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1 BBenaenue

Pacemorpum BekTop € = (01,...,0,) € R™ rakoit, uro uucaa 1,61,...,0, JuHelHO HE3ABUCUMbBI
mag Q. Mer Gygem mpubmmkaTh STOT BEKTOP PAIMOHATBHBIM BekTOpoM (£, ... Yn) phe wmcra
Ty Y1y« -y Yn TEJBIE U B3AUMHO IPOCTHIE B COBOKYITHOCTH.

TouHOCTb IPUOJIMKEHUST MBI OYEM OIEHUBATDH C IMOMOIIBIO [ PACCTOSIHUS OT IPUOJINYKEHHS JI0
BekTOpa 6.

[Ipu sTOoM Hac OyayT MHTEpECOBaTH KakK MOYXKHO Oojiee “ipocThbie’ MPUOIMKEHUS: MBI XOTHM,
9TO0BI y PAIMOHAJIHLHOTO BEKTOPA OB KAK MOXKHO MEHBINHI 3HAMEHATEIb X.

dcHo, 9TO YTOOBI YBEIUINBATD TOTHOCTD, MIPUXOANTCS YBEJIUINBATH 3HAMEHATE b, ITOOBI OIfe-
HUTDH, HACKOJILKO MOXKHO YBEJIUIUTH TOYHOCTD, YBEJIMYNBast 3HAMEHATEJb, MOXKHO UCIIOJb30BATH TaK
Ha3bIBAEMYIO JTUO(MAHTOBY IKCIOHEHTY.

Omnpenenenne 1. Papnomepnoii 1uodaHTOBOI 9KCIIOHEHTOH BeKTopa 6 HasbIBaeTCsl TOUHAs BepX-
HsIST TPAHb TAKUX YHCEI 7, 9TO JJIS BCEX JIOCTATOYHO OOJBIMMX ¢ HANIYTCA HEHYJIEBOE IIEJ0e TUCIIO
Z W NEeJIOYUCIEHHBI BeKTOD Y = (Y1, . - ., Ypn ), TAKHE 9TO:

lz] <t, |0z —y|loc <t

Pasromepryio nuodaHToBy 9KCIOHEHTY BeKTOpa 6 Mbl Oyuem obosHadaTh cumBosioM «(6).

MozkHO 0600IUTh 3384y TPUOJIUKEHIS BEIIIECTBEHHOIO BEKTOPa PAIlMOHAIBHBIM: BMECTO BEK-
Topa @ OymeM paccMaTpuBaTh MATPUIly O pa3mepa n X m U UCKATh TaKue IeJI0UNCIeHHbIE BEKTOPBI
x € R™ uy € R”, npu KOTOpHIX pasHOCTb Ox — y OyJeT Kak MOXKHO MeHbIne. ZlcHo, uTo mpu
m = 1, © craHOBHUTCH CTOJIOIIOM M MBI KaK pa3 MOJIyIaeM OIMUCAHHBIN paHee ciay4ail. Kak u mpexe,
MBI 3aMHTEPECOBAHBI B TOM, 4TOOBI & OBLI HE CJIUIIKOM OOJIBIIUM, IOITOMY MBI BBEJIEM ITOHSTHE
MudaHTOBOMH SKCIIOHEHTHI U B OOIEM CJIytae.

Onpenenenue 2. PasHoMepHO# J1u0(aHTOBOI 9KCIIOHEHTO MaTpUIlbl © HA3BIBAETCS TOYHAS BEPX-
HsIs TPAHb TAKUX TUCEJT 7Y, ITO JIJII BCEX JOCTATOTHO OOIBINUX ¢ HAl/IyTCsl HEHYJIEBBIE 1IEeJIOYUNC/IEHHbIE
BEKTODPBL & = (Z1,...,Tm) Y = (Y1,...,Yn), TAKAE ITO:

|2]loo <t [|0Z —yllo <177

PaBroMepHY0 1nO(DAHTOBY IKCIOHEHTY MATPHUILL © Mbl GymeM 0603HAYATH CUMBOJIOM «r(©).

[Momumo citygast m = 1 WHTEpPECHO TaKXKe PAcCMOTPeTh Cjiydail n = 1, B KOTOPDOM MaTpHIia
© cranosurca crpokoit @7, DToT cirydail MMeeT MPOCTYIO TeOMETPHYECKYIO MHTEpIIPETAIIIO: MbI
CcTpouM IpubJIMKeHne BeKTOpa 6 rUepIiioCKOCThI0 ¢ HOPMAaJIbHBIM BEKTOPOM & U CIBHUIOM ¥, TP
TOM MbI XOTUM, 9TOOBI KOIMDUIIUEHTHI YPABHEHNS ITOM THIIEPILIOCKOCTH OBbLIN HE OY€Hb OOJIBITIM,
7 9TOOBI PACCTOSIHUE OT ITOM THUIEPIJIOCKOCTH 70 O OBLIO KAK MOXKHO MEHbIIIE.

