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1 Bseaenme

Bajiaua moncka 3(H@PEKTUBHBIX CIIOCOOOB Pa3/I0KEHUs TEJIbIX YHhCe/T Ha MHOKUTE/N
HHTEpecoBaia MaTeMaTHKOB C JIaBHUX BPEMEH, OCOOEHHO CIIEIUAINCTOB B 00JIACTH TEOPUN
qucesl. B Hacrosimee Bpemsi caMbIMU 3(MD@MEKTUBHBIMUA AJITOPUTMaMU (haKTOPU3AIIAN SIBJISI-
IOTCS Bapuallii PeIieTa InCJI0BOrO MOJIs.

Bo BTopoit acTn paboThl pacCMaTPUBAETCS AJITOPUTM IIOCTPOEHUs 6a31ca TOUEK PEIETKN
Ha IJIOCKOCTHU C TTOMOIIBIO TIEHBIX Jpobeit. A 3aTem jgokasbiBaeTcs JieMMa 1po 3P dEeKTHB-
HBII aJropuTM mepebopa To4Yek pemérku (IpocerBaHust) Ha ILUIOCKOCTH. B jaHHOi pabore
MBI TIOTIBITATUCH ODOOITUTE TOT TOJIXO0/T HA TPEXMEPHBIN CITydail.

B Tperneit yactu padoTsl 6611 paccmoTper MeTo [ MUHKOBCKOro mocTpoeHus MenovKn
9KCTPEMAJILHBIX IapaslIeJIeNuIe 0B, MOJ00HBI aJrOpUTMy IEIHBIX Jpo0eil B JIByMepHOM
ciaydae. K coxanenunio, n3-3a HEXBATKHM BPEMEHU, He YIAJIOCH JIOKA3aTh YTBEPKJIEHUS I0-
nooubie Jlemmam 1 m 2 BTOpO# YacTu, HEOOXOUMBIE JIJIsT TIOCTPOCHUS aJTOPUTMAa PeIeTa
YUCJIOBOTO TOJIT B TPEXMEPHOM ITPOCTPAHCTBE.



2 IlocTpoenme 6a3uca AByMeEpHOIl peIleTKN U mepedop

TOYEK 3TOIl PeIneTKNn

B sroit wactu 6yayT 06CyKIATHCA HEKOTOPbIE UJIEH, KOTOPBIE ObLIN U3JI0KEHBI B cTaThe [4].

Jlemma 1. ITycmv p C Z* - pewemxa ¢ onpedeaumenem p u (Z x {0}) N p = pZ. ITycmo
maxoice umeemea wucao I < p. Toeda cywecmeyem eduncmeennwd 6asuc {(a, B), (v,9)}
PEWENKY P € YCAOCUAMU

e >0, 6>0;
o [ <a<0<y<I,
o v—a>1.

IIpu smom, ecau (i,j) € pu —I1 <i < I, j >0, mo (i,j) = m(c, )+ n(vy,0), npuvem
m>0un>0.

HokazareabcTBo. 13 ycioBuil JeMMBI CIeyeT, YTO CYMIECTBYET YHCJIO I' Takoe, uro () <
r<pmu
.. 2 L.
p={(i,j) € Z* | i = rj mod p}.

Ornpeiesium 9ucyio o % U PA3JIOKKM €ro B IenHyo 1pobb o = [0, ay, as, .., G, ]. Pacemorpum

HOJXOSIINE 1poOu ’;—: = [0,a1, a9, ..,ax]. llycrb a ecthb menas gactb wmcnaa |ig_1/ig|, nue
ir = (pr — qee)p. oist py ¥ q), BEPHBI ciejyrolme peKyppenTHbie cooTHormenus ([3] crp.216)

Dk+1 = @GPk + Pr—1, P—1 = 1, po = 0;
Qk+1 = Ak + qr—1, ¢—1 =0, g = 1.
i1 — Al = (Pr41 — Gep1)p — ax(Pe — @) =

= p((Pr+1 — awpr) — (Qr+1 — arqr)) = P(Pr—1 — AQr—1) = Tj—1.

ITocte10BaTeILHOCTE CTPOUTCS JI0 TEX IOp, HOKa He GyeT BBIIOMIHEHO || = 1.

igm| = |t — Pm| _ 0;
. o Pm Pm—1 o o
|Zm—1| i *PAm—-1 = |mem—1 _pm—1p| =1
dm dm—1
Oueswniao, uto tipu k > 0 Oyaer j, > 0.
Pk _ T Pk TQr—PKP _ TJk — PPk :i_k:(_l)k o Pr
% P G D4k PJk DIk k

CJIEJTyeT 4TO %) 0OPa3yloT 3HAKOIEPEMEHHYIO TI0CJIe/I0BaTeIbHOCTL. [lokaxkeMm, 4TO HEOTpH-

narenbHbIe Teabie ancaa (—1)k1i, o6pasyior crporo yoBIBAIONIYTO TTOCTEI0BATETLHOCTD:
i
— = | — pg|
D

npaBasi 9acTb 9TOrO paBeHCTBa yObiBaeT ([3] cTp.221), ciegoBaresbHO JeBasg YacTh TOXKE
yOBIBAET, HO IIPH IOCTOSIHHOM P 9TO 3HAUUT ITO yOLIBAET HOCIIEI0OBATENBLHOCTD |ikx|. 113 sTOTO
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caiepyer, uto Haidijgercst k > 0 takoe, uro |ix| < I, HO |ip_1| > I. Ilycrs a - HauMmeHnblIee mejoe
qucsio ¢ yemosueM |ig_1| — alix| < I. U3 mpenpiaymux onenok BuaHO, 9o a > 0. Tenepn
npu getHoM k nosoxkum (o, ) = (ik_1, jr—1) + a(ig, jx) 1 (7,9) = (ix, jr), & OpU HEIETHOM
k monoxum (o, f) = (ig, jk) u (7,0) = (ik—1, jr—1) + a(ig, ji). [IpoBepuM Tpu HEOOXOAUMBIX
YCJIOBUS JIJIS 9eTHOrO k:

e =g 1+aj,>0umd=jp>0

o (¥ = ik—l +6Lik = —|ik_1| —i—a|ik\ = _(lik—l‘ — a]zk|) > -l a= ik—l +(Zik = ik+1 — (ak —
a)ip <igy1 <0
Y= i, 0< 4 < 1

Y — = Zk _ik—l —aik = _ik—l — (CL— 1)Zk = |'ik_1| - (CL— 1)|Zk| Z 1

IIpu HederHOM A BBINOJHEHHE TPEX HEOOOMMMBIX YCJIOBHil JOKA3LIBACTCS AHAJOIUIHO CJIy-
vato ¢ yerHbiM k. Takzke {(«, ), (7,0)} obpasyior 6azuc perierku p.

[Tycrs reneps napa (i, 7) # (0,0) yuoBIeTBOPSET YCJOBHUM TIOCIEIHEr0 YTBEPIKICHUS JIeM-
Mol 1 (i, 7) = m(a, B) + n(y,0). dcro, aro m u n He paBHBI HyJIIO OnHOBpeMeHHO. O6a 511
YHCJIa HEe MOTYT OBITh HETOJIOXKUTEILHBIMIE, TaK KaK B 3TOM ciaydae j < 0, 9T0 IPOTHBOPEYIUT

BLIGODY (7, j). Ecin zke m u n - HeHyJIeBble YKCIa PA3HBIX 3HAKOB, TO
i = [ma +my| = |nly = [mle <o+ W=7y —a <[,

9TO TAK¥Ke IMPOTUBOPEYHT BLIOOPY (4, 7). 13 3TOTO Clieyer, 9T0 U m, U N ABJAAIOTCA HEOTPU-
naTeJbHLIMI YncIaMu. Tlocieanee yTBep K IeHne JJeMMbI JToKa3aHo. VI3 Hero renepn clieiyer,
97O cpejm Beex map (4, j) € p ¢ yeaosusimu —1 < i < 0,7 > 0 napa (a, ) uMeer HaMMEHbITee
j, a cpeqm Beex nap (i, j) € p ¢ yeaopusvu 0 < i < I, j > 0 HanmenbInee j umeet mapa (7, 0).
DTO J0Ka3bIBAET ¢IMHCTBeHHOCTH Gasuca {(«, 5), (7,9)}. Jlemma nokasamna. ]

JIemma 2. Iycmo p, I, (a, B) u (7y,8) me oice, wmo u npedvidyweti semme. Hyemos A € N u
A=7"N([AA+1-1]x7Z).

Hycmw (i,5) € ANp. Ecau (7',5') € AN p, u j' naumenvuwiee 60amosictoe ¢ yeaosuem j' > j,

mo
(CY)ﬁ) npuzZA_a/f

(.57 = (i,5) + ¢ (7.9 npui<A+1—7,
(a, B) + (7,0) npuA+T—-~v<i<A-—a.
HokazareabcTBo. I3 mnpebliyieil JieMMbl CJIeyeT, YTO BO3MOXKEH JIUIIb OJIMH U3 TPEX
IIePEeIUCJICHHBIX CJIyYa€B. KpOMe TOr'o, IIpaBasd 9aCThb PaBCHCTBa BCeTrda ABJIAETCA 3JIEMECHTOM
AN p. O6osmaunm 1ot smement (i, 7). Ouesmmno, j > j. Ilyers (i, j)— nponssombHbIi
siaement AN p ¢ yeaosuem j > j. Ilo npeapiaymmeit enme

(4,7) = (i,5) + m(a, B) +n(v,0),

raem > 0,n>0um+n > 0 (auciaa m,n €He MOIyT ObITH OJJHOBPEMEHHO OTPUIATEIHHBIMI,
BeJIb j > j, He MOT'YT OHU OBITH M HEHYJICBBIME Pa3HbIX 3HAKOB, TaK KakK Torjaa [ma—+ny| > 1,
9YTO HEBO3MOXKHO IIpU (f,j) € A. Ecom JJId ¢ IMeeT MeCTO TePBBIM WU TPeTHil ciaydaii, TO
obszaressHo m > 0, Tak Kak mpu m = 0,n > 0 6yner 1 > A+ 1. Ecim ke 1715 i nMeeT MecTo
BTOPOIl WJIN TpeThil caydaii, To oba3aTesbio n > 0, Tak Kaxk npu m > 0,n = 0 6yger ¢ < A.
TaxumM 06pa3oM, B JIOOOM U3 TPeX caydaes OyIeT BBIIOIHEHO j > 5 DTO JOKa3bIBAET, 4TO
oupesenennas B GopMyIHpoBKe JeMMbl napa (i, j') pasua nape (4, 7). Jlenma 10Kka3ana.



3 Auaroputm I'"MmunHKOBCKOTO

Iycts £ = &+ &u + &3z, 1 = max + ney + 132, ( = (& + 2y + (32 TPHU HE3aBUCHMBIE
JuHeHbIe (OPMBI ¢ BEIECTBEHHBIMEI KOIMDMUIUEHTAME 1 TTOJIOKUTETHHBIM OIPEIETUTEIEM
A. Hepasencrsa |£| < p, |n| < o, || < 7 oupemensitor mapajuieenume]l, CuMMeTpuY-
HBI OTHOCHTEIHLHO Hadasa KOOPAMHAT B TPEXMEPHOM IIPOCTPAHCTBE. DTOT Hapaslie/IeIiIe]]
obosnaunm {p, o, 7}. [Ipeamonoxum, aro {p, o, T} He uMeer BHyTpU cebs METBIX TOUEK
peIeTKY, 3a UCK/IIOUEeHNEM Havaa KOOP/MHAT, HO UMEET 110 KpaliHel Mepe OJHY TOUYKY pe-
IIEeTKM Ha KakK10i u3 mectu rpaneil. [.MuHKoBcKuil HasbIBa HapaJieslenniel ¢ TaKUMK
cBoiicTBaAMH IKCTpeMasIbHbIM. OUeBUHO, 9TO {p, 0, T} SBILETCH SKCTPEMAJILHBIM TOLJIA 1
TOJILKO TOIJIA, KOTJA €ro BHYTPEHHOCTH HE COAECPKUT TOYEK PEINeTKH, OTJUIHON OT Havasa
KOOPJMHAT U HU OJUH U3 €r0 OIPeIeIAONNX IapaMeTPoB p, 0, T He MOXKET ObITh yBeJINIeH
6e3 BBEJIEHNsI TOUKK PENIETKH BHYTPb IapaJijie/Ienure/a.

Teopema 1. Ilycmo &, n, ( — mpu He3a8uCUMDBLE AUHETHBIE POPMBL C BEULLCTEEHHLMU
Koa(huyueHmamu, noAOHCUMEALHOIM ONPEICAUMENEM U CO CBOTCMBOM, 4MO HU 00HA U3
&, n, C ne obpawaemcs 8 HOAL OAA A1000T MOYKYU, 0MAUYHOT OMm HaYaAa Koopdurnam. FEcau
{a, g, 1} sxcmpemanvrots napasresenuned das &, n, ¢, mozda agl < A. Ha xaorcdotl epa-
nu {a, g, l} ecmv moavko 0dna mouka pewemru, NPUYEM MOYKY HA NPOMUBONOAOHCHOIT
2PAHAT UMENM 00UHAKOBBLE KOOPAUHAMDL ¢ NPOMUBONONOHCHIMU 3HAKAMU. Beeeda mootcro
8HLOPAMb 0OHUM U MOALKO 00HUM cnocobom mpu mowku pewemku (ry, s;, ;) (=1, 2, 3) 6
COOMBEMCMBYWUT NAOCKOCAT £ = era, 11 = eag, ( = esl, (e; = £1) mak, wmo ejeqes = 1
u max, wmo ecau mampuya P onpedeaeria

™m T2 T3
P=lls; s9 s3
i1 ta2 13
mozda
11 e1le e1és a b Zc
ean ey esms|| P =||xf g =xh|| =2,
e3C1 e3C2 €33 +j kI

2da a, b, ¢, f, g, h, j, k, | noroorcumenvnvie u mampuuya ® umeem odny us caedyrowux
WeCmu Cucmemy 3HaKos:

I 7 1 A% V VI
+ + 4 + = = + o= = + + -+ — 4 + = =
— + — + o+ F — + - = + 4+ + + - = 4+ —
- — + - — 4 + + + + — + — + + - — 4

Kpome mozo, onpedeaumennv mampuywve P pasen 1 6 cayuwaax I-V u onpedeaumenv P pasen
0 6 cayuae VI. Jlas xaotcdozo cayvwas 6epuvl cacdyroujue Hepasencmsa: a > b, a > ¢, g >
fy g>h, >3 1>k A s omdesoHoix cAyuasx suNOAHAIOMEA CAEIYIOUUE JONONHUNEN -
HbLe YCAOBUMA!

I 11 111
b+c>a f+h>g J+k>1
f>h uau j>k | k>j uau b>c | ¢>b uau h>f
v V VI

b>c uau h>f uau 3>k | ¢>b uau f>h uau k>j5 | b+c=a, f+h=g, j+k=I;




Hokazarenberso jnanuoii Teopembr uzsioxkeno B [1], a takxke B [Ipuioxkenun K JaHHOlM
pabore.

Ounepenenenue 1. Ecau {p, o, T}— npouseosvnuii skcmpemasvroli napaiieienuned oas
& m ou ¢, mo mouku pewemky Ha N— U (— 2PAHAL, Q0AAHCHDL AEAHCAMD 6 PASHBIT NAOCKO-
cmaxr & = const u HUKMO u3 HUX He doadxcen aedxcamv 6 naockocmu & = 0. Bydem onyc-
Kamo £—2panb NoKa OHA He KOCHEMCA Nepsoti napv, Mouex pewemru 6 N— Uit (—2PaHAL.
Ecau amu mouku pewemxu 6 n—epanar, mo nodHuMem 1—e2paHs mak, 4mobvl napasie-
aenuned ocmasancs ece euse c60000nvim. C dpyzot cmoporsl, ecau IMu MOYKY HATOOAM-
ca 6 (—epanax, mozda emecmo amozo mo2ym b6vimo noduamo, (—epanu. IlooHumem 603-
MOHCHYI Napy epaneti, NoKa napassesenuned He CmaHem sxempemasvhoim. Hoswili axempe-
MANLHBLT napassesenuned, 00H03HAUHO onpedeseHHbil makxum 06pa3om, 6ydem Ha3v6aMbCA
E—cocedom das {p, o, T}. Anasoeuunvie onpedeserus das n— u (—cocedeti dasn {p, o, T}.
Bydem sudno, wmo oepanuuernus na &, n u mpedyrom, 4mobvl KoAUYECMB0 IKCMPEMANDHBLL
napaasesenunedos Oviio beckoHeuHo, ecal Cyuecmaosanue 00Ho20 napassesenuneda bydem
yemanosaeno. s kascdozo napariesenuneda, 6e3 uckarouenus, bydem mpu coceda; nocae-
d0B8AMEABHOCTND, MOAYUEHHAA NOCAEDOBATNENOHVMU & — COCEIAMU, HAYUHAL C NPOU3BONLHOZ0
IKCMPeMasvbHo20 napasiesenuneda, npedcmasasem cobotll nocAedo8aMEALYHOCY, 6 KOMOopoT
Hem d8Yx 00UHAKOBHLT INEMEHMO8, NOCKOALKY NEPEbIl NAPAMEMP MEHLWE 6 KaAHCIOM INe-
menme, wem 6 npedvidywem. CosoKynHOCMb MAKUL NAPAANCAENUNECIOE, NMPUHAONCHCAULUL
&, m u ¢, Ha3veaemeA Uenowkotl IKCMPEMasvbHoLr napaiseienunedos oas &, n u (.

