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1 Bsenenmne

3ajiaua nocrpoenus dasuca ['pédnepa sBJsieTcs BayKHOM 3a/1adeil BhIYUCIUTETHLHOM
aJIredPhI, TEOpUM 4ncesl n ajredpandeckoit reomerpun. B 1965 romy ByxOeprep B
pabore [Buch| mpeiozkinn KOHCTPYKTHBHBIN ajropuTM noctpoerust basuca ['péde-
pa, OJIHAKO BPeMsi ero paboThl B OOIIEM CJIydae JOBOJILHO BEJIHKO.

B patorax [Faugl|, [Faug2| 2K.-I11.Dozxkep mpeiozkut aaropursmbl F'4 u F5 Bbruuc-
Jsitornne 6asuc ['pébHepa nreasa KoJiblia MHOTOUYJIEHOB OT HECKOJIbKIX IIePEeMEHHbBIX
6oJtee GbicTpbiM criocobom. B 2005 roxy B pabore [Steg|.Illterepc 6osiee mojapobHO
M3YUII aJropuT™ F'5, a Takyke CJiesial MOMbITKY (HEYIAYHYI0) COeMHEHNs AIro-
purmoB F'4 u F'5 jnist joctuzkenus 6osblieit 3(pheKTUBHOCTH.

B paborax ®@oxepa ObLM HailjleHbl HEJOUETHI, U BrOCjeAcTBIN B paborax [Gall,
|Ger|, [EdPer|6b1mm copmymupoBasbl 1 JOKa3aHbI pA3/IHIHbIE YTBEPKICHNS 00 aJl-
roput™me F'5.

B nacrosmeii pabore jaH 0030p ajropurma Byxbeprepa, ciejiaHa MOIBITKA CTPYK-
TYypUPOBAThH OIHUCAHUE aJropuT™Ma ['5 1 JI0Ka3aTe/IbCTBO €ro OCTaHABINBACMOCTH
aHaJornIHO crarthe [Gal|, a TakKe mcC/IeI0BAHBI TPAHUIBI €10 TPUMEHEHHsT K 381~
e JIUCKPETHOro JIOrapuMUPOBAHUSI Ha SJIIMITHIECKON KPUBOIL.



2 Ajgroputm Byxb6eprepa

[Iycte K — moste, u I — ujean KoJibiia MEOrOWICHOB K[, . .., x,]. IlycTs Takke
Ha, MHOXKECTBE MOHOMOB 1’ 3aJ1aH IOJIHBII MOPSIJIOK <, YIOBJIETBOPSIIOIII
CJIEJIYIOIINM CBOICTBaM:

LVteT (t£1)1<t;
2.Vt by, by € Tty <ty = tty < tts.

st menyseBoro muorodiena f = a;t obosnaunm 3a ly(f) nm HT(f)
teT
HanOOJIBLIIII 9j1eMeHT ¢, Takoit uro a; # 0. Taxoii s/1eMeHT HA3bIBAETCS TJIABHBIM

TEPMOM f, & COOTBETCTBYIONIUI eMy KOI(PDUIUEHT — TJIaBHBIM KOI(PDUITHECHTOM
lo(f) mma HC(f). st Hys:€BOrO MHOTOUIEHA MTOJIOKUM TJIABHBIN T€pM 1 TJIaBHbII
KO3 PUIMEHT PABHBIMU HYJTIO.

Onpenenenue 1. Basucom I'péonepa udeara I ommocumenvro nopadka <
nasvieaemcs mnoscecmeo G, maxoe umo daa mobozo f € I natidymes s € T u

g€ G, umo li(f)=slg).

Takzke 4acTO BCTPEYAIOIINMCH ABJIACTC ITOHATHE PEAYIIUPOBAHHOIO Hasuca,
['pébuepa. [lycrs H C Klxy,...,%,], a f — HeHyI€BO# MHOTOUICH.

Onpenenenune 2. f pedyuyupyem no modymo H, ecau 6 f ecmv mornom t, maroti
umo t = sly(g) daa nexomopwxr s € T, g € H.

Onpenenenue 3. Pedyuyuposarnviti bazucom I'pébnepa udeanra I naszvisaemces
maxoti bazuc I'péonepa G, umo dasa 106020 g € G MHO20MAEH § HEAB3A
pedyyuposamv no modyao G\ {g} ul.(g) = 1.

st BBesienust ajnropurMa byxbeprepa He0OX0AMMO TaKKe OIPEICINTb OHITHE
S-MHOTOYJIeHA.

Omnpeneaenue 4. s-mH0204AeHOM [ U § HA3VIBAEMCA MHO20YNACH GUJG:

spol(.9) = (1), ) 5 = 2

Onumem anroputm byx6eprepa:

ITycts ' — MHOXKeCTBO MHOTOUJICHOB, mopoxKgatoiiee ujeas [. Hama 3amada —
OCTPONTH MHO)KecTBO (&, siBJstioneecs baszucom ['péoduepa st . Anropurm
COCTOUT U3 CJIEJIYIOIIIX IIaroB:

1. Bozbmem G = F..
2. st Beex g4, g; u3 G naiijem Muorousen spol(gi, g;).

3. Ecin spol(gi, g;) peayuupyem o mMoxyio G, TO peyupyeM ero Jo Tex 1op,
IIOKa, PE3yJIbTAT He IePecTaHeT ObITh PEYIIPYEMbIM.
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4. Ecim pesynbrar 1ara 3 HeHyJIeBoil, To jobasisiem ero B G.

5. TloBropstem mraru 2-4, oka Bce mapbl (BK/IIOUYAsT AP ¢ JOOABIEHHBIME Ha
mare 3 MHOTOUJICHAMI) He OY/IyT PACCMOTPEHBI.

6. [Tosryunsmieecst muoxkectBo G Oyjier 6asucom ['pédrepa njeasna 1.

OcraHoBKa aJIroOpuTMa rapaHTHUPYeTCs TeM, YTO B IIPollecce paboThl pa3Mep
ujeasa, IMOPOXKIEHHOIO IVIABHBIMU UIeHaMU 3j1eMeHTOB (7, YBe/JININBAeTCs, a
corjyiacHo JiemMe JlmkcoHa Jirobast HeyObIBaoIas 1erovKa, H1eajjoB HadmHasl C
HEKOTOPOI'0 MOMEHTa, CTAHOBUTCSH KOHCTAHTHOII.

PaccmarpuBast aJropuTM, MOYKHO 3aMETHTb, YTO €CJIM Ha Iare 3 S-MHOIOYJIeH
pelynupyercst K HyJII0, TO B MHOXKECTBO He JI00aBJISIeTCsl HUYEIro HOBOI'O, IIPU 3TOM
3aTpaThl Ha OIePalNi0 PEJAYKIIMH JOCTATOYHO BeJKU. TakuMm 0Opa3oM, OCHOBHBIM
HaITpaBJICHUEM TIOMCKa YJIYUIlIeHnd aJropurmMa byxoeprepa sBigeTcsd BO3MOXKHOCTH
3apaHee CKa3aTb, PEAYIUPYeTCs JIM HeKHil MHOrodjeH K Hyao uin Het. 2K .-111.
Dozkep B 1999 u 2002 npetoxkui ajroputmbl F'4 u F'5, 1103BoJIgOIIe N30€2KaTh
penyKIuil K HyJIro 6Jsiaromapsi IpoBepKe, YAOBJIETBOPSIET JII MHOI'OYJIEH HEKOTOPHIM
KputepusiM. B HacTosieit pabore OyiaeT paccMoTpeH ajaroput™ F'H.



