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BBenenue

Hzera-dynknus Pumana ((s) onpegensiercsa npu Re s > 1 caeayonmmM psaiom:

(=Y~ 1)

ns’
n=1

CyMMBI TAKOT'O BHJIA IIPH IEJIBIX ITOJI0KATEIHHBIX 3HAYEHUIX mapMerpa s u3ydas emie JI. Dii-
jep. OH, B 9aCTHOCTH, TOJYYHT ABHBIE (DOPMYJIBI I/IsT BBIYUCIEHUS 3HATCHUI /13€Ta-(DYHKITNN
B 9Y€THbBIX TOYKaX: B
— 2
C(2n) = (1) P (2m)?", n €N, (2)
!
2(2n)!

riae By, — duciaa bepHy/LH, yIOBAETBOPAIONIHE PeKYPPEHTHOMY COOTHOIEHUIO

u 1
Z(nz )Bk:(), n>1

k=0

1 HadaJIbHOMY ycJoBHio By = 1.

[Mocae Diinepa uzydenue cymm Buaa (1) upogosmkua B. Puman. On pacemorpes coorser-
CTBYIONUH P KaK (DYHKITHIO KOMILJIEKCHOTO TIEPEMEHHOTO S. JTOT PsJi NPeACTaBIser B 00,/1a-
ctu Re s > 1 ananmuTuveckyro pyHKITHIO, KOTOPAs MOYKeT OBITh IIPO/IOIKEeHA Ha BCIO KOMILIEKC-
HYIO IIOCKOCTH 110 MepoMmopduoit dynkmun ((s). dzera-dbyuknus Pumana un ee obobirenust
HIPAIOT GOJIBINYIO POJIb B aHATHTHUIECKON Teopun umncen (cum. [1]).

Buavenns n3era-gynknnn Puvana ((s) B HATypaJbHBIX TOYKaX OymeM Ha3biBaTh J3eTa-
3HAYEHUSMU, YeTHBIMY UM HEYETHBIMU B 3aBUCUMOCTH OT deTHocTH S. B 1882 r. @. JIunjeman
YCTAHOBUJI TPAHCIEHIEHTHOCTD THCJIA 7, TaK 9T0 U3 hopMy.asl (2) cieayer TpaHCIEHIEHTHOCTD
YeTHBIX A3eTa-3HAaUYeHM.

C HeueTHBIME J3€Ta-3HAYEHUSIMHU JIeJI0 0OCTOUT CyIIecTBeHHO cjoxkHee. B 1978 r. Anepwu
[16] nokasan npparuonaabHocTh ((3). C Tex mop BO3HUKJIO MHOKECTBO JIPYTUX JOKA3ATENbCTH
310r0 (bakTa, MHOTHE U3 KOTODPBIX coGpanbl B crarbe [10]. ppanmuoHajibHOCTH KaKOrO-1u60
JIPYTOro HEYeTHOTO J3eTa-3HadYeHWs Ha JIAHHBIN MOMEHT He mgoka3aHa. OTHAKO ITPOIBUKEHUS
B 9TOM HampasieHun ectb. 1. Pusoass [20] B 2000 r. jokasas, 9TO Cpejy HEYETHBIX [3€Ta-
3HaYeHN GECKOHEYHO MHOTO HppalnoHa bHbiX. B. Syxmmmn [9] B 2001 1. mokazai, 4To 0HO U3
aucest ((5),¢(7),¢(9),((11) uppanuonaabHo.

JlokazareabecTBO Aniepu JIOBOJBLHO CJIOKHOE H B HEKOTOPOM CMBIC/IE HEOKUITaHHOe. Anepu

BBIOMpPAET MOCJIeI0BATEAbHOCTH Uy, U Uy, YAOBJIETBOPLAIOIINE PEKYPPEHTHOMY COOTHOIIEHUIO
(n+ 13z, — (2n+1)(170* + 170 + 5)x, + 0z, 1 =0

C HAYaJIBHBIMU yCJIOBUAMU Uy = 1, uy = b mw vy = 0, v; = 6. Torma oxa3zbiBaercs, 4TO

. (Y .
lgn u—n = ((3). Kpome TOro, uTo COBEpIIEHHO HEOKWJIAHHO, U, € Z u d>v, € Z, rje 4depes
n o n



d,, 0bo3HaveHo Haumenblnee obiiee kparuoe ducest 1,2, ... n. [Ipumenenne reopembr [lyankape

K PEKYPPEHTHOMY COOTHONIEHHUIO JTaeT PABEHCTBO

lim |u,((3) — v, |V/" = (ﬁ — 1)4. (3)

n—o0

a
Ecau npeanonoxutk, uto ((3) = 7 ¢ meJeiMu a u b, To JimHeiHbie (OpPMbI
T =b-d® (u,C(3) —vy)

SIBJISTFOTCSL TIeJTBIMU TUCJTAMU, TpHYeM u3-3a (3) 9Tu (HhOPMBI OTJIMIHBL OT HYJIsI, HATHHAS C HEKO-

TOPOro n. V13 acuMITOTHIECKOTO 3aKOHA PACHPEJEICHHs MPOCTHIX Yuces (cM., Haupumep, [4])

d, = H p[logpn] < H n = nw(n)

p<n pP<n
p — HIpocToe p — IPOCTOE

C yIeTOM

. 1 .
crenyer, uro lim (d,)"™ = e. Takuum obpasom, lim |r,|/" = €3(v2 — 1) < 1. Bosuukso
n—oo n—o0
HPOTUBOpEYNE, TaK KaK 7, > 1 1pu J0CTaTOYHO OOJIBbIIUX 7N.
OcHoBHast Wesd JOK3ATEIbLCTBA — MOCTPOEHHE OBICTPO CTPEMSIIIUXCA K HYJII0 JIMHEHHBIX
dopM, KoapDunueHTb KOTOPBIX 00J1a1aI0T XOPOIIUME apudMeTuIecKuMu cBofictamu. B 1979
rogy @. Beiirepc [17] npumgyman KOpOTKOe U U3SMIHOE JOKA3ATEHCTBO HppanuoHaabaoctu ((3).

On nocrpous Te ke camble GOPMbI, 410 U Allepu, HO CjeJias 310 ¢ IOMOILBIO TPONHOIO UHTe-

z"(1—z)"y" (1 —y)"2"(1 = 2)"
/ (1= 2(1 = zy)) dr dy dz. (4)

rpaJa

[0,1]3
DTO J0KA3ATEIbCTBO MOATOJKHYIO K H3YUEHUIO PA3JIMIHBIX HHTEIPAJIBHBIX KOHCTPYKIIW, CBSI-
3aHHBIX ¢ n3era-3HadeHusvu. Tak, B 1998 r. B. H. Copokun [13] npemroxuna apyroe mokasa-
TeJIbCTBO UpparoHatbaocTh ((3), naroree Te ke (HhOPMBI, HO HCIOIB3YOIIEe WHTEIPAJIbI

/ (1 —z)"y"(1 —y)"z"(1 — 2)" dx dy dz
(1 —zy)" (1 — zyz)nt! '

(5)

0,1

B 2002 r. C. 306un [5] mokasan mHTErpajbHOE TOXKIECTBO, U3 KOTOPOTO CJIELYyeT PABEHCTBO
unTerpaon (4) u (5) u B ToM ke roxy 0606mma ero B padore [6]. st 9TOr0 OH BBET HETbI
KJIACC HOBBIX MHTErpaJioB, obodmaromux (5). B 2005 r. 3u0bun [7] gokazan obiuiyio reopemy o
npeJCTaBJIeHNH NHTErPAJIOB STOT0 HOBOTO ODINEro K/Jacca B BUJE JIMHEHHBIX (DOPM OT TIOJIUIO-
rapudMoB u J0Ka3a1 apudMeTuIecKne CBOMCTBA 3TUX (POPM B HEKOTOPBIX YACTHBIX CJIYUASAX.
Taxum 0b6pazom 3100HH MOJYUIUI CBOE JTOKA3ATEILCTBO HPPAHOHATIBLHOCTH ((3).

B nmammoit pabore MBI MOAPOOHO PACCMOTPUM HHTErpaIbHbIE KOHCTPYKIIMH, CBA3aHHBIE C
J3eTa-3HaveHus M. B 1mepBoil rj1aBe Mbl pacCMOTPHM €CTECTBEHHOe 0DO0OIeHne KOHCTPYKITUU
Beiikepca. Bo BTopoii riaBe Mbl MpHBeeM JT0KAa3aTENbCTBO 3100MHA HPPAMOHATHLHOCTH ((3)
B caMoil yacTHO ero ¢dopme. [Ipu 3TOM MBI cjlerka H3MEHHM OIPeAeJeHHYI0 YacTh J0Ka3a-

TeJIbCTBA, MOKA3aB T€M CAMBIM, KaK MOYKHO €ro yIIPOCTUTh, UCIOIb3Y4 JoKa3aHHYIO B 2006 1.



E. Vianckum |14] Teopemy. Kpome Toro, KocMeTnveckue n3MeHeHns KOCHYTCS HEKOTOPBIX TeX-

HUYECKNX aCHeKTOB J0Ka3aTeJbCTBa. B Tperbeil riase Mbl gaanm o6obimerne TeopeMbr u3 [6].



1 MWurerpanabl belikepca.

JlemMma 1.1. Ilycts 7, s m n — HeoTpunareabHbIE TeJble YACTA.

a) Ecmu r > s, 10

In"(zy) (=)™ n! 1 1
"y drdy = . .
/ 11—y Ty aray r—s (s 4 1)n+t + +7“”+1

[0,1]2

6) Eciiu r = s, 10

/ I’ (5"’3“/; oy dedy = (—1)"- (n+ 1) <<(n+2)— 1n1+2 e rn1+2)-

[0,1]2

<« Ilycrs 0 — mponsBoiabHOe HeoTpunareabHoe yncao. JInsg Becex 0 < z,y < 1 numeer mecTo

CJIeIyoIee PaBeHCTBO:

xr—&—o s+o

00
Z xr-{-a—i—k 9+U+k (6)

1 — Yy —

Bosbmewm mpoussosbhoe € € (0, 1/¢e).Ilokaxkem, uro o6e qacTu papenctsa (6) MOryT GbITH PO~
MHTETPUPOBAHbI 110 MHOKECTBY [, 1 — £]°.

T+a+kys+cr+k| < (1 _ €)r+s+20+2k

3amernm, 4To | JIJIsI BCeX HeOTPHUIarTejbHbIX k U JIj1s1 BCex

)7"+s+20+21c

o0
(z,9) € [g,1—¢]*. Kpome Toro, pag > (1—¢ SABJISCTCA TeOMETPUICCKOM Iporpeccueii
k=0

co snamenareneM (1 —¢e)? < 1, a HOTOMY CXOIUTCS. 3HAYMT, 110 IIPU3HAKY PABHOMEPHON CXO/IH-
moctu Beifiepuirpacca psii B (6) cxopurcst abCoJIOTHO U PaBHOMEPHO Ha MHOKecTBe (¢, 1 — ]

U MOZKHO IMMPOU3BECTH MOYJICHHOE MHTEIPUPOBAHUEC 3TOIO pAdda:

r4o,,s+o o0 1—¢ r+o+k+1 _ €r+a+k+1 1—¢ sto+k+1 _ €s+0+k+1
/ Ty dz dy :Z(( ) )(( ) ) (7)
1—uzy — (r+o+k+1)(s+o+k+1)

[e,1—¢]?
[Tpoauddepennupyem Temepb obe Y9acTH MOJYUYUBIIErOCsd BbIpayKeHusi n pa3 1o o. Jlerko
BUJIETh, UTO JIJISI BCeX HEOTPHUIIATEJBHBIX 71 BEPHO CJeJIyIolee PaBeHCTBO:

<2)n xr+ays+o _ ln ( y) r+crys+a

0o l—zy  1—ay

)

npudem Bee bYHKIUU SB/ISIOTCS HEIPePbIBHBIMU Ha MHOXKecTBe (T,y,0) € [g,1 — ]* x [0, 00).
3HAYUT, MOKHO MPOMHTErPUPOBATL HHTErpaJs Mo mapamMerpy o. Takum oOpa3oM, PaBeHCTBO

on Ir—l—ays—l-a In™ (Clﬁy)
d d — r+U s+o d d 8
e / e / T y* 7 dx dy (8)

[e,1—¢]2 [e,1—¢]2

BEPHO J171d Bcex o > (.

BBenem miis KpaTKoOCTH cJaeayioniue 0003HaYeHHUsI:

a(&?“, S,0, k?) = ((1 — g)r+a+k+1 _ 8r+0+k+1) ((1 _ E)s—i—a—i—k—i—l _ 85+o’+k+1) :



ale,r,s,0,k)
r+o+k+D)(s+o+k+1)

[To mpaBuram aucddepeHupoBaHus CA0KHONR DYHKIIUN uMeeM s BeexX o > 0 u 115 JTI00BIX

b(e,r,s,0,k) =

HEOTpUIATCJbHBIX HEJIbIX Tl 1 k

o"b . Z n! Jo"a (_1)712 ng! (-1)”3 n3!
don nilnalng! dom  (r+o+k+ 1)t (s+o0+k+ 1)nstl’

(9)

e CyMMHPOBAHUE BEJETCSI TT0 BCEM TAKHM HabOpaM HEOTPHIATENbHBIX MEJbX (11, Ng, N3), 9TO
n1 + no + n3z = n. KoauuecTBo Takux HaOOPOB 0003HAYNM 4Yepe3 A, OHO 3aBHCUT TOJBKO OT 7M.
Nnmeem

Jo"a

Jo™

ni

Z <:;) - (llog™ (1 — )| + |log™(£)]) (Jlog™ ™ (1 —&)| + [log™ ™ (¢)]|) -

m=0

YuaursiBasd, uro € < 1/e < 1 — 1/e, moxydaem

‘8%

n n 2
o S n1 2" (1 + [log™ (e)])".