B cayuae, ecin dukcupoBan BekTop-crosber €, cumBoioM « Mbl Oymem obo3Hauarh «8), a
cumBosiom o Gymem obosnauars a (7).

B [7] SIpnuk namesn anreGpaumdeckoe cOOTHOMEHHE Ha o U ol B ciiydae n = 2:
1
B crarpe [3] O. T'epman mokasas, 4ro
. n—1
o > . 2
1 (2)
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B craresix [I] u [2] asropsr HesaBucuMO mokasasnu, 9To orneHku [epMana HeysyurnaeMmbl. M
HadHEM C M3JIOXKeHUs pe3ysbTaToB MapHaTa.

2 Pesynbrar A. MapHara
Me1 copMynupyem ocHOBHOM pesyibrar crarbu [1] B Buse Teopembr:

Teopema 1. ITycmo n > 2 yeaoe wucao, fi € [n,+00], A € [ w] (ecau i = 400, mo A €

(n=1)p1’ i
[ﬁ, 1]). Toeda naiidémes 6eckorewnoe (MOUHOCTNU KOHMUNYYM) MHONCECTNEO MAKUT GEKMOPOs

0= (01,...,0,), wmo wucaa 1,01, ...,0, aunetno nezasucumos Had Q u a () = A, al'(6) = j.

s moKa3aTesIbCcTBa STOU TeOpeMbl HAM ITOHAIOONTCS HEKOTOPAs IIOJITOTOBKA.

Mg 6yieM paccMaTpUBATDL HAIle UCXOTHOE MPOCTPAHCTBO R™ KaK TUIEPILIOCKOCTb B IIPOCTPAH-
crBe R™*! Bce TOUKM KOTOPOH HMEIOT IIEPBYIO KOOPAMHATY, PABHYIO 1.

[Mycts u € R™! — pexTop eauumanoil JyuHBI (B cMbICTe lo-HOPMBI), Takoit uTo ug # 0. s
BellleCTBEHHOro Iapamerpa (Q > 1 paccMoTpuM “mraiiby’”:

Cu(@Q) ={z e R"™ : [lz|l2 < 1, (2, u)| < Q7"}

O6o3zuaamM Yepes A, (Cy, (Q)) HanMeHbIIee unciio A, ipu KOTopoM ACYy, (@) COIEePIKUT 1O MeHbIIei
Mepe k JIMHEHHO HE3aBUCHMBIX MEJIOYUCIEHHBIX BeKTOpoB. llycth ¢ > 0mn 1 < k < n + 1. Beenem
0003HaEHNST

Lo i(q) = I A(Cule?)),  Lu(q) = (Lua(q),- -+ Lunt1(q))
B [8] ycranosnena cBssb mexny L, n quohaHTOBBIMU SKCIIOHEHTAMM:
Vreepxkaenne 1. ITycmw sadan sexmop u € R ||ul|2 = 1, ug # 0. HHoaosicum 6 = Gz
To20a 8HIMOAHEHDL COOMHOUWEHUA:

lim inf Lunt1(9) = o(9)

q—+o0 q 1+ a(8)
. Lu 1((]) 1

lim su . =

q—>+o£) q 1+ a™(0)

SAcHo, aro ecsm juist Hekoropoit dyrknun P(q) pasnocts Ly, (¢) — P(g) orpanudeHa, To B yTBep-
Kjaennd 1| moxxkaO 3amenuTs L, Ha P.
B [] oupenenstorest dbyuknmu P(q) cnenumaibHOro Buja:

Onpenenenne 3. Ilycrs I — npomexyTok (GeckoHeunoe cssznoe MHOXKeCTBO) B [0, +00). O606-
mennas (n + 1)-cucrema P(q) = (P1,...,P,y1) — 910 Habop KycouHo-iuHelHbIX DyuKuuii na I,
YJIOBJIETBOPSIIONIAN TPEM YCJIOBUSIM:
(S1) s Beex Touek g € I umosnaeno 0 < Pi(q) < ... < Poyi(q) u Pi(¢) + -+ Payi1(q) = ¢
(S2) Ecimm (a,b) C I u Bce dyukuun uz P auddepennmpyemsr Ha (a,b), To HaiijgyTcs Takue
UHJIEKCBI T < 71, 9TO Ha BCEM mHTepBase (a,b) Buimonneno P,y = P, 11 = -+ = P, , n yrioBoi