3 OTMedeHHBIe MHOTIOYJICHBI

[lepesr Tem, Kak onucath aaroput™m F'H, HEOOXOMMO BBECTH HECKOJBHKO HOBBIX
O peJICJICHUIA.

[lycte I = (f1, -5 fu), Li= (fiy-- s fu), [1 = 1.

Ounpenenenne 5. Hndekcom mrozouiena f nasuw6aemes MaKCUMAALHOE YUCAO 1,
maxoe wmo I; codepoicum f:i(f) =max{i | f € I;}.

Cueuamypou” MHO20"NEHA f HA3BIBALTNCA MUHUMANLHBLT U3 2AA6HDLT mepmoe

MHO20UACHOG, 00A00a10UUT CALOYIOUUM c60TCMEOM: [ CPAGHUMO MO MODYAI0
Licp)+1 ¢ npouseedenuem p na fip: s(f) = min{HT(p) | f = pfi(p(modlis)11)}-

Memxkoti mrozousera [ Hasvieaemes napa ud urndeKca u cuHamypol.

OMMEUEHHDIM MHO20UAECHOM [ HA3BIEACTNCA NAPA U3 MEMKU U MHOLOUACHA.
Mmnozounen npu smom obosnavwaemes poly(f), a memra — M(f).

Jasiee HEOOXOMIMO BBECTH TOPSIJIOK HA METKAX U OINEPAINI0 YMHOKCHHST TepMa Ha

METKY.

Mopsior: M(f) < M(g), ecan i(f) > i(g) wmn i(f) = i(g), 5(f) < s(9).

Yuuoxenne tepma Ha Metky: t - M(f) = (i(f),t- s(f)).

Bynem rosopurs, 4ro f = 0g(h), ecim cymecrsyer npejcrasienue f = > Ayg,
eG

TaKoe 4TO JJIst J1I000ro ¢ BBIIOJHSIOTCs jiBa HepasencTsa: HT(A,g) < Hgf(h) il

M(N,g) < M(h).

Taxxke HE0OXOMMO CPOPMYINPOBATH MOHIATHE KPUTUYIECKOI Maphl:

Onpenenenue 6. Kpumuueckot napoti omuocumervho muostcecmea G

HasvleacmcA maxas napa OMmMeEeHYEHHBIT MHO20YAEHOB f u g, 4Ymo
lem(HT(f), HT(g))

HT(f)

spol(f,g) = og(uyyf), ede usy =



4 AnaroputMm F5

B sroMm paszjese OyyT omucanbl MPOTELYPhI, COCTABISIONINE aJIropuTm Fo.

1. Rewritten?

HanHasi mporie/lypa IpoBepsieT BBIIOJHEHIEe TaK Ha3bIBAEMOI'O "KPHUTEpHUs IIe-
pesarcn JijIsl IPOU3BEJIeHNsT MOHOMa, U Ha OTMedeHHbI MHOrouwIeH fi. Coor-
BETCTBEHHO, PEe3yJIbTaTOM PabOTHI IIPOIEAYPhI ABJIsIeTCs Oy/1eBo 3HadeHue True,
ecs u- f oTOpachiBaeTCst KpuTepueM lepesaluci, u False B IpoTHBOIOIOXKHOM
caydae.

Kpurepuii nepesammcu IpoBepsieTcs JIjis BceX OTMedeHHbIX MHOro4wIeHoB u3 G
C TOI »Ke CUTHATYPOIl, 9TO U y MHOTOWIeHA fi. I Bcex TaKnX MHOIOUIEHOB
IIPOBOAUTCS cJlejlylomias 1IposepKa: eciau B G Haiinerca muorowien f; # fi,

taxoit uro i(f;) = i(fr) u us(fi) : s(f;) , To npoussesenue orbpacriBaeTCcs
KpHUTEepHeM Tepe3anucu. Eein yke Hu i OJIHOrO U3 MHOTOU/IeHOB 13 G 06a 311
VCJIOBHsI OJIHOBPEMEHHO HE BBINOJIHAIOTCS, TO POU3BEJIEHIE HE OTOPACHIBAETCSI
KPHUTEPHEM IEPE3AITNCH.

2. CritPair

Dra mporeypa co3aéT KPUTHIECKYIO [apy OTMEYeHHBIX MHOTOUJIEHOB (B CJTy-
gae COOTBETCTBUST BXOJHBIX JAHHBIX HEKOTOPBIM 38 IaHHBIM YCIOBUSIM ) U BO3-
BpAIaeT MyCcTOe MHOXKECTBO (B CJIydae HECOOTBETCTBUS BXOJHBIX JaHHBIX). Ha
BXOJI IIPOIIe/Iype JIAl0TCs JIBa OTMEUYEHHbIX MHOrowieHa fi, f; u3 G, ducio ¢ —
MHJIEKC CUTHATYP, /I KOTOPBIX OYIeT MPOBEPSIThCS PEIyIINPOBAHHOCTD U MHO-
’KeCTBO L, OTHOCUTEJIbHO KOTOPOIO IIPOBEPSIETCST PEIYKIINS.

CH&‘I&H& HaXOINM HalMEHDbIIICEC O6HL€€ KpaTHOe CT&pLHI/IX MOHOMOB MHOI'OYJIE-
HoB fi u f;. Obo3HaunM 310 KpaTHoe 3a t. dajee co3gaéM MOHOMBI Ui, Uy U3
hopMyIIBI 15T S-MHOTOUIEHA!

1 oo 1 t
T HC(fi) HM(f)” 2 HC(f;) HM(f)’

a3a tq, ty 0003HAYNM CUTHATYDBI MHOTOWICHOB fi 1 fi. lanbime, ecim uy M (fi,) <
us M (f7) (rme < — HOpsiZIoK Ha METKaX), TO MOMEHsIeM MecTaMu k 1 [ 11 CHOBa 3a-
MyCTUM Ty 2Ke rporenypy. lamee, ecin p(ugty) # uity, e ¢ — omeparop peryk-
UK 110 MHOXKECTBY L, 1 UHJIEKC [}, = 4, TO IPOLEAYyPa BO3BPAIIACT IIyCTOe MHO-
KecTBO. Takzke Mporieypa BO3BPAIIAET IIyCTOe MHOKECTBO ecain ¢(Usts) # sty
1 IIPU 9TOM UHJEKC f; = . Ecm e Bce 9TH yeI0BUA He BBIIOJIHEHDI, TO MPOLe-

Jypa BO3BpAIAeT KPUTHIECKYo napy (uy - fi, us « fi).

Uy

3. Spol

DTa Npoleaypa 10 MHOXKECTBY s-TIap (DUKCUPOBAHHOI CTEIeH! COCTaBJIsAeT S-
MHOI'OUJIEHBI 11 JI00aBJIsieT uX B MHOKeCTBO (. OD03HAYMM NCXOTHOE MHOXKECTBO



3a P. JI71s1 qOoCTKEeHWST 1IeJIN JIJ1s BCEX 9JIEMEHTOB P TIpoBejieM CJIe Ty IOy IO TTPO-
Henypy:

Obo3HaunM paccMaTpUBAEMbIil Ha OYepeJHOM IIare 3JeMEeHT MacChBa Kak Iia-

v (u- f,v-g) (10, 970 KayKIblil 370eMeHT P mMeeT Takoii BHJl, TApAHTUPYETCsI
nporienypoit CritPair). Eciu obe mapst (u, f), (v, g) He oTOpachBAIOTCST KpUTE-
pueM repesaiticu, To jobasisem B G muorowtes (uM (f), upoly(f)—wvpoly(g)).