Orcroma numeem
a"b
do™

1

< nl2'A-(1+ |10g"(5)|)2'm'

ooan

[To mpusnaky Beiieprrpacca psx > 5
k=0

— JIUISL BCEX 1 CXOJUTCsL aOCOIIOTHO M PABHOMEDHO Ha
MHOKecTBe 0 > (. 3HAYUT, MOXKHO BHECTH YacTHOE Ju(PepeHIupoBaHIe II0/I 3HAK CYyMMbI

psjia:

o ib(e,r,s,a,kz i@"bgfrsak)‘
0

o™
k= k=0

Takum obpasom, mMbl npoauddepennuposain paseHcrBo (7) n pa3 no o u ¢ yderom (8) u

oCJaeJHEr0 paBeHCTBa Mbl J0OKa3aJid, 4TO [JId BCeX 0 > 0 BEPHO

In"(zy) 1o o4 = 0"b(e,r,5,0,k)
2Ty dedy = : 10
/ [, Uy dedy ; om (10)

[e,1—¢]2

Jlajiee Mbl nepeiijieM B 3TOM paBeHCTBe K Ipejeny npu € — +0.
[Ipenen JjieBoit "acTu, ecjii OH CYIIECTBYET, paBeH HecOOCTBeHHOMY wHTerpaJy. Jlokarkem
CXOJIMMOCTDb HECOOCTBEHHOI'O HHTerpaJia. [js 9Toro Bociob3yeMcd MaXKOPAHTHBIM PU3HAKOM

CXOJIMMOCTH HECOOCTBEHHBIX MHTerpasioB. OdeBuano, 9To 1t 0 < z,y < 1 BBIIOJHSIETCS Hepa-

BEHCTBO n
In"™ (l’y) r+a s+o < (_ Inz —In y) (11)
1—2xy 1 -2y
3HAYUT, HAM JOCTATOYHO JOKA3aTh CXOJIMMOCTH HeCOOCTBEHHOI'O UHTErpaJsia
—Inz —Iny)"
/ ( v) dx dy. (12)
1—ay

[0,1]2



st n = 0 ¢XouMOCTb ITOr0 MHTErpaJjia MOXKHO YCTAHOBUTH HEIOCPEJICTBEHHO, KPOME TOI'O
2

T
U3BECTHO, YTO OH paBeH 5 JLJ1st 110J102KMTE/IbHBIX 3HAYEeHUIT N pacKpoeM CKOOKHU 110 OMHOMY

Heiorona u moy4unm

/(—lnx—lny) dody — /(—lnx) drdy +
)

1 —ay 11—z
[0,1]2 [0,1]?
n—1 m n—m n
—1 —1 —1
PS(R) [ R [
— \m 1—ay 1—ay
" [0,1]2 [0,1]2
n—1 —
n (—Iny)" (=Inz)"™™ / (—Inz)"
< dx d 2 | —— dx.
;<m)/ -y (-2 W7 -z @

[0,1]2 [0,1]

Jlns nmociennero mepexona Mcnosib3oBatochk HepasencrBo (1 — x)(1 — y) < 1 — zy, BepHoe
npu 0 < x,y < 1. Jlerko BujeTh, 4TO JJIs CXOJUMOCTH HecoOCTBeHHOTO WHTerpana u3 (10)

JOCTaTOYHO JOKa3aThb, YTO IIPHU JIIOOOM TOJIOKUTEILHOM M CXoauTcCda uHTerpaJ

/ Ela)” (13)

l1—=x
[0,1]

g vcecaenoBaHns 3TOTO UHTErpaja pa3o0dbheM ero Ha JBe JacTH:

1/ 1
(—Inz)™ / (—Inz)™ /(—lnx)m
d —— dx. 14
/ 1—2 1—=z Tt 1—=z * (14)
0 /2

[0,1] 1

Cx0mMOCTDb KazK10# 9acTu OyeM J0Ka3bIBATH M0 MAayKOPAHTHOMY MPU3HAKY.
Tak Kak s JII0O0TO MOJOKUTEJIBHOTO 1M BEPHO PABEHCTBO lin% Vr(=Inz)™ = 0, 10 ¢
T—

HeKOoTOpoil nocrostuHoit Cf, 3aBucsmieil ToJabko o m, i Beex 0 < = < 1/2 BoinosHseTcsa

Ch
HepaBeHcTBo (—Inx)™ < —=. Tlostyuaem, 4TO IPU KAKIOM HOJIOKUTETLHOM 1M

VT

1/2 1/2

(—lnz)™ /201 B
/ T de < \/de_zx/éol,
0

0
TO €CTh TOT UHTETrPAJI CXOJMUTCS.

Jlerko BueTh, 9TO s JEOOOTO MOJOKUTEIBHOrO M Ajst Beex 1/2 < x < 1 BbImosHsIeT-
ca (—Inz)™ < —Inz < /2(1 — ). Bropoe HepaBeHCTBO B IEMOYKe CHpaBeIHBO, TaK KaK

dbyuknus /2(1 — ) + Inz BeimykIa BBepx Ha orpeske [1/2, 1] u ee 3HaUeHus Ha KOHIAX HEOT-

punaTeJIbHDI. HonyqaeM, 9TO IIPpHU KazKJIOM ITOJOZKUTEJILHOM T

1 1
/ﬂdx< V2de
1—=x vV1—=x

1/2 1/2



TO €CTh CXOJUTCs U BTOpoe ciaraemoe B (14), a 3HAYUT CXOAUTCS U HECOOCTBEHHbIH MHTErpaJl
(13). Tem cambIM JOKa3aHa 3aKOHHOCTD TIDeJIEJBLHOTO mepexona B J1eBoil actu dopmy.ast (10).
Tenepb mepeiiem K mpeseny B npasoii dactu dopmynsl (10). 3amerum, 910 Ipu JHOOOM

IMOJIO2KUTEJILHOM 717

o"a(e,r, s, 0,k)

Kpowme Toro, 1iH(1) a(e,r,s,0,k) = 1. 13 sroro caenyer, 910
e—
o"b k - —1)" . p!
hm (€7T7S70-7 ) — Z ( ) n . (15)
=0 do" L= (r+o+k+ 1) (s + o+ k+ 1)

[Tokazkem Termepb, YTO MPEJETbHBIN TTePEX0] MOXKHO BHECTH MO 3HAK OGECKOHEUHOI CYMMBbI.

Jlerko BuzeTh, uto |a(e,r, s, 0, k)| < 1 ans Beex € € (0,1/e). Kpome Toro, ii_r)r(l)glnm e =0 s

BCEX TOJIOKUTEIBHBIX N < N U liir(l)(l —¢e)In" (1 —¢) = 0 maa T0OBIX MOTOKUTETHHBIX 7.
3

13 aByx mocsieHAX PABEHCTB MMeeM, 9TO CYIIeCTByeT Takas nocrosiHuas Cy > 1, 3aBucsimas

TOJIBKO OT N, 94TO

I"a(e,r, s, o,k)
Jdo™
JUIst BeeX ny < n, 0 > 0 U HeOTpHUIATeNbHBIX k. 3HAYWT, BenoMuHas (9), 3aKI09aeM, 9To
o"b(e,r,s,0,k) o n!ACy
do™ S (k+1)2

Takum obpazom psj1 U3 9aCTHBIX TPOU3BOIHBIX JIIsSI BCEX 1 CXOIUTCHA aOCOIOTHO U PABHOMEDPHO

< Oy

Ha MHOoxkecTBe € € (0,1/e) o mpusnaky Beitepiirpacca. 3HAUHT, MOXKHO BHECTH TIPEJET MO

3HAK CYMMBbI, U, BcnomuHasg (15), momyanm

, o"b(e,r, s,0,k) (=)™ - n!
1
El—%k:O Jon %Z (r+o+k+ 1)t (s+o+k+1)n-mtl

Taxum obpazom, paserctso (10) mocse mepexona K npejeay npu € — +0 npeBpaTHIOCh B

In" ( y) 2o st _ (_1)nn|
/ 1—ay Y d$dy_Zz(r+a+k+1)m“(s+a+kz+1)” m+1" (16)

[0,1]2 k=0 m

Temneps mepeiiieM B 9TOM paBeHCTBe K Tpejeay npu o — +0.

Y106bl BHECTH LPENEJIbHbIH IEPEX0/1 110/ 3HAK JIBORHOIO HECOOCTBEHHOIO HHTEIDAJIA B JI€BOi
YACTH TOCJENTHEr0 PABEHCTBA, HEOOXOMMO NPOBEPUTH PABHOMEPHYIO CXOJAUMOCTH HECOOCTBEH-
HOI'O MHTerpaJia Ha MHOXKecTBe 0 > () i PABHOMEPHYIO CXOIUMOCTH HO/BIHTErPATbHON byHKIHH
nng moboro [e,1 — ¢]? € [0,1]? mpu 0 — +0. PaBHOMepHAST CXOAUMOCTH HECOOCTBEHHOTO HHTE-
rpaja caejayer u3 onenku (11), cxomqumocTu HecobeTBeHHOTO HTerpaia (12) u npusnaka Beii-
epriTpacca. PaBHoMepHas cXOauMOCTD TOJABIHTEIPAJILHON (DYHKIIMH OYEBHIHA, TAKUM 00pa30M,
MOZKHO MepeiiTn K mpejiesly 1ojL 3HAKOM MHTerpaJia:

| In"
lim n (.iEy) r+ays+o dr dy _ / n (IBy)
o—+0 1—2xy 1—ay

[0,1]? [0,1]2

x"y® dx dy.



Yro0bl BHECTH 1IPEJIC/ILHBIH EPEX0/1 110/ 3HaK OECKOHEYHON CyMMBbI, HY?KHO IIPOBEPUTH PaB-

HOMEPHYIO CXOAUMOCTDL pdia. B namewm CJlIydae 9TO cjieayer n3 OICHKU

Z”: (—=1)" - n! _ _(nt1)
—~ (r4+o+k+1D)m (s +o+k+1)nmtl| = (k4 1)nt2
m=0

oo
M CXOJAUMOCTH pSIa m JJI BCeX HEOTPUIIATETbHBIX N, a TaK:kKe mpu3Haka Beiiep-
=0
mrpacca.
Taxkum 06pa30oM, MOKHO OCYIIECTBUTH MepexoJ] K npejesty npu o — +0 B paBencrse (16),

I[10Jiydad paBEHCTBO

Wey) o (1) n
/ 1—ay Y dudy = ZZ (r+k+ 1)+ (s 4+ k4 1)n—m+1

[0,1]2 k=0 m

SaMeTI/IM, 9TO IIpu 7" = S IIOJIy4YeHHO€e PaBEeHCTBO B TOYHOCTH Ja€T BTOPOE yTBEP2KACHUE JICMMDbI,

TaK KaK

(=)™ - n! = (=D (n+ 1)
ZZ (r+k+1)mt(r +k + 1)n-mtt ; (r+k+1)n+2

m=0

(1) (1)) (C(”+2) _ 1n1+2 - - rn1+2) :

IIpu r > s upeobpasyem JABOMHYIO CYMMY CJIEAYIONIUM 00Pa30oM:

(=)™ - n! B
ZZ (r+k+ 1)+ (s + k+ 1n-mtt

k=0 m

7(—1)71 n'i 1 . 1 B
o or—s = \s+hk+l r+k+l mzo(r+k+1)m(s+k+1)n—m B

(—1)" - n! & 1 1
r—s Z (s+k+Dntl  (r+Ek+1Dnt ) p—s Zk”“

k=0 k=s+1

Takum obpasom jemma 1.1 MOJHOCTBIO JOKAa3aHa. P
JlokazaTrebCTBO ITO JIeMMbI MPAKTUYECKU MOJTHOCTHIO TOBTOPSIET JOKA3aTeIbCTBO TeOpe-

mbl 2.1 B cratbe [18].

Caenacteue 1.1. [lycrs k — meorpunarenshoe megoe 4uciao, P(x,y) — MHOIOWIEH € HEaBIMA
koappummentanvm, deg, P(z,y) < nudeg, P(z,y) < n. Torga ¢ HEKOTOPHIME TETBIME THCIAMI

A u B BBHIIIOJIHAETCST PABEHCTBO

k
/ lf_(“;? P(x,y) dedy = d* > (A+ B-C(k+2)).
o



st nokazaresiberBa uppaionajibaoctu ((3) Beiikepe ucno/ib30Ba/i paBeHCTBO

In(xy) _ /%dz, (17)

1—xy 1—ay)z
[0,1]

KOTOpPOE MBI JIOKazKeM B HECKOJIBKO 6oJiee ob1memM ciaydae. B popMyupoBKe CIeayIomero yrsep-

JKJIeHnsT BCTpedaeTcss cuMBog [loxrammepa (t),. OH omnpe/esiseTcs nMpH MeIbIX HEOTPHUIATE b
k-1

HbIX k caegyromum obpasoM: (t), = [] (¢t + i), mpuduem mycToe TpoOU3BeIeHUe 10 OTPEIETEHUTO
=0

IoJIaraeTcs PaBHBIM 1.

Yrepxkaenue 1.1. Ilycte £ > 0 ut > 0 — nensie uncaa. Torma st Bcex v

(In v)**
(1 - )t

k—1 k-2
1 2 :

N

Z. e Rk—1

= (-1)* (D

- In"(1— (1 —v)z1...2) dz1 ... dz.

ol L= (1= 0. 5)
j=1
<« Dynem jiokasbiBarh yTBepKaeHue nnaykmnueit no k. IlpoctbiM B3sgTuem muTerpaa 1o

HHepeMEeHHOHR 2 mojy4yaeM

/lnt(l—(l—v)z) Qs — -1 /lnt(l—(l—v)z) a1 (1—v)z)

i (1—(1-v)z) 1—1)‘[01} (1—(1-v)z)
- 1__10 : /lnt(l —(1=v)2) din(1—(1-0v)z) = t:—ll : (hl”i):
0.1

Tem cambiM ycTaHoB/IeHa Da3a WHIYKIUHA.
[IpeamnosioxKuM Tenepb, 9TO YTBEP:K/ICHHE BEPHO JIJIsI HEKOTOPOT'O HATYpPaJIbHOIO k U JI0Ka-
JKeM, 94TO OHO BepHO 115 k + 1. [IpocThiM B3iTHEM MHTeTpasa 1Mo MePeMeHHOH 2 1 YCTaHABIH-

Ba€TCd PpaBEHCTBO

zf zé“‘l C 2k ‘
—(t+1)- e In (1 —(1=v)z ... Zk+1) dzy...dzgy =
[0,1]k+1 H (1 — (1 — U)Zl e Zj)

Jj=1

1 Kl k_2... —
— ) / zZy 2 Zk—1 lnt+1(1 -(1 —v)zl...zk) dzy ...dz.
1—w k
[Ovl}k H (1 - (1 - U)Zl e Zj)
J

=1

Tem cambiM J0Ka3aH WHIYKIMOHHBIH TIepexo/. YTeepxkaerue 1.1 mokasano. »
JIerko BHIETH, UTO €CJU IOJIOXKUTH B IOCJeHeM yTBepxKaeaud k = 1 u t = 0, a TakxKe

v = Ty, TO MOJYIATCS B TOUHOCTH PaBeHCTBO (17).

CaeancrBue 1.2. Ilycts k — mosokuresbHoe Ienoe 9ucio, P(x,y) — MHOTOWIEH ¢ IeJIbIMU
kospdbunuentamu, deg, P(z,y) < nudeg, P(x,y) < n. Toraa ¢ HeKOTOPHIME TETHIMI THCTAMHA

A u B BbILOJIHSIETCST PABEHCTBO

P (1 — k—1 k=1 _k—2 o
/ (x’y)k k) W WAREEE = W N R d;* 2 (A+ B - ((k +2)).
[0,1]k+2 [T(1—(1—ay)z...z)

Jj=1
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Beiikepc B cBoem jiokasareberse B kauecrse P(x,y) 6pas upoussegenue P,(x)P,(y), rie

1 /d\"
P.(x) = ] (%> (:p"(l - 3:)”) D10 YaCTHBIN ciydait MHOro4wieHoB Jlexkanpa

Ln(2) = 5 (i)n (#-1)" Pufe)= Lu(1 20,

o= Hr ()1

k=0

YrBepxkaenue 1.2.