Heobxommo naiitu Bee mapaJiiesenumne bl B nenu g £, 1, ¢ IpuHIMasd 3a Ha4aJIo MIpo-
M3BOJILHBIN 9KCTPEMAJIbHBIN MapaJiIe/ eI/, 1 KOTOPoro P uMeeT onpeienTe/ b PaBHbIT
+1.

Teopema 2. Ecau navurnams ¢ npou3eosbho20 IKCMPemasvho2o napasiesenuneda ois €, n
u , mo oH obecnevum Co8OKYNHOCTG BCEX CYULLCMBYOULUL IKCMPEMANOHBLT TAPAALEAETU-
nedos nocaedo8amMeENLHBIM 00PA30BAHUEM BCE BOZMONCHBIL cocedetl.

O‘{GBI/I,ZLHBIM CJIeZICTBUEM 3TOM TEeOPEMBI ABJIdETCA TO, YTO IIepexoJ OT OJHOI'O IIPpOu3-
BOJIBHOI'O 3KCTPEMaJIbHOI'O ITapaJijieJICIIuIIeIa K APYT'OMY, MO2KET OCYIIECTB/IATHCA KOHECYHBIM
YUCJIOM II€PEXOJ0B OT CcOcela K COCELY.

Teopema 3. IIpu nodxrodauiem nepeumenosanu, oceti U SUHETUHT Hopm, HysHcHbl E—, N—,
unru (— coced cmanosumes £ — cocedom u maxum obpasom, wmo mampuya O’ ecezda nop-
maavhas mampuya muna I, I1,..., uau VI 6 xomopoti evinoansemes nepaserncmeo b > ¢ :



Tun mampuyv, D' das
Veaosue IIpeobpasosariue COOMEEMCMEYI0ULE20
muna mampuivr P

I mnymaryiv,y vi,vi

¢-coced, c>b | ST N=C =0 g v v vi

— — ! I
I = Ty, T2 = XT3, T3 = Ty

n-coced, f>h | ST ==l p | v v v

— A/ — ! — !
Tl = Xo, T2 =Ty, T3 = T3

n-coced, hof| ST =S =l r v v v

. — ! )
Il—I3, I2—$17 173—582

C-coced, jok | ST =G =8 b v v vr

/ !/ /
sl 2332, .1:223;37 T3 :.rl

C-coced, k| === b v v v

/ / /
1 :I?ﬂ X9 :x27 I3 :xl

B nenouke napaJuienienuresios s £, 1 u ¢, Te napaJuie/Ielune/bl, JIJid KOTOPbIX MaTpHU-
na P umeer onpenenurens D = 1, OyayT Ha3bIBaThCA HapaJlIe/eIIIeaMi IEPBOrO PoJia.
[Tapannenenureapl, Ajst KOTOPhIX D = 0 OyayT Ha3bIBATHCS IapaJlieeluineIaMi BTOPOTro

poJia.

Teopema 4. Cocedamu napasresenunedos 6mopo2o poda ABAANOMCA napasiesenunedv, nep-
6020 poda.

HokazarenbcTBo. [lepenmenyem ocu m jmneiinbie popMbl KaK yKa3aHO B TaOJIMIE, Tak,
4TOOBI paccMaTpuBaeMblii cocen cran £'— cocemom ¢ b > . Torma marpuna ¢ Oyaer Tuna
VI, kak u marpuna ®'. Iz Teopem 2 u 3 cinenyer, uro a’ >0, o' >, ¢ > f', ¢ >h', I' >
gLl > K,V +d =d, ff+R =4, j + K =1 Ecm p|,pl,psy — Tpu TOUKH penieTku
P', B opsijike ux mosijeHust B croyomax P, Torga £ —coces mMeeT Ha CBOei MOBEPXHOCTH
YeTHIPE TOYKN PEIIETKA Db, Ph, —Ph, —Ps, W, KDOME TOTO, JIB€ IPYTHe TOYKN PEIIETKNA KOTOPbIe
OyiyT HasbIBaTHCs Po’ 1 —py'. (B1ech ucnosb3yercs MHIEKC 2, TIOTOMY YTO KOODIAUHATHI P’
HAXOJATCS BO BTOPOM CToJ161e MaTpuipl P'.) Tak Kax b’ > ¢, KoopAuHaTE phy wimi —ph GyayT
3aHUMATh MepBbIil cTosiben B MaTpuie P, 1 KOOpMHATHI Py WM —pj TpeTuii cToberr,.

B npeamosiozkenuu, 4To coces — NapaJuiesIenuiie]; BToporo poja, marpuma @ s 3roro
cocejia OyJIeT CJIeTyIOIIei:

v, b, -
' = _gl7 §/7 —h' )
K, =K, U

mlnet =0+, ¢ =g +n, !=K+k.Ho

BBIIIE GBLIO ycTanoBaeHo, uTo I = k' + j', cnenosarensno, k' = j'. II0CKOIBKY CyHIeCTBYyeT

TOJILKO OJ[HA TOYKa PEIIeTKH p) WiIn —p) jig Kotopoit ¢ = j', umeeM py’ = £p); 910 naer,
aro @/ = b =V — ¢. Ho 310 mEBO3MOXKHO, OoTOMY 4T0 b’ > ¢ > 0md > V.

Yr006w! 3aKpenuTh £— cocefia Korja b > ¢, OymeM omyckaTh £ — rpaHb K TOYKAM PEIIeTKN

Ha IpaHsX 7] = 1¢ W 3areM [OJHUMATh 7)— TPaHU JIO HEepBOil mapbl TOYEK PEIeTKU HU B

¢—, uu B (— rpaHgx; IepBbIi MapaMeTp YMEeHbIIEH, BTOPOii yBeIrudeH, TpeTuii ocrtaercs 6e3

u3menenwii. st mosryausmerocs £— cocena {ay, g1, l1 } u3 napamnenenunena {a, g,l} BepHb!

cJejIyIonme HepaBeHcTsa: a; = b < a, g; > ¢, u l; = [. Tak Kak cymiecTtByer He 6ojiee 0JIHOI

TOYKH PEIIeTKU B KazKI0i u3 miockocreit & = const, 1 = const, U3 3TOro CJIeIyeT, 9TO JBE U3
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TOUEK pEIIeTKH Gy/IyT UMETh CJIe/IyIONIe KOOpIMHATE B MaTpuie P : py = dips, p3 = dsps,
rae dl = :i:l, d3 = =+1.

Eciu {a, ¢, |} napaiienenuies mepBoro poja, Torja P IeJoYncieHHas MATPHUIA ¢ Olpe-
neauteseM pasibiM 1. Torma obparnas maTpuna P! cymecTyer n uMeeT HeJible 371eMeHThI
u ompenesmrens P~ pasen 1. 3agaaum T = P~'P. Byayunm npousBeieHueM IBYX MaT-
PUIL, JIEMEHTHI KOTOPBLIX — Iejible Yucja, 1 caMa SBJIAeTCd MaTPUIEll ¢ TeJbIMH dJe-
MeHTaMu. Bojtee Toro, ompejenntens 1 paseH onpejenuresnio P. Ecin 0603Ha4NTh Kak
qu) - obpaTHBI anemeH(T)K pgj)
3

%

B P, umeer |[¢7 - [P = [|tY||. U3 coormomennii

) = d1p§2), pi® = dsp;” (i =1, 2, 3) cnenyer, uro

> (1),~ (2)
07 Z qk Pr7, 0
k=1

& (2),~ (2)
T = d17 Z qx "Pr7, 0
k=1

> (3),5 (2)
07 Z qk Pr7, d3
k=1

Torma

3
B —dydsz = £1
> gV ® = {
k=1 0

3
COIJIACHO TOMY, [IEPBOIO WJIM BTOPOTO pojia napaJuiesenunes {ay, gi, l1}. [lycrs > q]il)p_k@) =

k=1
3 3
Kdg, ) Qz(f)ﬁk@) = mdy, Y, ql(f)ﬁk@) = ndy, T1e dy = —dyds n rme Kk = 1 wim 0 coryracHO
k=1 k=1
TOMY, KaKOro pojia napaJuiesenurnes {ai, gi, li}. Torga
2 1 2 3 3
dipt?, do(kpt” +mpl” +nplY),  dapl?

P=PT =|dipy’, do(kp"” +mp? +npy?), dapl”

dp$ ) dy(kp$) + mpl +npy, dsp?

Henwie yucna k, m um n He Bce paBHbl (), TaK KaK B 9TOM CjIydae pp OyJeT HadaIoM
KOOD/IMHAT, YTO HEBO3MOXKHO. Tora

P2 = da(Kkp1 + mps + nps)

&(p2) = erda(ka = mb + nc),
n(p2) = eads(E£Kf + mg £ nh),
C(p_g) = €3d2<:|:/€j +mk + nl),

e cucTeMa 3HAKOB 9TO CHCTeMa HOPMAJIbHBLIX 3HAKOB B P.

Baaronapst Teopeme 1, u3 ornomenuit a; = b, g; < ¢, l; = | BeIBOIUTCH yCIOBUE ¢ < %.
Touka pemerku p, JI0JIzKHa OLITH HafijleHa Cpejii TOYeK PEeIIeTKH CJIe/LyIoHero BUja: p =
kp1 + mps + np3, (k = £1 wmm 0; m,n — nensle uncia; |k| + |m| + |n| > 1), koropsie
YJOBJICTBOPSIOT

A
|£| < ba |7]| < au |C| < l7



U, B 9aCTHOCTH, £py OYIyT JByMS TAKUME TOYKAME, KOTODBIE JEJAIOT || MUHUMAJbHBIM.
Tora scHo, YTO ecjim HepaBEeHCTBA OJJTHOBPEMEHHO MOTYT OBIThH PEIIEHBI JIJId KOHEYHOT'O YHC-
Jla, pelennii, KOTOPbIMU OHU 00JIaJIal0T, TOTJIA Pa MOYKET OBITH OIpeJie/IeHa 38, UCK/TIOUEeHUEM
3HaKa. 3HAK MOMKHO OIIPEJIeINTH IO3KE TaK, 9TOOLI MaTpuia ® Oblaa HOPMAILHOM MATpPH-
eii.

Matpurna 1" gy nHopmaabaoit MaTpuribl ® pasymaabix TunoB [ - V npusejiena HUXKe; BbI-
KJIQJIKM OYIyT CJIeJaHbl TOCTIe ITOrO.

3.1 Ausropurm jajs £— cocena (b > ¢)

I.
1. j>k,
0, -1, 0
T=11, 1, of, + +, + V
0, 0, 1
2. j<k,
0, 1, 0
T= ]-7 _]-7 0 } +7 R III
0, -1, —1

Punmckas mudpa 0603HaUaeT HOPMAIBHYIO CHCTEMY I ®; TpH 3HAKA SIBJISIOTCH 3HAKA-
MU TpousBesierns €;e; (i = 1,2, 3), tae e; Beibpansl s marpunbl O B Teopeme 1, a €; mia
P.

IIuV:

Bepxnwit 3nak jyda ciaydas II; auknmit 3nak jj1s ciaydas V.

ME{E}’ NE{%}, u=a— Mb— Nc, v==+j+ Mk — NI

Bnecy F, G u H apnsiorcs 3nakoBbiMu Munopamu 11 f, g u =h B ®. KBajipaTubie ckoOKu
0003HAYAI0OT HAUOOJIBIIIEE IEJI0E TUCJIO.

m n )

1) u<ec, v>k M-1 | N+1 | +1

2) u<b-¢, v<0 M | N-1 | -1

3) u<b, v>0, momel) | M N | -1

4)u<b, v<0, HO HE 2) M N | +1

5) u>b, v>0 M | N+1|+1

6) u>b, v<0 M+1| N | -1
0, F9, 0

T =||+0, Foém, Of, F0, F0, +1; d=+41, I, éd=-1, IV.
0, —on, 1

I1I:



1. atc<2b

0, 1, 0
T=y1, 1, 0}, — +, — IL
0, —1, -1
2. atc>2b
0, 0, 0
T=|-1, 1, 0|, +, +, +; VL
0, -1, 1

IV:

1. a<2b, f<h, jik<l

0, -1, 0
T= |1, 1, 0|, +, +, +; IL
0, 0, 1

2. a>2b wm f>h wm j+k>1

0, 0, 0
T= _17 17 0 s +7 5 VL
0, 1, —1

3.2 Asaroputm nmoctpoeHust {— cocena ajda {— cocejsia B caydaax I11

2), IV, 2)
Bepxuwuit 3uak s caydas 111 2), wwkanit s [V, 2).
l.b—c>c:
+G +G+H
M=|— N=|——1;
F)ov=
w=b—c, u=c V=1 V=I1-k
u=a— Mu®— Nu', v=—j+ Mv— Nv°
m n )
1) u<u’, v>v’ M-1 | N+1 | +1
2)u<u’, v>v>0| M | N+1] -1
3) u>u’, v>0 M | N+1 | +1
4ju<u® v <0 M N | +1
5) u>u®, v<0 M+1 | N+1 | -1
0, F9, 0
T=|-1, —om, 01, £1, =6, F9; 6=+1, V; 6=—-1, III.

+1, +06(m—n), F4
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2. b—c<ec:
M

+K + L +
el N=|ZT2].
w=c, u=b-—c 1vV=g+h vV =h;

u=a— Mu®°—Nu', v=—f+ Mo — Nov°

0, 0, F6
T=\0 =5  —on ||, +£1, =6, F6: d=+1, IV: §=—1, II.
Fl, £4, Fo(m —n)

Bwisod: Kozda b > ¢, n—coced amo {—coced {a, g,l}.

3.3 Aujropurm nocrtpoenusi (— cocena ajada {—cocena B caydasx 111

2), IV, 2)
L k<l—k: - oo n
) v-[5)
w=I1l—-k u=%k =0 V=0b-c
u=j— Mu® — N, v=-—a+ Mv — Nv°
0, ¥, 0

T=1\0, —0(m—n), —1|, F6, —0, £1; d=+41, IV; 6=-1, I
0, +om, +1

2. k>1—k:
B cayuaae III:
-1, 0, O
T=|-1, -1, 1, — —, +; V.
1, 1, O
B ciyuae IV:
(a) 7> k:
—-1, 0,
=140, 1, 1|, — +, — II
L1
(b) j<k
1, 0, O
=10, -1, 1i}, +, —, — V.
0, =1, 0

BI)IKJI&,HKI/I 6epyTCH IIocJie 10BaTe/IbHO, KaK YKa3aHO PUMCKHUMUA HI/I(bpaMI/I HHZKeE.
I.

CooTHOIIIEHNST KOTOPBIM YIOBJIETBOPSIIOT TIeJIbIe TUCTA K, M, U N,

(1) |ka+mb+nc| <0,
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(2) | — k) —mk+nl| <l, (|| +|m|+|n| =1,k = %1 wim 0).
(3) | = kf +mg — nh| = min.

N3 Teopembl 1 BBITEKAIOT JAOMOJHUTEIBbHBIE yeaoBusg a > b >0, a>c¢>0; g > f >0, g >
h>01>7>01>k>0,b+c>a uf>hwmj>k Kpome Toro, cieraem
Ipe/IoJIozKenne, 4to b > c.