. IsReducible

[Tporeiypa nposepku, "mpocenBatorias' MHOXKECTBO TOTEHITMATBHBIX PEJIYKTO-
poB G eq B NOUCKAX CUTHATYPHOI PEJAYKIUU JIJIsi MHOTOUJICHA fi NIPU JIAHHOM
orepaTope pelyKIun o 1o MHoxkecTBy G. Pe3yibraToM pOBEpKU sABJISIETCs 11y~
CTO€ WJIN OJTHODJIEMEHTHOE MHOXKECTBO MOTEHIINAIBHBIX PE/LyKTOPOB.

Ilycts r; — ouepennoit sseMeHT Greq U JI0 3TOTO HIPOLEypa He 3aBepIIN/Iach.
Torna IsReducible Bepnér MuozkecTBo, coliepzKaliiee TOJIBKO 7 B C1ydae BbIIIOJI-
HEHUsI CJIeYIONuX 4 yCI0BUIL:

HT(fk)
HT(r;)

(06o3HAUNM €6 3a U) — KOPPEKTHBIN MOHOM;

a. B npobu YUCJINTE/Ib JIEJINTCs Ha 3HaMeHaTe b, TO eCThb 9Ta JAPOo0b

b. ¢(ut;) = utj, rje t; — MOHOM CHUI'HATYPbI MHOI'OYJIEHA T'j;

c. Muorousten (u, ;) He OTOPACHIBACTCSl KPUTEPHEM €PE3AIINCH;
d. uS(ry) # S(fi).

Ecin ke B Geqg HE HAIIOCH 3JIEMEHTA, KOTOPbIN ObI YIOBJIETBOPSIT BCEM STUM
4 ycsioBUsIM, TO IIPOIE/lypa BO3BPAIIAET IIyCTOEe MHOYKECTBO.

. TopReduction

DTa MPOIE/yPa BBIIOJHIET TOI-PEYyKIUI0 — CUTHATYPHYIO PEAYKIIMIO MHOI'O-
ynena fi. [Ipw aTOM pelyKTOpaMu SB/ISIOTCS MHOTOWIEHBI 13 MHOXKECTBA Gyed,
a oIepaTop peIyKIMI 0003HaYeH 3a ¢. PesyabraToM paboThl poIe Iy phl, TOMU-
MO TIepe3anncaHHoro MHOTOWIeHa fi, siBjsiercs napa muozxects (ToDo, Done),
KayKJ10€ U3 KOTOPBIX COJCPYKUT HEKOTOPbIe MHOTOWIeHbl n3 G.

st nadasia HeoOxXoauMo yoe INThCsA, YTO TOJINHOMUAILHAS YacTh fi HEHyJIeBas.
B nporuBHOM cjlydae MHOTOYJIEH HE Iepe3aluchiBaeTcst, a MHOKecTBa 10Do
n Done ocratorcst mycThiMu. B najbHedinmem ImpejmoaraeM, 9To 3Ta HyJe-
Basi ' IpoBepKa, IpoiijieHa.

Ha mecto muorounena fi sammmem muoroanen (M (fy), p}(fg /ey (orHOpMITDYeM

fx), moce wero mpoBepuM BO3MOXKHOCTH JlaJTbHeliIei pe,zLme/m C IIOMOIILIO
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yzKe onucanHoil Hamu nponeaypsbl IsReducible. Ecin ona neBosMorkHa, TO MHO-
»kecTBO ToDo ocTtaBuM IycThIM, & B MHOXKECTBO Done 3amnuiieM eIuHCTBEHHBIT
9JIeMEHT — f, 1 Ha 3TOM IIpeKpaTuM BhioaHeHne. Muade nporeaypa IsReducible
BEpHYJIa OJIHOdJIEMEHTHOEe MHOKeCTBO. ODO0O3HAUNM ITOT JIEMEHT 34 7.

HM(fy
Obosnaunm 1pobb W((r];)) 3a u. Ecom uS(r) < S(fx), To cHoBa nepesarmrieM f,
Ha 5T0T pa3 muorowienom (M ( fi), poly(fr) —upoly(r))), maccus Done ocrasim
mycThiM, a B MaccuB ToDo 3ammimeM eMHCTBEHHBIH 9JIeMeHT — fi, U Ha 9TOM

IIpEKpaTUuM BbIIIOJIHEHUE.

Eciu »xe 9T0 ycjoBue He BBIMOJHSIETCSA, TO He0OXO MO J1I00aB/ISITH HOBBII MHO-
rowren B (G, a mvenno muorowten (uM (1), poly(fi) — upoly(r)). Ilocse sroro,
maccuB Done ocraBum myctbiM, a B MaccuB ToDo 3amuiiem jBa saemMeHTa — fi
1 f,, (TO ecTh TONIBKO UTO J00aBIEHHBI B (G MHOTOUJIEH), U HA STOM IPEKPATIM
BBIIIOJTHEHIE TIPOIIE/LY PhI.

. Reduction

DTa mporie/lypa OTBedaeT 3a BCe PEAYKIMN BHYTPH ajropuTMma. B rporecce eé
pPabOThl MHOI'OUJIEHBI C IIO3ULIUSAME U3 MHOKecTBa ToDo penynupyroTest 1o MHO-
roueHam 3 MHOKecTBa GG. B pesynbrare mosydaercst MHOzKecTBO Done, cojiep-
JKallee perylupoBannbie MHorowienbl 3 ToDo o muorodsenam u3 G.

[Tporerypa ntepupyercd mo muorodienaM u3 ToDo, ymopsmodeHHbIM MO0 BO3-
pactanuo curaryp. O6o3HaUNM MHOTOYJIEH Ha ovyepejHOM Iare 3a h. [lasee
JlesiaeM cyejyroniee: BLIKUHYB U3 MHoxKecTBa ToDo Muorowien h, peaynupyem
ero — BMecto nero sarmmieM muorowten (M (h), ¢(poly(h))). [ocae sToro mo-
IBITAEMCS TTPOBECTH IPOIE/yPY TOI-PEIyKIINK, UCIIOJIb30BaB B KaueCcTBE MHO-
JKeCTBa MOTEHIUAIBHBIX PEYKTOPOB HE TOJBLKO BCE MHOXKeCTBO (G, HO U yxKe
IIOCTPOEHHBIE 3JIEMEHTHI MHOYKecTBa, Done. Pe3ysibraToM paboThl Oy/IyT MHOKe-
ctBa Donel m ToDol, KoTopble Mbl TPUCOEIUHUM K COOTBETCTBYIOITUM MHO-
»)kectBaMm Done n ToDo. 91y nporeaypy OyJeM HOBTOPSTH JIO TEX 0P, MOKa
MHOX)KecTBO ToDo He omycreer.

3aMeTUM, UTO eCJIi MHOI'OWJIEH HCIIOJIb3yeTCsl B CO3JIAHUK S-1Iaphl B KauecTBe
crapiieil Mo CUrHaType 9acTH, TO B JTAJbHEIeM OH He pelyupyeTcs (IOCKOJIb-
Ky Oyzer jexkarhb jnbo B G, mubo B Done.