< B ompenesrenun P,(x) packpoem ckobku 1o 6unomy HbioToma:

e = 4 (&) (Sr ()

Juddepennupyst n pa3 1Mo T, HOJYIUM

Pu(x) = i(—n'f(Z) ntk) BED

n!
k=0

Kak Jjierko BuaeTh, yTBep:KaeHne 1.2 T0Ka3aHO. B

OTU MHOI'OYJIEHBI OKA3aJIUCh y,ZLO6HbIMI/I B nHTerpaJIbHbIX KOHCTPYKIUAX.

Vreepxkaenne 1.3. st Bcex HEOTPUIATETBHBIX TEJbIX 1 U js 1060 dyukmuu f € C"[0, 1]

BEPHO PaBEHCTBO:

[0,1] [0,1]

< Bcnovmunasg onpegenenne P, (), moayauM, 94To

n!/Pn(x)f(x) dr = n!/f(x)- (%)n@m—x)”) dz.
[0,1]

[0,1]

Ternepn OyeM HHTETPUPOBATH MOJIYUYEHHOE BHIPDAYKEHHE 110 YaCTsIM:

n! / f(x)- (%)” (91:”(1 — :L“)”) der = n! / f(m)d{(dix)n_l (:U”(l - a:)n)} -
[0,1] [0,1]
~ f(@) (di) (" — o)) o [ s@ (di) (o1 - 2)") e

[0,1]
SaMeTI/IM, 4TO IIepBo€ CJiaraceMoe paBHO HYJIIO, a CO BTOPBLIM CJlal'a€MbIM MO2KHO IIPOJEJ/IaTh

aHaJornvIHyI0 nporeaypy. Oba 3aMedanusi CAeAYIOT W3 TOTO, UTO MPH BCEX MEJIBIX K, TAKWX,

yro 0 < k < n BBIIOJIHAETCH




Dtor dakT TpuBHAILHO caegyer u3 popmysbl Heiorona-Jleiibnura.

Tem cambim yTBepKaenue 1.3 poka3ano. »

Camoit BaxKHO# 4acTbIO JIoKa3aTebcTBa beiikepca ObLIO HHTEIPaJibHOE TOXKJIECTBO, CBA3DI-
Balolee JBa TUNA WHTerpagos. OIUH TUII HHTEIPAJIOB MO3BOJIsIeT TOIYIuTh (hopMbl 0T ((3), a

JPYTOil TUTI HHTETPAJIOB MO3BOJISIET ITH (DOPMBI OIIEHUTh.

Jlemma 1.2. ChnpaBeiuBo cjemyioliee paBeHCTBO:

— In(zy) / a"(1—a)"y"(1 —y)"z"(1 — 2)"
——— VP (2)P,(y) duvdy = dzdydz.
/ — (2) Pu(y) dx dy 1= (1 —zy)2) xdydz
[0,1)2 [0.1)%

< Kak caepyer u3 (17), cipaBeyiuBo CJIe/yIolee paBeHCTBO:

— Y po(x)P, = [ TR _
/ T~y o (2) P (y) da dy / 1= (1= )2 drdydz
[0,1]2 [0,1]3

[Ipumensisi yTBepKaeHne 1.3 K HHTEIPUPOBAHUIO MO HepeMeHHoit = u K dyuknuu f(z) =

, IIOJIY4YUM CJIeAYyloliee paBEeHCTBO:!

Pa(r)Puly) _ [ @)
[/] T T [/] (10—

1—(1—=xy)z

Y100bI IPUMEHUTH YTBepKIeHHe 1.3 K MHTeIPUPOBAHUIO 10 TIEPEMEHHOH 1, COBEPIINM 3aMe-

Hy nepemennoii. [lepemennbie x u y octaBuM 6e3 U3MEHEHUH, a BMECTO IIePeMEHHOIl Z paccMoT-

1—-2
PUM W = m Takas 3aMeHa, KaK JIETKO IIPOBEPUTD, ABJISIETCS B3AaUMHO OJIHO3HAYHOMN
— (1 —2y)z
u quddepennupyemoit. Torma
1—w xy
2=— 1—-(1—2y)z=—+-F——
1—(1—2y)w’ ( v) 1—(1—zy)w

U B pe3yJIbTare MOJIy4YuM, YTO HOJbIHTErpaAbHasd (PYHKIMS U3MEHUTCS CJISIYIONUM 00pa30M:

(ryz)" (1 —2)"Po(y) _ (1 —a)"(1 —w)"Puly) (1 = (1 — zy)w)
(1= (1 —ay)z)"*+! Ty

Eme neobxoaumo yduecTh SKOOMAH, KOTOPBIH B HAIlleM cJiydae YCTPpOeH KpaifHe IIpocTo:

G g e

Tenepnb cobepeM BMecTe Bce MOy YeHHOE:

(zyz)"(1 — )" P, () B (-0 wyPl)
[04 (1 — (1 — l‘y)z)n-g-l drdydz = [04 (1 - (1 — :Uy)w) dxdydw.

12



Tenepb nupumenum yreepjierne 1.3 K MHTeIrPUPOBAHKIO 110 epeMeHHOl y u K dbyukiuuu f(y) =

W, noJIy4dad

(1 —2)"(1 —w)"P,(y) _ (zyw)™(1 —y)*(1 — z)*(1 — w)" o
[01/]3 (1-(1—zy)w) drdydw = [01/]3 1= (1= zg)w) dxdydw.

Kak jnerko Bujern, siemma 1.2 jjokazana. »
[TorrbiTKY 00OOIINTH WHTETPAJIBI

/ﬂf(l—w)y(l—y)z 1—2z) drdyd:
(1= (1 —ay)z)"*H

(0,1

Ha Cﬂyqaf/l 60ﬂbﬂleFO YUCJIa IMepeMEHHBbIX IIPUBOAAT K ITOABJCHHUIO JIMIITHUX ﬂBeTa—BHaquHﬁ
onuoit yernocru ([2], [3]).

PaccmoTrpum uHTErpa

P.(2)P,(y) In?
/ () P () In*(2y) i dy,
1 -2y

[0,1]2

1 /d\"
rie P,(z) = o (%> (x”(l —x)”) — yzKe UCIO0JIb30BaBIINeCcd HAMU MHOTOWIeHHl Jlexkanapa.

ITo caeacTuio 1.1 ¢ HEKOTOPBIME TEIBIMEU dncIaMid A 1 B BBIIIOIHSIETCS PaBEHCTBO

/ pn(x)[;nﬁy;:lyn (zy) drdy = d;A‘ (A +B- 4(4))

[0,1]2
YrBepxkaenue 1.4. /[1g Bcex HEOTPUIATEbHBIX HEJIBIX 70 BBIIIOJIHSIETCS PABEHCTBO
P.(2)P,(y) In®(x z"(1 — z)"y™(1 — y)"w?
/ () Pa(y) (y)da:dy:2/ (1 —a)"y" (1 —y)"wi

1—ay 1 —ws
[0,1]2 0,1]4

1 - " 2(1 —wy)"
y ( ( wiws) S wh ( wy) n+1> dx dy dwy dws.
(1= —2y)(1 - wiws))

(1= (1 —2y)(1 —w))
<« Ilo yrBepxkaenuio 1.1 umeem

In*(ry) 1—(1—ay)zn 0
-2y . / (1-(1—2y)z) (1 — (1 —zy)z12) 421 d2a,

0,1]

a 3HAYHUT HAII HHTErpaJ nmpeodbpa3yercs CAeAYIONNAM 00pa30oM:

Po() Pa(y) In* (zy) Po(2)Pu(y) (1 — 2y)21
/ 1—ay dudy = 2 / (1-(1=azy)z) (1 = (1 —ay)z2)

[0,1]? [0,1)*

dx dy dzy dzs.

Ncnonb3ys paBeHcTBO

(1 —zy)n _ < 1 B 1 >
(1-(1=ay)z) (1 = (1 —2y)z122) l—2 \1—(1—2y)zy 1—(1—ay)z12n/)’

13



npeobpasyeM Hall UHTerpaJl:

PP (L —)ss

[01/]4 (1= (1 —a2y)z) (1 — (1 — 2y)z122) dz dy dz dzo
. Pn(m)Pn(gﬁ . 1 _ 1 x z1az
=2 [P (g T e i

[0,1]*
B nosiydennoM mHTErpaJjie COBEPIIUM 7 pa3 WHTErPUPOBAHKE 110 YACTAM OTHOCHTEIHLHO Ie-

pemenHoit x. CoryacHo yTBepkKIAeHWIO 1.3 OyneM nMeTh

P, ()P, 1 1
5 / n(2)Pa(y) _ drdydz dzy =
1 — 2 1—(1—zy)zr 1—(1—2ay)z129
[0,1]*
" (1 —x)"y" 27 P, (y 1 zy
_, [ Zuarys u(___ 4 mqﬂwmwl
2 (1-(1—=y)=) (1—(1—=zy)zi20)

[0,1]*
B momyderHOM HHTETrpaJie COBEPIINM CJIeIYIONIYIO 3aMeHy IepeMeHHBIX. [lepemennnie x u y
ocraBuM 6e3 U3MEHEHU, a BMECTO IEPEMEHHbBIX 2] U Z3 PACCMOTPUM IlepeMeHHbIe

1—21 1—22

- (1—zy)=n oo mEaT (1 —2y)z120

Jlerko BHIeTH, YTO 9TA 3aMeHa B3aNMHO OJTHO3HAYHA
(1= (1 = zy)wy)(1 — wy)

1—101 .
2T I A=) (- (1= w)(1—w))

:1_(1_553/)“11’

21

u auddepennupyeMa
02, —zy 0z —zy(1 — (1 - ay)w)

ow - (1 —(1- xy)w1)2 7 Ows (1 —(1— xy)(l — (1 —wq)(1— w2>))2'

Jlerko Takzke BBIPAa3UTH BCE BXOAANINE B UHTEI'DAJI BbIPpazKEeHU !

1= -ay)a=1— (1x—yazy)w1 7
— Y
b= m)nn = A 1w —w))
TYW2

1—22:1_(1_xy)(1—(1—7ﬂ1>(1_w2))‘

N3 Buma Hareil 3aMeHbl JIEPKO TMOHSTH, UTO sIKOOMaH 3aMeHbl PaBeH MPOCTO MPOU3BEIEHUIO

JaCTHBIX IIPOU3BOJHBIX, KOTOPbI€ MbI BbIYUCJINJIN. HO,ZLCT&BI/IM BCe IIOJIYy4€HHOE€ B HMHTErpaJl u
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YIPOCTHM, B UTOTE HOJIYYad

5 / x”(l—fﬁ)”y”Z?Pn(y)( 1 zy

— drdydz; dzy =
1— 29 (1 -(1- a:y)zl)nJrl (1 -(1- I’y)2122>n+1> rayas as

[0,1]*

[0,1]*

1 . (1—11)2)” . w w
’ (1_(1—$Z/)(1_(1—w1)(1—w2)) 1—(1—my)w1> du dy dwy dw.

JIist HeKOTOPOro YIPOIIEHUS 3AIUCH TTPOU3BEJIEM 3aMeHy nepeMeHHbiX. [lepemennsie x u y

octaBuM Oe3 M3MeHEeHUi, a lepeMeHHbIe W, U Wy 3aMeHuM Ha 1 — wq u 1 — wo:

; [ Uoorowrn)

X
w
(0,1]* i
1 (1 — U)g)n
X — dz dy dw, dwy =
(1—(1—xy)(1—(1—w1)(1—w2)) 1—(1—xy)w1> Y a
_ 9 / (1 —x)"wi Fu(y) 1 — wy dx dy dwy dw
1 — we 1—(1—a2y)(1 —wiwy) 1—(1—zy)(l—wy) .
(0,1]*

B I[IOJIYyHEHHOM HHTEIr'PpaJie COBEPIIUM 71 pa3 UHTEI'PUPOBaHHE IO JaCTAM OTHOCHUTEJIbHO IIe-

pemennoit y. CoracHo yrBepzaennio 1.3 OyaeM uMerb

2/ (1—2)" wy (y>( w2 )dxdydwldwgz

o 1 — wy 1—(1—ay)(1 —wiws) 1—(1—ay)(l—w)
0,1

_ / 2"(1 —2)"y"(1 —y)"wy

1— W2
0.1
1- " 2(1 —wy)"
y ( ( w1w2) S We ( wl) n+1> dx dy dwy dws.
(1= (1 —ay) (1 —wwn))"™ (1= (1 =ay)(1 = w))

Tem cambiM yTBep:Kaenue 1.4 moka3aHo. B

[Tonyuennplit mHTErPAI HMeET POPMY, OTIHIHYIO OT TeX, YTO MbI y2Ke paccMaTpuBajin. bo-
Jiee TOro, HaM HEM3BECTHO, PACCMATPUBAJIMCH JIM TaKue HHTerpajbl panee. CKOPOCTh cTpemiie-
HUA K HYJIO y TaKUX THTET'PpaJiOoB, KaK IIOKa3bIBalOT YUCJICHHBIEC IKCIIEPUMEHTHI, HEJOCTATOYHAaA
JUIS TIOJIYYeHHS HppainuonaabHocTH. OJIHAKO MBI IUTAaeM HAJEXK/Ibl, YTO HOBBIM BHEITHUNA BH/T
HOJIYYEHHOTO MHTErpaJsia IO3BOJUT B JIAJbHEHIIEM MOJIYYUTh HOBbIE HHTEIPAJIbHbIe KOHCTPYK-
o, KOTOphbie MOI'YyT IIOMOYb B apI/I(bMeTI/I"IeCKI/IX IPUJIOZKCHU AX. Ha TeKyHleI MOMEHT U3BJI€Yb

MPpAaKTHYCCKYIO IMOJIb3Y U3 HOBBIX MHTEI'PaJIOB HE YIaJIOCh.
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2 JlokazarTesqbCTBO 3JI00MHA.

YT00bBI MpOBECTU JI0KA3aTE/IBCTBO, HAM IOTPEOYeTCss BBECTH B PAacCMOTpeHHe 0000IEeHHbIe
nosmmaorapudmel. PaceMorpum BeKTOp 5 = (Sq,. . ., §;), KOMIIOHEHTBI KOTOPOTO — IEJIBIE TOJIO-
JKHATEbHBIE 9rca. ducso [ OyneMm Ha3bIBaTh JJIMHON HAOOPA S, & BEJAUUUHY S+ . ..+ S, — BECOM

sToro Habopa. OOOOIIEHHBIE TTOMHIOTAPUMMBL OMPEIETAIOTCS CJICIYIOMUMA PABEHCTBAMMU:

n1

z
S1..52 81
ny'ng’...n;

n1>ne>...>n;>1
ni
L) = D, e
mizng>_emz1 L2 T
st ynobeTBa mosaraercst Lig(z) = Leg(z) = 1. AprymenTt z 5Tux (DYHKIMHA — KOMILUIEKCHOE
anco. CooTBeTCTBYIONTHE Psiibl cXoaaTest pH |z| < 1. [Ipu nmogacranoske z = 1 B 06001IeHHBIE
HOJII/LHOFapI/ICbMBI IIOJIYHal0TCA TaK Ha3blBacMble KpaTHbIC A3€Ta-3HAYCHUA:

35 TR Y ——

1,,52
ni>ng>..>my>1 L2 !
1
*(3) —
C (S) - E nsl,rLSQ nsl .
nizna>..en>l L2
OTHU pdalibl CXOAATCS HpH S1 > 1, mpu s = 1 911 psiapl pacxoadarces. [loapobubiit 0030p KpaTHBIX

J3eTa-3HaYeHnil Ha PYCCKOM sI3BIKE MOYKHO HaiiTh B cTarbe (8.