1
KO3UIMEHT nX IPaduKoB Oyer prr—— Bce ocranbubie Py mocrosinabl Ha (a, b).



Ecsiz B Touke ¢ € I uzyiom kakoii-mubo dyukimn u3 P, To cipaBa u cjaeBa oT Heé OyIyT COOTBET-
CTBEHHO uHTEpBaJbl (a,q) u (g,b), na koropsix P muddepennupyema, u, cormacuo (S2), maiixyrcs
MHJIEKCHI T'g,T1, S0, S1, /I KOTOPBIX BBIIOJIHEHBI COOTHONICHHS:

1
Pl(q7) = <r<
(a7) rl—r0+1’(ro—r r1)
Plg") = —————, (s9 <5 < s1)
s 81750+1 -

B srux obozuaveHusx chopMyIupyeM TpPeThbe YCIOBHUE:
(S3) Ecau B Touke ¢ € I Haxomurcsd u3JjoM Kakoh-iu6o dbyukiun u3 P, u, Bi1obaBok, 1o < s,
TOPT(): ’I"0+1:“.:P81

Pya B [4] nokasan cremyromee yTBepKIeHIE

Vreepxkaenue 2. /Jas 6carozo nenyaecozo eexmopa w € R natioémea wucao qo > 0 u 0606-
wennan (n+1)-cuemema P wa [qo, +00), daa Komopoti paswocms L, — P ozpanusena na [qg, +00).
Obpammo, dasn ecaroli obobwernnots cucmemvr P 1a [go, +00) cywecmeyem nenyaesoli 6exkmop u €
R das komopozo pasnwocmuv Ly, — P oepanunena na [qo, +00).

TeHepb BCE TOTOBO JJId JOKa3aTe/IbCTBa TEOPEMbL

Jokazamenvcmeo meopemui [l Puxcupyem i > n > 3 (caywait n = 2 paccMoTpEM 103%Ke). Bbl-
OGepeM mapamerp a € ["%1, 1]. TIycTh gp — UPOU3BOJIBHOE IIOJIOKUTEIHLHOE BEIIECTBEHHOE YHCIIO.
OrnpefiesiuM TOCJIEI0BATEIBHOCTD (¢, COOTHOIICHUSIMU:

(n=2)(p+1) + (1 —a)(mu—n)

d6m+1 = (n—2)(i+1) de6m
4+ 1)+ (a+1)(—n)
d6m+2 = it 1 qem
it (L4 ai—n)?
d6m+3 = ] dem
L+ (n+a(i—n))(1 +a(i — n))
d6m+4 = - dem
p+1
1+ A(+a(i—n)
d6m+5 i+l 6m
d6(m+1) = (1 + a(ﬂ - n))qfim
B rouxke q¢ onpenenum byukun P, ..., P, ciaemyiomumM o6pa3om:
q0
P; =P = 4
1(q0) = P2(qo0) il (4)
1+ =5 (i —n)
P =...=P, =_ n=2V 7
3(q0) (90) P ()
1+a(p—n
Pri1(qo) = #qo (6)

i+1
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Hanee onpenenum P; B TOYKAX G6m, @om-+1; - - - > §6(m+1) KaK Ha pucynke [2| Tlomydyennas cucrema

dyukuumit 6yger obbenunennoi (n + 1)-cucremoit. JIelcTBATENBHO, JOCTATOYHO IIPOBEPUTD YCJIOBUE
(S1). Orpannuenus ma mapamerp a rapantupyior, 4to Pj(q) < P;(q) mpu i < j (6ymer BbIBeZeHO
03/IHEEe U3 OCHOBHOT'O CBONCTBA . B Touke gy Boiosneno yciosue Pi(go) + -+ 4+ Pnt1(90) = qo ,
a B OCTAJIbHBIX TOYKAX OHO BBIMOJHSETCS 110 MOCTPOEHUIO: NIPU yBEJNYEHNN ¢ Ha HEDOJIBIIOE IUCIIO
t Ha BCEX yYACTKAX, KPOME [(6m-3; (6m-+5] BO3pPACTAET JMIIb OfHA (DYHKIHMS, IPUIEM €8 3HAUEHUe
YBEJIMINBAETCS HA t; HA YUACTKE [¢6m+3; §6m-+5] PACTYT n— 2 OYHKINM, UX 3HAUEHUS! yBEININBAIOTCS
_t
HA .
Ocuosuoe cBoiicTBo byukmmit P:

P((1+a(i—n))q) = (1 +a(ip—n))P(q) (7)