. AlgorithmF5

lannast mpore/iypa siBjisieTcst OCHOBHOI 4acThbio ajropurma Fb: oHa 3alryckaercst
B 00IIIeM TIHKJIe st BCE GOJIBINEro MCXOJHOTO MHOXKECTBa (KaK MMEHHO, Oy/Ier
OIHCAHO B CJIEJyIONIel mpore/aype). Hada bHbIMU JTAHHBIME JIJIST 9TOM TPOTIe-
JIyPbI SABJISIETCS OTMEeYeHHbIII MHOMOYJIeH ¢ MOHOMOM CUTHATYPbI, PABHOM 1, HH-
JIEKCOM CUTHATYPbI PABHBIM HEKOTOPOMY YUC/IY ¢ U MOJMHOMUAJILHOI 9acThio f;;
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MHOKECTBO MHOro4ieHoB n3 (G, KoTopble 00pa3yloT paHee BbIUNCIECHHBIH Oa3uc
['péonepa — G4 1. IIponeaypa obiiero nuksia odecrednBaeT, 9TO MHOIOUJICHBI
Ha 9TUX MeCTa NMeIOT WHIEKChl CUTHATY]D, OOJIbIINE 1.

Pesyibrarom paboThI 9TOM HPOIEAypPhl Ha OYEPEIHOM IIare OyJIeT MHOKECTBO
MHOrowieHoB u3 (G, KoTopble 00pa3yioT basuc I'pédnepa jis paciInpeHHoro Ha,
9TOM IIare mjeaJia, HOPOXKJIAEHHOTO MHOTOUIEHAMHU f;, ..., fm.

[lepe1 ocHOBHOIT PabOTOI MPOLELY Pl ITPOUCXOIT TPHU JIeCTBHS:

(a) MuoxectBo G; mojtydaercst obbeuHeHneM MHOKecTBa (41 U MHOTOYJIEHA
Jii

(b) 3a ¢ obozHaTaETCsT OMEPATOD, MPOM3BOJISIIIIN TTOJHYIO PEIYKIUIO 110 MHO-
JKeCTBY U3 MOJIMHOMUAJIBHBIX YacTeil OTMeUeHHbIX MHOrO4IeHOB 13 (4 1;

(c) Ba P obozHauaeTcst OTCOPTHPOBAHHOE 110 BO3PACTAHUIO COKPAIIAEMOr0 MOHO-
Ma MHOKECTBO, I10JIyYMBIIIeeCs B pe3yJibTaTe npuMeHeHus mpoieaypbl CritPair
K MHOrowWwieHaM f; U fi 1IpM UHJEKCEe CUTHATYP PaBHOM i 1 C OIEPaTOPOM
PEAYKIINK (o, Tye fj mpoberaeT BcE MHOXKECTBO (1.

Tenepb HauMHAETCsI OCHOBHAsI YACThb IPOIE/LyPbl, KOTOpast paboTaeT NTepaThB-
HO TI0 MHOXKecTBY P 710 ero omycromenus. [lo mukmy mpoucxogdar cieytomnme
JIeficTBUs: CHavaJa B IepeMeHHyIo d, KoTopas OyJeT cojiepKaTh MUHUMAJIbHYIO
cTelenb OCTABIINXCA S-TIap, 3allUChIBAETCS CTEIeHb COKPAIAeMOro MOHOMA TTep-
BOTO 3JIEMEHTa M3 MHOXKeCTBa, P, a B MHOXKeCTBO P KJIayTcsd BCe MHOTOYICHDI
n3 P, crenenb cokpaliaeMblX MOHOMOB KOTOPBIX pPaBHa d, ITOCJE Yero 9TH dJie-
MEHThI YJIaJIdI0TCs u3 MHOKecTBa, P. ajee K Py mpuMeHsieTcs mnpoleiypa Spol,
YTO IPUBOJIUT K CO3JIAHNIO MHOYXKECTBa F)j, B KOTOPOM HAXOJIATCA S-MHOIOUJICHBI,
CO3JIaHHBIE U3 TTap MHOTOYJICHOB U3 ;. 910 MHOXKECTBO Fj jlajiee ydacTByeT B
nporeaype Reduction B kauectBe MmHOXKecTBa ToDo, a MHOYXKECTBOM, 110 KOTOPO-
MYy IPOUCXOJIAT PEAYKIINY, siBJIseTCsl MHOXKeCTBO G.

B pesyibrare 3TOro0 JIeficTBUS CO31aETCs MHOYKECTBO [y pelylinpoOBaHHBIX MHO-
rousieHoB. Jliist kaxk1oro sementa Ry (0603HAINM TaKoil 9JIeMEHT Ha 0UepeTHOM
mare 3a 1), BO-IIepBbIX, BbINOJHsIeTCs porienypa CritPair, kotopas co3maér Ho-
Bble KPUTHYECKHUE Mapbl MHOTOUYJIEHOB T W P, TJle P MpoberaeT BCE MHOXKECTBO
G;, 1 TIpUCOEINHSIET X K MHOXKEeCTBY P, BO-BTOPBIX, JH00aBJIsSIeT BCE 3JIEMEH-
Tl 7 BO MHOXKecTBO (7;. Ilocse sTux jeiicrBuit P cHOBa yIOpPsiIOUMBACTCS 110
BO3PACTaHUIO COKPAIaeMOI'0 MOHOMa U IPOIEypa IMOBTOPSETCS UTEPATUBHO.

. IncrementalF'5

DTa Hpoleaypa IO CyTH HABJSIeTCs IVIABHBIM HHUKJIOM PabOThI BCEIO aJrOpPUT-
Ma. B madase ecTb HEKOTOPDLIN YHOPSAJOUYEHHBIE MACCUB OJIHOPOIHBIX MHOTO-
WIEHOB f1, ..., frn — TO €CTh UCXojHble MHOTOWIeHbl. Ha mare ¢ (Homep yObI-
BaeT B MpOIecce pabOThI) MPOMEKYTOUHBIM PE3YJIBTATOM DPAbOTHI AJTOPUTMA
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sIBJIsIeTCsT MHOXKecTBO (7; — MHOIOUJIeHbI, oOpasyomux basuc ['pédbnepa ujeasa

<fm—i+17 ) fm>

B nadajie u3 OOBIYHBIX MHOTOWICHOB f1, ..., [, TMYTEM g00aB/IeHus UHJCKCA U
MOHOMA CUTHATYPBI MOJIYYAIOTCS OTMEYEHHbIE MHOIOUJIEHBI, TPUYEM Y MHOIO-
wieHa f; MoHoM pasen 1, a unjekc — j. HauaJabHbIM cocTosgHIEM MHOMKECTBa
Gy, ABJISIETCST OJIHOIJIEMEHTHOE MHOYKeCTBO {m}.

Hanee, mist © or m — 1 go 1 npoBogutes npornenypa AlgorithmFE5. [Tocie Beex
[1aroB IOJIy4aeTcss HEKOTOPoe MHOXKeCTBO (G1 — MHOYKECTBO MHOI'OYJICHOB, UbH
[OJIMTHOMUAJIbHBIE JaCTH SBJISIIOTCS NCKOMBIM OasucoM ['pébHepa.
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5 OcranoBka ajaroputMma Fb5

5.1 S-mapsl

Onpenenenne 7. [[env s-nap — nocicdosamesbHOCb OMMEUEHHULT MHOZOUACHOE,
cocednue anemenmol Komopoti Yyoosaemeopaom caedyiowemy ceoticmay: cmapuiud
INEMEHI. ABAACTNCA S-MHOZ0UACHOM MAGOULE20 INEMEHMA U HEKOTMOPO20 OpY2020
¢ menvwetd cuenamypoti. Jas coCeORUT dINEMEHMOE BCACICBUE MO0 CEOTCTEA
svinoanaemca coomnowenue: S(f;) = uiS(fj-1).