[Teperumiem (1), (2), u (3) caeayronmm 06pa3oM:

(1) U = ka + mb+ nc = \b,
(2") V = —kj —mk + nl = A,
(3") W = —kf + mg — nh umeer MEHIMAJILHOE aOCOIOTHOE 3HAUEHUE.

rae ’)\Z| < 1, A # 0.
[Tockonbky k = =+1 mau 0 it BeeX pelleHnii KOTOpble Mbl PACCMATPUBAEM, PEINeHUs JIJIs
(1) u (2') mjisgt m u n B TEPMUHAX K, @, b, ¢ ¥ T.J]. BBINJISIIAT CJICJIYIONTMM OOPa30M:
al 4+ ¢j A1bl — Naocl G
=K—=+ ,
(bl + ck) bl + ck

m =K

F
_ak—bj  debl-Nbk_ H
A e R I

e F, G u H aBisiiorcst 3HAKOBBIMU MuHOpaMmu it —f, g u —h B @, u vy, u vy ABISIOT-

¢ BBIIIEYKA3aHHBIMI BBIPAXKEHUSIMU, BKJIOYaloIme Ay U Ag. Cpasy BUIHO, U3 YCJIOBUI Ha
b, I, ¢, k, \y u Ay, uro |vy| <2 (1 =1,2).

Eciu k = 0, Torma m = vy, n = vy U Tak Kak m, n — IeJjble qucia, umeeM [m| < 1, |n| < 1.
Cpetn m 1 n yIOBAETBOPSIONIUX STUM yejaoBusiM, m = 0, n = 0 — eJMHCTBEHHAs TIapa 3Ha-
JeHuit, kKotopas yaosiaersopser (1) u (2). Ho sto caenano 6u1 py HaAYaIOM KOODIMHAT, 9TO
HEBO3MOKHO, TaK KaK o ABJIAETCS TOYKON Ha MOBEPXHOCTU 3KCTPEMAJIBLHOTO MapaJlie/Ien-
nega. CiaegoBaresbio k = 1. B TepMunoiorum, BBeIeHHOMN BhIIIE, MOXKHO COPMYIUPOBATE
9TOT PE3YJIbTAT CJIEYIONUM O0OPA30OM:

Bwisod: Ecau b > ¢ u ecau @ asasemes nopmasvroti mampuuet muna I, moeda £—coced
{a, g,1} scezda nepsozo poda.

Ecou k = 1. I3 Teopembr 1 MbI 3HaeM, 9T0 b + ¢ > a, c1eI0BaTeIbHO

3<G<O 1<H<1
F ’ F '

Wcnonb30BaB 3TH OIEHKH B COYETAHUH C OIEHKAMU JJId Iy U V9 U TOT PaKT, 9TO m, N —
1eJIble YUCya, mMoJIydaemM
—4<m<1l, -2<n<2

[ToxcranoBka stux 3Hadenuit B (1) u (2) mokasbIBaeT, YTO BO3MOXKHBI TOJBKO CJIEJYIOIINE
BapUaHThl PEIICHMIA:

(i) m=-3, n=1, |W|=f+3g+h;
(i) m=-2, n=0, |W|=f+2g;
(i) m=-2, n=1, |W|=f+2g+h;
(iv) m=-1, n—-1 |W|=f+g-h;
(v)  m=-1, n=0, |W|=f+g;

(vi)  m=-1, n=1, |W|=f+g+h;



KaK/I0€ U3 KOTOPBIX MOXKET OBbITH PEHIeHUuEM IIPU OIPEJIEICHHBIX OIPaHUYCHUSX Ha a, b, c u
T.II.

Hawmenbiiee suadenue |W| umeer B ciyqae (iv), Ho (iv) ygosrerBopsier (2) TOJIBKO B TOM
ciyuae, eciim j < k, (1) ynosnersopsiercst (iv) seerga. Takum obpazom, korga j < k, To
m = —1, n = —1 ynosrersopsior (1), (2) u (3).

Crenyromiee HanMenbiiee 3uadenue |W| Berpedaercs st (v), u (V) Beerga yaoBJIeTBOPSIET

kak (1), rak u (2). CiemoBaresbro, ecau j > k, o m = —1, n = 0 ymosaersopsior (1), (2)
u (3).

Ecmu B3t kK = —1 9T0 1pocTo jacT jaBa pemerud ] < k: k= —1, m=1, n=1; j >
k: k=-=1, m =1, n = 0, KOTOpbIe SBJISIOTCS ITPOTUBOIIOJOKHBIMI YKa3aHHBIX BbIIIE

peIleHuit, ¢ae0BaTe/IbHO, IO CYIECTBY OHU TAKHE KE.
Ocramock BbISICHUTD d1, ds, d3, €161, €369, €363, U CHCTEMY 3HAKOB B P.

I:

L. 7>k, pa=dap1 —p2),

0, dy, O ) dlpgm, dy (Pgl) - p§2)>7 dspgg)
T=\d, —dy 0|, P=PT=|dp?, d® —p?), dsp®
OJ 07 d2 dlp{())2)7 d2(p:(31) - pgf))? d3p£(’>3)

[Iycts €1, €5, €3, 310 OyAyT €; masd P u ey, ey, e3 g P, Torjga

 ||adié(pe), eda(€(pr) — &(p2)),  €1ds€(ps)
® = lleadin(pa), €xda(n(p1) — n(p2)), E2dsn(ps)||
e3di((p2), €3da(C(p1) — C(p2)), €3dsC(ps)
€1€1d1b7 éleldg(a — b), 67161d30
(T) = 67262dlg, égegdg(—f — g), —ég(izdgh
—6_363(11]{, 6_3€3d2<—j + k), 6_363d3[

HOCKOJIBKy Ha AuaroHaJinu JOJI2KHbI CTOATDL IIOJIO2KHUTEJIbHBIE JJIEMEHTBLI, UMeeM d1 =

5161, dg = —6262, dg = 5363 n
~ ( _161)2b, —(6_161)(6_262)(61 — b), ( _161)(6_363)0
= || (é2e2)(€161)g, (e2e2)*(f + 9), —(eaea)(eze3)h
—(ezes)(erer)k,  (eses)(eaea)(j — k), (€ses)?l

[TockonbKy €1€263 = 1 m ejege3 = 1, cemayer, 9TO

(67161)(67262) (6363) = 1.

Torma Teopema 1 ipejicTaBiisieT criocod BEIOOpa ITPOU3BEJICHUI €1€1, €2€5, €3€3, KOTOPHIE
Jgenaior Marpuily ¢ HOpMaJIbHON MaTpurieil; a uMeHHO €167 = 1,éze0 = 1,€3e3 = 1, n
V cucrema 3uakoB B ®. CuemoBarenbuo, di = 1, do = —1, d3 = 1, p1 = pa2, P2 =
—P1 + D2, P3 = P3.
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2. j <k, py=ds(p1—p2—ps).
Ta ke uporneypa, 9To U B IPEABLILYIIEM IIyHKTE, IPUBOIUT K

e_leldlb, —6_161d2(—a + b + C), 6_161d3€
O = || ézeadrg,  —€zeady(f +g—h), —eéaeadzh,
—673€3d1]€, —égegdg(j —k + l), 67363d3l

CrnenoBarenbto, di = €1e1, dy = —€zey, d3 = €3e3. 3aMeHsIeM 3TU IPOU3BEJIECHUS B
d u oTMedas, 4To b 4 ¢ > a npumensiem Teopemy 1 i moJiydenus €1eq = 1, g6y =
—1,e3e5 = —1, u III cucrema 3nakos B ®. Ciemosarensro, d; = 1, dy = 1, dy =
=1, p1 =pa, P2 =p1 — p2— D3, P3 = —Ps.

IIuV:
Eciu V nipeobpazosars, To ciydan II u V moryT ObiTh perienst ogaHoBpemenno. Huke mpei-
crasiiensl ycaosus (1), (2) u (3), KOTOpBIE TOTKHBI OBITH BBIIOJHEHBI B COOTBETCTBYIOIINX

CITydasx.

II:
(1) |ka —mb—nc| < b,
(2) | —kj—mk+nl| <,
(3) |wf + mg+ nh| = min.,

vae k| + |m|+ |n| > 1, kK = £1, wim 0.
V:

(1) |kRa —mb+ nc| <,
(2) | =Rj+mk+nl|l <,
(3) |Rf + mg — nh| = min.,

vae k| +|m|+ |n| > 1, k= £1, wimu 0.
K

Hna V nyers K = K, m = m, n = —n u neperumeM ycjaosust (1), (2) u (3) caeyromum

obpazoMm
(1) U = ka —mb—nc= A\,
(27) V ==xkj+mk —nl = Al,
(3") W = kf +mg+ nh = min.

riae |N\| < 1, \; # 0. Bepxuunii 3nak B (2') mis coayvas 11, a aukanit 3nak st ciaydas V.
Umeem takxke F' = bl + ck, G = al F ¢j, H = tak + bj. Pemasz (1°) u (2") mua m u n,
HOJIy 4aeM

al Fej  —Mbl+ Xl G

M R ok ok ETtTw
_ Ebitak bl Mk EH
R ok b+ck  p ™
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Ecmu k = 0, To mo-ipexkaemy |m| < 1, |n| < 1, u u3 mux, Toasko m = 0, n = 0 aBiagercs
pemtenueM (1) u (2). Ho py ne saBiIsieTcst HavaI0M KOOP/IUHAT, CJIC/IOBATEILHO:
Bvi6od: Ecaub > ¢ u ecau ® nopmasvnas mampuya munos I uau V, moeda —coced {a, g, 1}

ecezda nepsozo poda.

Yucsiennble OICHKM JJIdA % n :tTH HEe3aBUCHUMO OT a, b, C, 1 T.. HEJIb3Ad 00eCIIeYnTDb KaK B CJlIydae

I, cjie10BaTeJIbHO, pelIeHnue J0JI2KHO ObITH BbIpazK€HO B T€EPpMHNHaX 3THUX ABYX BEJICUNH.

[Iycte M = [%] , N = [%] , TJIe KBaJpaTHble CKOOKM MMEIOT TO K€ 3HadYeHHue, YTO U

PaHbIIIe. N3 & moxio I[IOJIy49UTh CJjeJyronipue COOTHOIICHMA:

G +H
G—Fb—TC—(],

G +H A

G +H
tih—k— ——] =
]+Fk Fl

[yctb u=a — Mb— Nc, v=+j+ Mk — NI, w= f+ Mg+ Nh, torna

A A
O<u<b+4ec, —-k<v<l __<g+h)<w<f'

F

ik} IIpUBEACHHBLIX BbIIIC Bblpa}KeHI/Iﬁ JJIA 1 11y TI0JTy9aeTCed

{m%} +[n] <m < {m% + 1] + 1,

+H +H
R | F ] S S0 | ] + 1,
rie —2 < [v;] < 1. Pemenns mus (1) u (2) ayist £ = —1 SBJISIIOTCA TPOTUBONOIOXKHBIME

peleHusiMu it k = 1, Gyrarogapst OJHOPOIHOCTH BhIpaxkeHuit k, m u n. Ilycrs Kk = 1.
[Tockosbky m — mestoe 1ucso, Torga auoo G/F u vy oba nensle qucia, amnbo oba He Tesbie

qncia. Korma oba mesble, BUIHO, 9TO —m = —% - = — [%] + [—11] Tak, aro —M — 2 <
—m < —M + 1. Ecimm xe onn oba He Iiejible 4uC/a, TOT/a BUJIHO, UTO M = % + 1 =

[S] + [1] + 1 maK, aro M —1 < m < M +2.
HOXO}KI/IG peByJ'[bTaTI)I nMeeM 1 r[LIIH n

N—-1<n<N+2.

s mecHalllaTn BO3MOXKHDBIX KOM6HH&ILI/II71, MHOI'I€ M3 KOTODPBIX MOXKHO OTCE€ATDH MCIIOJIb3Yyd

OICHKU u ¥ v, TojtydeHHble Boimie. s npumepa, ecmtu m = M + 2, n = N — 1, nony4dnm
U=a—-bM+2)—c(N—-1)=u—2b+c,

V==+j+kM+2)—I(N—-1)=v+2k+],

nosydaerct —2b+c¢ < U < —=b+2¢, k+1 <V < 2k + 2. Torga ycnosue (2), a mMeHHO
|V| < I, ne Bomosasterca. [locsie TpoBepKH MOIXOIAT TOJBKO CJIELYIONIIE 3HAUCHUS:
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Pemmenne (1), (2) | Ipanwner mag un v | W YesroBus IS peleHnst
n=N k<V <l+2k g v<l—2%k
n=N 0<V <ltk g v<l—k

m=M+1 -b—c<U<O u>c
h

(iif) n=N+1 <V <k wEgT v>—k

. m=M-+1 —b—2c< U< —¢ u > 2c
2h

(iv) n=N+2 o<V <k—1I wEgT v>1—k

(V) m=M c<U<b+2c w—h u<b-—ec

n=N-1 l—k<V <2 v <0

n=N k< V<l v<l

.. m=M —c<U<b u>0

h

(vii) n=N+1 —k<V <0 Wt v>0

m=M-—1 b—c<U<?2b u<ec
— h

(vili) n=N+1 doak<vek |[PTITF vk

Teneps peus uier o munnmyme |W|. 13 onpenenenns M u N u ycnosuita > b >c¢ >0, [ > j
nostygaercs, uro M > 0, N > —1. Torma w > f — h jjd Bcex pelneHuii, 3a UCKJIIOYEHUEM,
Bosmoxkao (v), W > f — g > —g. Ho ompesiesierne sKcTpeMasbHONO Napasiiesenuriesia
{a, g,1} Tpebyer, aT0bBI He cyiecTBOBaAIO pemenuii |£| < a,|(| < [, qrsa koropsix |n| < g;
ciegoBaresbho, mer perrennii (1) u (2) masa xoropsix |W| < g. Torga s Beex perrennit,
kpome (v), mmeem W > g. g (v) umeem W = w — h, HO Beakuit pa3 Korja (v) sBJIsgeTCs
pererneM (1) u (2) Tak xe, Kak u (vi). Bbuio pocTo MOKazaHo, YTO Korja (vi) perieHue,
w > g, ak 9o st (v) W =w—h > g—h > 0; cienoBaresbao, w—h > g. CiiesoBaTesibHO,
|W| =W nas Beex perieHuii.

Buadenne W B (viii) u (V) SBJISIOTCST IBYMsI HANMEHBIIIUME U TAK KaK YCJIOBHUS, TIPH KOTOPBIX
9TU JIBa PEIeHNUs sSIBJISTIOTC B3auMOMCKIIIOUatomumMu, (viii) sieisiercs perernem (1), (2) u
(3) Beskmit pas, Korjpa u < ¢, v > k; u (V) sBigercs perenueM, Korjga u < b —c, v < 0.
Crenyromiee HanMenbIee 3Hadenne it W s (vi) kotopoe yaosierBopsier (1) u (2) Beakmit
pa3, korja u < b. Ho (3) ne ynosrersopsercs (vi), ecam uu (vidi) u Hu (V) HE yAOBJIETBOPSIOT
(1) u (2). Takum obpazom, (vi) 1o pemenue (1), (2) u (3), ecm v U v yIAOBIETBOPSIOT
yeJIoBUsIM Jijist TOro 9Tobbl (vi) 6b110 pemenueM (1) u (2), HO He TAKUM YCIOBHSIM, YTOOBI
(viii) mm (v) OBLIO pereHneM.

Ycnosus m n OKBUBaJIEHTHOCTh
1) u<c, v>k M-1 | N+1 | (viii)

2) u<b-c, v<0 M N-1 | (v)

3),4) u<b, vo me 1) wm 2) | M N (vi)

5) u>b, v>0 M N+1 | (vii)

6) u>b, v<0 M+1 | N (ii)

Ocraercs oupenenutsb 1, €1e1, €zey, €ze3 U cucrtemy 3HakoB B ®. IlockoabKy py = ds (p1 +
mpe £+ nps) umeem
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0, do, O
T = dl, dgm, 0
0, j:dgn, dg

Cuenyst mnporeaype Kak B ciydae I, mosydmm:
—éleldlb, éleldg(a —mb— nc), $€161d30

(I) = 67262dlg, 67262d2(f + mg + nh), :Eég@gdgh .
:Fe_gegdlk, 6_263d2(—j F mk £ TLl), (i’_gegdgl

Hamomuum, aro W > 0, ciaemoBarenbio di = —ej€1, dy = €3€9, d3 = €ze3 u
- (6_161>2b, (6_161)<€_262>U, :F(6_1€1)<€_363>C
b = —(6262)(6161)97 (6262>2W ﬂ:(efgez)(égeg)h .