DTO CBOMCTBO JOCTATOYHO JOKA3ATH JJIsl TOYEK ¢ = (gm, T.K. €CJIU OHU JOKA3AHBI JJISI (gm , TO JIJIs
TOYEK (6m4; BEPHO Py (q6m+j) = const(k, j)qem, & B OCTAIBHBIX TOUKAX Py OIpeesseTcs 1o JnHedi-
Hoctu. JIoka3aTeabCcTBO MPOBOJAUTCS MPIMOil TPOBEPKON MHIYKITHEH 10 M, B KaYeCTBe IIPUMeEPa, IIPO-
BEpUM 3TO CBOWCTBO it P, 1. 3amerum, uto dyHKnus P, 1 pacTeT Ha yJIacTKe [q(6m+2), q(6m+3)],
a Ha OCTAJIbHBIX yJacTKaxX MmocTogHHa. Ha orpeske [q(6m+2), q(6m+3)] €€ yrimoBOil KO3(pUIMEHT paBeH
eIUHUIIE, TIO3TOMY

Pri1(g6(m+1)) = Pry1(g6m) = Pat1(d6m+3) — Pat1(d6m+2) = Gom+3 — Gom+2

prOCTI/IB IpaBYIO 9aCTb 3TOI'O paBeTCTBa, IIOJIYINM

(1+a(ii—n)? —a(i—n) -1

Pri1(q6(mt1)) — Pat1(dem) = P d6m (8)
U3 npemonosKenns MHAYKIAA CIIeyeT, 9T0 P, 11 (qem) = W%m. IojcTaBUB 3TO PABEHTBO

B cootHomenne [§ momywaem Tpebyemoe.
Teneps MoxHO 060CcHOBaTH HepaBeHcTBa Pj(¢) < P;(¢) mpu j < i: B TOUKAX (g, BBIIOJIHSIIOT-
ca1 cootHomenus [ u mocraTodno MOKa3aTh, YTO MpaBble YACTH STUX COOTHOIIEHUI HEYOLIBAIOT C



pocrom muzekca. deiicrBurensno, uz a < 1 caeayer, aro Ps(gem) = -+ = Pn(gem) > Pa(qem), a

1 l1—a
U3 @ > =7 CleAyeT, 910 -—5 < a u P,y1 > P,. JInd oCTaJbHBIX TOYEK ¢ HEPABEHTCBA TEIEPb

OYEeBU/IHBI U3 PUCYHKA.

P,
% IIpPUHUMaeET BCE€ CBOU 3HaAY€HUE Ha

U3 ocHOBHOTO CBOﬁCTBaLHcneﬂ,yeT7 uro byuknus f;(q) =

oTpe3Ke [qo, g6|, TAK KAK OTPE3OK [q6m s @6 (m-1)] HOTyTaeTcs u3 nero ymuozkennem ua (1+a(i—n))™,
a 3Hadenne YHKIME f; He MEHSIETCs [IPU YMHOXKEHHH apryMeHTa Ha 9T0 4ucio. [losromy

lim s Pi(q) Pi(q)  Pi(q) 1
imsup —— = max = = —

qg—+co 4 q€(q0,96] qo n+1
hmlnfm — min P’n+1(Q) _ Pn+1(Q2) _ 1+a(p—n}
q—+oo q q€[q0,96] q q2 ’I’L—f—l—i—(l—l—a)(u—n)

Makcumy™ fi JOCTHraeTcss B TOUKE ¢o, TaK KaK Ha OTPe3Ke [qo,qs] dyHKmus fi yObiBaer, a Ha
(g5, g6] Bospacraer, mpu sTom f(qo) = f(gs)-

MusuMyM fp,41 JOCTUraeTCs B TOUKE @2, TAK KAK HA OTPE3KaX [go,q2] U (g3, qs] DyHKIWMA fr11
yObIBaeT, a Ha OTpe3Ke [¢2, g3] Bospacraer, pu 3toM f(qo) = f(g6) > f(g2)-

Kombunupyst yreepxaenns (1| u @ [TOJIy9aeM, 9TO HAWAETCst BeKTOP O, yI0BJIETBOPSIONIIIT COOT-

HOIIIEHUO
# = lim sup Pila) = 1
af(@)+1  got0 4 f+1

Otxyna ciemyer, aro ol (0) = fi.
Amnajytornano, jyist o:
Poi(e) () 1+a(p—n)

— _ _
e T g a@)+1 n+l+(1+a)p—n)

Bripazkas «(@) u3 nocsieiHero paBeHcTBa, MOJIyIaeM

a(6) = 1+a(5—n)

Tak kak a mpoberaeT 3HAYCHUS U3 [ﬁ, 1], u3MeHsist @ MOXKHO JIOOUTHCsT, 9T00bI (@) IPUHUMAIIO
a—1 ﬂ—n+1]

Joboe 3HAUEHUE U3 [m, i

M 6 no> 5\ _ 1+4a(fi—n) o e oo
bl JOKa3aJid, 9TO [JjId BBIODAHHBIX (4 =~ M A = —~ - HauJeTC:d 110 KpaunHeu Mepe OJUH

