYTHX.
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MuozkecTBO M) MOJTOXKUM COCTOSIINM TOJBKO u3 ABYX ¢Tpok (1,2) u (1,1), mpuuem Gymem
cantath, uTo (1,2) < (1,1) 1 HEKAKasg U3 TUX ABYX CTPOK HE SBJSIETCS TTOTOMKOM JIPYTOi.
Ecaun muoxkectBo M, = {71 < ... < Y} y&Ke ONpEJEIEHO, TO TOJOKAM

My ={mn<mme <2 <7< ... <Ym-1Ym < Vm},

i€ MO/ ;Y11 HO/PA3YMEBAETCsI KOHKATEHANNS CTPOK Y; U Y;+1. Dy/IeM rOBOPUTH, ITO CTPOKA
Yi7Vi+1 ABJAETCAd MOTOMKOM CTDPOK 7; U 741

[Tosioxum M = UZOZO M,,, r.e. M sBiisieTcsi, B HEKOTOPOM CMBICJIe, TIPeIeI0oM MHOKecTB M,
nupu n — o0o. Ha mHOXKecTBO M ecTecTBEHHO CMOTPETh KaK Ha OecKOHeUHBI rpad, pebpa B
KOTOPOM COEJUHSAIOT JIB€ CTPOKHU TOIJA M TOJBKO TOIJA, KOTJIa OJIHA U3 HUX ABJISETCS IMOTOM-
koM jpyroit. Hekoropoe ipejcraBiienue o CrpykType 3Toro rpada MOXKeT JarTb CJIeyIonast
KapTHHKA (I037Ke MBI 00BACHUM, TOYeMy 9acThb pebep Mbl OKPACHIM B KDACHBI U 3eJIeHbIil
BeTa).

(1,2) (1,1)

IIycts v € M — nekoropas crpoka. Ilomoxnm a(y) = [0;7] — ducso, HEMOJHbIE YaCTHBIE
KOTOPOTO TepuoiudHbl ¢ nepuogom 7. Hanpumep, o(1,1) = [0; (1,1)] = [0;1] = %

[Monoxum A(vy) = A(a(y)) u B(y) = B(a(y)), tae dyuknuu A(a) u B(a) yxke ObLam
orpeaeaeHsl B §2.

Irak, Mbl, HAKOHEIT, TOTOBBI C(HOPMYIUPOBATH HAIILY JOBOJBHO CHIBHYIO IHIOTE3Y (KOTOPYIO

MBI, JIJIsT yI00CTBA M3JI0KEHUsT, PN Pa3duTh Ha JiBe Oosiee TPOCThIE THIOTE3bI), T0KA3aTh
KOTODPYIO, OJTHAKO, TIOKA He YIAeTCs.
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Tumoresa 1. Ilycmo v — npoussoavras cmpoka us M. Tozda cnpasedaius necummempurril
ananoz meopemo, Lypsuya ¢ napamempamu A(y) u B(7y). Boaee mozo, cyuecmsyiom koncman-
muo R(y) > B(y) u L(7y) > A(y) maxue, wmo cnpasedaus npaswiii anasoe meopemv, Pobuncona
¢ napamempamu A(Y) u R(Y), a makoce aesuii anaroz meopemv, Pobuncona ¢ napamempamu,

L(7) v B(7)

Ecau rumoresa 1 BepHa, To npumeHuB Teopemy 8 K Habopy uncesn A(7y), B(v), R(v), L(¥)

MBI MOZKeM HafiTi TouHOe 3Ha4denne dbyHkun S(7) HA OTpe3Ke [%; %} Herpyano Bujers,

9TO 9T OTPE3KH NpH Pa3HbiX v € M He nepecekatorcs (tak kak dbyHkius S(7) Beger cebs HA
HUX T0-pa3HoMy ). OHAKO, MbI TIpejoIaraeM, 9T0 BEPHO HEYTO GoJibIiiee:

i) ]

yEM

T'ummoresa 2.

To ecrb ecam rumore3sl 1 W 2 BepHBI, TO MBI 3HaeM TO4YHOe 3HaudeHne GyHknuu S(7) B
Kaocdoti Touke orpeska [5;1]!
Il naxke Gosee TOro, B 9TOM CiIydae Ojarojaps TeopeMe 8 Mbl MOXKeM YTBEPKIATb, UTO

TOYKa T € [%, 1] ABJAETCS JIOCTUXKUMON TOTJa W TOJBKO TOT/a, KOT/a JJId HeKoToporo v € M

BEPHO, YTO T = %.

T panuoHAJIbHBI.

[TocJjie aToro, Gaarojgapst reopeMe 9 Mbl HOHUMAEM, YTO BCE JIOCTUZKUMbIE

OTMeTuM, 4TO0 JOKa3aHHbIe HAMU TeopeMbl 10 u 11 gBIAIOTCA YaCTHBIMHU CJAYyYasgMu chOop-
MyJIMPOBAHHON B HACTOsIIEM naparpade runoresnl 1.

HeiicrBuTenbao, Teopema 10 jiokasweiBaeT runoredy 1 g Bcex pepiind rpada M, npunai-
JIesKaImxX “KpacHoii” BeTBU — BETBH, BHIXOsIIEH u3 ¢Tpoku (1,2) u ABMKYIIHICS HA KazKI0if
“pa3BmiIKe”’ K caMOMY IpaBOMY HOTOMKY. A Teopema 11 mokaseiBaer rumoresy 1 77s Bcex Bep-
mua rpacda M, npuHAIIEKAMUX “3e/eHol” BeTBH — BeTBHU, BbIXojadmieit u3 crpoku (1,1) u
JBUKYIIANACS HA KaxKJI0# “pa3BUIKe” K CAMOMY JIEBOMY HMOTOMKY.

OjtHako, 10Ka3aTe bCTBO THUIOTE3bl | JjIsi TPOU3BOJIBHON Bepiuabl M MOKa MOIydeHO He
OBLIO.
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