+(ezes)(erer)k, F(ezes)(eaes)V, (e3e3)?l
Nu<e, v>k: m=M-—1, n =N + 1. Hanomuum, aro 0 < u < b+c¢, —k <v <[, u
umeem U > 0, V < 0. U3 Teopemnr 1 ciemyer, 9to €1e; = F1, éaeq = F1, é3e3 = 1; dy =
+1, dy = F1, ds = 1; u cucrema 3uakoB B O 1.
Qu<b—c,v<0:m=M n=N-1, U >0, V > 0. Uz Teopemnr 1 ciemyer, aro
ere1 = £1, ézes = £1, €3e3 =1, dy = F1, dy = +1, d5 = 1, u cucrema 3naK08 B O V.
Ju<b, v>0,m0mHe1l):m=M n=N; U>0, V>0. Tak xe, kax 2).
MHu<b, v<0,voHe2):m=M, n=N; U>0, V<0. Tak xke, kax 1).
Slu>b, v>0: m=M, n=N+1; U>0, V<0. Tak xe, kax 1).
6)u>b, v<0: m=M+1, n=N; U>0, V>0. Tak ke, Kax 2).
IIT u IV.
DTH ABa cJiydast MOKHO OObEINHUTE. YCJIOBUsI, KOTOPBIE JOJIZKHBI ObITH BBIIIOJTHEHBI B COOT-
BETCTBYIONIUX CJIyYasaX:

I11 vV

(1) | Ra —mb—Tmic| <D, (1) |ka+ mb—nc| < b,

(2) | Ry +mk+nl|l <l (2) |kj —mk+nl] <,

(3) |-"f+mg—nh|=min; (3) |-xf +mg+ nh|=min.

B IIl nycts kK = kK, m = —m, n = n u Jjig 000X CJIyIaeB UMeeM:

(1) U = ka+ mb—nc = \b,

(2") V=kj—mk+nl= X\l

(3") W = £kf + mg + nh umeer MurrMaIbHOE aBCOIOTHOE 3HAUECHUE.

rie |[\| < 1,\; # 0. Bepxumuit 3uak B (3') s cayvas 111, mmkanit — ps IV.
k=0:

Pemmaem (1') u (2') ayist m u n,

. )\1bl + /\QCl . )\le + /\1bl€
Tk 0 " T Tk

Torma
bl — bk . cl — bl
bl —ck bl —ck’

[Mockombky b > 1, | > k, umeem |m — n| < 2; HO m u n 1eJble 9ucya, modTomy |m — n| < 1.

m-—n=2>\

Bammmem 1o m =n+¢ (¢ = 0 wm £1). Samennm (1') u (2') :
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(17) n(b—c)+eb= A\,

(2") n(l—k) —ek = Aal,

rae |A| < 1,A; # 0. OJHOBpeMEeHHO M W N PaBHATHCS HYJIO HE MOIYT, CJIJOBATEIHHO
In| + |e| > 1. Uz (1”), oueBumno, aro n # 0.

[peamonoxenue, uto € = 1, qaer n < —1 u3 (1”) u n > 0 uz (2”). CnenoBarenvho, € # 1.
[peanonoxkenue, uro € = —1 maer n > 1 u3 (1”) un < 0 u3 (2”). CiuenoBarensHo, € # —1;
nosrydaercsd, 91o € = 0 u m = n.

Torga munumvym |W| mis m = n = +1 pasen |W| = g+ h. Kpome Ttoro, Kk =0, m=n =1
Beerya yaossersopsior (1) u (2'), Tak uro sro pemenne (17), (2'), n (3'), 3a uckiouenuem,
Koryia HanMmenblnee s3Hadenne |W| mosydeno apyrum perennem (1') u (2') mrs koroporo
k=1

k=1:

Permum (1') g m u (2') pist n,

(1///) m= A — ‘% + n%,

(2///) n =N\ — % + m%)
riae |[\;| <1, A; # 0. Torga, OCKOJIBKY m U n — IeJIble IHCIIa,

N

m < [M] + [—a/b] + [nc/b] + 2,

n < [Ao] + [—4/1] + [mk/l] + 2.

(a) Ipemmomoxkum, aro m > 0, n > 0, rornam < 0—24+n—-—14+2=n—-1, n <
0—1+m—1+ 2 = m; HO 9TU HEpPaBEHCTBa HECOBMECTUMBI, TOTOMY, Jub0 m < 0,
guoo n < 0.

(b) Ipenmonoxkum, aro n < 0, rorma uz (1”), m<0—-2—-142=—1.

d

)

(¢) Ipennonoxkum, aro m < 0, rorga u3 (2”), n<0—-1—-1+2=0,

(d) Ipenmomoxkum, aro n = 0, Torga uz (1), m =X\ —a/b < 0 wam m < —1.
)

(e) IIpeamomnoxkum, aro m = 0, rorga u3 (2”,) n= Xy — j/l < 1 wm n < 0.

Torma Bo Beex cirydasx umeeM, uto m < —1, n < 0 (Tak Kak (d) UCKII0OYaeT BO3MOKHOCTH
m =0, n=0).

Hamnee 6yner onpeener muanmyM |W| u mis ciyqaes 111 u IV on Gyger paccmarpuBarbes
OTJIETILHO.

III: U3 Teopemsr 1 umeem j + k > I, h > f; Torga (2') He yjaoBierBopsiercs, eciu k =
1, m < —1, n=0. [IBa pemenus Jijis KOTOpbIX 3HaueHue |W | sBjisercs HAMMEHBIIAM:

m=—-1,n=-1: |[W|==f+g+h>g;

m=—-1,n=-2: |[W|==f+g+2h>g+h.

U3 Hux TOBKO B mepBoM ciydae 3Hadenue |W| menbine, dem g + h, u Tpoiika k = 1, m =
—1, n = —1 gozKHA MPUHUMATHCS BCSIKUiT pas3, Korjaa 510 pemtenue (1) u (2'); B mporuBHOM
cayuae, Kk =0, m =1, n=1. To, uro k = 1, m = —1, n = —1 asasierca permennem (1)
Tpebyer, 9Tobbl a + ¢ < 2b; Torja Tpoiika Beerja sBisiercs periernem (2').

Torna jra 111 ciiydas nmeem:
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l.at+ec<2b: k=1 m=-1, n=—1;
2.a+c>2b: k=0, m=1, n=1.

Bvisod: £€—coced nepsozo poda, ecau a + ¢ < 2b; 6 npomusHom caywae amo 6mopoti poo.
IV: Baece m < 1, n < 0, u HanmenbInee 3uadenue |W| nocruraercst ipu m = —1, n =0, a
mvenno |W| = f + g. g Bcex apyrux map m u n yI0BIETBOPSIONMX STUM HEPABEHCTBAM,

W|>f+g+h>g+h

Toryma |W| mMoxker 6bITh MeHbIe ueM ¢ + h, st 3Hadennit £ = 0, m = 1, n = 1, ToabKO
ecmn f < h, u ecm Tpoiika k = 1, m = —1, n = 0 ymossierBopsier kak (1'), rak u (2'). To,
aro (1) u (2') BbImoJIHEHBI ycTaHaBaUBaCT ycaoBue a < 2b, j+k <.

Torma mrsa IV cayqas umeem:

l.a<2b, f<h, j+k<l: k=1 m=-1, n=0;
2.a>2buwm f>huwmj+k>1l: k=0 m=1 n=1

Buisod: £—coced nepsozo poda, ecau a < 2b, f < h u j+ k <, 6 npomusrom cayuae 9mo
6mopot pod.
Ocrasiocs onpenenuts 1), €;e; u cucremMy 3HAKOB B .

ITI:
0, /{dg, 0

T'=|dy, dy, 0O

0, do, ds

3aTeM BBLITIOJIHIM IMIPOIEAYPY Kak B ciydae I, momydum:

—éleldlb, 67161d2(lia —-b + C), —67161d36
P = || ézeadig, exeadr(—Kf+g+h), —eézeadsh
6_363d1/€, 6_3€3d2</€j + k- l), €_3€3d3l

Torma mycts dy = é€1eq, dy = €36y, d3 = €363 MOTYyINM

) (é1€1)2D, (é1e1)(é2e2)(ka —b+c), —(€re1)(€zes)c
D = || —(&e2)(Ere1)g, (@e2)’*(—kf+g+h), —(ées)(eses)h
—(6_363)<€_161)k5, (6_363)(6_262)(l€j + k- l), (6_363)2l

k = 0: U3z Teopemsl 1 cemyer, 9T0 €161 = 1, éaes = 1, €3e3 = 1, u cucrema 3naK0B B ® VI;
TOorga d1 = —1, dg = 1, d3 = 1.

k = 1: 13 Teopewmsl 1 cienyer, uto é1e; = —1, €zes = 1, é3e5 = —1, u cucrema 3Hakos B @
IT; rorma dy =1, dy =1, d3 = —1.
IV:

0, lidg, 0
T = ||dy, —da, 0
O, (/’i — 1)d2, dg

Ta xe nporieypa, 9TO U PaHbIIe, IPUBOIUT K CJIETYIONIEMY

e‘leldlb, e_leldg(lﬁa —b—k— 10), —6_1€1d30
CI) = e_gegdlg, 6_2€2d2(—/€f — g + K — 1h), €_2€2d3h
—6_3€3d1]€, 6_3€3d2(lij + k + K — 1[), 6_363d3l
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udy = éjeq, do = —ézeq, d3z = €3e3. Torma, HAKOHEII, TOJIyIaeM

k=0: ée; = —1, é3e9 =1, é3e3 = —1; cucreMa 3HAKOB B o Vbud, =—-1, do = -1, d3 =
—1.

k=1: ey =1, é3e5 =1, é3e3 = 1; cucrema 3naxkos B ® I udy =1, dy = —1, dy = 1.
E—coced E—coceda 6 cayuasz I 2] u IV2):

[Iycts P, ® marpunipl u ey, €, €3 3T0 €; u3 Teopembl 1 Jijis SKCTpEeMaJsbHOTO TapaJiie/Ieri-
neqa {a, g, [} wnycrs P*, ®* e}, e}, €5 umeroT cooTBeTCTBYOIIME 3HAYEHHS JIJIst £ —COCe A
&—cocena. Pemenne ctponTcest TOUYHO TakKe, Kak Jjisd £ —cocejia B caydaqax [ u IV.
Teopema 1 mokazwiBaeT, 4To omnpegenurenb P* pasen 1. [lockonbky P Takke MMeeT OIpe-
nemurensb 1, a P71 — marpuna nesnsix umcen ¢ onpegermrenem 1. Torma T = P~1P* —
MaTPHILA HEIbIX JUCesI ¢ oIpeaeanTesaeM 1.

1] b— ¢ > ¢ : tak KaK p} = £ps, p3 = £P3, 1€ Pa, P3 ABIAIOTCS TOIKAME PEIIETKU HA
¢—cocene {a, g, I} u kax naiineno B 111 2] u IV2], umeem

0, k*dy, 0
T" = d17 m*d27 0 )
Fdi, n*dy, ds

*

rae k5, m*, n* neible uuciaa u d; onupenensitorcss Kak 1 mim -1. BepxHuit 3Hak B mepBoMm
crosiore marpuiibl 1™ jura I, auexknnit 3nak jura [V. Tak kak onpegenurens T pasen 1,

|k*| = 1. Boibepem k* = 1.

[Iycte m* = +m, n* = —(m — n), Torga
0, do, 0

Fdi, —(m—n)dy, ds

9TO JIae€T HAM TO, YTO MbI MOYKEM BBIDA3UTh P B T€PMUHAX Pi, Pa(= p2 F p3), U p3(= £ps).
[ycrb u® =b—c, v =¢; v =1, vV =1—k; w=g+h, w =h, rorma u® >u >0, w® >
f>0, w>uw >0, 0v°>7>0,v>v>0mw > f>0sIll), n

§(p3) = exdz(a — mu® — nu),
n(py) = eada(—f £ mw® F nuw'),
C(ph) = esdy(j — mv' + nov°).
Cremytommue yeIoBust JOJIZKHBI ObITH Y/I0BJIETBOPEHbI:
(1) |a —mu® — nu'| < u®,
(2) | —j+mv —nv°| <°,
(3) | F f + mw® — nw'| = min.
[lepermmenm (1), (2) u (3) xax
(1) U=a—mu® —nu = \u°,

(2)) V=—j+mv —nv® = A°,
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(3") W =Ff 4+ mw® — nw' umeer MUHUMAJIBHOE aOCOJIIOTHOE 3HAYCHIE.

rae |\| <1, A; # 0. Pemnag (1) u (2') st m u n B repmunax F, G, u H, cOOTBETCTBYIONHX
3HAKOBBIM MuHOpam st —f, g, u Fh B P.
av® + g —Autv® + Avtu’  £G

m = + = + 1
wev° + u'v’ uCv° + u'v’ F ’

—ju® +av’  —Xutv® — A\utv G+ H
= + =
u°v° + u'v’ uv°® + u'v’ F
Kak u npexne, u3 yeaosuit u® > o' > 0, v° > v > 0 u |N| < 1, crenyer, uro || < 2 u
M-1<m<M+2 N-1<N+2.
Iyers M = [£¢], N = [ZEH] 4 = a— Mu® — Nu/, v = —j + MV — Nov°, w =
Ff 4+ Mw® — Nw', u monyants cieyromnue HepaBeHcTBa n3 ¢ kax B ciydasx 11 u V:

V.

AU >u>0, v°>v> v, w>— —w >-—uw.
+F
Bemmauner v°, o', v°, v/, w®, w’ 31ech 3anumator mecrta b, ¢, [, k, g u h cOOTBETCTBEHHO,
Kak B caydaax [Iu V.
Pemmenus (1) u (2) B repmunax M u N onpejiesieHHbIE 3/1€Ch, UMEIOT TOYHO TaKyio ke (hopMy,
Kak u pemienust ot (i) g0 (vidi) u3 (1) u (2) maa II u V. CymecrByer pasHuia, ojHaKO, B
OTHOCUTEJBHBIX BesmanHax |IV].

Pemenne (1), (2) W YcioBust JJIsd pelleHust
. m=M+2 o u < u’
i w + 2w
() n=N + v <v® — 20
. m=M+4+1 o u >0
ii w —+ w
() n=N T v<v®—v
m=M+1 o , u > u'
iii —
( ) n=N+1 w+w w v > —v
m=M+1 o / u > 2u
iv w~+ w® — 2w
( ) n=N+2 + v>v° —v
m=M , u<u® —u
v w4+ w
() n=N-1 + v <0
(V]) m=M w U<UO
n=N v < v°
(vii) m =M w—w' u>0
n=N+1 v>0
(viii) m=M-1 w—w® —w u<
n=N+1 v >

W3 yenosuit Ha w, w°, w', BugHo, aro W > —w® 111 KarKJI0T0 peIleHusl, 3a NCKIIYEHIEM,
BO3MOXKHO, (iv), (vii) u (viii); Ho Her permenunit (1) u (2) ans xkoropeix |[W| < w®, cieno-
BaTeJIbHO, Pelennsd, Jid KOTopblX W > —w® yJoBIeTBOPSIOT TakxKe yciaoBuio W > w°.
MozxHO noKazarh, 910 jgaxke W > w® g Tpex yHOMSHYTBIX BO3MOXKHBIX HCK/I0UeHnit. Fe-
mu (viid) sBJIsieTcsl pereHneM, To (Vi) TakxKe siBJIseTCs perneHueM. Torga w > w°, U Kak
cnencreue, w — w® — w' > —w® yunosiaersopeno. Cienosareabuno, w — w® — w' > w°. Ecin
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(vii), nHo He (viii), ABageTCS perteHueM, To Jubo (vi) amubo (14i) ABAAETCS PEIICHUEM, U B
JI0O60M citydae uMeeM w — w' > w°. AHAJOTHYHBIM 00Pa30M MOYKHO ITOKA3aTh, 9TO ecyu (iv)
sIBJIsieTCsT perieneM, 70 w + w® — 2w’ > w°. Crenosarensro, |W| = W.

U3 Bocemu pemenwit (1) u (2) moygaercs cieyromnas Tabauia Beex pernennii (1), (2) u (3):

Yenosus m n OKBUBaJIEHTHOCTD

1) u<u’, v>v’ M-1 | N+1 | (viii)

2),3) u>0,v>0momnel) | M N+1 | (vii)

4) u<u®, v <0 M N (vi)
) u>u°, v <0 M+1 | N+1 | (iii)

Bnauennsa di, da, ds, e€je;, ejes, eies, m cucrema 3HAKOB B P Temepb OyIyT OIpe/iesIeHbI

at

JUTs Pa3/IMIHBIX perenuii or 1) 1o 5).
[Tockosbky P* = PT™, umeem

teterdiu®,  ejerds(a — mu® —nu'),  —elejdsu’
Q" = || efeadiw®, eseads(—f £ mw® Fnw'), Feseadsw’
Feiesdiv',  elesda(j — mu' + nw), esesdsv°®

Torna dy = Fejer, dy = Eejeq, d3 = eses, &

(efer)us, +(efer)(eze2)U,  —(ejer)(ezes)u
" = || F(ezez)(efen)w®,  (e3e2)’W,  F(ezer)(eses)w’
(e3es)(efe)v’,  (e5es)(esea)V, (e3e3)0°

1) u<u,v>0v:U>0,V <0. U3 Teopemsr 1 cirenyer efe; = +1, efes = —1, eles =
F1, u cucrema 3uakoB B ¢* V. Torma di = —1, dy = F1, d3 = F1.