BEKTOD 6 ¢ TAaKMMU PABHOMEPHBIMU JUO(MAHTOBLIMU SKCIIOHEHTaME. JIoKaXKeM, 4TO TaKUX BEKTOPOB
6eckoneuno MHOro. Ilycrs dukcuposano umcio gg. Boibepem npoussosbabie po,To € (qo,q5). s
Do, To HOCTPOUM YKa3aHHBIM paHee crocoboM 0600menubie (n + 1)-cucrembr PP, P ¢ napaMeTpom
a, CTapTyMOIue U3 Py U 79 COOTBETCTBEHHO (NIPM STOM 3HAYEHUS] B HAYAJIBHBIX TOUKAX CIIEJIAEM
OJIMHAKOBBIMHA U 3aBHCSIIIUME TOJBKO OT (o, T.e. PI°(pg) = P{°(rg) = ﬂq+01 u T.71.). B Touke gg 3TH
CHCTEMBI DA3JIMTHBI, TaK KAK JJIA JIOOBIX PA3IUYHBIX TOUEK W3 [o,(s) B cucreme P mHaiingrcs
yHKIWSI, IPUHUMAIOIIAS B 9TUX TOYKAX PA3HBbIE 3HAYEHUS, U

P (gs) = P" (g6 — (po — q0))

P (gs) = P*(q6 — (ro — qo))




ITosTomy

Ig q m T
1P (g6m) — P (gom)||oc = STHPPO(%) — P"™(gg)]]o0 — +00

[ToaroMy WX pa3sHOCTH HEOTPAHWYEHA M UM HE MOXKET COOTBETCTBOBATH OJMH BeKTOp . 3HAUMT,
KasKJIOMy 9HUCJIy U3 HHTEpBaJa (o, ) COOTBETCTBYET CBOM, OTJIMYHBIN OT APYTUX, BEKTOD 6.

Eciu n = 2, n3 KOHCTPYKIUK HY>KHO yoparh P3 = - -+ = P, U yYaCTOK [G6m+3, $6m+5)s Po B 9TOM
cJIy9ae BO3PACTACT OT (g M0 (em-2, & JAJIbIIE MOCTOsIHHA. []apaMerp a cTaHOBUTCS paBHBIM 1, T.K.
g5 3amensiet qs st Py, 1. Torga monydaiorcs B TounocTn ajredbpandeckue coorHomrenus |1| Apruka.

Ecmu i = 400, 3amenum eé Ha m + n + 1 B Hame KoHCTpyKIuu. JIJst 33/1aHHOTO ¢y OTIPEIETINM
[10CJIEIOBATEIBHOCTD (g, COOTHOIIIEHNEM

Gom = (M + 1)g6(m—1)
Oyukinn Py, onpenesnM B TOYKAX (g, CJIELYIOMUM 00Pa30M:

g6m

Pl(%m) = P2((I6m) = m

1+ 1=24(m+1)

P3(qﬁm)::Pn(qﬁm): m4+n+2 dém
1+a(m+1)
Fralaon) = =Py dome

B ocranmbabix TOUKax Pj OnpenessioTcs Kak Ha PUCYHKE.

3ameTuM, 9TO Tenepb rpaduku He 00JAIAI0T CBONCTBOM MHBAPUAHTHOCTH TP YMHOXKEHWN Ha
HEKOTOPBII KO3(DUIUEHT, KAaK 3TO OBLIO paHee.

3amnuinemM BepXHUAN U HUXKHUIA [TPEJIETIBL:

. Pi(q) . Pi(q) .. Pigem)
lim sup ——= = lim sup max = limsup ———— =
q—+o0 q m——4o0o G6m <q<qe(m+1) ( m—+4oco  4ém
1
= limsup —— =0,
m—too M+n+2
P, P, P
lim inf 7n+1(g) = liminf min 7n+1(q) = lim inf —20m+2) (dorm+2) =
q—+o0 q m—>+00 Gom <q<q6(m+1) q m—+00  (gm42
o 1+a(m+1) a
= liminf = .
motoon+14+(14+a)(im+1) a+1
[onb3sysick yrepKaenusmu [I] u 2] nomyaaem
aT(0) = +o0, «a(0) =a,
9T0 U TPebOBaJIOCH. O



3 Pesymabrar B. IIIMmuara u JI. Cammepepa
IITmuxr u Cammepep B [2] paccMaTpUBAIOT TEIOYACIEHHYIO PEIIETKY
AO) ={(z,01x —y1,..., 002 —yn) | T, y1,...yn € Z}.
ITycts A1(q), - .. Ant1(g) — HOCIEIOBATEIBHBIE MUHUMYMBI B [IEDECEUEHUN PElIeTKH 1 Kyba

K(q) ={(o---Cn) | [Gol < €™, |G| <e 9}

Hadiee, anaoruaHo HpeblymeMy paszely, onpeteannm Li(g) = InAi(g).
O6ozHaunM @;(q) = Lz'T(q) -