Vreepxkaenue 2.1. IIpu KOMIUIEKCHBIX |z| < 1 ¥ mpu BCeX TEJIBIX HEOTPUIIATETBHBIX 71 ClIPa-

BEJIJINBO CJIEJIYIONIEee PABEHCTBO:

/ (1 — ) 2l (1 — zo) 2% (1 — x3)" dxy dxs dxs

o (1 — zzqwo)" (1 — zxy29mg)nT!
0,1

= nl Z an—l‘(nl—nz—i‘l)'----(m—n2+n)-n2-...-(n2—|—n—1)
(1 +n)2-... (i +2n)% (no+n)-...(ns+2n)

ni=ng>1

<« Ilpu kaxgom |z| < 1 u npu Beex 0 < 21, T, 23 < 1 cpaBeIHBhI CIEIYIONTHE DA3IOKe-
HHSL:

(1 . Z:C1$2)n+1 = Z ( k ) (21’11'2) )

k=0
1 = (l+n .
(1 — Z$1.I'21’3)”+1 = Z ( I ) (Z$1$2$3)

1=0
[Ipeobpazyem wHTErpaJs, 3aMeHId MOJABIHTEIPAIBHYIO (DYHKITUIO HA, DI
/ (1 —x) ™28 (1 — xo)" (1 — 23)" dxy das dxs
(1 — zzqo)™ (1 — zxy@omg)nt!

[0,1]3

= / Z (k 4]; n) (l d; n) LR TR (L — g )l TR (1 — 2) 28T (1 — 3)" day day ds.

0,13 ©20
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ITpu Beex nebix Heorpunareabubix n dyakmus (1 — xp) 28 (1 — x9)"2% (1 — x3)™ Henpe-
peiBHA, a noromy orpanndena na muoxectse |0, 1]2. Kpome Toro, aaa kaxoro |z| < 1 upu

Bcex 0 < 71, T2, r3 < 1 cupaBeIuBbI OTEHKH

(1) e <z<'f+”>1 - b

k=0 k=0

2\ 1T223) | S 2 (1 EyETE

W3 Bcero ckaszanmoro cjaeayeTr paBHOMEpPpHad CXOAMMOCTDL IMOABIHTErpaJibHOI'O PAda IIPHU BCEX
HEOTPHIATEJbHBIX HEJIbIX N U NP KayKJIOM KOMILUIEKCHOM 2 ¢ ycuoBueM |z| < 1. 3HauwmT, psin

MOYKHO MPOUHTETPAPOBATH MOYJIEHHO:

k [
/ Z( M)( TL) TR ) (1 ) 2 (1 = )" dy das day =

1]3kl>0
B Z<k+n)'-(l+n)'-z’“+l- (n+k+D'nl (n+k4+DInl  (n+0In!
- A kil I''n! (k+l+2n+1)! (k+l+2n+1)! (I+2n+1)!
Y (k+1)-...-(k+n)-(I+1)-...-(I+n)

Pt (k+l+n+1)2. ..-(k+l+2n+1)2-(l+n+1)-...-(l+2n+1)’

JIerko BUIETH, 4TO Imocje 3aMeH | = ny — 1, k = ny — ng NOJYYUTCS B TOYHOCTH TpeOyeMblii
pan. YTeep:Kienue 2.1 J1oKazaHo. B

OrmernM, 9T0 CyMMHPOBATh O 7o MOXKHO HE J0 M1, & JIO Ny + N, MOTOMY 49TO Bce 100aB-
JEHHBIE CJIaTraeMble 6y,Z[yT PaBHBI HYJIIO. TaKI/IM 06pa30M MBI IMOJIYYIUJIN IIPEACTaBJICHNE Halllero

HHTEI'paJia B BHJE

/ (1 —x) ™28 (1 — xo)" (1 — z3)" dy dxs dzs
[0,1]3 (1 - Z-Tle)nJrl(l - Z$1I2373)n+1
0,1

ni+n

B = (np—mne+1)-...-(ny—na+n)-ng-...-(ng+n—1)
B n'zz (ni+n)2-...-(n+2n)2-(ng+n)-...- (ng+2n)

n1=1 na=1

Harmra eJib — IIpeaACTaBUTb 9Ty CYMMY B BUJIE CyYMMDBI HOJ’II/IJ’IOFapI/ICbMOB, JOMHO?KCHHBIX Ha
HEKOTOPble MHOTOYJIEHBI C paIMOHAIBHBIMU KO3 durmentamu. [logydennas cymma Ha camMoMm
JeJjie JOBOJIbHO CJIOZKHO YyCTpOeHa. BHOCJIG,ZLCTBI/II/I MbI IIpEACTaBUM €€ B BHOE CYMMBI ooJtee
IIPOCTBIX CYMM. A noka JOKazKeM HECKOJIbBKO yTBep}K,ZLeHI/IfI7 KOTOpbI€ IMOMOTAIOT IIPEACTaBUTDL
boJ1ee TpOCThIe CYMMBI B HYKHOM Bujie. [loTom jierko Oyier CKOMITMIMPOBATD 3TH YTBEPZK JICHUS

B JIEMMY.

YrBepxkaenue 2.2. [Ipu HeorpunaTebHLIX TEJAbIX (v U TIPU ITOJTOXKUTETBHBIX U CITPABEITUBBI

cJIeIyIoIue paBeHCTBA:

1 ~
2l = 27 e, (2) + Po(27Y),
> () + Po(=")

ni>1
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Zm—l

rae ]50(2_1) =—2"*>

— — MHOIOWICH C PALMOHAIBHBIMU KO bUIneHTaMu.
m=1 MM

<« BBejileM HOBYIO ITlepeMeHHYIO CYMMUPOBaHUA M = Ny + A

ny— 1 _ m—
Zzll-m—z ZZ 1'@.

ny>=1 m=>a+1

9Ta CyYMMa OTJIMYaeTCA OT HOﬂI/IJIOFapI/ICbMa JINITb KOHEYHBIM KOJINMY€CTBOM CJlala€MbIX, ,ZLO6aB—
JIis ¥ BBIYUTAs KOTOPbIE, HOJYyInM Tpebyemoe. YTBepiKIeHne 2.2 TOKa3aHo. P

OrmernM caenyromme coiictsa: deg Po(z) = a u d* Py(z) € Z[z]. Kak u B npeasuiymeit
riase, d, obosnagaer HOK(1,..., a). Apudmerndeckne CBOHCTBA ITONO MHOTOUJIEHA W MHO-
rOYJIEHA U3 CIEAYIOIIErO YTBEPKIEHHsT HAM NOHAI00ATCA HECKOIBKO O3/IHEE, OHAKO J0KA3a-

TEJTHCTBO ITUX CBOWCTB HamboJsiee 1eaecoobpa3no UMeHHO ceffdac.

YrBepxkaenue 2.3. [[pu neoTpunare IbHBIX HEJIBIX (¢ M TOJOKUTETbHBIX MEJIbIX U] U Us CHPa-

BeJIJINBO CJIEIYIONIee paBeHCTRO:

nitao 1
nm—-1,_ -  _ —a-l Le n - .
V; TLQZ=1 ’ (ny + @)™ ngy? z wruz (2) + Qo(277),
roe Qo(zﬂ) = _,@ Z quﬁ
azmi>ma>1 my ' My

<« BBejsiem HOBBIE TIepeMeHHbIE CyMMUDPOBAHUS: M1 = Ny + Q. U My = Ng. TOr1a UMeeM:

e 1 1

1

ni—1 . —« mi—1 —« mi—1
E E 2z —_— = 2 E z —_— 2 E z —_—
ny + a)v nd? mit my? mit ms?

n121 na=1 ( 1 ) 2 miz=2mz>1 1 2 azmiz>zma>1 1 2

HGFKO BI/I,ZLeTb, 9TO 3TO B TOYHOCTHU COBIIaJaeT C JOKA3bIBACMbIM yTBep}K,ILeHI/IeM. >

OrMmeTuM cieaviomue cpoicrsa: de ) =an dhte x) € Z|z|, rne d, oboznagaer
0 6% 0 ? (6

HOK(1,...,a). Apudmernueckue cBOHCTBA ITOTO MHOTOWICHA MOHATOOATCS HECKOIBKO O3/

Hee.

YrBepxkaenue 2.4. IIyctb oy, ag, f1 — HEOTpHUIATEIbHBIE IIe/Ible YUCIa, TIPHYEM o+ 31 = Q.

Toria npu MOJOKUTESBLHBIX MEJbIX U] U Uy CHPABEIINBO CJIe/yIoliee PaBeHCTBO:

ni1+061 1 u

Z Z Sm—1 = 27 Ley, . (2) + Z Ry(z Y )Ley(2) + Ro(27Y),

(Tll + Ctl)ul (712 + 052)“2

ni>1 no=1

rae Ry(z) — MHOrOWwIeHs! ¢ pammonanbHeiMu Koddbdurmentamu mpa t = 0,1, ..., u, mpudem
dutee=t R, (z) € Z[z]. Baech HCIOIB30BATACH 0GO3HAMEHIS (o = (g + (1 1 u = max(uy, us).
~ ~ [e2] 1
Kpowme toro, Ry(1) =0 mpn uy > 1u Ry(1) = — 37 —— npumuy = L.
m=1MM

18



n1+az+51

y— 1 _ - 1 _
Z Z Z . (nl +a1)u1 (n2 _|_a2)u2 o Z Z ' ' (nl +Oé1)u1ng2 o

ni=1 na=1 ni=1 no=ag+1

ni+az2+H51

n1— 1 o 1
- Z Z A (n1+a1)u1n Z Z Z 1.(n1+a1)u1n12‘2 -

ni=1 no=1 ni=1lno=ni+ai;+1

et —1 1
ZZ 1 (1 + aq)uny?

n1=>1n2=1

Cravajia MBI JIOKayKeM CIIPAaBeJJINBOCTH 3asBJIECHHOTO IMPEJICTABIEHUS, a MOTOM JIOKAayKeM
JIOTIOJIHUTETHHOE YTBEPIKICHUE.

[Tomyumioch Tpu cyMMBbl, ¢ KaxKJI0i U3 KOTOPBHIX MbI ceifuac paszbdepemcs. K mepsoit cymme
MPOCTO MPUMEHSIEeM TPEJIBbIIYINee YTBepzKaeHue 2.3, TYyT KOMMEHTAPUU U3JIUIITHU.

PaccmoTrpuMm BTOpYyIo cymmy. Ecmn as+ 51 = aq, TO 3Ta cyMMa OTCYTCTBYET, HHAUE ee MOXKHO

NpeJICTaBUTh B CJAEJIYIONIEM BHJIE:

ni+az+p51 1 ag+B1—an 1

Z Z Zm-h. (1 + an)in? - Z Z S (n1 + a1)“(ng + oq + kv

ni=1no=ni+ai1+1 ny1=1

Tenepnb 11t KaxKA0r0 k pa3iaozKuM JIpoOb BHYTPH CYMMBI Ha CYMMY IIPOCTEHINHUX JpOOeii:

1 N A N B,
= RS —l— ,
(n1 + Oél)ul (n1 + o + k)uZ tzl (m + Odl)t tzl (n1 + oy + k)t

rie Ko dumuentsl A; 1 B; MOryT OBITH BBIYHC/IEHBI 110 (DOPMYIaM

o wr —t Ul—f-UQ—t—]_ 1
A= (=1 w Jpru
_ U1+U,2—t—1 1
By = (—=1)y=t. N —
t ( ) Us —t <_k)u1+u2—t

D1u GOPMYJIBI Oy IEHBI CTAHIAPTHBIMA METOIAMHI — JOMHOZKEHUEM Ha HYKHYIO CTEIeHb 3Ha-
Menare s u AudpepennupoBanneM HyKHOE YUCT0 pa3. 3 3Tux aBHBIX (DOPMYJI JIETKO BUJIETh,
aro d1t2 P Ay € Zom d T2 By € 7. Tenepb K KaxKJIOMY BBIPAKEHUIO, HOJYYEHHOMY IMO-

cJIe pa3JIoyKeHus Ha MpocTefiime 1podu, MOXKHO IPUMEHHUTH yTBepxKaenue 2.2. Hanpumep, mis

Z PR —At
(nq + ay)t

ny1>1

BbIpazKeHU A

MOJIYyIUM, ITO OHO PaBHO
A, <z‘0‘1‘1 Les(2) + Po(z_1)> ,

e di, Po(z) € Z[z]. C yaerom dit*2~" Ay € 7, nomydaem, 910 BCe MHOIOHU/IEHBI Y/I0BIETBODSI-
IOT 3a5BJIEHHBIM CBOHCTBaM. AHAJIOTUYHBIE PACCYZKJIEHHsI CIIPABEJIUBBL U [IJisl TeX BbIPAZKEHHUI,

B KOTOpHIX BMecTo A; durypupyer B;.
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N3 aubix popmy. jierko Bujerh, 410 A; + By = 0, OTKyja ¢ y4eTOM sIBHOTO BHJIa MHOTO-
YJICHOB IIPH HOJUIOrapu(dMax CACLyeT }?1(1) = 0. D10 BepHO M1 JTHOOOTO Uj.

TpeTbs cymMMa COIEPKUT KOHETHOE CYMMHPOBAHUE 1O Ng, KOTOPOe HE 3aBUCHT OT Nny. 1ak
9TO K TpeTheil cyMMe TOyKe MOXKHO NMPUMEHHTD YTBepkKIeHue 2.2, JIeTKO BUJETh, YTO IOy IeH-
HbIEe MHOTOWIEHBI YIOBJIETBOPSIOT BCEM 3asIBICHHBIM TPEOOBAHUSIM.

VrBepxenue 2.4 MOJTHOCTHIO JOKA3aHO. B

Jlastee mokarkeMm BeChbMa M3BECTHOE W TIPOCTOE YTBEPXKIEHNE, KOTOPOe TMOHAI00UTCS B JTa/b-
Heitrem. Ero dopMyinpoBka n3BecTHa JazKe MKOJbHIKAM, OTHAKO JIOKA3aTeThCTBO He BXOIUT B
CTAaHIAPTHYIO TMKOJIHHYIO HJIH YHUBEPCUTETCKYIO Tporpammy. [losTomy npuBesem BechbMa U3SIII-
HOE JI0KA3aTeIbCTBO, KOTOPOe MPUHAIEKAT [lackaltio.

N

YrBepxkaenue 2.5. Cymma » | k™ IpH HEJBIX HEOTPHIATEILHBIX 1 SIBJIACTCH MHOTOUICHOM C
k=1

paronasrbubivu kodddunmentavu P(N) cremenn n + 1.