2Q)u <, v >v>0:U<0,V <0. U3 Teopemsr 1 cieayer eje; = j:l esey =
1, ejes = £1, u cucrema 3uakoB B ®* III. Torma dy = —1, dy = £1, d3 =

3 u>u, v>0: U>0, V <0; gro u B cityuae 1).

)
4) u<u®, v<0:U>0, V<O0;uro u B ciyuae 1).
5)

u>u, v<0: U<0, V<0; 9o u B caydae 2).

2lb—c<c:
Baech pi = dips u pi = do(p2 F p3). Tperbst Touka 910 JMHEiHAS KOMOUHAIUS C MEJIBIMI
koachdbunmenTaMu p1, pa, Fps u p3. [lycrs p; = dz(kp: £ n(ps F p3) + mps3), Torma

0, 0, kds
T =10, da, +nds ;
di, Fds, (m —mn)ds
rie d; = £1. Ho onpenenurens T pasen 1, st Toro arobs |k| = 1. Beibepem £ = 1 kak
paHbIe. 3aTem
£(ph) = erds(a — nb — ¢ — me),
1(p3) = eads(—f +ng +h F mh),
C(ph) = esds(j —nl — k +ml),
Iycrs u® = ¢, v/ =b—c; v* =g+ h, vV = h; w° =1, w =1 — k. YcioBust, KOTOPbIM
JIOJIZKHBI YJIOBJIETBOPSATD TEJIbIe YHUCIa M U N
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(1) U=a—mu® —nu = \u°,
(2) V==4f+mv —nv° = \o°,
(3) W =j + mw® — nw' umeer MuHUMAaJIbLHOE aBCOJIOTHOE 3HAYCHHE.

Pemas (1) u (2) maga m u n nosrydaem:

av® F fu' N Autv® + Agu'v® £K A+ L

= + 14
u°v° + u'v’ ulv° + u'v’ J ’
+ fu® + av’ n Auv® — \ut K N
g g ]/2.
uCv° + u'v’ u°V° + u'v’ J

IIycte M = [(£K + L)/J], N = [£K/J], 3arem, Kak u panbine, |v;| <2u M —1 < m <
M+2 N—-1<n<N+2 Houyctum v = a — Mu® — Nu', v =+f 4+ Mv' — Nv°, w =
j+ Mw® — Nw', Torpa uz ® nosydum

A

uHu >u>0, v°>v>-—v, w>7—w°>—w°.

Nmeem Takxke, aro u® > u' >0, v° > v >0, v° > f > 0. Ecrb nars pemennii (1), (2) u (3)
B TepmuHax 3tux M u N u onu umeror Ty ke dpopmy 4to u jyjisg b — ¢ > c.

EnuncTBeHHas pa3HHUIIA BOZHUKAET B 3HAUCHUAX dp, do, d3, €jej, €5es, €ies, U B CHCTeMax
3HaKOB B O*.

Ucnonb3ys, aro P* = PT*, nosydaeMm

—ejerdiu®, Fejerdot’,  ejerdsU
Q" = || Fedeadiv!,  eleadav®,  FeleadsV
esesdyw®,  Felesdaw', elesdsW

Torma d; = ejer, do = €eleq, d3 = ejes n

(efer)?us, F(eter)(esea)u’,  (ejer)(ezes)U
O* = || L(eseq)(efer )V, (eeq)?0°, F(eses)(ehes)V
—(eze3)(efer)w’, F(ezes)(esea)w’,  (eze3)*W

Du<u,v>v:U>0,V <0. U3 Teopemsr 1 crenyer efe; = +1, efes = —1, eles =
F1, u cucrema 3uakoB B ¢ IV. Torna dy = F1, dy = —1, ds = F1.

Q)u<u, v >v>0:U<0,V <0. U3 Teopemsr 1 cieayer eje; = +1, eles =
1, ejes = £1, u cucrema 3naxkos B ®* II. Torna d; = F1, dy =1, d3 = F1.

3 u>u, v>0: U>0, V <0; gro u B cityuae 1).
4) u<u®, v<0:U>0, V<O0;uro u B ciyqae 1).

5) u>wu®, v<0: U<0, V<O0;uro u B ciyuae 2).

n—coced {— coceda {a, g, 1}, Ko2da b > c.

TO ABIAETCS HEIIOCPEICTBEHHBIM CJICACTBIEM OIPEICICHHS.

E—coced E— coceda 6 111 2] u IV 2J:

l—k>k:

3nech pi = dipa, p3 = d3(p2 F p3), u p3 = da(kp1 & m(p2 F p3) F np2). Torma
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0, Iidz, 0
T = dl, :I:(m - n)dg, d3
0, —mda, Fd3

Ompegenurens T pasen 1. CrenoarensHo, |k| = 1. Beibepem £ = 1. Ilycrs u® = [ —k, ' =
ki v°=b, vV =b—c, w° =g+ h, w = g; Torma
&(p3y) = erds(a — mo' + nv°),
n(py) = eada(—f £ mw® F nuw'),
C(ph) = esda(j — mu® — nu').
Creytonye yCIoBas JOJKHBI OBITH BBITIOJTHEHBI:
(1) U=j—mu® —nu = \u°,
(2) V=—a+mv —nv® = \°,
(3) W = Ff 4+ mw® — nw' umeer MuHAMAILHOE aOCOMIOTHOE 3HAYEHHE.

Pemas (1) u (2) qyist m u n mostyaem:

ju° + au’ -\ utv® + u'v® —H
m = + - + ,
u°v°® + u'v’ u°v° + u'v’ F
—au® + jv"  —Xulv® — \utv'  FG—H
n = + = + 5.
u°v°® + u'v’ u°v° + u'v’ F
Yeranosum M = [-H/F|, N =[(—H)/F], uv° > v >0, v®° > u' > 0, u3 sr0oro nmeem

| <2uM—-1<m<M+2 N—-1<N+2.
[lycts u = j — Mu® — Nu', v = —a+ Mv' — Nv°, w = Ff + Mw® — Nw', rorna u3s &
HOJTY TUM

, A

uHu >u>0, v°>v>-—0, w>§—w°>—w°.

Torya pemenns (1), (2) u (3) B repmunax M u N, Takoii 2e (pOPMbI, 4TO U IATH PEIIeHui
B JBYX IPEIBLIYIIUX CIyIasix.
CymecTBeHHasl pa3HHUIIA BO3HUKAET B 3HaUYeHUAX dy, dg, ds, eje;, €5es, €5e3, U B CHCTEME
3HaKOB B OF.

Ucnonwbsys, uto P* = PT™, noiydaem

* o * * /
Fejerdiv°, —ejerdsV, TFejerdsv

Q" = || edeadiw’, FebeadaW, Fejeadzw®
telesdiu/, FejesdU, Fejesdsu®

Torma d; = Fejer, dy = E£eleq, d3 = Fejes u

(efer)?v®, Fleter)(eze2)V,  (ejer)(ezes)v’
" = ||F(esea)(efen)w’,  (e3e2)*W,  F(eses)(ezes)w’
—(ezes)(efen)u’,  *(ezes)(ezeq)U, (ezes)?u’

1) u<u,v>0v:U>0,V <0. U3 Teopemsr 1 cirenyer eje; = F1, ejes = —1, eles =
+1, u cucrema 3unakoB B ®* IV. Torma d; = 1, dy = F1, d3 = —1.
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Qu<u, v >v>0:U<0, V <0. U3 Teopemnr 1 cinemyer efe; = £1, ejes =
1, ejes = £1, u cucrema 31akoB B ®* I. Torna dy = —1, dy = £1, ds = —1.

) u>u, v>0: U>0, V <0; gro u B cityuae 1).
4) u<u®, v<0:U>0, V<O0;uro u B ciyuae 1).

5) u>wu®, v<0: U<0, V<O0;uro u B ciyudae 2).

2 k>1—k:
Bnech py = do(p2 F p3), ps = dspa, u pi = di(kp1 + mpy + nps). Torna

kdy, 0, 0
T = mdl, dg, d3
nd17 :Fd27 0

Ompegenurens T* pasen 1, cienoBarensbro, |k| = 1. Beibepem k = 1, Tora

&(p}) = erdy(a F mb — nc),
n(py) = e2di(—f +mg F nh),
C(py) = esdy(j £ mk +nl).
Cremyrorue yCIOBASA JOJKHBI ObITH BBIIOJHEHBI:
(1) U=—f+mgFnh=X(g+h),
(2) V. =j+mk+nl =Nk,
(3) W = a F mb — nc umeer MEHIMAJILHOE aDCOTIOTHOE 3HAYEHUE.
rie [\| <1, A\; # 0. Pemast (1) u (2) mig m u n noaygaem:

 JUFhy | Mgl+MhlE£Xhk B

T hk gl + hk A
_ —9) F [k Aggk$A1gk$A1hk:€+V
gl + hk gl + hk AT

U3 yenoswit Ha \; u u3 Teopembr 1 st g, h, | u k, nmeem |y;| < 2.
[Tockonbky b > ¢, Teopema 1 Tpebyet, urodwr h > f s 111;
Torna jmra 111 coyqas:

B C
=<1, —1< = .
< = <1, < — <0

ChnemoBarenpao —2 < m < 2, —2<n< 1.
Hna IV cioydgas:

O<B<2 1<C<1'
A ’ A '

CnenoBarensio —1 <m <3, —2<n<2.
[Ipsivast mepectaHoBKa 3Tux 3Haderuii B (1) u (2) mokasbIBaeT, 4TO TOJIBKO CJIEIYIOINIIE TTAPbI
aBJIstioTCA perernsivu (1) u (2).
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m | n | Cayuait | W YeioBus Jijist perenmii
i) |-1]0 |1 atb | f<h, j<2k
(i) [0 |-1|ILIV |atc |j+k>l
(i) [0 [0 [IILIV |a i<k
(iv) |1 |-1 |11 a-b+c | [j+k-1|<k
(v) |1 v at+b | j<2k
vi) |1 |1 IV atb-c | j+1<2k
(vii) | 2 v a+2b | f+h>g, 3k>j>k.

Buauenus: W Bce nomoxurenbubl. Cpenn perennit st 111 (iv) coorBercTByeT HamMmeHb-
memy 3uadenuto W. C apyroit croponsl, yeaosue |j + k — [| < k Bcerjia BBIIONHSIETCST KaK
crepcrBue yeaosuit j+k > 1, j >0, I > k > 0 u3 Teopemsr 1. To ects, (iv) Beerga sBisiercs
pererneM (1), (2) u (3) ma 111

Cpemu pemennit st [V, (4i7) cooTBeTcTByeT HamMeHbIEMY 3HadeHUIO W, ciie1oBaTeIbHO
(1i1) siBsiercst pernenuem (1), (2) u (3), ecoim j < k. Korma j > k, oueBugno, uro (vi) He
sBiigtercs perterneM (1) n (2); Torma, (i) coorBercTByer HanMmenbieMy 3nadenuio W. Ciemo-
BaTeIbHO, (i1) saBistercs perenneM (1), (2) u (3) 3a uckiouenuem ciydaes, Korja j + k < [.
Ho sroro e npoucxomur, korma k > [ — k, j > k. To ects, xoryma j > k cienyer, aro (ii)
Bcerna pemterne (1), (2) u (3).

Oupejiestenue dy, do, ds, ejey, eses, e€ies u cucrema 3HakoB B ®* cienyromast:

II1:
di, 0, 0
T* = d17 d27 d3
_dla _d27 0

Ucnonb3ys, uro P* = PT*, nosydaeM

eterdi(a—b+c), —eferdy(b—c), —elerdsd
O = |leseadi(—f +g+h), eseada(g+h), eheadsg
esesdi(j+k—1), —ejesda(l—k), ejesdsk

Torna dy = ejey, dy = eses, d3 = ejes; I3 Teopemnr 1 cremyer, uto eje; = —1, ejeq = —1,
ejes = 1, u cucrema 3nakoB B ®* V. Torna d; = —1, dy = —1, d3 = 1.
IV:1) j>k:
diy, 0, 0
T =1 0, dy, ds
—dy, dy, 0O

Ucnonb3ys, aro P* = PT*, nosrydaem

eterdi(a —c), eferda(b—c), eferdsb
Q" = ||—edeadi(f + h), eseada(g+ h), eleadsg
—ejesdi(l —7), —elesda(l — k), —elesdsk
Torma dy = ejer, dy = ejeq, d3s = —ejes; I3 Teopemer 1 cienyer, uto eje; = —1, eles =
1, ejes = —1, u cucrema 3nakoB B ®* II. Torna d; = —1, dy =1, d3 = 1.
IV:2) j<k:
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di, 0, 0
T*: 07 dg, dg

0, dy, O
Ucnonb3ys, uro P* = PT*, nosrydaeM
eierdia,  ejerda(b—c),  ejerdsd
Q" = ||—eseadi f,  ezeada(g+h),  eseadsg
e:’;egdlj, —€§€3d2(l — k), —€§€3d3k’
Torna dy = eje;, dy = ejes, d3 = —eses; I3 Teopemsr 1 ciemyer, uto eje; = 1, ejeqs =
—1, ejes = —1, u cucrema 3HakoB B ®* V. Torma d; =1, do = —1, d3 = 1.
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4 IlpusoxkeHue

Omnepenenenne 2. Pewemxoti asiaemcs cosokynnocmsy ecex moyex R, xoopdunamot xo-
MOPHIT ABAANMCA ULABMU YUCAAMU.

Omnepenenienne 3. Ecau &,1,( AB8AA0OMCA MPEMA HE3ABUCUMBMY AUHETHLLMY HOPMaA-
MU € BEULLCTMBEHHLMU KOIPHUUUECHMAMU, OOHOPOOHLLMU OM BEULECTNEEHHDIT NEPEMEHHBLT
T1,To, Tz U umerom onpedeaumeny N # 0, mo €| < p,|n| < o,|¢| < T, ede p,o,T -
MPU NPOU3BOALHBIE NOAOAHCUMENLHBLE KOHCTNAHIMDL, ABAACMCA NAPAANCAENUNEIOM C UEH-
MPOM CUMMEMPUL 8 HAYANE KOOPOUHAM, U 2PAHAMU, NAPAANCALHBIMU NAPAM NAOCKOCMET
¢ =0,7=0, =0. Taxod naparreaenuned obosnauaemcs cumeorom {p, o, T}. Besuvuroi
P, 0, T O6Y0ym Ha3ul8amuvCs napamMempamy NapaiLesenuneoad.

Onepenenenne 4. Ecau {p,o,T} He codeporcum mouku pewemru, omausHot om Hauana
K0OPAUHAM, MO OH HA3BIBAEMCA C80O00HDIM.

Omnepenenenue 5. [lapasresenuned p, o, T HA3IBAEMCA IKCMPEMANGHBLM, €CAU OH CE000-
den, U ecAU 8 MO JHce 8peMs, Ha KaxcAol u3 e2o 2paneti ecmb no Kpatinet mepe 00Ha MouKa
PEWEMKU, OMAUNHASL OM MeT, KOMopvie Mozym codepocamuves 6 pebpax. Cywecmeosarue
xomsa Ovl 001020 IKCMPEMANLHO20 NaAPAALEAEnUNEda OYdem YCcmaHoBAEHO 6 JaNbHETULEM.
Taxum 06pazom, IKCMPEMAALHVIT NAPAAAEAENUNED MAKOS, MO HU 00UH U3 €20 NAPAMEM-
PO6 He moxcem Ovimb ysesuder 0e3 66€deHUA MOYUEK PEUEMKU 60 GHYMPEHHIONW HACTNDL
napasnesenuneoa.