©;(¢) = limsup ¢;(q), gi(q) = lim inf ¢;(q).

q—00 q—00
B [8] mokasano, aTo
_ 1-9
n—+¢;
u
of — n -+ Prt1
1= £n-‘,—l
13 31X cooTHOMmeHuii cieyer, 1To HepaseHcTsa [2] u [3] npespamatorcs B
(n - 1)£n+1 + @1 2 _fn_i_l@l (9)
u
(n - 1)@1 + gn_;’_l S _£n+1¢1' (10)

Cratbs [2] nocssiieHa J0Ka3aTeILCTBY 9TUX HEPABECHCTB, & TAKIKE X HEYJIyUIaeMOCTH.
Cravasa JOKa3bIBAETCS yTBEPIK/ICHNE, AHAJIOTHTHOE yTBEPKAEHUIO [2]

Teopema 2. (a) Jlaa ao6020 @ € R™ cywecmeyem cucmema us n+1 dynxuuti P: (g, 00) — R
makas, wmo Pynxyua P — Lo oepruuena na npomescymre (1g, 00 ).

(6) JTas dannoti cucmemnt usd n+ 1 dynwuuti P : (ng,00) — R maxoti, wmo q— Pny1(q) — oo
npu ¢ — oo cywecmeyem eekmop @ = (01, ..., 0,), 2de 1,6, ...,0, auneiino nesasucumov, Had
nosem Q, u dynruyua P — Lo oeprusena wa npomescymie (Mg, 00).

Jlokazamenvcmeo. Onpenenum cuctemy u3 n + 1 bynxmait P* @ (ng, oo) — R anamornanyio P,
3a, UCKJIIOYEHHEM TOI'0, UTO YIJIOBble KoddduimenTsl kommouneHT P; 6ymayT —1 u n. Ilpeamomoxum,
9TO

P:(Pl,...,Pn+1), ’P*:(*Pl,...,f n+1)

Torma craHOBUTCS OYEBHIHO, YTO P - yHOBJIETBODsIONas ycaoBusaM cucrema (n + 1)-byuxiuii B
TOYHOCTH TOTJa, Koraa P* - mBoiicTBeHHAs eif.
ITycrs A*(0) pemerka, obparnas A(0), cocrosimast U3 TOIEK

(=01 = = 0nln, Y1, Yn),
rie (z,y1,...,Yn) € Z" L. Tyers Takske K*(q) cocrout usz touek ((o,...,¢,) € R*™ u ynosrerso-
PAIOT YCIOBHSAM

[Co] <e ™ |G <el,i=1,...,n



XOpOIIo U3BECTHO, UTO €CJIHU A1, ..., Apt1 — HOCJAEAOBATEIbHbIE MUHUMYMbI perterku A(6) st

rena K(q), a A],..., A}, - mocieoBaTenbuble MEHAMYMbI perrerkn A*(6) ama rema K*(g), To ux
orHomenue -9
An+2—i
Hanee, eciu mbl osoxxum LI (q) =log A (q) (i =1,...,n+ 1), To orobpazkeHne

(L1, Lpg1) = (=LY, ..., =Ly )

orpanundeno na npomexyrke (0,00). Eciu ¢ — Ly,11(q) — oo npu ¢ — 00, TO Takxke cebs BeJIeT u
q + L:H—l (q)

Hazosem cucmemoti Pya otobpazkerme PR : (g, 00) — R ¢ kommonenTamu P, nmMeromuMm
HakyoH 1 1 0 1 1151 Koropbix Bepuo P¥(q) + -+ + PR (¢) = ¢. Ecom

g OTPANUYeHo CBEPXY M CHU3Y IIOJIO?KUTEJIbHOIT KOHCTAHTOU, 3aBUCAIIEH OT 7.

q q .
PE(q) = P — i=1,... 1
’L(q) Z(n+1)+n+17 7/ ) 7n+ b)

o PR = (P[,..., PE ) a10 cucrema Pya na ((n+1)no, 0c0) B rounocru, xorga P* = (P*1,..., Pi. ;)
— JIIBOMCTBEHHAs CHCTEMa Ha TPOMeXyTKe (1), 00).
ycts KF(q) — xy6 Touex ¢ = ({1, ..., (,) Takux, 9To

ol <e™? |G| <1, i=1,...,n.