B janbreiinieM i1 MpOCTOTHI OyeM Ha3bIBATH IEMb S-11ap MPOCTO TEMNbIO.

TeopeMa 1. 110601 ommeueHnvill MHO20YAEH MOHCEM ABAAMBCA HAYAALHM IAE-
MEHMOM AUWD KOHEYHO20 YUCAA PASAUYHDLT uenez‘z daumwt 2.

st oKazaTebeTBa 3TOI TeopeMbl IpuMeHsieTcst JeMMa JIukcona: J1o0oii Mo-
HOMUAJILHBIN MJieall MOPOXKIAEH KOHEIHBIM HaOOPOM OJHOYJICHOB.

PaccMorpuM oTMeUeHHbIH MHOIOWIEH P ¢ CUIHATYPOil § U YIOPSZOUYEHHOE 110
MOPSIJIKY JI0OABJIEHIsST MHOXKECTBO {P1, ..., Pj, ...} OTMEUEHHBIX MHOTOUJIEHOB C CHTHA-
TYpaMH, yJIOBIETBOPSIOMNME YCI0BHIO S(p;) = v;5(p). MoHOMuUAIBHBII niean us3 v;
KOHEYHO MOPOXKJIEH 110 jeMMe JIuKcoHa, 3HauuT, HaunHas ¢ HEKOTOPOro Homepa N
BCe MOCJIeJIYOlIHe MHOIOUIEHBI OYIyT JEeJTUTCI Ha KAKOH-TO U3 Ipeblyux (jist
KazKJIOT0 CBOii).

Ho npu k > N {p, pr} He MoxkKeT OBITH TeNbI0, TaK KaK S(p) - v; IePe3aIiChiBACT-
cst S(p;) - }%, a 3HAYUT, He IpoxoauT npoepky Rewritten? smbo B IsReducible, 1u6o

B Spol. Orciona ciejyer, 9To ecThb He Oostee N 1eneit aannbl 2, HaunHaomuxes ¢ p. l

DTO KOHEUHOE MHOYKECTBO OyJIeM Ha3bIBATH MHOKECTBOM S-TIOPOZKIEHHBIX P.

Teopema 2. Ecau arzopumm me 0CmanasAuBaemea na HEKOMopvlLr 8uLo0Hblr Jak-
HOLT, MO 0H NOPOAHCAaEmM DECKOHEUHYIO UEND.

Hokazkem 51y Teopemy. Muorowren ((1,1), f1) aBiasgercs HadamoM 6€CKOHETHOTO
qnesia pasingHbix emneil. Cpegn KOHEeUHOro Yrce/ia, ero HOPOXKISHHBIX TaKzKe Haii-
JETCST BJIEMEHT, ABJISIONMHACA HaYaI0M GECKOHEUHOIo YKiC/Ia KOHeUHbIX memneii. I1po-
JOJIZKAs 3Ty HPOLELYPY, HOIYIUM HCKOMYIO OECKOHEUHYIO 1ocae10BaTeabHOCTD. Il

Ecin MBI paccMOTpUM JBa HOAPS UAYIIUX B IEHU MHOTOWICHA P;, Pir1, TO
poly(p;) He Oyjier MeHsSThCs TOCTe CO3JAHUs P;1 (CM. 3aMedaHue Mocae OIuca-
Hust poreaypbl Reduction). Otcioma MOXKHO cjiesiaTh BbIBOI, 91O poly(piii) =
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S(p; . ;
c%poly(pi) + h;, riae h; cooTBETCTBYET MJAJIIICH YacTH S-1Iaphl, UCIIOJIL30BaHHOI
(3

PN CO3JAHUUD; 1 U3 P;.

CdhopmynupyeM yTBEpKJIeHIE O HAJUYUN CUTHATYPHBIX PEJIYKTOPOB C OIpe/ie-
JIEHHBIMHM CBOHCTBaMU IIPU YCJOBUU OECKOHEUHOI paboThl ajropurMma. B jajbHeii-
eM 3TO OyJIeT NPUBEeEeHO K MPOTUBOPETHIO.

Teopema 3. Ecau AlgorithmF5 ne ocmanasausaemes npu obpabomxe fi, mo no-
cae nexkomopozo waza G1 codeporcum napy nozunyuti muozounsernos f', f, npuvwém f
ceenepuposar nocae fu 6bnoAHAeMCA:

o HM(f")|HM(f)

HM(S") _ HM(f)

S(f') S(f)

Jist Havasta paciuieM (B CITY PacCyzKJIeHuil Iepe] TeopeMoii):

HM(pis1) < HM(S&)—;;)M) — HM(h;)
S(pin) = S(Cgret ) > S(h)

HM(pz) > HM(I%‘H)
S(pi) S(pi+1)

HbI€ CTapIINX MOHOMOB N CUTHATYP CTPOIro y6bIBaIOT.

3 mepBoro nepaBencTBa MOJIydaeM , TO9TOMY B IIEIIA YaCT-

B nocnenosarensaoctu {HM(p;)} mo siemme Jlnkcona ecth jiBa pasinIHbIX dJie-
MEeHTa, OJIMH M3 KOTOPBIX JEJINT JPYroil, Npu4uéM ¢ < j BCJIEJCTBHE TOTO, YTO Je-
JIMMOCTb MOHOMOB BO3MOXKHA JIMIIb B ciydae, korja deg(p;) < deg(p;), a B menu
CTelleHb OJIHOPOJIHBIX MHOT'OYJIEHOB He yObIBaeT. OTcioja mosydaeM HCKOMOe Hepa-
BEHCTBO, 1109TOMY MOKHO B3:4Th f' =p;, f =p;. B

Ob6osnaunm 3a G, MHOKECTBO, HOJIyUeHHOE CJIe/IyIONIUM CIIOCOOOM: OepéM MHO-
»kecTBO (G1 U Done B MoMeHT, 1IpejiinecTByomuii gjodbasiennio B Done dpukcupoBaH-
HOIO MHOTOYJIEHA ¢ C WHJIEKCOM CUTHATYPHI 1 W yIOpPsI0YMBAEM B COOTBECTBUU C
ro3uiyeil MHOro4JieHoB B K.

Hernocpe/IcTBEHHO 13 aJIrOpuTMa MOZKHO BBIBECTH, UTO KarKjiasl S-apa JIeMEHTOB
(4, cUrHATYPa KOTOPBIX MeHblIe S(g), YA0BIETBOPAET OJHOMY U3 TPEX CBOMICTB:

1. Oxna u3 gacreil s-napbl ObLIa OTOPOIIEHa KPUTEPUEM ITPOBEPKU Py ITHPOBaH-
woctu (B IsReducible (yemosue b.) nim CritPair) — s-napww ¢ wacmoio, ydosae-
meopsrowets "kpumepuro F5";
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2. OjiHa u3 vacreil s-mapbl Obla oTOpoleHa MpoBepkoii Rewritten? (mpu pabo-
te nporeayp Spol mwin IsReducible) — s-napw ¢ wacmwvio, ydosaiemsoparouet
"kpumepuro nepesanucu”;

3. S-napa He ObLIa OTOPOIIEHA, U €€ S-MHOTOYJICH ObLT PEJIyIIUPOBAH 110 HEKOTOPBIM
ssieMentaM Gy, a pesyibrar Obul jlo00asieH B G, — s-napv ¢ uzsecmmnvim G-
nPedCmMaBAEHUEM.