Omnepenenenne 6. Onepayus 63AMUA MEHDUE20 NOAOAHCUMEALHO20 ZHAMEHUA ONA P HG-
3b8AEMCA NOHUINCERUEM E—2panetl, G ONePayus 83AMUA DONDWE20 3HAMEHUSA OAA P HA3DL-
saemcs nodnamuem &—epareti. Ananrozununvie onpedesenus 0as CnYcka u NOOHAMUA 1) U
(—epanetdi. B darvretiwem naxaadvearomes nexomopoie ozparuvenud 1a €, n u ¢, a umer-
HO, OHU 00AAHCHBL OBIMD HE3ABUCUMBMU AUHETHHMU HOPMAMU MAKUMU, YMO HU 00HO U3
ypasnenutd € = 0, n =0, ¢ = 0 ne ydosaemeopsemcs kakoli-mo mowkol peuemru, 36 Uc-
KAIOUEHUEM HAUAAG KOOPOUHAM, U IMO MOAHCEM ObMb NPUHAMO 0€3 CYWECMEEHH020 02Pa-
nuvwerus, wmo /N > 0. H3-3a oepanuvenus Ha mun AUHETHOIT Gopm, moorcem Ovimob He
bonee 00nol mouku pewemru 6 40001 naockocmu £ = const, n = const, ( = const. Ha
NOBEPTHOCU KANHCI020 IKCMPEMAALHOZ0 NAPAALENENUNEID POSHO ULLCTND TOYEK PEULEMKU,
no 00HOT U MOALKO MO 00HOT Ha KasHcAoT 2panl.

Onepenenenne 7. Ecau {p,o,T}— npoussosvnuii skcmpemasonvil napasiesenuned i
&, nu ¢, mo mouru pewemxy Ha N— u (— 2PAHAT, QONAHCHDL NEHCAMD 6 PASHBIT NAOCKOCTNAL
& = const u Hurmo u3 HUT He aeocum 6 naockocmu & = 0. Onycmum £ —eparb noka oHa He
KOCHEMCA Nepeoti napvt mouek pewemru 6 N— usu (—epanax. Ecau smu mouku pewemru
8 N—2panu, Mo 1N—2PaHdb MOHCEM ObIMb NOOHAMEA MAK, YMOOLL OCMABUMD NAPAANEAECNUNED
ece ewe c800600nviM. C Ipy20Tl cmoOpoHsL, eCAU IMU MOYKU HAL00AMCA 6 (—epaHAr, moada
8MeCOo a9mo2o mo2ym 6vims nodHsmo, C—eparu. Ilodnumem 603moxcHy0 napy epareti, no-
Ka napasiesenuned He CmaHem sKcmpemasvrowm. Hoswitl sxempemasvhoil napassesenuned,
00H03HaUHO onpedeaennbili makum 0bpasom, 6ydem nazvieamuvcs &—cocedom oas {p, o, T}.
Ananozunnvie onpedeserus oaa n— u (—cocedet daa {p,o,7}. Bydem sudno, wmo oepariu-
wenus Ha €,m u ¢ mpebyrom, 4mobvl KOAUYECMBO IKCMPEMANLHOIL NAPAAAEAENUNEIOE Obi-
A0 OECKOHEUHO, ECAU CYUECTNBO8aHUE 00H020 napassesenuneda 6ydem ycmanosieno. s
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KaotcA020 u3 Hux, 6e3 uckauenus, bydem mpu coceda; NOCACIOBAMEALHOCTVD, NOAYYEHHAA
NnoCAeA0BAMENLHBIMU E— COCCOAMU, HANUHAA C NPOUBOALHO20 IKCTPEMANLHO20 NAPANNCAE-
nuneda, npedcmasasem coboti nocaedosaMeEALHOCTG, 8 KOMOPOU Hem I8YT 00UHAKOBIL INe-
MEHMOB, NOCKONLKY NEPEBIT NAPAMEMDP MEHLULE 6 KANCIOM INEMEHME, YeM 6 NPEOLOYULEM.
Cosokynnocms maxuzr napasiesenunedos, npunadiescauyur £,1 u ¢ Ha3vi6aemcs uenowko
IKCMPEMANLHOIT napastesenunedos s &,m u (.

Omnepenesnenne 8. Oxmasdp, cumMmempuurovith OMHOCUMENLHO HAANAL KOOPOUHAT, U UMENO-
WUl KarHcoyro epwUny 6 Mmovke peuemru, 6ydem Has3vi8amuves 0KmMaI0POM PEWEMKU, CCAU
OH He codepatcum Ha c80etl NOBEPTHOCU U 6 CB0el BHYMPEHHET YACMU HUKGKUL MOoY%er
PEWEMKU, KPOME HAYAAL KOOPIUHAM, U €20 8ePWUH. [[AA MAKUT Peuemuamoit 0kmasopos
onpedesument KoopouHamM MpPexr 8ePULUH D1, P2, P3, HUKaKUe J8e U3 KOMOPHLLT HE ABAANMCA
CUMMEMPUYHDBLMU NO OMHOWEHUIO K HAHaAY Koopdunam, pasen +1 uasu +2. Feau onpede-
Aumend pasen +2, mo xasrcdas movwka éuda

) ) )
p= 714-5 p1+ 724'5 )2 + 734'5 D3,

2de 7;, 0— ueavle, ABAACMCA MOYKOT PEULLTVKU.

Onepenenenne 9. Ecau f(x1, 19, x3) aAsasemea Pynkyuet, ydosaemeoparowets credyio-
ULUM YCAOBUAM

1. f(xq,29,23) >0

2. f(txy, tag, trs) = tf(xy, xa, x3)

8. f(xy+y1, T2+ Yo, 23+ y3) < f(x1, w2, 23) + f(y1, Y2, ¥3)
4. f(=21, =29, —x3) = f(21, 22, 73)

moezda f(x1, 9, x3) < 1 onpedeasem evinykaioe meao R ¢ YeHMPOM CUMMEMPUY 6 HAUAAE KO-
opduram. Qyuxyuto f(xy1, s, x3) Hadvearom yeaesol Gyrkyuet paduaisbrho20 PACCMOAHUA.
Mumnrosckutl nokazan cyuwecmeosarue maxot GYHKUUL OASL NPOU3EOALHO20 BLINYKAOLO TNE-
A € YEHMPOM 6 Hauase Koopdunam. Ecau pewemyuamovili okmasdp umeem 6ce c60U GEPULUHDL
Ha nogeprrocmu R U eCAU MPU U3 IMUT BEPULUH NEAHCAM HE 8 0OHOT, NAOCKOCTNU U 0003HA-
waromes Ay : (ai1, a12,a13), Ag: (ag1, ass,as3), As: (asi,asse,azs), moada npeobpasosanue

1 = anXy + ag Xo + a3 X3

To = a12X1 + a2Xs + a32 X3
T3 = a13X1 + a3 X9 + az3 X3,

ede |a;;| = £1 uau £2, nepesodum f(x1,x2,x3) 6 F (X1, Xs, X3), komopas ydosaemesopaem

yeaosuam (1)-(4).
Munxosckutl nokasan caedyrousue pesyibmamol:

1) Ecau onpedeaumenn |a;;| = £1, mo R ne codeporcum 6 ceoetl sHymperHet wacmu HukakuT
mouek pewemku (1, Ta, T3) OMAUYHBLET OM HAYAAG KOOPOUHAM, €CAU U MOALKO ECAU

F(X1,X5,X3) 21

29



das Kaocdozo uz deaduyamu deyx caedyrowuxr nabopos anavenut (X, Xo, X3) :
(0,1, 1), (1,0, £1), (1, %1,0), (1, &1, +1),

(1, +1,42), (1, £2, £1), (2, +1, £1),

20e JoAdHCHDL UCTLOABIOBAMBCA BCEBOZMONCHBLE KOMOUNHAUUY 3HAKOG.
2) Ecau onpedesumens |a;;| = £2, mo R ne codeporcum 6 c60etl 6HYMPEHHOCTNU HUKAKUE
MOYKU PEUEMKY 30 UCKAOUEHUEM HAYAAG KOOPOUHAM, €CAU U MOALKO ECAU

F(X1,X5,X3) > 1

das Kaocdozo uz caedyrowur wemoipex nabopos anavenut (X, Xo, X3) :

1 1 1
e R o
2720 2
Teopema 5. B ceob0drom napasnesenunede oas £, n u ( nepasencmseo pot < /N ecezda

GBINOAHAETNCA.

HokazarenbcrBo. [lapamtenenunen €| < p, |n| < o, || < 7 — 310 BBIIYKJIOE Te-
JIO ¢ HEHTPOM CHUMMeTpHH B Hadase KoopauHar. O6beM Takoro napasuieselulea paBeH
V = 23por/ A . lpeanonoxum, aro pot > /\, rorga V > 23 u napajiesenurues J01-
JKEeH COJlepzKaTh IO KpaiiHell Mepe JIBe TOYKM PENIeTKH, OTJIMYHBLIC OT Hadasla KOODIWHAT B
ero BHyTpeHHeil wactu. Ho Torma sTor mapasurenenures; He cBOOOJEH, HO3TOMY poT < A.
[Ipeanonoxum, por = /\, Torga V = 23 u napaJuienenune]i, ecjau oH He COACPKUT TOUKH
PEIIeTKY, OTJMIHBIC OT HavaJa KOOPAMHAT B CBOCH BHYTPEHHEH 9acTH, TOJIZKEH COIEpIKaTh
He MeHee YeTBIPHAIATH TOYeK PEIIeTKH Ha CBoeil ToBepXHoCTH. HeBO3MOXKHO pacipeie/inTh
5TH 4eTBIPHAIIATH TOYEK PEHIeTKH IO IIeCTH TPaHsM HapaJlleselnIena, He UMes XOTd Obl
Ha OJHOIl rpaHM JBe WU Gojiee TOYeK pemieTKu. Ho 9TO NpOTMBOpPEYUT IUIIOTe3e, YTO HU
onna n3 mockocreit £ = 0, n = 0 u ( = 0 He COIEPKUT TOYKM PEIETKH, OTJIUIHBLIC OT
HavaJia KoopauHar. IIporusopedne. n

VMeHnHO U3 3TOil TeOpeMbl MOXKHO YCTaHOBHTH CYIIECTBOBAHUE XOTH ObI OJIHOI'O SKCTpe-
MaJIbHOTO mapaJiienenunena. Ilycrs {pg, 09, To}— TpomsBobHBI Hapaienenunes &, 1
u ¢, Torga {fpg, 0oy, 019}, tie 0 < 6 < 1, mapaJsuiesienure;, aHAJOIUYHBIN UCXOIHOMY
U [OMeIeHHBI B Hadaj10 KoopjauHaT. Ecau 6 ymeHnblnaeTcss K HyJIIO, TOIJIa TPU BBICOTHL
a Takxke 00beM HapaJulesIenuea cTpeMaThed K nymmo. Korma 6 pasHa 10CTaTOYHO MaJIoi
KOHCTaHTe 0y, mapaJuiesenune ] OyIeT IOJHOCTBIO JIe2KaTh BHYTPH Kyba, ¢ IIEHTPOM B HadaJse
KOOPJIMHAT 1 ¢ pebpaMu napauieibHbiMu TpéM ocsiM. [lapasuienenunes {6gpg, 6ooo, Go7o}
ABJIAETCS CBOOOIHBIM, TaK KaK OH He MOXKeT COJepzKaTh BHYTPHU cebsl TOUKH PeleTKU OTJINY-
HBle OT Hadaja KoopAuHaT. 3adbuKcupyeM JBa IIOC/IeIHUX IapaMeTpa, Oyl1eM yBeJInduBaTh
HepBbIil mapameTp napasutenenuiena {p, ooy, 0yTo} HEIpepbIBHO OT p = fypy 1O TEX HOD,
IOKa HapaJlIesIelnIe;l HadHeT COlepKaTh TOUYKM peleTKu Ha £ —TIpaHu, KOTOpbIe He Ha, 1)—
wm (—TpaHsX; NapasulesennIe] OCTaeTCa IPU 3TOM CBOOOIHBIM. IIycTh 9TO cOOTBETCTBY-
fomee 3nadenne p Oyzuer p;. Taxoe umeino p; cymecrsyer. Torma py < A/(62007). YBeau-
aum Bropoii mapamerp {p1, o, 0y79} HenpepbiBHO OT 0 = o[ IO TEX TOp, MOKA 7)—IPaHb
HAYHET COJEepPsKaTh TOYKHU PEIIeTKH, KOTOpble HU B {—, HU B (—TpaHsx, HapaJllesIerie]l
ocTaHercs ¢BoOOHBIM. [[ycTh 07 cooTBeTCTBYyIOIEE 3HAUEHNE BTOPOrO MapameTpa o. Toria
o1 < AN/ (Oop170). Barem, HaKOHeIl, yBeJmauM Tperuii mapamerp {p;, 01, T} HENPEPBIBHO OT
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T = Oy7y 710 TeX TOp, NoKa (—TrpaHb HAYHET COJEPKATH TOUKHU PEHIeTKU, KOTOpbie {—, HU B
N—TrpaHsX, TapaJlIeJIenue]] ocTaHeTcsi cBOOOIHBIM. [IycTh 71 HOBOE 3HAUYEHME TPETHEro Ia-
pamerpa 7. Torga 7 < A/(p101), u napasnenemnunes {py, 01, 71} SBISIETCS 9KCTPEMATHHbIM,
a TaKyKe CBOOOIHBIM.

Cpa3sy Bujino, Kak Teopema 1 nmpumensieTcst Jijist JOKA3aTe/IbCTBA CYIIECTBOBAHUS TPEX COCe-
Jieil TAHHOTO HKCTPEMAJIBHOTO TMapasiIesenue/a. dTa TeopeMa rapaHTHPYeT, UTO mapaMeT-
pBI He cTaHyT OeckoHedHBIMU. Tpoe cocejieil, ojlHAKO, He BCerja CyIIeCcTBYIOT, KOIJia OJIHO
u3 ypasaenuit £ = 0, 7 = 0 uan ( = 0 yIOBIETBOPAIOTCA APYTUMU TOYKAM DPEIIETKH, KPO-
Me Havaja KOOPJMHAT; B 9TOM CJIydae YMEHBIIECHHE OJJHOIO U3 MapaMeTPOB JI0 HYJIS MOXKET
OBITH HEOOXOIMMO, TIPEKIE UeM JPYTOil MOXKET OBITh YBEJIUYEH; CJIeI0BATETLHO, KOTJIa OJINH
apaMerp YMEHbIIAeTCsI K HYJII0, TO BCsI 00JIaCTh OIPEIeJIeHIsT HAXOIUTCS B IIJIOCKOCTH U HE
nmeer BHyTpeHHOCTH. Oba APYyrux mapaMerpa MOXKHO GECKOHEeYHO yBeamduBarTh. O0/1acTh,
COOTBETCTBYIOIIAS COCETHEMY OOBEKTY, OOJIbINe He TapaJlIeIeIuIe], a Mesas MI0CKOCTD.

Teopema 6. [lapasnesenuned {a, g, I} codeporcum, no 6okam om nauana Koopduram, pose-
HO WECTD MOYEK PEWEMKU, No 0010t HA KaHCAOT 2PAHY U HG NPOMUBOTONOHCHLT 2PAHALT
MOYKU PEULETKY C NPOTUCONOAOHCHUMU 3HAKAMU.

HoxkazareabcTBo. [lockosbky &, n u ( ogHOpOIHbBIE JTUHENHBIE (DOPMBI, aOCOIIOTHOE 3HAE-
HIte JII000i 13 9TUX JHHEHHBIX (OPM TO Ke caMoe JJI TOUKHU P ¢ KOOpAuHaTaMu (P, P2, P3),
KakK ¥ JIsi TOYKH —p ¢ KoOpauHaTaMu (—pi, —pe, —p3). [losromy, ecau p - Touka permerkn
Ha TIOBEPXHOCTH {a, g,l}, To u —p. CylecTByer mecTh rpaHeil napaJiieenuneia, 1 Kaxk-
Jlasi U3 HUX MOYKeT COJep:KaThb He Oojiee OMHON TOUKM pemteTku. [IpemrmosiokuM, 9To JBe
TOYKHU PEIIeTKH p U ¢ HAXOIATCS Ha OIHOW TpaHU, TOrJa TOYKA P — ¢ C KOOpJIMHATAMU
(p1 — q1,p2 — q2,P3 — q3) TPHUBEJET K TOMY, UTO OjiHa u3 JuHEHHbIX dopm &,n u ( Oymer
crpemuthea K 0. Ho 910 mporuBopednT rumorese 0 TOM, 9TO HAYAJIO KOOP/UHAT SIBJISIETCS
€JIMHCTBEHHON TOYKOI perreTku B Jitoboit u3 miaockocteit & = 0, n = 0 uau ¢ = 0. U3 ompe-
JIeJIEHUsT SKCTPEMAaJIbHOIO MmapaJiieenuie/a KazKas Ipadb J0KHA COIep:KaTh 10 KpaiHei
Mepe OJIHY TOYKY PelIeTKH, KOTOpas He HAXOIUTCS HU B OAHON Apyroil rpanu. Takum obpa-
30M, KaKJasl TPaHb COJIEPKUT POBHO OJIHY TOUKY, U 9Ta TOUKA PENIeTKN, TAKUM 00pa30M, He
HAXOJINTCs Ha pebpe. Best mOBepXHOCTH TOTIA COEPXKUT POBHO IECTH TOYEK PEIeTKH. M

Teopema 7. Bcezda moorcro evibpamsd uz pewemxu mouek {a, g, I} 6 00ny u moavko

6 0dny cmopony mpu mowku pewemwu py = (p87, P, p), pa o (0P, o, p8Y), ps -

3) B3 () _ _ _
(py”, Py, p3’) ma coomeememeyowux epanax § = eya, N = eag, ¢ = esl, Komopwie aesrcam
He nanpomus dpye dpyea, max, 4mo €iesez = +1 u mak, wmo xozda mampuya Kodpduyu-

enmos Aunetinor popm e, esn, es( npeobpasyemcs ¢ nomouybIo

) p” p” a Eb Ee
P=|lp" p? p| ¢ @=|£f g +h
s ps pf) +j £k 1

mo wucaa a, b, ¢, f, g, h, j, k ul 6ydym norootcumenrvro u mampuya @ bydem umems
00HY U3 CACOYIOWUT WECTNU CUCTEM 3HAKOG:

1 11 1 v V VI
+ + + + — - + — = + + - + — + + — -
- + - + + + - + - — + 4 + + - - + -
— + - — + + + + + + — + 4 - — +
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na>b a>c g>f g>h >3 >k
B nokazarenbcTBe 9T0# TeopeMbl Oy/IeT HUCIIOJIB30BaAHO HECKOJIBKO JIEMM.