<« JlokaspIBaTh yTBepzKIeHne OyaeM MeTOJ0M MaTeMaTu4uecKoi HHAyKInn. ba3y cocTaBuT

N
TPUBHAJIBLHOE paBeHCTBO Y kY = N, To ecTh yTBepKAcHHe mpu 1 = 0.
k=1
[IpeanosioykuM Temepnb, IYTO MBI OKa3aau yTBepzKAeHNe MpHu BceX (0 < n < m ¢ HEKOTOPBIM

IIOJIOZKUTEJIbHBIM IICJIBIM 777. ZLOKa}KeM YTBEpZKACHUE IJIA 1 = M. ZLHH 9TOrO 3aluIIeM OMHOM

1 1 1
(k+1)m+1:(m—|— )-km+1+(m+ )-km+...+<m+ )-ko.
0 1 m+ 1

[Ipocymmupyem 310 paBeHcTBO 1o k = 1,..., N, cokpallas oJINHAKOBbIE CIaraeMble:

N N
+1 m+1
N+t =14 (™ Nk N0,
(N +1) +( ) ) ;;:1 + +(m+1) ;:1

Orcro/1a uMeeM BBIPDAYKEHNE MHTEPECYIONEHl HAC CYMMBbI:

N N N
1 m+1 m+1

g = —— [(N+ 1) -1 — E et — - E kY

— m+ 1 (V+1) ( 2 ) (m—i—l) —

k=1

Heioronas

SaMeTI/IM, YTO IO NpedInoJOXKEeHNIO THAYKIUN CYMMbBI B HpaBOfI JaCTHU ABJIAI0TCA MHOI'O4JI€eHaMHU
or N crenenu He Bbimre m, a Beipazkenne (N + 1) —1 ectb maorounen or N crenenn m + 1.

Taxum obpasoM, yTBepzKiaeHue 2.5 JoKa3aHo. P

Caencrsue 2.1. Ecau P(k) — MHOro4wIeH ¢ panuoHajbHBIME KO3(bUIHEHTAME CTENeHH N,

M — HEKOTOPO€ NMOCTOAHHOE HaTypaJbHOE YUCJIO, TO

Y P(k)=P(N),

k=1

rae P(N) — MHOTOWIEH ¢ panuoHATHHBIME KOXDpumenTaMu cremenn n + 1.
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<« [lycrs P(z) = a,2™ + ... + ap. [lpumenum npejbiiayiinee yrBepKIeHre, yUuThiBast, 4Tro

,ZLO6aBI/IJIOCb CIe II0 ™ CJaraeMbIX IJId KazKJ0I'0 MOHOMa.!:

N N+m N+m N+m
Z P(/{J):an Z K"+ ...+ ap Z k1+a0 Z kO —
k=1 k=1 el o1

N
=a, (D K"+ (N+1D)"+. . +(N+m)" | +...
k=1

N N
cta (DR (N D L (NAm)' | ag [ D K +m
k=1 k=1
K cymmvam 10 N npuMeHuUM HpeIbIAyINee YTBEPKICHNE, a OCTABIINECS BBIPAYKEHUsI OUEBUTHO
SBJIAIOTCS MHOTOYJIeHAMHU OT [N CTelleHW He BBIIIe Nn.

Cuencrsue 2.1 nokasaHo. »

Teneps nameit neipbio Oy/eT CKOMIIMJIUPOBATH U3 JOKA3AHHBIX YTBEPZKJICHUN JIEMMY, J1aI0-
Y10 TPEeJCTAB/ICHIE UHTETrPaJia B BU/Ie JUHEHHBIX (popM oT nommiorapudmMoB ¢ Ko durmen-
ramu 3 Q[z71]. Dra jemma He Gyjier OKOHUATEJLHBIM Pe3y/ILTATOM, OHA GYeT HEeOHOKPATHO
VIAYUIIAThCA U YTOUHAThC. Takoil BapmaHT W3J0KeHWUs BBIODAH W JJId yA0OCTBA YUTATeNs,
U I yA00CTBa M3I0KEHUs MaTepuasa. Kciam cobparh Bce yTBep:KIEHUS CPa3y B OJHON KO-
HEJHOI JiIeMMe, OHA BBIIIET OYeHb rPOMO3IKOI. Bee Hamm paccykaeHus CyTh 9acTHBIE CJIyJIan
HEKOTOPBIX JieMM 3/1001Ha, OH J0Ka3aJ1 OoJiee 00IIHe pe3yIbTaThl, OJHAKO 110 MPUBEIEHHBIM Ha-
MU YaCTHBIM CJIy9asdM MOYKHO YBUJETh HEKOTOPble 3aKOHOMEPHOCTHU U TMOHATH OCHOBHYIO HJIETO0.

CobcTBeHHO, 3TO B OBLIO OCHOBHON €10 HAMCAHWS JTAHHON TJIABHI.

JIemma 2.1. IIpu Bcex HEOTPHIATENBHBIX TETBIX N U IPU BCeX |z| < 1 ¢ HEKOTOPBIME MHOTO-
yieHaMu Py 1, Py, P, Py n Py c paruonajJbHEIMU Ko3ddUIIeHTaMH ClIpaBeIjInBo cjielylolee

PaBEHCTBO:

/ (1 —x) ™28 (1 — xo9)" 2 (1 — z3)" dy dxs dzs

o (1 — zzy29)" (1 — 2y 03"
0,1

= ngl(z_l) Less(2) + P171(z_1) Ley1(2) + Pz(z_l) Les(2) + Pl(z_l) Lei(2) + Po(z_l),
npudaem Py (1) = P(1) = 0.
< Tlo yrBepxkaenuio 2.1 pu BceX HEOTPUIATEIBHBIX MEJBIX N U IpH BeeX |z| < 1

/ (1 — 1) 2l (1 — zo) 2% (1 — x3)" dxy dxs dxs
(1 — zzqwo)™ (1 — zxy@0mg)nT!

[0,1]3
= nl Z Zm—l_(”1—n2+1)'----(n1—ng—i-n)-ng-...-(ng—i—n—l).
(i +n)2-...-(n+2n)% (ng+n)-...(ns+2n)

ni>ng>1
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BaMeruM, 9To 10 Ny MOXKHO CyMMHPOBATH HE J0 M1, & J0 Ny + N. JTO BO3MOKHO IIOTOMY,

YTO BhIparkeHue Nnpu A00aBJIEHHBIX Ny 00paIaeTcs B Hy/Ib. TakuM 0b6pa3oM,

/ 2P (1 — xp)"2h (1 — z9) 25 (1 — x3)" day dxs dxs
(1 — zzqg)" (1 — zzy2023)"H!

[0,1]3

= nlznifzm—l.(nl—n2+1)'-~-'(n1—n2+n)-n2-...-(ng—f—n—l)‘
n1>1 na=1 (ni4+n)?-...-(n1+2n)?- (ng+n)-...-(na+ 2n)

Jlajiee nokazkeM, 4TO HOJIYYUBIIASCH CyMMa IIPEeJCTaB/IsdeTcsd B TpedyeMoM BU/IE.

Jlng madasna mposejeM cieyioniue mpeodpasoBanus. PaccMoTpuM palmoHaIbHYIO (DYHK-

U0
(np—mna+1)-...-(ny—ng+n) ng-...-(ng+n—1)
(np+n)?-...-(n1+2n)%-(ng+n)-...-(n2+2n)
Packpoem ckoOku B ducsimresie 310il panuoHaaibHo# dpyukiuu. B pesyjibrare B 4ucjuTesie mo-
JIYYUTCS CyMMa MOHOMOB BHJIA C’n‘fln§2+b, e a; +as < nub<n,aC — HEKOTOPOE LEI0e

YHCJI0, 3aBHCAINEE OT a1, Ay U b. /leficTBUTEIbHO, €C/IH HHTEPIPETUPOBATE (1 U Uy KAK KOJIHYe-
CTBO M1 U Ny COOTBETCTBEHHO, B3STHIX U3 IEPBLIX N CKOOOK, a b — KaK KOJIUUIECTBO Ng, BIATHIX
U3 BTOPOH IPYIIIBI U3 N CKOOOK, TO BBIIMCAHHBIEC OIEHKH HA CTEIEHH IIePEMEHHbBIX OYEeBU/IHbI.
OueBnano Takzxke, 9T0 C' ABISETCS IEJTBIM IHUCIOM.

Pacemorpum nojpobHee panuoHa bHble (DYHKIIUU, COOTBETCTBYIONINE KazK/JIOMY MOHOMY:

al as+b
TLl * n2

(ni+n)2-...-(ni+2n)2-(ng+n)-...-(ng+2n)

(18)

DTHu panuoHaJbHbIe (DYHKIHH YCTPOEHBI IIPOIIE NCXOTHON, OHN ABJISIOTCS MPOU3BEICHUEM JIBYX
PAIMOHAJIBHBIX (PYHKIUH, KayK/Iasd U3 KOTOPBIX 3aBUCUT TOJBKO OT OJHOI IepeMenHnoil. Pasio-
KUM B CyMMY OpocTeimux apobeit dyukiuo u3 (18), 3aBUCAILYIO TOJBKO OT Ny U N, HO He

3aBUCAIILYIO OT ni. B pe3yabrare pa3/jioKeHus MOy dYuTC

2n X
gt Cpalaz,b)

- Pa ) 19
(n2 + n) ot (n2 -+ 2n) Z Ny + Po + 27b<n2> ( )

rae Cp, — HEKOTOPOE PAIMOHATIBLHOE HHCIIO, 3aBHCAIIEe OT ag U b, u Py, 1(n2) — MHOrowIeH ¢
panuoHa/ibHbiMu KOdhdunuenramu, 3apucsinuii ot as u b. Muorod/ien B pa3jiokenuu Ha HPO-
creitime Jpodu Oy/1eT BOBHUKATD, eCJIu as+b > n. Kak JIerko moHsITh, 3Ta CUTyallisi BO3MOYKHA.
BaMeTI/IM TaK2>Ke, 9TO U3-3a BOSHHK&IOH_[GI?I MOJIMHOMHUAJILHON YacTHu Pa3JI0OKeHd BbIYUCJICHUE
qHCe ém CTAHOBHUTCS CJIOXKHOM 3a/1adeit, KOTOPYIO MBI He OyaeM pemarh. OTMETHM JIHIIb, YTO
9TH YHCJIA PAIMOHAJBHLI U YTO BO3HUKAIONINNA MHOIOUYJIEH TOKE UMEET PAaIHOHAIbLHBIE KO-
dpUIUEHTHI.

Hagee Oygem jgeficTBOBaThH CJAeAYIONIMM 00pa3oM. Bo3HWKAaOIINe MHOTOYIEHB OYIeM CyM-
MHPOBATH II0 Mo OT 1 JIO0 Ny + N, COIVIACHO CJAEACTBUIO 2.1 B pe3y/ibTaTe CyMMHUPOBAHHA OyIyT

IIOJIy49aThCd MHOI'OYJICHBL OT 7 € palllOHaJILHBIMHA KOQ(b(bHLLHGHT&MPL nMerone CTelredb Ha 1
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BbIIIE. DTH MHOIOWICHBI Py, (1) OyaeM yMHOXKATh HA PAllMOHAJbHbIC (DYHKIME U3 BBIPAZKE-
Hust (18), cooTBeTCTBYIOIINE TOJBKO 1. [10JydeHHOe B pe3yabTaTe MePeMHOKEHHsT BhIDaKeHne

Oy1eM pacKJaJIbIBaTh HA MIPOCTeHInne JIpoOH:

5 a 2n ~ ~

PaQ,b(nl) ) nl1 _ Dpl(alaa%b) Ep1<a1,0,2,b)
2 2 Z 2 +

(ny+mn)?-...-(ny+2n) = (n1 + p1) ny + p1

rae Dy, n E, — HeKoTOpble palnoOHATIbHBIE YUC/A, 3aBUCAIMINE OT a1, ds U b. OTMeTHM OUeHb

BazKHO€ JJIA ,ZLaJIbHefIH_IeFO pacCyzKaeHue. CyMMapHaH CTEeII€Hb Paz’b(nl) . nclll TOYHO CTPOro
2n
MeHbIIe CTEIICHU 3HaMeHaTeJId ITOCJICAHEr0 BblpazKeHnA, a U3 3TOro cjiaeayetT, 4To Z Epl =0.
pi=n
YHacrn BbIpazKEHU A (19), HEe ABJIAIONIYIOCA MHOT'OYJICHOM, 6y,ZLeM mpoCTO YMHO2KaTh Ha TY

4acTh BeIpaxkeHus (18), KOTOpasi COOTBETCTBYET Nj, HPEJIBAPUTENHHO DA3JIOKUB €€ Ha MPO-

creifue apoou:

a 2n e ~
n11 _ Z Am (al) + Bpl (al)
(ny+mn)%-...-(ng + 2n)? — \(m+p)* m+m
~ ~ 2n
rae A, u B), — HEKOTOpBIe PAIMOHAIBHBIE YHC/IA, 3aBUCAINNE OT a1. OdeBUIHO, UTO Y B, =
pi=n
0.
Tenepb cobepeM Bce CKa3aHHOE B OJHOM DABEHCTBE.
Zninzml' (mi—mng+1)-...-(ny—ng+n)-ng-...-(na+n—-1)
== (ni4+n)?-...-(ng+2n)?-(ng+n)-...-(ny+2n)
2n ~ -
_ C ni—1 DP1 (a17a2>b) Epl (alva?v b)
- Y ofp e 3 (Dalonen) Bl
a1,a2,b ni>1 p1=n
nitn 2n e ~ 2n X
A (CL1> B (al) C (CLQ b)
+ an—l X P1 + p1 % D2 ’
7;7;1 plz:n (m1+p1)?  ni+p pQZn n2 + p2

3iecy C' — HEKOTOPOE EeJI0e 9uc/I0, KOIM@PUIUEeHT TP MOHOME, OHO (PUTYPUPOBAJIO PaHee u
HECYIIECTBEHHO JIJTsi PE3Y/IBTATOB U METOJOB JOKA3aTeIbCTBA JAHHOTO yTBEp:K/1eHus. BHenrnee
CYMMUPOBAHUE HJIET 110 BceM MOHOMaM. Kak 1MoyqaioTces BHy TPEHHIE CYMMBbI, HAITUCAHO BBIIIIE.

Jlasee MBI OyjieM pacCMaTpPUBATH CYMMY, COOTBETCTBYIONLYIO HEKOTOPOMY KOHKPETHOMY MO-
HOMY, U JIOKaxKeM Jijisd Hee yTBepxjeHue JjieMMbl. [[ocKo/IbKY 310 Oyjier BepHO jijist JIOO0ro
MOHOMa, JieMMa Oy/1eT JloKa3aHa.