PacmpocTpannM moHsTHsI Kputepust b n Kpurepus mepe3annci Ha IPOU3BOJIb-
Hble YMHOKEHHbIe Ha MOHOM OTMedeHHble MHOrOwIeHHl tf, f € G|,.

Onpepesienne 8. tf;, fi € G, ydosaemeopaem wpumepuro F, ecau:

Pindea(f)+1 (S (fi)) # tS(fi),

20€ index(f)+1 — HOpMaavras gopma omuocumenvno basuca I'pébrepa udeana, no-
AYUEHH020 Ha NPedvoyULeM Wa2e AA20PUMMA,

tfi, fi € G4 ydosaemsopaem xpumepuio nepesanucu, ecau cywecmeyem j, oonb-
wee i, maxoe wmo S(f;) | tS(fi).

3amMeTuM, 4To ec/iu tf yIoBIeTBOpsIeT KPUTEPUIO, TO Stp TaK:Ke eMy Y0BJIeTBO-
psieT (YMHOXKEHIE Ha MOHOM COXpaHsieT KpPUTEepHii).

5.2 lIlpeacraBjieHusd

Onpe,ueﬂeHI/Ie 9. Hpe@cmasﬂeuue OMMEHEHHO20 MHO20MNEHA D 6 sude

pzzmk'bik, bikGGg
k

¢ Koaipuyuernmamu my = cpty, € K x T, 6 komopot 6ce napv (t, b, ) passu-
not, nazveaemes Gg-npedemasseruem p. Gaenvl CYmmovL HA3HIGAIOMCA INCMEHNA-
MU NPEICTNABAEHUA.

G’g-npe&cmae/cenue P — cuzrnamyproe, €CAlU d/bﬁ, ,/I,'fO6020 HOMEPQ ]C G6btNOJAHEHO.
S(mbi,) < S(p).

B naJsbHeiiineM MbI TOCTPOUM YIIOPSI0UEHHYIO TTOCJIEI0BATE/IbHOCTD TPEICTAB-
JleHuit, 00J1a/1aloNyI0 HEKOTOPBIMEI CBOMCTBAMU, U JIOKayKeM, ITO OecKoHevdHas pa-
60Ta aJaropuT™Ma M CyHIECTBOBaHUE TAKOM I0CJIE/I0BATEILHOCTH IIPOTUBOpEYAT JIPYT

APYLY.

s navajia HaJ 0 BBECTH YAaCTUYHBIA MOPSJIOK Ha 3JIEMEHTAX IHPe/ICTABJICHUSL:
citi - bi > ¢jt; - bj Torga un Tosibko TOrA, Korya Jmbo S(t;b;) > S(t;b;), mmbo onn
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paBHbBI, HO ¢ < j. 3aMETHUM, 9TO €CJU U CUTHATYPbI, U IMO3UIUH B CIIMCKE COBIIAIa-
[OT, TO 9/IeMeHTHI He cpaBHUMBL. Ho Tax kak B Gy-1pejicrasiennn Bee napsl (i, b;,)
Pa3IMYHbI, TO BCE 3JIEMEHTBI OJHOrO G -1IpeJicTaBIeHs CPABHUMBI MEKJy COOOIL.
Takxke B gasbHeiiemM OygeM 3apaHee IpernoJaraTb, YTo IpeacTaB/IeHIs YIIOPSI0-
YeHbI B TOPsiJIKe YObIBaAHUS 9JIEMEHTOB.

Temepb BBOMM MOPSIJIOK HA MPEJCTABICHUSX: Y Uk - Uy, < Y My - b;,, ecom mep-
2 2
BOE IIPEJICTABJICHUE JICKCUKOIPAUICCKHI MEHbIIe BTOPOI'O OTHOCUTEILHO ITOPSIIKA

Ha dJeMeHTax IpejicTaBieHnd. Ecin npeicraBieHns OTJInYaoTCs JJIMHOMN, TO DoJiee
KOpOTKas popMa cunTaeTcs Menbleil. Tak »Ke, KaK 1 9JIEeMEHTDI 1IPeJICTaBIeHHS, He
Bce (g-lIpejicTaBIeHld CPaBHUMbI: €CIM HauOOJIbIINe Pa3/IMUYHbIe 3JIeMEHThl OTJIN-
JaIOTCs JINIIL Ha KOI(MMUITMEHT, TO TPeJICTABIeHNsT HE CPABHIMBI.

13 BBeIEHHBIX TOPSIJIKOB Ha dJIEMEHTaX U IPEJICTABICHUAX sICHO, YTO MEHbIIIee
Ipe/ICTaBIeHIe HaC/IeIyeT CUTHATYPHOCTHL Yy OoJibllero. Takyke 3aMeTUM, 4TO U3
BIIOJTHE YIIOPSJIOYEHHOCTH CUTHATYP CJIEIYeT BIIOJIHE YIIOPSI0UYEeHHOCTh 3JIEMEHTOB
IpEJICTaBICHNI, a TaK KaK IPeACTaB/JICHUs CPABHUBAIOTCs JIEKCUKOI'Pa(pUIecKn,To
MIPE/ICTABICHIAX TaKxKe BIOJIHE YIOPATOUeHHBI BBEJEHHBIM TTOPSATKOM.

Criety1onmumM marom OYJIeT MOCTPOEHNE KOHETHOM MOC/Ie/I0BATeIbHOCTH yObIBa-
formux G g-npejcTaBiennil 118 HeKOTOPOro OTMEYeHHOI0 MHOT'OWJICHa ¢ CUTHATYPOIl
MeHbIeit, ueM y g. [JTaBHBIM pe3yIbTaToM 3TOH CeKINU ABJISIETCS CJIeTyTomTast

Teopema 4. Jlaa awbozo mnozousena mh,m € K x T, h € G,,S(mh) < S(g)

cywecmeyem cuenamyproe G -npedcmeaerue mh =Y my-b;,, ydosaemeoparouiee
k
cAedy0UUM c80TCcmEam nNpu sobom k:

1. myb;, ne ydosaemesopaem wpumepuro Fb;
2. myb;, me ydosaemsopaem kpumepuro nepe3anucu;
3. HM(myb;, ) < HM(mh).

M nest mokazaTeIbcTBa: €C/Ii KaKOH-TO 9JIeMEHT He MOJIXOIAT TI0/T 9T YCJIOBUS, TO
CYIIIECTBYeT IIpPeJICTaB/IeHIe STOI0 dJIeMeHTa, KOTOpoe Oy1eT MeHbIIe 110 33 aHHOMY
HaMI TOPAJKY. Torja, MOCTPOUB TaKoe IpejIcTaB/IeHne dJIeMeHTa U T0JICTaBUB €ro
BMECTO CaMOI'0 dJeMeHTa, IIOJIYUYUM MeHbIIee IIpecTaB/IeHIe.