Jlemma 3. Hukaxue dse u3 wecmu mouex pewemry Ha NOBEPTHOCU IKCMPEMANLHOZ0
napaasesenuneda £, n u C HE MORYM AEHCAMD 8 OOHOM U TOM HCE OKMAHIME NOPOOHCIEHHO20
naockocmamu € =0, n =0, ¢ =0.

HokazareabcTBo. [IpeanonoxKum, 910 JABe U3 9THUX [ECTH TOYEK, '] U Ty HAXOASATCA B OJJHOM
u ToM ke okTante. Obozuatunm depes £(ry), &(re), n(r1), n(ra), ((r1) n ((re) snavenns &, n
u g ry u ro. Torma

5(7"1) = erky, 77(7"1) = e\, C(Tl) = €31

§(r2) = erky, n(ra) = exda, ((r2) = e3po
ree;, =+1(i=1,2,3)u

O0<k<a, 0<N<g, O<upu<lI (Z:1,2)
3a cYéT pacipegeuTe/IbHOTO CBOMCTBA JTMHEHHON (hOPMBI UMeeM

§(r1 — 1) = er(k1 — k2), n(ry —r2) = ea(A1 — Ag), C(r1 —1a) = es(pr — pa).

N3 Teopembl 6 Touku 71 U 9 HE B OJHOU II0OcCKOCTH & = const, 1 = const u ( = const. U3
9TOTO CJIEJTYeT, YTO

0<[(r—r2)l <a, 0< |n(r—r2)l < g, 0<|C(r—12)| <L

IIOCKOJIbKY 7| U T9 OBLIM HPUHATHI PA3JIUIHBIMA TOUYKAMH, BUJHO, UTO 17| — Ty HE SBJIS-
ercsd HadajoM KoopauHaT. Torma Todka pemieTkKu 1| — Iy MOXKET HaXOJIUThCs B IIpeesiax
9KCTPEMAJIBHOI'O TIapaJslIesIelnIe[a, YTO IPOTUBOPEYUT OIIPEJIEJIEHUIO0 TAKOI0 TapaJljiesennu-
nejta. [losTomy, pe/ioiozkenne 0 TOM, UTO JIBE TOYKHA MOTYT HAXOJIUTHCH B OJTHOM OKTaHTE
HEBEPHO. |

Jlemma 4. Ecau ry, 19, T3, —T1, —T9, —T3 WECMb UCABLT MOUEK HA NOBEPCTOCTU IKCMPE-
Maabro20 napassesenuneda {a, g, I}, moeda cywecmeyem eduncmeenmviti cnocob 6vibpamo
MPU MOYKU PEWLEMKY 1, (o U 3 U3 IMUT WECTU,MAK, YMO, q1 HAGTOOUMCA 8 NAOCKOCTNU
& =a, qu 6 naockocmu 1 = g, u q3 6 naockocmu ¢ = 1. B mampuue

f(QI); £<QQ)7 §(Q3) a, ib? *c
U= \In(a), nla), nlg)| =|+f g, =*h|,
Q(Q1)7 C(qQ)v C(Q3) j:.]> j:k:> [

20e

a=I&q)l, b=I&a)l, c=I5gs)l,
f=1ntg)l, g=In(e)l, h=Inlg)l
J=1C@)l,  k=I[Ca)l, =I[C(g)l,

CUCMEMA 3HAKO0E JoAAHCHA OLIMB 00HG U3 CACOYIOWUT 08a0UAMU YeMBLPET:

1 2 3 4 5 6

+ + o+ + - + — + + — — + — — + — —
+ + - + + o+ + + = + + = + + o+ + + -
+ — + + — + + o+ o+ + o+ o+ + — + + — +
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+
+ + + =
\
-+
+ +
—+
+
+
+
-+
+
\
+
-+
-+
+
+
+

13 14 15 16 17 18
+ + + o+ — + + + + + 4 o= + — —
— + - — + - — + 4 — + — — + 4 — + -
— + + — + + — + - - + - — 4 - - +
19 20 21 22 23 24
+ o+ — + o+ — + o+ o+ + o+ - + - o+ + - -
— + + — + - — + 4 — + F — + 4 — + —
+ + 4 + + + + + +o— + + + + + o+

a maxorce, a >b,a>c,g> f,g>h,l>j,1>k.

HokazareabcTBo. [lepBoe yTBepx)aenue cienyer HernocpeacTenno u3 Teopembr 6. Jloka-
JK€M, ITO BO3MOKHBI TOJIBKO JIBAJIIATH YeThIpe CHCTEMbI 3HAKOB: 3a pacIoIOKeHne TOUYEK B
IIPOCTPAHCTBE OTBeYaroT cToJOIbI. [[isi mepBoro cToJsidiia BO3MOYKHO BCEIO YeThIPE BapUaH-
Ta, T.K. TOYKA ¢ JEXKUT B IIOCKOCTH £ = @, U OHA MOYKET HAXOIUTCS B OTHOM U3 YETHIPEX
okTaHTOB. Korma Mbl 3aduKkcupyeM TOUKY ¢, aBTOMATHIECKHU 3a(UKCUPYETCS TOIKA —(1,
TakuM obpaszom OyayT "3amsaTel" gBa okTaHTa. [y BTOPOil TOYKH, @9, KOTOpPas HAXOIUTCS
B IJIOCKOCTH 1) = ¢, BO3MOYKHO PACIIOJIOYKEHIE TOJIBKO B TPeX OKTaHTAaX, T.K OJINH U3 OKTaH-
TOB OyJIeT 3aHAT JUOO TOUYKON ¢1, MO0 MPOTUBOIIOJIOXKHOM eif Toukoit —¢qq,. s moceaneit
TOYKH, @3, BOSMOXKHO PaCIIOJIOKEHNe TOJBKO B JIBYX OKTAHTAaX, T.K OCTA/IbHBIE J[Ba OYIyT 3a-
usTel. CjiejoBaTeIbHO, IS TIEPBOIO CTOJIOIA €CTh YeThIpe BapUaHTa, JIJI BTOPOT'O - TPH, JIJIsT
TPEThEro - JBa. TeM caMbIM MOJIy9aeTcsd UTO BO3MOXKHBI TOJIBKO JBa/IIIATh Y€ThIPE CUCTEMbI
3HakoB. HepaBeHcTBa B KOHIIE JIEMMbI SIBJITIOTCS CJIEJICTBUEM OIIPEJIEIEHNsT SKCTPEMAaIbHOIO
napaJiie/Ielnuie/ia U orpaHudaeHnil, HaJIO?KeHHbIX Ha &, u (. [ |
JBaiiaTh YeTbipe CUCTeMbI 3HAKOB MOXKHO Pa3/Ie/InTh Ha MECTh KJIACCOB CJIEIYIONUM 00pa-
30M:

Buibepem e, es u e3 paBable +1 min —1 He3aBucHMO Jpyr or Apyra; 3areMm ei€(ejqy) =

§(q), ean(eaqe) = n(q2), m esC(esqs) = ((g3). Ilyctn p1 = e1qi, p2 = eaqe, U p3 = e3¢s.
Marpura

615(171), 615(]92)7 615(193) 61615(%), 61615(92)7 61615((13)
D = |lean(p1), ean(p2), ean(ps)|| = ||e2e2n(q1), e2e2m(q2), e2ean(qs)||
€3C(p1); €3C(]92), 63C(p3) €3€3C(CI1), €3€3<(Q2), €3€3C(Q3)

OoT/IM49aeTCd OT MaTPUIIbL U TOJILKO 3HAaKOM, ITPUKPEIJIECHHBIM K KazKJIO0OMY 3JIEMEHTY.

Jlemma 5. /[as xaotcdoti ud dsaduyamu vemuvipex cucmem 31akos 6 mampuuye W, yucaa ey, es
u e3 Mo2ym 6vmb ulOPaHLL 6 0OHOM U MOALKO 0OHOM CAYYUGE MakK, ¥mo eieses = +1 u wmo
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mampuya D umeem odny us caedyrowuxr wecmu cucmemy 3HaK0G:

I 11 11 v V VI
+ + + + — - + — - + + - + — 4 + - -
— + - + + + -+ - = + F + + - = 4+ —
— — + - — + + + + + — + — + + - — +

okazareabcTBo. IllecTth m3 gBajaT YeTbIpeX CUCTEM HAECHTUYHBI C STUMH IIECTbIO.
Kparkast nmpoBepka mokaxker, KaKue 3HAYEHUSA CJIeyeT NMPUHUMATDL I €1, €s U €3 B JIPY-
rux BoceMHaaT ciaydasx. Cieayromnast TabIua MOKaXKeT B KaXK/I0M CIydae €;, KOTOPbhIe
JIOJIZKHBI OBITH MIPUHATHI OTPUIATE/THHBIMHI, & TAKXKe JIAeT CUCTEMY 3HAKOB, KOTOPYIO MaTpPH-
na ¢ mpejrosaraeT Ipu TOM BBIOODE €;.

1. e, e3,VI; 2.ey,es3, 111; 3.ey,e, 11 4. e,e3, IV,
. e1,e9,V; 6. eo, €3, 1; 7. eq,e3, [II; 8. ey, e3, VI
9. eq,e3,1; 10. aukTo, V;  11. eqg,e3, IV; 12. nukro, II;
13. ey,e0, IV 14. ey,e3,11; 15. ey,e3,V;  16. nukro, [;
17. ey,e9, I11; 18. uukro, VI; 19. 1,69, I; 20. eq, €3,V
21. eq,e3,I[1; 22, mukro, IV; 23. e1,e9, VI; 24. nuxro, 111

[Mectsb cucrem 3nakoB I — VI OyayT Ha3bIBaThCA HOPMAJIbHBIMU CHCTEMAaMU. [ |
B 6oJtee obmem ciydae, eciu 3a Ipeodpa30BaHUEM ¢ OJHUM BBIOOPOM €; CJIeyeT IIpeodpas3o-
BaHue C JPYIUM BBIOOPOM €, TOrjia OO Pe3yJIbTaT — 3TO Pe3yJIbTaT OHOIO IPeodbpaszo-
BaINsA, B KOTOPOM BBIOOD €] mosrken ObITH BRIOpaH Kak e = e;e;. Buno, aro 060it BIGOD
€;, KpoMe TIepedncIeHHbIX BhIIIe, Ipeobpasyer MaTpuily ¥ B MaTpHILly, KOTOpas He UMeeT HU
OJIHOI U3 MIEeCTH HOPMAJbHBIX CUCTEM, HO KOTOPad UMeeT JIPYTYIO U3 BOCEMHAIIATH JIPYTUX
cucrtem. Hammpumep, cucrema 1 npeobpasyercs B cucremy 23 e; = 1,61 = e3 = —1.
[IpumeuaTesibHO, UTO JIeMMa C TAKAM K€ YCIIeXOM MOTJIa ObITh 3asBJ/IEHa TaK: CYIIeCTBYeT
YHUKAJbHBIN CII0COO BBIOOpA IEJIBIX YHUCEN €1,€s W €3 TaK, YTO IPOU3BEJIEHUE €1ese3 = —1
u Tak, 910 MaTpuiia ¢ nMmeer oJHy M3 IMIECTU HOPMAJbHBIX CHCTEM 3HAKOB. DTO OYEBU/IHO,
€CJIN 3aMETUTh, UTO U3MEHEHNE BCeX 3HAKOB OJIHOBPEMEHHO He BJIHseT Ha MaTpuily .
DKcTpeMaJsibHbIe HapaJslIelnieabl J0KHBI ObITh KJIACCH(MUIIMPOBAHBI 10 HOPMAaJIbHON CH-
creme 3HAKOB B @, TO €CTh 110 IIeCTH pa3/JUuIHbIM TUIIAM pacIpegeeHnii TOYeK PeIeTKn Ha
IIOBEPXHOCTHU IapaJiie/eluie/ia.
Teopema 3 jo0Ka3bIBaeTCd B KOMOMHUPOBAHHBIX pe3y/bTrarax Jlemm 4 u 5; Korja ¢; u e; OJ1-
HO3HAYHO OIIPE/Ie/IEHBI, TaK »Ke KaK 1 p;.

Teopema 8. [lo mepe mozo, kax HOPMaALHAA cucmema 3Hakos P asasemces cucmemodi

LI, ..., usu VI, sanemernmor mampuyor ® ydosaemeoparom caedyrowum ycaosuim:
I 11 I
b+c>a, f+h>g J+k>1
f>h uau j>k | k>j uau b>c | ¢>b uau h>f

v V VI
b>c uau h>f unu 7>k | ¢>b uau f>h uau k>j5 | b+c=a, f+h=g, j+k=1;

cpedu d8YT uAU MPexT Ycaosull, pazdesennvir crosom "usu" | no kpatined mepe 00no doadtcro
BUINONHAMBCA KaAAHCOVT Pas.
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JlokazareabcTBO.
JlokazaTebCTBa OT/IEJIbHBIX CIyYaeB CJIELYIOT 10 MOPSAJIKY:
I. B sTom cygae

615(]71) = a, 615(]72) =0, 615(193) =G
ean(p1) = —f, eam(p2) =g, em(ps) =—h,
—k, es((p3) =1L

Suadenus £, n u ¢ JjIs0 TOUKA PEIIETKH P = Po + P3

esC(p1) = —j, esC(p2)

§(p) = &(p2) +&(p3) = ex(b+¢),

n(p) = n(p2) +n(ps) = ea(g — h),
C(p) = C(p2) + Cp3) = es(—k +1),

Dra TOYKA P, OYEBUIHO, HE SABJIAETCS HAYAJIOM KOOpUHAT, mostomy |£(p)| uMeer 3naveHue
b+c > 0. Torma Touka p He MOXKET OLITH BO BHYTPEHHEH 4acTu IapaJsuieaennmneaa. Ilosromy,
n u ¢ UMeroT abCOJIIOTHbIE 3HAYEHHWs] MEHbIe 9eM ¢ ¥ [, COOTBETCTBEHHO, 9TO CJIEJYyeT U3
l€(p)| = a, Te. b+ ¢ > a. Ilpeanonoxum, aro b+ ¢ = a, Torna {(p) = eja, HO ITO 3HAUCHHUE
&(p1). CymecrByer He 6oJ1€€ OJHON TOYKHU PEIIETKH B IJIOCKOCTH &(p) = eja, Cae0BaTe/bHO,
p = p1. Hns sroro Tpebyercs, arobel n(p) = n(p1) = —eaf B TO Bpems Kak 6bu10 7)(p) =
ea(g — h); rorma g — h = — f. Ho 910 He Bo3MOXKHO, Tak Kak ¢ > h u f > 0 B cuity Teopembr
7. Takum obpazom, ycaosue b+ ¢ > a JoKa3aHo.

Suadenns £, n u ( 7 TOUYKNA PEIIeTKH P = —pPp + Po + P3

£(p) = —&(p1) +E&(p2) + E(p3) = er(—a+b+c),

n(p) = —n(p1) +np2) +n(ps) = e2(f + g —h),
() = —=C(p1) + C(p2) + C(ps) = es(f =k +1).