Torma K*(q) = e ((n + 1) q).
Taxum o6pazom, myis MurmMyMoB A2 (g) pererku A*(0) nas Tema KE(q) mvetor mMecto pasencTsa
=e

Ni(@) = A ((n+1) g), 70 cets Afi(q) = em T A} (547) w an L (q) = log(Af'(q)) Bepmo

q q .
LE(q) = +L; . oi=1,...,n+1
@ =g TG
Tenepb nepeitieM HENOCPECTBEHHO K JI0KA3ATEILCTBY T€OPEMBI [2}
(a) Han sexrop u = (ug, ..., u,) # 0. Onpenenum pemerky A*(u), HATSHYTYIO HA TOYKH

(on—ulyl — T UnYn, y17"'7yn)a (xayla"'ayn) € Zn+1-

Torma A*(0) = A*(u) tne u = (1,61,...,6,).

[ycrs @ = ||u||~'w eqummansit BexTop. Torma Mbr osryanm cuctemy PF rakyro, aro dyHKmum
LE — PR orpanmaens na npomexyTke (19, 00). Jdasee, mpu ussectroit P, momygaem P* Taxyro,
ur0 bynknun L* —P* orpanndeHs! Ha IpoMexyTKe (1), 00). Haxomnerr, nomyunm P takyio, uto L—P
OrpaHUYEHBI Ha IIPOMEKYTKE (7)o, 00) [IPU U3BECTHOH P*.

(6) IMyctb P — (n + 1)-cucrema. Onpesesmm anajornanbiM obpasom PP u P*. Haiinercs BekTop
u ¢ Hopmoit 1, takoit, ato L — PE orpanmvenst, rie LE onpenenena s pemerxkn A*(u). Torga
BepHO, ¥T0 L* — P* orpaHuveHsl.

Ecan KOMIIOHEHTBI BEKTOPA U HE B3AUMHO IPOCTHI B COBOKYITHOCTH, TO CYIIECTBYET BEKTOP C =
(c1,...,¢n) € Z"T1\ {0} Taxoit, uto

(upco — U1y — ++ — UpCpy €1y yCpn) = (0,¢1,. .., Cn)
npunaexar A*(u) n aexur B ce”1*(q) tae ¢ = max(|cgl, ..., |cn|). Torma A\j << e~ ?. Takum
obpazom, L] + ¢ orpanutveHa, 9To HEBEPHO.
IMomywaem, aro P* — L, orpammtdensl, mosroMy u P* — L} orpamntdens: (rae 6 = (Z—;, ce, Z—z)),
guaquT u P — Lg orpanndenst. [Ipu srom, 1,61, ..., 0, auneiino HezaBucumbl mHay Q.

O



Teneps nokazkem, uro nepasercrsa [J] u [I0] Hesb3st yiyammrs.

Joxazamenvcmeo. Bynem ropoputh, aro (n + 1)-cucrema P uHBapuAHTHA, €CJIM OHA UHBAPUAHTHA
OTHOCHUTEJIHHO PACTSKEHUsI ¢ HEKOTOPBIM KO3(HUIMmeHToMm p > 1.

PaccymoTpum HepaBeHCTBO @ ITo reopeme [2| mocrarouno jyist Becex X € (0, 1) mocTpourh MHBAPH-
auTHy!O (N + 1)-cucremy P, Takyio 4ro:

n—1)X

X, 7 =F()=-""3 (11)

£n+1 -
Torma ¢, = F(£n+ 1). Msb1 moctpoum Takoi rpaduk G, yro ¢ = 1 Gymer TOYKOH JIOKAJIBHOIO
munumyMma P11 u Py(1) = ... = P,41(1) = X, 1ak 4r0o HAKJIOHHbIE OTPE3KU KparHoctd n — 1
npoxogsT gepes3 Touky (1, X). Kpome toro, P;(1) = —nX. B unrepsase [1,1+ X|, P> yMmeHbIIACTCS
C HAKJIOHOM —n, a P; 1pu i # 2 yBeJIManBaiOTCs.
Pacemorpum 6 > 0. Ha unrepsane [1 + X,1 + X + §], Py Gyuer yMeHbIIATHCsI, HO JJIsl JIIOOBIX
P;, Takux qro i # 1, 6yner Bozpacrarh. [lycts so = 1 + X + 4, Torga moryaum, 9to

PQ(SQ):—nX—f—X—F(S:—(TL—l)X—F(S,

P3(82) =..= n+1(82) = PQ(SQ) + (n + ].)X =2X + 0.