Pacemorpum cymmy

2n ~
S |
(n1+p1)> m+m
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COOTBETCTBYIOILY IO HEKOTOPOMY ITPOU3BOJILHOMY MOHOMY. JlJist KaxKJ10ro py 110 yTBEPZK JIeHUIO 2.2

D ~ - -
-l T milop 1 'L62(2)+D 1 'Pl(z_1)7
r; (n1+p1)? ! ’ ’
E ~ ~
ot B B L)t By O (),
T; o 1(2) p1 p1( )

2n
rie P o1 Qm MHOTOYICHBI ¢ DAIHOHAIBHBIMI Kodbdunnentamu. YuauteBas, ato y £, =0,
p1=n

MOJIyYaeM, 9TO MHOTOWIeH npu Lep(z), moaydaromuiicss U3 9Toil cyMMbl, obpaiaercs B HyJIb B
z=1.
PacemorpuMm tenepnb cymmy

ni+n 2n "t 2n
Y S s S
(m+p1)?  nitp g 2 T P’

ni1=1 no=1 =n

COOTBETCTBYIONIYIO TOMY Ke MOHOMY. CyMMBbI 1O p; M MO Po MbI [EPEMHOKHM TOYIEHHO, W
OymeM mpUMeHsATh yTBepzxaenne 2.4. [IpoBepuM JHIb HEOUEBHAHYIO YACTh JEMMBI — TO, UTO
muorouiens pu Le; 1 (z) u Ley(2) obpamaiorcs B Hyapb mpu z = 1.

[Monsarno, aro Ley ;(2) Oymer BO3HEKATL TOJLKO U3

ni+n ~ =~
Sy et B, G,
ny+p1 Mo+ P

n1=>1no=1

CO BCEBO3MOXKHBIMH Pi B Po. Takum obpaszom, M3 yTBepxKjaeHus 2.4 cjeiayeT, 9TO 3HAYCHHE

n ~ ~
muorowtena mpu Lej (z) B 1 pasno >, B, C,,. Ho ecin B 3100 cyMMe IpOCyMMHPOBATD

p1,p2=n
CHA4YaJja 1o pi, TO NOJYIYATCA HYJAb, & 3HAYUT BCS CyMMa TaKyKe paBHA HYJIO.

Muorouanenst pu Le;(z) u3 mocstenmero Boipazkenus Toxe OyayT Bo3uukars. Cormacto Bee

TOMY YK€ YTBepkKJIeHHIO 2.4 3aKJI09aeM, UTO 3HadeHne ITOTO MHOrOYJIeHa B 1 paBHO

p2

1

E : sz I E E
p1,p2=n m=1

Ecan 310 BhIpakeHne IPOCYMMHPOBATH CIIEPBA 11O Pi, TO HOIYYHTCA Hy/lb, & 3HAYUT U BCH
CyMMa paBHa HYJIIO.

Taxum obpazoM jieMMa 2.1 TOJHOCTBIO JIOKa3aHa. W

IlepBoe ycosepreHCTBOBaHHE, KOTOPOMY MBI HOJBEprHEM pe3yJIbTaT 3TOH JIEMMBI, COCTO-
urT B TOM, 910 MblI “usrouum” Les(z). Cuesaem 9T0 Mbl ¢ HCIOIB30BAHHEM JOMOJHATEIHHOIO

HHTerpaJa

/ I?(l — CL’l)nSL’g(l — l’g)nl‘n(l — Ig) d.Il dl‘Q dl‘3 (20)

o (1 — zaq)" (1 — zzyx0xs)t!
0,1

9TtoT HHTerpaJ OTJIndaeTcd OT Hallero JHUIIb O,ZLHOfI CKOOKOH B 3HaMeHaTeJIe.
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VrBepxkaenue 2.6. [Ipu Bcex HeoTpuiare/bHbIX HEJAbIX 1 M IPU BeeX |z| < 1 ¢ HekoTopbiMu
MHOTO4IeHamMu P o, P, Py m Py ¢ pannonajbHBIME KO3 PUIEeHTaMu CIpaBeJjinBo CIeayIo-

1niee paBeHCTBO:

/ (1 —x) ™28 (1 — xo)" (1 — 23)" dxy das dzs

o (1 — za)" (1 — zagzoxs)" !
0,1

= Pio(z7 ") Leia(2) + Po(27 ) Lea(2) + Pi(z7 ) Ley(2) + Po(271).

<« Jlerko mouaTh, s Ha yTBepxKAeHue 2.1, uro mias mHTerpana (20) cnpaBeminBo
CJIeAYIONIee PA3JIOZKCHUEe B DAL

/ (1 — x) ™28 (1 — xo)" (1 — 23)" dxq das dxs
(1 — za)" (1 — zagzoxs)"Ht

[0,1]3
. | Z ni—1 (nl—n2—|—1)(nl—n2+n)n2(n2+n—1)
= n! 2 :
(np+n)-...-(ng+2n) - (ng+mn)?-...-(ng+2n)?

ni=na>1

DT0 pazIoxkKeHne COPaBeTHBO IPU BCEX HEOTPUIATENbHBIX MEJBIX 1 U TPH BeeX |z| < 1, moka-
3aTeJILCTBO 3TOTO PA3J0KEHUST HUIYTh HE OTANYAETCS OT JIOKA3aTeJIbCTBa yTRepXKienusd 2.1.

Hasee, kKak u B jiemMe 2.1, pa3jiozKUM YUCIATEb MOy YUBIIEHCS PAIHOHAIbHON (DYHKIUN

(nl—ng—i—l)(nl—n2+n)n2(n2+n—1)
B CYMMY MOHOMOB BHIA n‘flng”b, e a; +as < nu b < n. Eciu mbr JOKazKeM CIIpaBCOJIH-

BOCTb YTBEPXKIACHUA JIJ1d TPOU3BOJIBHOIO MOHOMA, TO T€M CaMbIM MBI JIOKaXKeM YTBEpPrKJICHUE
IHOJIHOCTBIO.

Jlng KaxKaoro MOHOMa panuoHaIbHasg (DYHKIMS pa3ieluaach Ha JIBe YaCTU, KaXKIYIO U3
KOTOPBIX Mbl PA3JIOKUM B CYMMY MPOCTEHINHUX Jpobeii:

2n

ny' -y Ap, (1)
(ni4+n)-...-(ng+2n) £ ni + p1

=N

n;2+b _ i Bm (az,b)  Cp,(az,b)
(TLQ + 71)2 e (nz + 2%)2 (TLQ + p2)2 Ng + P2

p2=n

rae Ay (a1), By, (az,b) u Cp,(ag,b) — 3aBucsmme OT APryMEHTOB B CKOOKAX HEKOTOPBIE PAIHO-
HaJIbHBIE YUCJIA. APTYMEHTHI B CKOOKAX MOKA3BIBAIOT 3aBUCHMOCTD YHCEJ OT MOHOMA. Tak Kak
MbI OJOKa3blBaeM yTBEpPZzKACHUE AJid IIPOU3BOJILHOI'O MOHOMA, 9Ty 3aBUCUMOCTH Mbl B ﬂaﬂbHeﬁ—
meM 6y,ZLeM OIIYCKaThb, OCTaBJIdd JIMIIb HUZKHHUE MHACKCHI V 9TUX pPalllOHaAJbHBIX YUCEJI.

SaMeTI/IM, YTO MOXKHO JIETKO HaIIUCaTb (bOpMyﬂbI JJId BBIYHUCJACHUA 3THUX YHCEJI, OJHaKO
2n

HaM 10CTaro4Ho Toro, 4ro y, €, = 0. D10 oueBuAHO Caeyer U3 TOro, 9To d + b < 2n, a
p2=n
cTeneHb 3HaMeHaTe s paBHa 2n + 2. Kak Jerko suzaers, cymma C),, paBHa K0ybDHUIHEHTY IpH

OTCyTCTBYyIOIIeH cTemenn na" !,
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Cobepem Bce CKazaHHOE B OTJIEJIbHOM PaBEHCTBE:

Z Z 1 (np—ma+1)-...-(mg—ng+n)-ng-...-(ng+n—1)
= (np+n)-...-(ng+2n)-(ng+n)2-...-(ng+2n)?
ni+n 2n It 2n d =
- Y oYY ety Ap(a) ) S sz(%b)g . Chp, (a2, b)
a1,a2,b ni1=1no=1 p1=n ™ +p1 p2=n (n2 +p2) N2 +p2

3ech C' — HEKOTOPOeE T1eJI0e THUCJI0, KOIDDUIMEHT TP MOHOME, OHO HECYIIECTBEHHO JIJIST TajTb-
HENINUX PACCYKACHUI.

Ucnonw3ysa yrBepxKaenne 2.4, KayKIplil Terepb 0e3 Tpy/aa YBUINAT, YTO I CHPaBeITUBOCTH
JIOKa3bIBAEMOTI0 YTBEPIKIEHUA OCTAIOCh JIHIIb IOHATD, odeMy npomaiayT Le (2). [Tokaxkewm,
910 MHOTOWIEH IpH Ley 1(2) TOXKACCTBEHHO HYIIEBOM /IS KazK0r0 MOHOMA B OTAeIbHOCTH. [ljis
3TOr0 PACCMOTPUM BbIpPazKeHUe

ni+n 2n ~ 2n ~
E § TLl— . § Apl % § CPQ
n n
1ol el o\ + 1 o \ 72 + P2

COOTBETCTBYIOIIEEe KAKOMY-TO MoHOMY. 1lo yrBepkmenmio 2.4, muorodsnen npu Le (z) Oymer

paBeHn
2n
E A ¢ .11
Aplcpz z .
p1,p2=n
2n
y‘{I/ITbIBaH qTO C = 0 noJydaeM, 4TO IPU KaKJIOHW CTEeIleHH 2z KO3 UIMUEHT PaBEH
? D2 Y I
p2=n

HYJIIO. 3HAYHUT, 9TO TOXKIECTBEHHO HYJIEBOM MHOIOYJICH.

Vreepxkieaue 2.6 joka3zaHo. W

Ternepn mokazkeMm, Kak 3TOT HHTEI'PAJ MOMOTAaeT HAM B Hallleil NCXOAHOM 3a/1a4e ycoBepIleH-
CTBOBaHUA JIeMMHEI 2.1.

Bsengem obo3navenus st HaOOPOB YHCET

a=(ay,...,an), b=(b1,...;bn), ¢c=(c1,...,cn),

r7ie m — IeJI0e HEOTPUIATEIbHOE YHCI0, & KOMIOHEHTHI BEKTOPOB @, b, ¢ — KOMILIeKCHBIE YHCJIA.
PaccMorpum citeytomuiit mHTerpast:

)bi—ai—l

- e 1—x
a; b; c = 21
miabiels) = 1 rrge—ay / H T e da, (21

nosaras Jo(@; 9, @ |z) = 1.

B crarpe [14] E. A. Vaauckuii jokazan ciepyionee yTBepKIeHe:

Teopema 2.1. Tlycth m — HeoTpUIATEIBHOE MEJI0€ YUCIO, 2, a;, b, ¢; € C, larg(l — z)| < m u
Re (b;) > Re (a;) > 0mpu i =1,...,m. Torga

(1—2)""-J, <C_L;Z_?;E 1_Z > = Jm(d;l_);bl—ag—cl,...,bm_l—am—cm_l,bm—cm|z).
—z
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<4 >

Beeznem monosHuTEIBHO Caenytomme obo3nadenusd. [IycTs ¢, , ..., ¢, — Bce HeHy/IeBBIE KOM-
HOHEHTHI BeKTOpa ¢, mpudeM 0 < r; < ... < r_; < r; = m. Mbl norpedoBaJn 371ech 0COOEHHO,
9TOOBI ¢, # 0, B KOHTEKCTE PACCMATPUBAEMBIX HHTEIPAJIOB 9TO TpeboBanue abCOJIOTHO ecTe-
CTBEHHO — HMHAYe MOYKHO OBLIO OBI MPOCTO HPOMHTEIPUPOBATDH IO I,,, TAK KaK B 3HAMEHATEIHb
sTa mepemMeHHas He BorLia Obl. Kpome Toro, BBegem oboszuauenue ro = 0. Beemem Takzke 060-

¥
spavenue ¢; = », (bj—a)mpuj=1,...,L
t=r;_1+1
Bynem obosnauarh 4depes3 {a}, moBroperHoe k pa3 depes zamaTyio umciao a. Vmeer mecto

U3BECTHOE MPEJICTABICHUE TTOTUIOTapU(PMOB HHTET PAJTAMMT:

Legsy, o) =Jdm ((1,...,1)5(2,...,2); ({0}s,-1, 1, ..., {0}5,—1, 1) [2) .

IIpumenss Teopemy 2.1 K 9TOMY HHTEIrpaJIy, MOJYIUM U3BECTHOE TOXK/IECTBO

Les (1) = ~Leao (2, (22)

1—2

/e BeKTOD 0(§) HA3BIBAETCA JIBOHCTBEHHBIM K BeKTOPY 5. Hanpumep, ABOHCTBEHHBIM K BEKTODY
(2,1) 6yzmer BekTop (1,2), a k BekTOpy (2) — BekTop (1, 1). Jlerko mposeputs, aro o(o(s)) = S.
Yr00bI yCcOBEPIIEHCTBOBATD JeMMY 2.1, 3aMeTuM, 4To 1o TeopeMe 2.1 JiBa pacCMOTPEHHBIX
HAMH HHTETPAJIA CBA3AHBI CJICLYIONIM 00pa3OM:
/ (1 — x)"ah (1 — xo)" (1 — 23)" dxq dxs dxs
(1 — zzqg)™ (1 — zxy@0mg)nT!

[0,1]3
1 / 2P (1 — 1) a5 (1 — xo) (1 — x3)" day das duas

= S T () a0 - () o)

[Ipumenss yxke JJoKa3aHHbIE PA3JIOKEHHS JIJId 9TUX UHTETPAJIOB B JIHHEHHbIE (POPMBI, MOy YaeM

PaBEeHCTBO
P2,1(z’1) Legs(2) + Pm(z’l) Leyq(2) + Py(z D Leg(2) + Pz 1) Lei(2) + Po(z71) =

_ —z _ —z _ —z _
= Q1,2(2 1)Lel,2 (:) + QQ(Z I)Le2 (:) + Ql(Z I)Lel (:) + QO(Z 1)7
rae () ¢ pa3IuYHBIME HHJIEKCAMH — pPalMoOHAIbHBbIE (DYHKIUH ¢ PAMOHAJIHLHBIME KOIDDUITH-

entamu. cnosb3yst Teopemy o JBOfCTBeHHOCTH Jijisi mOJuorapudMoB (22), mostydmm, 9ro

Inocjaeanee paBeHCTBO SKBUBAJICHTHO CJCAYIOIICMY:
P271(Z_1) Leg’l(Z) + P171(Z_1) Lem(z) + PQ(Z_I) Leg(Z) + P1(2_1> Lel(z) + P()(Z_l) =
= _QLQ(Z_I)LeQ’l (Z) — Qg(z_l)LeLl (Z) — Ql(Z_l)Lel (Z) —+ QQ(Z_I).