Tak kak a > b, a > cub+c > a, crenyer, uro a > b+c—a > 0, r.e. a > [£(p)| > 0. Torma p
HE sIBJISETCS HAYaJI0OM KOODJIMHAT W, CJIeI0BATE/IbHO, He HAXOAUTCS BHYTPU HapaJlie/IeIuie-
na. U3 coornomennit g > h ul > k cnenyer, uro f+j—h > 0u j—k+1 > 0, Tak aro aub0
f+i—h>gwmj—k+1 > 10/2KHO BBIOJHITHCs, 9TOOBI TOYKA P HE ObLIa BHYTPEHHEH
Juts apasiiesenumesa. CremoBaTe/IbHO, OHO U3 HepaBeHCTB f > h u j > k 0JI2KHO BBITIOJ-
HATHCdA. 3HAKU PABEHCTBA B 9TUX HEPABEHTBAX HE MOI'YT BBIIOJHATHCH; PEIIOJIOXKIM, 9TO
f = h TO, MOCKOJIbKY HUKAKHE JBE TOYKU PEIIeTKH HE MOI'YT JIeYKATh B OJIHOM ILJIOCKOCTHU
1 = const, U3 3TOrO cjeayer, 9To p; = p3. Ho 310 nmporuBopeduT oMy (hakTy, 4TO p1, P2 U
P3 TPY PA3HBIX TOYKW. AHAJOTUIHOE TPOTUBOPEYNE JOCTUTAECTCS, €CJIA TMPEIIOIOKITh, ITO
j = k. Heobxomumocts ycyoBuii 1 jokazana.

II. IlycTs a;j - 37€MenT B i—TO# CTPOKe U j—OM CToJIOIEe MaTPUIBl KO3(hMUITHEHTOB JINHE-
Herx dopM &, n 1 (. Iycrs & = agt| + agsth + a1z, 7' = ax)] + axh + anry, (=
a2} + 1375 + aj1xh; 9TO MEepenMeHoBaHne OCeil U JIMHEHHBIX (POPM CJIEIYIONUM 00Pa30M:
=n1n=( =& 2] =9 2y =1x3n s =x. Oupegenuresns MaTpuIpl Koddbdunnen-
roB &', n' u (' Takoii e, Kax u g &, n u (.

DKcTpeMasibHbI apasuiesnenunesn {a, g, [} qasa £, nu ( 1 IKCTpeMaJIbHBIN TTapaJlIe/IeIuIe,|
{9, I, a} nna &', n' u (. Teopemsl 5, 6 u 7 IPUMEHSIOTCA TAKUM 0O6pPa30M, ITOOBI IOy IUTh
marpunbl P’ u & anamornuno marpunam P u ®. Tak Kak HOpMaJbHas CHCTEMa 3HAKOB B
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® sro II, Torma B & sro 1. Venosusa O + ¢ > d'; f' > b/ wm j' > k' koropole cupasenm-
BbI 11 P/, MOTYT OBITH W3MEHEHBI TOCPEJACTBOM OTHOIeHnd Mexay &, 0, (u &, n u (' n
f+h>gk>jnmb>c i P.

III. Eciun mopmasibhbig cucreMa 3HakKoB B ® papaa III, Torma cmemaem mpeobpasoBanme
g=¢n=¢ ¢ =mn 2 =ux;3 xh =2 ury =y Takum obpazom, kak u B ciaydae 11,
moJIydatorces yeaosusi: J+k > 1; ¢ > bwuma h > f.

IV. B sTom ciiyuaae

eré(p1) =a, ef(p2) =b, e&(ps) = —c,
6277(]91) =—f, 625(]02) =9, 625(173) =h,
esC(p1) = J, e3C(p2) = —k, e3((ps) =1.

g TouKu pereTku p = p; + po + p3 UMeeM
§(p) = &(p1) +&(p2) +E(ps) = ea(a+b—0),

n(p) = n(p1) +n(p2) +n(ps) = e2(—f + g+ h),
C(p) = ¢(p1) + C(p2) +¢(p3) = es(j — k +1).

STa TOYKa P HE ABJIACTCA HadaJIOM KOOpAWMHAT, U HOCKO.Hbe a > c HOJIy‘IaeTCH
Ep) = atb—c>0.

Bce Tpm anrebpanmdeckue cyMMbI B CKOOKaXxX CIIpaBa, B MPUBEJIECHHBIX BBIIIE PABEHCTBAX, IO-
JIOKUTENIbHBL. [[OCKOIbKY TOYKA p HE JIEXKUT BHYTPH HapaJLIe/IeIuIe/a, T03TOMY 110 KpaiiHe
Mepe OJTHO U3 CJIEAYIONNX TPeX HEPABEHCTB JIOJIZKHO BBIOJHATHCA:

a+b—cz2a, —f4+g+h=2g, Jj—-k+1=1L

PaBeHcTBO HE MOXKET BBIIOJHATHCSI HA B OJTHOM U3 9THUX CJIy9aeB, MOCKOJIbKY MTPEJITOI0KEeHIe
YTO OHO BBINOJIHSIETCS, BEJET K MPOTUBOPEYNIO AHAJOTUIHO MPEJIbLYIIIM cirydasm. Takum
obpazom, b > c mim h > f unu j > k.

V. B srom cayuae pacemorpum £ =&, ' = (, (' =n, 2} = 21, 2 = x3 u 2 = x9. MaTpuna
&’ umeer HopMasibHYIO cucremy 3HakoB IV. Hepasencrsa b’ > ¢ wim b/ > ' wm ' > k' s
@' cranyr ¢ > bwmm k > j wim f > h s .

VI. B srom cityuae

eré(p1) = a, ef(p2) = —b, e§(ps) = —c,

ean(pr) = —f, exk(p2) =g, e26(p3) =—h,
esC(p1) = —j, es((p2) = —k, e3((ps) =1.

g ToYKYU pereTku p = p; + po + p3 UMeeM
E(p) =&(p1) +&(p2) +&(p3) = —e1(—a+ b+ ),

n(p) = n(p1) +n(p2) +n(ps) = —ea(f — g+ h),
C(p) = C(p1) + C(p2) +((p3) = —es(j +k —1).

TaKk Kak ¢ > b >0, a >c>0; g> f >0, g>h>0,1>7>0ul>k >0, cieny-
er, ato |{(p)| < a, |n(p)| < g, |¢(p)| < . Y3 aroro caemyer, 4T0 TOUKA PEIIETKH P JICKUAT
BHYTPH [apaJsIeJIeliie/a, a T0 3HAUUT YTO OHA COBIAJAET ¢ HavdasioM KoopauHat. CienoBa-
TesibHO, Bee 3Hauenus &(p), n(p), ((p) paBHbl HyJHO, TO €cTb b+c=a, f+h=guj+k=1[0.m
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Omnepenesienne 10. Jlobas mampuya ® 6ydem nasveamovcs nopmasvrot, ecau ee cucmema
3HAKOB ABAACNCA HOPMAALHOU U €CAU, 8 MO JHCE BPEMS, €€ INEMENMBL YOOBAECNEOPAIOM,
yeaosuam a > b,oa > c; g > f, g > h; | > j, | > k u maxoce ycrosuam, xomopwie no
Teopeme 8 coomeememasyrom ee Hopmasvhoti cucmeme 3nakos. Hopmanrvnas mampuya P
bydem naszvieamuves nopmasvnot muna I, I1,..., usu VI, no ceoeti mopmasvroti cucmeme
anaxos I, II,..., usru VI

Teopema 9. Ecau @ nopmasvhas mampuua 00nozo uz munos I - V, mozda onpedesument
P pasen +1; ecau nopmarvras mampuua ® muna VI, mozda onpedeaumennv P pasen wyao.

HokazarenbcTBo. O6o3naunm onpejesuresns ® kak |P|, u onpenenurens P kak D. U3
onpegesieans ¢ cuemyer, uro AD = |®|. TlockobKy Bce veMeHTBI P SIBJISIOTCS TEJIBIME
YUC/IAMU WA HYJIEM, ONPEJIeIUTeNb [ ABJIsIeTCs TEeIbIM YUC/IOM WA HYJIEM.

HokazarenbcTBo TOro, uro D = () korna ¢ nopmasbuag marpuiia Tuma VI

Nmveem
a, —b, —c
|®|=AD=|~f, g, —h|,
-7, —k, 1
rieb+c=a, f+h=g, j+k=1. Torma |®| = 0 u nockosbky A > 0, D JIOJKHO PABHATHCS
HYJTIO.
Hwmxke cienyer mokazareabeTBo Toro, yro D = 1 npu ¢ ognoro us tumnos [ - V. ]

Jlemma 6. Fcau ® nopmanvras mampuya muna I, 11,..., uau V, moeda 4 > D > 1.

JokazaTeabcTBO. [[0CKOJIbKY /10Ka3aTEILCTBO JIEMMbI OJMHAKOBOE JIJIs BCEX MSTH THUIIOB,
0/IPOOHOCTH OY/IyT HMPUBEJIEHBI TOJBKO JiJisd Tuiia .

neem
a, b, c
|®| =AD=|—f, g, —h|=agl—ahk-+ fbl+ fck+ jbh+ jgc,
_j7 _kv l

rea >b>0 a>c>0,9g>f>0 9g>h>010>35>0, 1>k > 0. Torna
agl > ahk > 0, agl > fbl > 0, agl > fck > 0, agl > jbh > 0, agl > jgc > 0, nosydaercs,
aro bagl > |®| > 0. I3 Teopembl 5 u omnpejiesieHnst SKCTPEMAJIBLHOTO HAPAJIIETICIIHIIE A
noJtydaercs, 9to agl < A\, ciegoarenbro, 5 > D > 0. Ho D - nesoe amcio, cieaoBaTebHO
4>D > 1. ]
Wcrob3yst TeopeMbl O perreTdarhbiXx OKTas pax MOXKHO JIoKa3aTh, 9ro [ # 2, 3 wiam
4. OKTa’/p, ¢ MeCThI0O TOYKAMU Pi, P2, P3, —P1, —P2, —pP3 B KAUECTBE BEPIIUH, IMEET B
KadeCcTBe IIeHTpa CUMMETPUHN - HadaJI0O KOOPpAHMHAT W BCE€ €I'0 BEPIIUHDBI ABJIAIOTCA TOYKAMMA
pereTkn. [[ocKoJIbKY BeCh OKTa’3/Ip, 3a UCKJIOYEHUEM €r0 BEPIINH, HAXOIUTCS BHYTPH Kpaii-
Hero napaJutenenuinena {a, g, [}, 370T OKTa’Ip MO ONpPEJEIeHN0 SIBIAETCS PEIeTIaThIM
okTazpoMm. Otciona cieayet, uro D = 1 wim 2. Eciim D = 2, To Bce TOYKU BUjIa

= —l—é + —l—é + —i—é
p=1m B p1 2 5 D2 V3 9 D3,

rjie y;, 0— TesIble, SIBJIAIOTCSA TOYKAMW PeNeTKn. Kak Bbl yBUJHUTE, 3TOT BapPUAHT 3/1€Ch HE
BCTPEYAETCS.
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Ecimm & nopmasibnas marpunia tuna [, paccMoTpum TOYKY Jjist KOTOpoit v1 = 0, 7o = 773 =
—1, 0 = 1. lonyunm p = %pl — %pQ — %pg. Torna

1
€)= 5la—b—cl <a,

1
In(p)!=§\—f—g+h!<g,

1
\C(p)lzi\—1+k—l!<l-

CreioBaTeIbHO p SIBJISETCS TIEHTPOM napaJuiesenutesa. I3 Toro, aro D # 0 ciemyer, 910 p
He sIBJIsIeTCA HavaJI0M KOOD/IMHAT U, CJIeJ0BATE/IbHO, He SIBJSIeTCS TOUYKOM pereTku. [Tosromy
D=1.

Ecmun ® nopmanbnas marpurna tuna I, To m3 3Toro ciemgyer, 9To TOUKa, A1 KOTOPOH Yo =
0, v1 =v3 = —1, 0 = 1 He gABJIsgeTCHA TOYKUIl PEIIETKH; CJe0BaTe/bHO, ) cHoBa paBHO 1.
Taxxe g tuma 11, v3 = 0, v = 79 = —1, § = 1 ga0T TOUKY, He SBJISIONLYIOCS TOYKOMN
perrerku. Orcroma caoBa D = 1. B tummax IV u V|, Touka 17151 KOTOpOit v; = 7o =3 =0, § =
1 e aBisiercsa Toukoit pemerku. CremoBarenbHo, D = 1 u TeopMma JI0Ka3aHa.

Teopema 10. Ecau mootcHo HATUMU MPU MOUKU PEUWEMKY D1, P2, D3 U MPU UEADIT YUCAG
€1, €2, €3, OAA KOMOPLLT €1ezse3 = 1, makue, umo mampuya P om woopdunam pi, ps, ps
umeem onpedesumenrd paswoili +1, u maxue, wmo mampuua P npeobpasyem mampuyy us
mpex AuHeUHuT dopm e, ean, es( 6 nopmaavryro mampuyy © muna I, 11,..., uau V,
moeda mampuua P asasemea 00not uz mampuy uz Teopemovl 8 ¢ aKcmpemasvHbmMu napai-
aeaenunedamu 6 yenovwke £, n u (.

HokazareabcTBo. MoxkHo paccMaTpuBaTh MATpuilbl P Kak Ipeobpa30oBaHUs BBeICHHBIE
HOBOIT cucremoii koopauaar (X, Xo, X3) rae

X =pay +pP a4 pMes (=1, 2, 3).
[Tockosbky onpenennrens P paBed 1 u KoaddumenTobr ql-(j ) g P T1eJible 9ucyia u

=X +¢PX, + P X; (i=1, 2, 3).

7 7

Cpasy BugHO, uro Touku pemerku B (Xi, Xo, X3) 970 TOUKHM pemerku B (X1, Ta, T3) U
Haobopot. Tpu TOUKHM py, pe U p3 UMEIOT cooTBeTcTBYOMMKe Koopauuarst (1, 0, 0),(0, 1, 0) u

(0, 0, 1) B cucreme (X1, Xy, X3). OueBuIHO, YTO OKJIAS/IP UMEIOIIUIT TOYKA Py, P2, P3, —P1, —P2, —D:

B KaueCTBe BEPIIHUH, SBJISETCs pererdaTbiM okTadpoM B X1, X, Xj3. [TockobKy perrerka
npeobpasyercs B cebg uepes P (unmm P71, Torjga sTOT OKTasIp TaKiKe sBISETCS perieTda-
TBIM OKTa3/[pOM B (1, Tz, T3).

Pacemorpum napasuienenunes {a, g, [} rjae a, g, | 3leMeHTHI IIABHOM JIMATOHAIE MATPHIIBI
®. ® gmisiercs HOpMaIbLHOI MaTpuIeil, mosromy umeeMm a > b, a > ¢, g > f, g > h, | >
J, | > k. CnenoBarenbHo, py, pa, ps Ha moBepxuHoctw {a, ¢, [}, a He TOJBKO B IJIOCKOCTSIX
rpaHeii. DTOT napaJuIe/Ienuiie]l IPeICTaBIsgeT cob0ii BBIIYKJIOE TEIO ¢ IEHTPOM CUMMETPUN
B Hadajie koopjuuar. OyHKIS paraabHOr0 PACCTOAHNS KOTOPas COOTBETCTBYET ITOMY ITa-
paJLIesIeInIe Iy

[z, xa, x3) = max([S/al, [n/gl, 1C/1])-
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[Ipumenss P, Kak yKa3aHO B OIPEJIeJIEHUN 8, TMEEM
F(Xy, Xo, X3) =max(|Z/al, |H/gl, |Z/1)),

e =, H, Z coorsercrBytoriue mpeobpaszoBanus e, esn, es3(. CremoBaresibHo, KO3 du-
IIUEHThI = ABJIAIOTCI dJIeMeHTaMU 11epBoii ¢cTpoKu MaTpuilbl P, y H K033 eruenTsl 3T0 3J1e-
MEHTBI BTOPOTO Psifia, U Y Z 9TO JIEMEHTHI TPETHETO Psjia.

Korjia koopimHaThl TO4YeK, riepedrciieHHbix B (1) onpenenenus 9 samensitorest Ha F'( X1, X, X3).
DTOoT napaJiiesenuie]] yI0BIeTBOPIeT Opeae/IeHII0 SKCTPEMAJILHOIO IapaJlie/IeIInIIe 1a st

§ nuc. u
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5 BpiBoabI 1 3aKJII0OUEHUS

Bruta npomenana moaroroBuTesbHad paboTa IS JAJbHEHINNX MOIBITOK 00OOIIEeHMS
9 PEeKTUBHOTO Mepebopa TOYEK PEIIETKN Ha TPEXMEPHBIH cirydait. Mbl mranupyeM mpoioJi-
JKHUTDH JIaHHYIO paboTy.
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