CdhopmyupyeM TeopeMy O IMOCTPOEHUU TaKOI'o IIPEJICTABICHUS] B Pa3/JINIHbIX
cJydasx:

Teopema 5.
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1. ITycmov G g-npedcmasaenue das mh codepoicum saemenm myb; . ne ydoeae-
meoparouutl ceoticmey 1. Toeda y nezo ecmb npedcmasieHue, MEHDULEE, YeM

2. Ilyemv Gy-npedcmasaenue das mh codeporcum asemenm mypb; — (npu amom
S(mh) < S(g)), ne ydosaemesoparowuti ceoticmey 2. Toeda y nezo ecmv nped-
cmasaenue, mervwee, vem mpb; = my - b; ;

3. Ecau orce sce anemenmo, Gg-npedecmasaenusn das mh (¢ S(mh) < S(g)) ydo-
gaemeopatom ceoticmeam 1 u 2, Ho ecmv anemenm, He Yoo8ALMmEoPAIOULUT
ceoticmsy 3, mo natdemces anemenm myb; |y Komopozo ecmv npedcmasaenue,
MenvUee, wem mpb; = my - b; .

BakabIM cieicTBIEM, KOTOPOE MOYKHO MOJYINTb 13 TeopeMbl 4, IBISeTCs

Teopema 6. I[Tycmov f — npoussosvnoiti mrozounen. Ecau cyuecmsyem cuenamyp-

M
noti pedyxmop f1 € G, daa f, ¢ yeaosuem S(f’)m((}i)) < S(g), mo 6 Gy, ecmo
cuznamypuuiti pedyxkmop oas [, womopwiii ne ombpacvisaemes wpumepuem F5 u

Kpumepuem nepe3anucu.

HM
O Pacemorpum m f' = W((]‘]L;)) f" ¢ curnarypoit menbineit curnarypsr g. I1o Teo-
peme 4 MOxKHO HaiiTu npejcrasienue mf = > myb;, , yIOBIETBOPSIONIEE YCJIOBUIM

k
1-3. ITo cBoiicTBy 3, HET 3JEMEHTOB C OOJILIIUM CTAPIIMM MOHOMOM, 4eM y mf’,

snaant st Hekoroporo N Bommosnsgercs HM(myb;, ) = HM(mf') = HM(f). Ilo
TeopeMe 4 IpejicTaBaeHne CurHaTypro, 3aaaut, S(myb;, ) < S(mf') < S(f). Cie-
JoBarenpHo, by, € G, — curnarypubiii pexykrop g f. Ilo cBoiicrBam 1-2 on ne
orbpaceiBaercst Hu oganM u3 kpurepues.ll

5.3 Jloka3aTejIbCTBO OCTaAaHOBKU

Tenepns Harra 3aja49a — 00bLEIUHUTL YTBEP:K/IEHUS U3 TIEPBOIl U BTOPOIT CeKIUN JIIst
MOJTYYeHHST TPOTUBOpeYund. B yacTHOCTH, MBI OY/IeM HCII0JIb30BaTh PE3YIbTATHI TEO-
peMbI 3 U TeOpeMbl 5.

Teopema 7. FEcau anzopumm e ocmanasAuaemcs 1a Hexomopur 0aHHbiE, mo Ha
Hexomopom waze muoocecmeo G U Done bydem codepatcamsv napy ommewennvlr
MH02040EH08 [1, [, 048 KOMOPLIT BVINOAHAIOMCA CAEOYIOULUE YCAOBUA:

e f1 Ovino dobasaeno 6 G U Done panvuse f;

o fi — cuenamyprovili pedykmop oas f;

HM(f)
o — I ne ydosaemsopaem xpumepuio F5 u xpumepuio nepesanucu.
HM(f1)
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O [Mycrs f u f' — MHOrOWwIeHbI U3 TEOPEMBI 3, & t — OTHOIIEHKE UX CTAPIINX MO-

rHomoB. [Ipumem raxkke g = f. tf' — curnaryphblii peyKkTop s f, cieJoBaTeIbHO

HM
tS(f") < S(f), u o Teopeme 5 MOKHO HANHTH CHTHATYPHBIH DEIYKTOD HM(f) fi

HM(f1)

st f, KOTOpbIil He yiaoBiaeTBopsieT Kputepuio F5 u kpurepuio nepesarnncu. Ml

Hakomer Mbl TOTOBBI JI0Ka3aTh OCHOBHOE YTBEPXKJICHIE 9TON TIJIABDI.

Teopema 8. Aszopumm F5 ocmanasiusaemces Ha A100601L 8LOOHBT OGHHDIL.

[] JTokasbiBaeM OT mpoTuBHOrO. PaccMorpum mMHorowitens! fi, f U3 TeopeMbl 6.
f Ha HekoTropoMm Iare ObLI j00aBJIEH BO MHOXKeCTBO Done. DToMy IpeIecTBo-
BaJ1 BbI30B Iporeaypbl TopReduction, koTopbiit Bephysi [ Kak IepBYIO ITOJOBUHY
BO3BpaIllaeMOro MHOXKECTBa, a 3T0 3Ha4uT, 4To BbI30B IsReducible Bepnyn mycroe
MHOKECTBO. 3HAUWT, Ji/Ist Beex sjiemenToB G U Done xoTst Ob1 0j1HO U3 ycjioBuii (a) -
(d) me BBITOJHMIOCH.

Benommnm yesosus (a) - (d):

HT(f)

a. B n1pobn r(f) GUC/IUTEh JIEJINTCS HA 3HAMEHATEJb, TO €CTh 9Ta JIpobb (060~
1

3HAUNM €6 3a U) — KOPPEKTHBI MOHOM;
b. ¢(ut;) = utj, rjie t; — MOHOM CHI'HATYDPbl MHOIOUJIEHA fi;
c. Muorowren (u, f1) He 0TOpPACHIBACTCST KPUTEPHEM TI€PE3AITICH;

d. uS(f1) # S(f).

Orciozia BUjIHO, 9TO TeopeMa 9 obecrednBaeT BBITOTHEHIST STUX YCIOBUI JTst fi:
MyHKTHI (a) 1 (C) CJeyeT U3 TPeThero yTBepzKeHnst TeopeMbl, yHKTH (b) n (d) —
113 BTOPOTO yTBEPZKJICHIST TEOPEMBIL.

Taxum oO6pazoM, MbI HIPHUIILINA K IPOTUBOPEUNIO. SHAUNT, aJroput™m Fb ocranas-
JINBAETCsI Ha JIIOOBIX BXOHBIX jJaHHbIX. H.

16



6 Ilpumenenune ajgroputma Fb5

[IpakTrdeckoe npuMeHeHne Jijid aJaropurmMa F'5 MOXKHO HalTH, HAIPUMED, B 3a/1a4e
JINCKPETHOTO JIOrapudpMIPOBAHUS Ha, SJUITUIITHIECKON KPUBOIL.

Onpenenenune 10. Iarunmuueckoli Kpusot HA3bLEAEMCA HEOCO0AA KPUBAA Mpe-
muezo nopadka. B nodrodawur apurnnur xoopdunamaxr 6 noie Tapakmepucmury
boavuie 3 €€ ypasnenue ModcHo npueecmu ¥ eudy y> = x° + ax + b.

Ha syumuntndeckoit KpuBoit MOXKHO BBECTH MOHSITHE CYMMBI TOUEK (HAIIPUMED,

171)-

Omnpenenenue 11. /[uckpemnvim sozapudmom mouku () no ocrosaruo P 1asovi-
saemcs maxoe 4ucao n, ¥mo ) = nP.