Tenepb, ¢ nomonpio auHeiinol HezaBucumocTu noaumorapudmos Hag C(z), (cMm., Hanpumep,
[19]), moay9aem, aTo MHOrOWJIEH P, TOXKIECTBEHHO HYJIEBOI. 3HAUNT, TTEPBOE YCOBEPIIEHCTBO-
BaHue JieMMbl 2.1 ycTaHOBJIEHO. B IPOMEKYTOYHBIX PacCy’KIEHUAX MbI JOJZKHBI ObLIH Pac-

cMaTpuBarh z U3 obmactu {z: |z| < 1,|z| < |1 — 2|}, oAHAKO B KOHETHOM De3y/abTaTe MOKHO
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caurarh |z| < 1 B cujly aHAJIMTUIECKOTO HPOJIOJIzKeHHsI. 3abUKCUPYeM O/ YeHHBIH Pe3y/ibrar

B BHIE HOBOM JIEMMBI, €€ JOKa3aTeJbCTBO Y2Ke IIPpHUBEACHO BLIIIE.

JIemma 2.2. Ilpu Bcex HEOTPHIATEBHBIX IEJIBIX N U IPU BeeX |z| < 1 ¢ HEKOTOPBIMH MHO-
rowitenamu Ps 1, P, Py n Fy ¢ panponagbabiMu Ko3dUIIEeATaMI CIPaBeJInBO CeLyTomee

PaBEHCTBO:

/ (1 — 1) 2l (1 — zo) 2% (1 — x3)" dxy dxs dxs

o (1 — zzqo)™ (1 — zxy@9mg)nT!
0,1

= P271<271) Leg,l(Z) -+ P171<271) Lel’1<Z> -+ Pl(Zil) L61<Z) + Po(Zil),
npudeMm Py (1) = P(1) = 0.

< >

OrMmernM, 9TO caM 3J00HH B CBOEM JOKA3aTeJbCTBE I J0Ka3aTeabCTBa IIOCTETHErO Pa-
BEHCTBA MEePeXOuy K JIPYIUM HHTErpajiaM ¢ TIOMOIIbI0 TeopeMbl u3 [6], wero nam ymaaoch
n30€eKaTh C MOMOIIBIO IPUMEHEHusT TeopeMbl 2.1.

Tenepb mogBepraeM HaIly JEeMMY BTOPOMY ycoBepIneHCTBOBaHUIO. OHO OyaeT CBSI3aHO ¢
apndMeTHIeCKNIMNI CBOMCTBAMU MHOTOWICHOB %1, Py, P n Fy. [dna manpneiiniero mam 1mo-
HaIOOUTCST MCIOJIB30BATh JeMMy u3 [3]. Mbl Jjisi HOJHOTBHl W3JI0YKEHUsT TPUBEJEM ee JT0Ka3a-

TEeJILCTBO 31€Ch.

YrBepxkaeHue 2.7. lIpu HeoTpHUIATENBHBIX TEABIX N U MPOU3BOJBHBIX N1, 7l9 BBIMOJHIETCH

cJIey1oTnee paBeHCTBO:

rje IycTble Ipou3BeAcHUd I10JIar'al0OTCA PaBHBIMHA 1.

< Pacevorpum dbyukumu f(t) =t u g(t) = t™ . OueBunmo,

d* £(t) o o
= U L+ a7
=0

dnfk t n »
dtngi—) = I (m+iy-em+s
i=k+1

Kpowme Toro,
(f g)(n)(t) = (nl —ng + 1) ce (n1 —ng + n) L2

Tpebyemoe paBeHCTBO Temepb HeMeIeHHO ciaeayeT n3 dhopmyasl HeioTona-J/leiibnura.

Vreepxkeaue 2.7 10Ka3aHO. P
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Jlokaxkem Tenepb elie OJIHY CepUI0 YTBEp:KJIeHUI, KOTOPble HOMOIYT IPH JIOKA3aTe/IbCTBE
apudmerndeckux ¢gakro. J[ng 3Toro HaMm nonamodbuTcd mapa onpeaenenunii. Muorodien na-
3bIBAETCH TEJO3HATHBIM, €CJIU OH IPHU JOOM Ie0M apryMeHTe MPUHUMAET Iesible 3HAYeHH.
s 1esTO3HAYHOCTY MHOTOYJIeHa CTeNIeHN N IOCTATOYHO, YTOOBI OH TPUHUMAUT TIeJIble 3HAUeHUST
B n + 1 cocequux 1eabIX TOUKaxX, cM. [12]. Ham Tak:ke moHam00UTCS BBECTH HEKOTOPHIH KIacC
paruoHaabHbIX dyHKImiA. [IycTh 3adukcnpoBano HEKOTOPOE TeI0€ HEOTPUIIATEIBHOE YUCIO0 0.
Bynem HazbiBaTh pannoHanbHyo byHKINO R(T) J-HOPMATBHON, ecin OHa MpeICTABIAETCS B
BU/TE

Rle)= 3 o + Pla).

a m=1

rae CyMMHUpPOBaHHE 11O @ BEAETCA 110 HEKOTOPOMY KOHEYHOMY MHOZKECTBY IEJIbIX HEOTPpUIaTEIb-

HBIX YUCeT, déw_mAm@ € Z u d¥ P(x) — neno3naqHbIil MHOTOWICH.

YrBepxkaeune 2.8. Ecin )-HOpMaabHYI0 DYHKIHIO JOMHOXKHATD HA MEJI03HAYHBIR MHOIOYIEH

CTEIlIeHN He BBIIIEe §, TO HMOJYUeHHAs paloHaIbHasd (PYHKIHUS OyIeT d-HOPpMAaJIbHOIM.

<« OueBHJIHO, YTO JIOCTATOYHO IIPOBEPUTH YTBEPKICHUE JIJI PAIHOHAJIBLHBIX (DYHKITHN

BHIA

Am,a
(@ +a)m’

Craenaem 3to unayknuei mo m. I[IpoBepum a1 Hadaaa 6a3y HHAyKIAd m = 1.

R(z) = A1 mA, €T

[Tycrs T'(x) — meso3HavHbI MHOTOYJIEH CTelleHu He Bbilie J. Torna nmeem

T(@) _T(o) | o0

T+ « T+ «

rie Q(r) — muorowren cremenu Ha 1 membrmeit, uem T'(z). Tak xak T'(x) — memo3HaTHBII
muorowier, T'(—a) € Z. Kpome Toro, gerko Bujerh, 410 MHOrO4IeH ds Q(r) B TOUKax —a +
l,...,—a + 0 UpHHUMAeT IeJble 3HAUeHUs, a 3HAYUT ds (Q(x) — IeJO3HAYHBI MHOIOYJIEH.

[Tostomy B coiygae m = 1

. Al,a T(-Oé)

T+«

R(x)T(x) + A0 Q)

npudeM nojiyuennas byHKIus spjigerca -nopMasbhoit. Jeficrsurensuo, dY Ay, T(—a) € Z
ud A, Qx) = dé”fl A, - ds Q(z) ABISIETCS MEIO3HAYHBIM MHOTOUICHOM.

Ilycts Tenepp m > 1. Torma

Ao T(—a) Ao/ ds
N (x 4+ )™ (x 4+ a)ym=1

R(z) T(x) (dsQ(x)).

TlepBoe cnaraemoe sBjsieTcs J-HOPMaJbHBIM, Tak Kak dy ™ A, ,T(—a) € Z. Ko Bropomy

CJlaraeMoMy MOXKHO IIPpUMEHUTDH IIPEAIIOJIOKeHne UWHIYKINN.

YrBepxkenue 2.8 nokazano. »
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Teneps mpucTyIIM KO BTOPOMY yCOBEPIIEHCTBOBAHUIO JieMMbl. Kak u paubiie, CiMBOJIOM d,
Mbl 00O3HaYaeM HamMeHbIllee obIiee KpaTHoe ducesn 1,...,n. KpoMme Toro, kak ObLIO CKa3aHO
B Hadaje IVIaBbl, st Habopa § = (S1,...,S;) MBI HCIOJB3yeM OGO3HAUeHHE |S| = s + ... +
s;, Ha3bIBaeMoe BecoM Habopa. EcrTecTBeHHO, MOKa3bIBATH B 9TOH JeMMe MBI OyJeM TOJBKO

JOIIOJITHUTEJIbHYIO €€ YaCThb.

JIemma 2.3. Ilpu BceX HEOTPHUIATENBHBIX IEJIBIX N U MPH BeeX |z| < 1 ¢ HEKOTOPBIME MHO-
rousenamu Po 1, Py, Py n Py ¢ panuonaJbHBIMI K03bdUImeHTaMI CIIpaBel/InBo cierylolee

PaBEHCTBO:

/ (1 —x) ™28 (1 — xo)" (1 — z3)" dy das dzs
(1 — zzqg)" (1 — zzy2023)"H!

[0,1]3
= P271(Z_1) L6271(2) + P171(Z_1) Lel,l(z) —+ P1<Z_l) Lel(z) + Po(Z_l),
npudem P (1) = Pi(1) = 0. Kpome Toro, a5 Py(z) € Z|x].

<« 3aMeTuM, 9TO

1— (1 - zzymomws) \"
z

(21203)" = (

HpI/IMeHI/ITeJH)HO K HallleMy HMHTerpaJy 3TO paBEeHCTBO daeT

/ oP(1 —x)"ah (1 — x9)" 2 (1 — z3)" dxy das dzs

o (1 — zzy29)" (1 — 2y 03"
0,1

_n ”0(_1)5(n> / (1= 2)"(L = 22)"(1 — 23)" day vy vy

(1 — zxy20)" (1 — zrymoms)nH1—s

Paccmorpum tenepb Kakoe-HubOy b KOHKpPETHOE S U OyJjieM JIOKa3bIBaTh YTBEPK/EHUE Hallleil
JIEMMBI I 3TOTO . 3aMeTHM, 9TO MHOXKHTEJb Mepes cyMMoil, Tak:ke Kak u (—1)® He oka3bI-
BAaIOT HUKAKOT'O BJMAHUS Ha apudMeTHIecKue CBOUCTBA WHTEPECYIOMNX HAC MHOTOWIEHOB.

PaznoxkuM coOTBeTCTBYIONINN ITOMY S MHTerpaJl B MPaBoOil 4acTU B P, ITO JeJaeTcs CO-
BEPILEHHO aHaJIoru4Ho yTBepxk/aeHuto 2.1. I[logyunm

(n) / (1= 21)"(1 — 22)"(1 — @3)" dy dws dos

s (1 — zaymg)" (1 — zay@00g)" 18

[0,1)3

_ <n)n' Z Zm_l'(n1—n2+1)2-...-(n1—n2+n)-n2-...-(n2+n—1—s)'
s ni-...-(ng+n)?-ng-...-(ng+n)

ni=ng>1

Kak n panee, 3aMeTnM, 9YTO MOYKHO TPOBOJUTH CYMMHUPOBaHUE TI0 No HE J0 N1, & IO Nq + N.
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[Ipeobpazyem 1OJIyHEHHYIO CYMMY, UCIIOJIb3Ys yTBep2KieHue 2.7:

(n)_n! > et (Mmma D) —na )y 4n = 1= )

5 ny>no>1 n%'...-(n1+n)2-n2-,”-(n2+n)
ni+n n
k+1)-...- )2
_ Zzzm—yz(_l)k'(an + 1) '(n1+n)_ : (n!) .
n1>1no=1 k=0 (n_k) n1<n1+n)
" n2-...-<n2+n—1—s).n2._”.(n2+k_1)' n! 3)

(n—s)! k! ng+...-(ng+n)
Bynem caurarh n GbUKCHPOBAHHBIM, XOTsI ¥ MPOU3BOJILHBIM. [loKazkeM, 910

(n))?

n3-...-(ny+n)?

SIBJISIETCS N-HOpMaJibHON (pyHKImeit. JlelicTBuTe IbHO, 3Ta panuoHabHass MYHKIIHS I0IYCKaeT

pa3IoKeHue Ha MpocTeinme 1poon:

- Al,p A2,p
> + 7 )
ni+p  (n1+p)

p=0

npudeM s aucesa Ay, u Ay, Jerko HanmcaTh aBHbIE POPMYIIBL:

n\ > 1 X1
Al,p:(—2)-<) : —ZEJF -
p k=1

k=1

n 2
Aoy = (p) '

Kak serxo BuzeTs, uncaa A, ), aBagoorca measiMi, a auciaa A, , Ipu JOMHOXKeHUN Ha d, CTa-
HOBSATCH TEJIBIMHA. 3HAYHUT, N-HOPMaJIbHOCTH YCTaHOBJICHA.

Kpome Toro, MHorodjiexn
(ni+k+1)-...-(n1+n)
(n—k)!

OYEBUIHO SIBJSETCS MEJO3HAYHBIM U UMeeT crenieHb n — k. I1o yrBepxkaenuio 2.8 npousseieHue

(m+k+1)-...-(ni+n) (n!)?
(n —k)! ni-...-(ng+n)?

SABJIIETCS N-HOPMAJIbHON (DyHKIIHEI.
Ananoruvamo
ng...-(ne+n—1-=s) ng-...-(ng+k—1) n!

(n—s)! . k! ng ... (ng+n)

TaKZKe AdBJIACeTCA n—HOpMaJIbHOfI beHKI_[I/IeIU/I — IIepBbI€ ABa MHOXKUTEJIA €CTh IEeJIO3HaYHbIe MHO-
ro4JjieHbl CTelleHW He BbIIIE 7T, a HOCIIe,D;HI/IIU/I €CThb N-HOpMaJibHad (bYHKLLI/IH

Taxkum o6pazom, Beipakenue B (23) npeobpasyerTcs K CJAeIyIOIeMy BHIY:

ni+n n ot ~ ot ~
3 IZ SRS A1py Bips n Azp1 Bips
(n1 4+ p1)(ne +p2)  (ng 4+ p1)?(ne + p2)

n1=1 no=1 p1,p2=0
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[esr03Ha49HBIE MHOIOYJIEH B KOHEYHOM BBIPAXKEHUM OTCYTCTBYET U3 COOOpaKeHu#l €JMHCTBEH-
HOCTH DPa3/IOyKeHusi B BUJIe JMHEiHOH KoMOuHammn notumorapudgmon. Takzke MbI POCYMMHPO-
BaJId HAIIX PalHOHAJIbHBIe (PDYHKIUU 10 k. BBINOIHAIOTCS CJIEIYIONIINEe BKIIOYCHUS: B1,p2 SYA
12127,31 €Zud,- 12114,1 € Z. llpumenssa yTBepzkaenne 2.4, KayK/Iblil JeIKO YBUIUT, YTO TOJTYIAI0-
IHIecss MHOTOUIEHDBI YIOBIETBOPSIOT 3asBICHHBIM apudMeTHIECKIM CBONCTBAM.