Hns 2 < j < n+ 1 nonoxum s; = 2+ (j —2)X. Ha unrepsase [s;,s;541] (korma 2 < j < n+ 1),
Pj1 ybwiBaer, Ho P; npu i # j + 1 Bospacraer. Ja 2 < j < n + 1 nosmy4duM, 410:

Py(s;) = Ps(s;) = ... = Pi(s;) = Pa(s2) + (7 — 2) X,
Pit1(s;) = Pjya(s;) = .. = Paga(s;) = Pa(s;) + (n + 1) X,
’ . P2(Sn+1):...: n+1(8n+1) :PQ(SQ)—F(’I’L—I)X:(S

IIyctb p = spy1 =82+ (n—1)X =1+ nX + 0 u G; — rpaduk, HocTpoeHHBIH Ha oTpeske [1, pl.
MBI XOTHM yCTaHOBHTD, UTO
g=JrG

teZ

u G WHBApPUAHTHO OTHOCUTEJIBHO MHOXKUTENS p. JIjist 91010 HEoOX0IMMO, ITOOBI IpH ¢ = p, G OBLIO
TaKWUM 2Ke, Kak 1 1ipu ¢ = 1. Takum o6pa3om, HEOOXOIUMO, ITOOBI BBITTOTHSIACEH CJAETYIONIAS ITEITOUKA
PaBEeHCTB:

6 Poyi(p)  Paya(1)

—_ = = = X,
p p 1
TO €CTh:
d=Xp=X{1+nX+9),
CcJIe10BaTeJIbHO:
5 X +nX?
o 1-X

Heobxoumo, 4To0bl BBIIOIHAIOC: ¢ = X u (corsacuo :

_ P(1+X) o nX+X (n-1)X

AT T0rx) T 14X 1+ x




Ocraercst mokasarh, uTo HepaseHCTBO [10] Hesb3st ymyummTs. IT06BI 3TO MOKA3aTH, JOCTATOMHO
JI0Ka3aTh, 9TO Jyid jioboro Y, rakoro uro 0 < Y < 1, cymecrByer uaBapuanTaas (n + 1)-cucrema
P, Takas 4TO:

_ Y
L) =Y, =6(Y)= Thry
st aToro ymobHo O6ymer obo3naunTh X = %, 7 MBI TTOJTYIUM CJIEJTYIOTIEee:
_ X
o = -1)X, 5 = 11 x

Taxk »Ke, Kak 1 paHee, IOCTpouM noaxosiuit rpaduk G. Touka ¢ = 1 ABISI€TCS TOIKOM JIOKATb-
Horo MuHUMYMa Pny1 n P,(1) = P,y1(1) = (n — 1)X, TakuM HakKJIOHHBIE OTPE3KH KPaTHOCTH 1
npoxogst depes (1, (n —1)X). Kpome Toro, Pi(1) = ... = P,_1(1) = —2X. Ha unrepsase [1,1+ X],

P,, y6uiBaer ¢ HakJIOHOM —n, a P; Bo3pacraior mpu i # n.
Badwurcupyem §. Ha unrepsane [1+ X, 1+ X 4 4], P, yobiBaer, a P; Takue, uro i # 1 Bo3pacraer.
TTosoxkum, uro so = 1+ X 4+ § u noryumum, 4ro:

P1(82) =—-X —nd.

Mzt o6osuadmin s; = S + (j — 2)d st Beex 2 < j < m — 1, HO Sp4+1 = S, + X. Ha unrepsaie
[sj,8; + 1], mpu 2 < j < n, P; youBaer, a P; upu ¢ # j Bospactaer. Ho na umrepsaiue [S,, Sp+1],
P, 11 yosBaer u P;, ipu i < n + 1 Bo3pacraer. [lomyunm ciremytormee:

Py(sps1)=Pi1+X)+(n—1)0+ X = (n—1)4,
Poi1(Snt1) = Poyi(sn) —nX =n—-1DX+ X+ (n—1)0 —nX = (n—1)J,

Tak 910 P (Spt1) = Prt1(Snt1)-
Mpr oy Iuin, 9To:

Pi(sn41) = .. = Po1(Sng1) = Pi(s2) + (n —2)0 + X = —24.

IMonoxkum, 910 p = Sp1 = S2+ (N —2)0+ X =14 2X 4+ (n—1)d, u Gy — rpaduk, KOTOPBIH MbI
nocrpomwn B [1, pl.

MBI XOTUM yCTAHOBUTD, 9TO:

t
G=Jr'0
teZ

u § MHBAPUAHTHO OTHOCUTEIHHO MHOXKUTENA p. s 3roro neobxomaumo, 9Tobel ipu ¢ = p, G ObLIO
TaKuM 2Ke, Kak 1 1pu ¢ = 1. Takum 06pa3oM, HEOOXOIUMO, ITOOBI BHITOJHSIOCH CJIEIyIOIIEe:

—20 _ Pi(p) _ P~(1)

= —2’
p p 1
TO €CTh:
142X+ (n—-1)0)X =96
CJIEZI0BATEIILHO:
5= X +2X2
S 1l-(n-1)X’
Tak, MBI TIOJIYYUIU, ITO Cpi1 = (n —1)X, u 9TO BEpHO CJIEyIONIEee:
_  P(+X) —2X+X X
ATTIEX T T 1+vx 1+ x
Yto u TpebOBAIOCH. O
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