3ajiaua JUCKPETHOrO JIOTapuMUPOBAHUST SIBJIAETCST OJHON U3 KJIIOYEBBIX 3a-
Ja4 Teopur 3amuThl nHdopMmaiyuu 1 Kpunrorpadun. st 060t KoHednoi rpyi-
bl (|G| = m) cymecTByeT TPUBHAJIBHBIN aaropuTM 1mepebopa, OJJHAKO BPEMsl ero
paboTLI JiJist OOJILINUX TPYIIIL CJAUIIKOM BEJIUKO, II03TOMY IJIABHLIM BOIIPOCOM 3TOi
TEOPUN SIBJIACTCS CYNIECTBOBAHKE CYOIKCIIOHCHIINAIBLHBIX MJIN TIOJIMHOMUAILHBIX AJI-
rOPUTMOB PelleHns 3a/a4l JUCKpeTHoro gorapudmuposanns. Ecin G — rpynna pa-
[IIOHAILHBIX TOYEK 3JLINITUICCKOH KPUBOIi, TO CYIIECTBYIOT AJIIOPUTMbI, CBOJISIIIE
5TY 3ajady K 3a/ia9e HAXOXKJICHNs JINCKPETHOro Jorapudma B HEKOTOPOM KOHEY-
HOM I10J1e, OJJHAKO WX CJIOKHOCTb BCE ellle J0CTaToIHO BbicoKa. B [Sem2| Cemaes
IIPEJIJIOXKIJT HOBBII BEPOSTHOCTHBIN aJrOPUTM PEIIeHUsT 9TO 3a/1a9u, 00J1a/1ar0uit
cy0OIKCIIOHEHITNAIBLHON C/IO2KHOCTDIO, ecan char K = 2.

6.1 Auaroputm CemaeBa

[Iycts P — Touka nopsijika r 8 rpyume E(F,), rae E — sjmunTudeckas Kpuas Hajl
nosieM Fy, () — TouKa Ha 9TOIl KPUBOI U IIyCTh U3BECTHO, YTO CYLIECTBYET YUCIIO Z,
Takoe 410 () = zP.

1. Bajajum nmapameTp m 1 nojMHOXKecTBO V' 1osist F, MorHOCTH [q%] + 1.

2. s caygaiiHbIX HEeabIX ducest u, v HaigeM Touky R = uP 4+ v(Q. Ecin R = O,
TO z MOXKHO HaiiTu u3 ypasuenus uz +v = 0 (mod r). B nporusnom ciydae y
R ectb abdunnbe koopanuarsl (Ry, Ry ). Ecim Rx = x;1 € V| To nepexoinm
K mary 6 .

3. Ilpu t = 2, ..., m noupobyem naiitu i, ...,z € V 1 uy, ..., uy—2 € Fy, Takue 4to
1epBasi U3 CJIEIYIOMNX cUcTeM u3 t — 1 ypaBHEHUSI yIOBJIETBOPSIETCSI:

Ss(u, x1, 2) :
Sy(wi, Uir1, Tige) =0, 1<i<t—3 (1)
Sg('U,t,Q,fEt, RX) 0.
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[Ipu ¢ = 2 cucrema cocrout n3 ojHOro ypasuenust Sg(r1, re, Rx) = 0. Eciiu Bce
CHCTEMBI HEpa3PEINMBI, BO3BPAIACMCS K Iary 2.
Pemenust (1) siBsiroTCs peIeHnsIMU ypaBHEHUST

St+1($1,902; ---;l’tyRX) = 0. (2)

4. Haiinem y1, ...,y € Fe, Takue 4ro

(w1, 91) + (T2, 92) + ... + (26, 41) +uP +0Q = O (3)

5. B pabote [Seml| mokaseiaercs, 4To ecii HeKoTopele y; € Fpe \ Fy, To cymma
TOUEK ¢ TAKUMU OPJMHATAMN SIBJIAETCS TOUKOfT mopsika 2 B rpyuie E(Fy).

6. [Tosrywgaem HekoTOpOE JiMHE(iHOE ypaBHeHHe. Taknx ypaBHEHUIT HAJ0 MOJIYINTh
re Meree |V, mocse dero peraeM Moty duBIIYIOCS JHHEHHYIO CHCTEMY U HAXO-
M z (mod 7).

CucreMy 3 Iara 3 MOYKHO pemiaTh mpu momoru basuca ['pébrepa (Merof st
9TOTO OIMCAH B TOM ke pabore [Sem?2|).

[TycTn

Pl(xl, ,a:n)
PQ(CI?l, ceey a:n)

0,
0

’ (4)
Py(x1,...,z,) = 0.

— CUCTEMa ITOJIMHOMUAJIbHBIX ypaBHeHI/Iﬁ HaJl I10JIEM K.

Omnpenesierne 12. Cmenenvio nepsoeo naderus Oaf cucmemovl (4) Ha3v6aemcs
makoe naumervuiee Yucao dsr, wmo cyuecmeyom mnozouaervl Qi (1, ..., x,), (1 <
i <'m), maxue 4mo:

1. max(deg Q; + deg ;) = dyy,
2. deg ) Q;P; < dyy,
8. Y QP #0.

B pabore [PetQuis| Ob110 BHLIBUHYTO TIPE/IIOIOXKEHIE, UTO CTelleHb [ePBOTo Ia-
JIEHUsI CUCTEMbI ITOJIMHOMUAJIbHBIX YPaBHEHUIT HE MEHbIIEe, YeM MaKCUMAaJIbHAs CTe-
IIeHb, TOSIBJISIIONIASCS [IPU PEIIEHUN 9TOi CUCTEeMbI IIPU IIOMOIIK ajroputMa F4 na-
X0k IeHust baszuca I'pébnepa.

B Oy/yimiemM mraHupyercst n3y4YuTh CBSI3b CTEIEHH IIePBOrO aIeHUsI CHCTEMBbI I
MAaKCHMaJIbHOM CTENEHU, MOsIBJIAIONIENHCS TTPU PEIIEHUH CHCTEMbI IIPU ITOMOIIN aJIro-
purma FbH, a TakyKe cBsA3b MKy 3HAUCHUSIMI MaKCUMAJIbHBIX CTEIIEHE 1711 Pa3HbIX
aJITOPUTMOB HaxoxJieHns Oasuca ['pédbuepa.
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OtnenbHOI HMHTEpECHOI 3ajadeil B 9TOM PsijIy CTOUT HMCC/Ie0BaHNE CKOPOCTH U
BEPOSITHOCTHU pEIleHUs] CUCTeMbI, Bo3HUKaroIIeil Ha 1are 3 ajropurma Cemaena. B
YACTHOCTH, CYIIECTBEHHBIM PE3YJIbTaTOM OBLIO ObI HAXOXK/IeHNE MHOYKECTBa SJIJINII-
TUYECKUX KPUBBIX, JIJId KOTOPBIX ajaroputm CemaeBa IPHU €ro OJJHOBPEMEHHOM HC-
MOJTb30BAHUN ¢ aJIrTopuTMoM FH gact cyOsKcIoHeHIIMaIbHOe BpeMsi pellieHust 3a1a49u
JIUCKPETHOTO JIOTapu(PMUPOBAHNA Ha SJUTMITUIECKON KPUBOIi.
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