Jlemma 2.3 noxkaszana. »
VrBepxkaenue 2.9. /s so6oro nabopa (i, ..., S;) HATYPATbHBIX YHCEJ BEPHO

lim (1 — 2z)Les,,. s (2) =0.

z—1—

<« DbyneM BBIYHCIATH Hpeies

. T Leg, s (2)
i (1= e 2) = i P

1—=2
no mpapuiy Jlonuransa. Kak ussectHo, mojmnaorapudMbl yI0BIAETBOPAIOT cucTeMe jnuddepen-

IUAJBHBIX YpPaBHEHUN

d 1

E Les1,82,~-751(z) = ; Les1—1752 ,,,,, 81(2)7 ecan s; > 1,
d 1
1 Leis,,. (%) = m L652,...,sz(z>'

[TockosibKy npou3BOHAS JUHENHA, MHOTOKPATHOE TIPUMEHEHNE paBuIa Jlomurais 3aBepiiaer
JIOKA3aTeJIbCTBO YTBEPZK/IeHUd. B>

JokaxkeM eTre 0JTHO YTBEPZKIEHHE, C TOMOTIHIO KOTOPOTO MO32Ke MBI OIIEHUM IO IBIHTETrPaJIh-

HYI0 (PYHKIIHIO.

VYreepxkaenne 2.10. [lia seex (z,y, z) € [0, 1] Bepno nepasencrso:

(1 —z)y(l —y)z(1—2) )
(1 —zy)(1 —xyz) S (\/5 1)
<« Oynknusa
w1 —x)y(l —y)z(1 - 2)
(1 —=zy)(1 — zyz)

ABJIdeTcd HelpepbiBHOM Ha MuOxecTBe [0, 1]3, a 3HAauuT, JOCTUrAET HA STOM MHOXKECTBE CBOEIO

g(l‘, Y, Z) =

MakcuMyMa. UToObl HANTH STOT MAaKCUMyM, HalileM YacTHBIE MPOU3BOIHBIE (DYHKIUH g:

dg _ (y—Dy(z = Dz(z(xy((y — 1)z —1) +2) — 1)

or (xy — 1)% (zyz — 1)? ’
99 _ (=12 - Dz(y(zy((x — 1)z — 1) +2) — 1)
0y (zy —1)? (wyz — 1) ’
dg _ (x — Da(y — Dy (vyz? — 22 + 1)
0z (xy — 1)(zyz — 1)?
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Teneps npupaBHsieMm 3TH YaCTHBIE HPOU3BOHBIE HYJIIO, YTOOBI HANTH TOYKH IKCTPEMYMOB.
OHAaKO MBI CHJIBHO yOPOCTHM cebe 3a/1a4dy, ec/ii OTMETUM, 9TO BCIO/Y HA TPAHUIE €IHHUIHOTO
Kyba dyuknus ¢(z,y,z) paBHA HY/I0, a BHYTpH Kyba (DYHKIMSA BCIOJY HOJOKHUTEJTbHA. 3Ha-
IUT, DYHKIUS JTOCTHTACT CBOEIO MAKCUMYMa CTPOTO BHYTPH, B MbI MOXKEM OTOPOCHTD JIUIITHHE

CKODKH, TOJTyUas CIASAYIONINe HEOOXOTUMBIE YCIOBUS IKCTPEMYMa:

2?y’z — 2Pyr — 2Py + 20— 1 =0,
22y’ —xy?r —ay? + 2y — 1 =0, (24)
xyz? —22+1=0.

Borauras u3 mepBoro ypasuenust Bropoe, noayanM (y — x)(xy(z + 1) — 2) = 0. Ecan x # y, 10

z—1
zy(z+1) —2 =0, orkyna zy = 152 Ho u3 nocieanero ypaBHenust ry = =

910 2z = 1, 4ero GuITh He MOXKeT. 3HAYUT, T = y. Ilepenumiem (24) ¢ y4eToMm 9TOro paBeHCTBA:

. [Tonyuaewm,

2ty — 2Pz — 2P+ 20— 1 =0,

2222 —224+1=0.

y‘{I/ITbIBaH, 9TO HaC HMHTEpPECYIOT TOJIbKO IIOJOXKHUTEJbHbIE T, U3 IIOCJAEeIHETr0 ypaBHEHUA 3a-

V2z—1

KJII049aeM, 9To r = —— . llojcTaBidgs Tenepb 3TO BbIpaKeHHe B OCTaBIlIeecsd ypaBHEHUE,
z

NOJIyIUM
(1—2)(z*=32+v22—-1+1)

23

)

TO €CTh ypaBHEHHe Ha z. YUYUTBIBas, YTO HAC HEe MHTEPECYIOT IPAaHWYHBIE TOYKH, YpaBHEHHE
yupomaeTcs 10 22 — 3z ++/2z — 1+ 1 = 0, pemurs KoTopoe He IpeacTasider Tpyia. Ilepenocs
KOpeHb B JIPYTYIO 4acTh U BO3BOAs B KBajpart, noayunm (z — 1)% (22 — 4z + 2) = 0, orkyna z =
24 /2. Y4ureIBas, 4T0 HAC HHTEPECYIOT TOIBKO TOUKH BHYTPH €MHITHOrO Ky0a, 3aK/TI0TaeM,

10 2 = 2 — /2. To ecTh TOUKa MakcuMyMa (bYHKIIA g(x,y,2) Ha equHUIHOM KyOe — 91O

1 1

(E, E, 2— \/5) Borancaas makcumaabHOe 3HAUYEHHUE, MOJIYIuM 17 — 12\/5, WIN (\/5— 1)4.
Vreepxaenue 2.10 qokazano. »

Canencreue 2.2. Ilpn Bcex HEOTPHIATEJbHBIX HEJBIX 7L C HEKOTOPBLIMH YHCIAMHU (21 W qo,

TAKUMU 9TO G271 € Z u d - qy € Z, CUpaBeInBO CJEYIONee PABEHCTRO:

(]. — SL’lfL’Q)n+1(1 — $1$2$3)H+1

0,1]3
| COBepIHI/IM HpG,ILGJIbeIIL/i IIepexo] B paBeHCTBe, KOTOpOe OBLIIO YCTaHOBJIEHO B JIEMME 23,

10 KOMILIEKCHBIM 2 U3 € JUHUYIHOI'O KpyTra IIpu 2 — 1—.
Yrob6n1 A0Ka3aThb MIPaBOMEPHOCTH II€PECTAaHOBKU IIpe/ejla U MHTeIpupoBaHud, AOCTATOIHO

YCTAaHOBUTH PABHOMEPHYIO CXOJANMOCTH WHTErPaJIa /i yKa3aHHbIX 2. OHA cIeayer 3 mpu3HaKa
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paBHOMepHO#T cxonumocTu Beitepurrpacca. [lefictBure/ibHO, JIJ1s BCeX YKa3aHHBIX 2 CIIPABEJIIU-

BO O49€BHAHOE HEPaBCHCTBO

/ 21— x)"28(1 — x9)" 2 (1 — x3)" dxy das dzs o
(1 — zzy29)" N1 — zxy2023)" ! h

(0,12

<

Y

/ 2P (1 —aq) 2B (1 — zo) 2 (1 — z3)" dxy dxe dxs

e (1 — xlxg)”“(l — $1$2$3)”+1
0,1

a 3HAYUT, JJIs TOTO, 9TOOBI BOCIIOJIL30BAThC IIPU3HAKOM Beiiepinrpacca, HYKHO JIUIIb JI0KA3aTh
CXOJIMMOCTDh HHTErpaJia B MpaBoil yacTu HepaBeHcTBa. C yueToM yTBepKaeHus 2.10 11 3Toro

JOCTATOYHO J0Ka3aTh CXOAUMOCTH WHTETrpaJsa

/ dl’l dIQ dl‘g
(1 — .Tlxg) (1 — I1$2I3) )

[0,1]3

UsBecTHO, uTO 3TOT MHTErpas pased (*(2,1) = 2((3). Takum ob6pazom 060CHOBAHA 3AKOHHOCTD
HEPECTAHOBKY HPEIea U HHTCIPAJIA.
ITpocaenum Teneps 3a TpaBoil 4aCThIO JOKA3LIBAEMOr0 ypaBHeHud. Hy KHO nepeidtn K mpe-

JeJy 1pu z — 1- 8B BbIpazKCHHUH
PQJ(Z_I) LGQJ(Z) + Plvl(z_l) Lel,l(z) + Pl(Z_l) Lel(z) + P()(Z_l).

ITockoabky B stemme 2.3 ycramosseno, 4to Py (1) = Pi(1) = 0, no yrsepxkjaenuio 2.9 nsa
CDEJIHHUX CJIAraeMbIX CTPEMSITCsI K HyJII0. YCTAHOBJIEHHbIE B TOIl 2Ke JieMMe apudMeTHIecKue
ceoiictBa Py () € Z[x] u dy - Py(x) € Z[x] B7MecTe ¢ TpuBHAIBHBIM paBeHcTBOM lim Ley(2) =

’ z2—1— ’
(*(2,1) 3aBepuraloT JOKa3aTeJLCTBO CICACTBHS 2.2. P

JaauM Terepb J0Ka3aTeIbCTBO Uppanuoraibaoctu ((3).
Teopema. Hucsio ((3) upparuonaibHo.

<« [lo ciencrBuio 2.2 npu Bcex HEOTPHUIATEIBHBIX TEJIBIX 72 ¢ HEKOTOPBIMH IEJIBIMHU YUCTaMU
A, 1 B, BBIIOJHSIOTCSA PaBEHCTBA

/ 21— x)"ah (1 — x9)" 2% (1 — x3)" dxy dxs drs
(1 — J]1$2)n+1(1 - ZE1I25L‘3)”+1

= d;° (An + B, (2, 1)).

[0,1)?

Jlerko BumeTh u3 ompenenenns, aro (*(2,1) = ((2,1) + ((3), a coryiacHo U3BECTHOMY TOK-
aectBy ((2,1) = ((3), koropoe mokazan eme Ditnep, mosydaem, aro (*(2,1) = 2¢(3). Toxaza-
TenbeTBO ToXRIecTBa ((2,1) = ((3) MoKHO HajiTn, Hanmpumep, B ctarthe [8]. Takum obpazom,
IIPU BCEX HEOTPUIATENBHBIX HEJNbIX 1 ¢ HEKOTOPBIMU HEJbIMU YdcaaMu A, u B, BBIIOTHAOTCS
paBeHCTBA,

(1 —x) a8 (1 — xo)" (1 — x3)" dxy dxs dxs
(1 — zy29)" (1 — zyz023)"T!

- d;?’(An + B, 5(3)).

[0,1]3
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WMurerpast jierko oneHuTh, UCHOJb3Ys yTrBepzxaeHue 2.10:

0 < / 2P (1 —x)" 28 (1 — xo)"2 (1 — z3)" doy das dzs o (\/5_ 1)4" / dxy dxy dxs
(]_ — $1£L’2>n+1<1 — $1$2$3)n+1 = (1 — ZL‘ll‘Q)(l — Zlfll'gl'g) '
[0,1]3 [0,1]3
Ot ocTaBIIerocst UHTErpajga HaM TpeOyeTcs BCETO JIWIh CXOAMMOCTH, KOTOPYIO MOXKHO YCTa-
HOBUTDH U HENOCPEICTBEHHO, OJIHAKO XOPOIIO U3BECTHO, YTO TOYHOE 3HAYEHUE ITOTO HHTErPaJa
pasro 2((3). MoKHO yBHJIETH 9T0 PABEHCTBO, ecu nmoAcTaBuTh n = 0 B yTBepKaenue 2.1.
Takum 06pa3oM HpHU BCeX HEOTPUIATEIBHBIX MEIBIX 1 ¢ HEKOTOPBIME HMEJIBIMH THCIaMu A,

U B, BBITIOJHSIOTCS HEPABEHCTBA:
0<d;*(Au+ Ba((3)) < (V2- 1)4” L2((3),
WJIH, YTO TO K€ CaMoe,
0< (At B.C(3)) <<ﬁ§<v§-—1>4n-2<cn.
Tenepsb MoOMB3ysACH PAaBEHCTBOM (\/§ — 1)4 = 17 — 12v/2, 3ameTuM, ITO
J<v5—4>4<27<wu-mv§><§g

ITocsiegasist OlleHKA JAJIEKO HE TOYHA, 3aTO ee O9YeHb IIPOCTO JI0Ka3aTh. JleficTBUTEeIbHO, IIeN0YKa

HEPABEHCTB

2 26 262 26 \ 2
12 ﬂ —088>9280 217 — + 2 _ (172>
< V2 ~ o7 o < 2#)

HOJTHOCTBIO JIOKA3BIBAET TY OIEHKY.
WNrak, BcrioMuHas, 9TO IPU BCEX JIOCTATOYHO OOJIBIINX HATypaJbHbIX N BepHo d, < €",

3aKJII0O49aeM, 4TO IIpu BCeX JOCTATOYHO OOJILIIINX T JOJIZKHO BBIIIOJTHATBHCA

0<A,+ B,((3) < <§—S)n.2((3).

a
[Tpeanonoxkum Tenepn, aro ((3) = 7 C HMEeJBIM @ U TOJ0KUTEIbHBIM meabiM b. Torma A, a +
B,b siBiisieTcsi OJIOXKUTEIBHBIM [EeJbIM 9uCI0M 1pu Beex n. [Ipu srom lim (A,a + Bpb) = 0,
n—oo
910 HeBO3MOKHO. SHaunT, ((3) ¢ Q.

Teopema mokazana. B
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3 (0606mieHnne MHTErpaJbHOTO TOXK/IECTBA

B pabore [6] 6110 10Ka3aHO HHTETPATBHOE TOXKIECTBO, CBA3BIBAIOIIEE IBA PASTHYHBIX Me-
TOJIA TOCTPOEHH AUOMAHTOBBIX NPUOIMKEHUN K 3HAYEHUAM J3eTa~DyHKIMKE PUMaHa B HeJIbIX
roukax. Kpome Toro, Kak yKe ylOMUHAJIOCH, B jloOKa3aTe/ beTBe uppainnonajibioctu ((3) 3i10-
OWH HCIOJIB30BAJ ITO TOXKJIECTBO JJIsl JI0KA3aTe/IbCTBa jJeMMbl 2.2. B 910ii riaBe OyuayT m0Ka-
3aHbl HECKOJIBKO BapUAHTOB OOOOIIEHK 3TOr0 HHTEIPAJBLHOIO TOXKAecTBa. OCHOBHOE OTJIMYHE
HAIKX TEOPEM B TOM, YTO B 3HaAMeHATe/e HAIUX WHTEIPAJOB CTOUT HECKOJIBKO MHOIOUJIEHOB
BMECTO OJIHOIO.

[Tycrb man HAbOp HATYDATBHBIX Yucea S = (Sq,...,S). Byaem wassiBarh [(S) = [ qnuHOii, a
|5| = s1 4+ ...+ s Becom aroro nabopa. [Tomoxnwm [(&) =0 u |F] = 0.

OHpe,ZLe.HI/IM MHOI'OYJICHDI

Qo(zh ce ey R Ty J\E\) =1,

Qj('zl? N R T ,LE‘|§|) = ijl —Z1... Zj Try... SE‘SlerJrS].,l (1 — I’SlerJrSj), (25)
rae xy,..., %5 € R, z1,..., 2 € C. Takum obpaszom,
Qi=1l—2z121... 0 1+21T1. . Tsy — =21+ 25 T1e o Ty qs;1F 21025 TLeo Ty g
Bamerum, uro npu |z1| < 1,....|z| <1, 21,..., 25 € [0, 1] BeiOHSIETCS HEPABEHCTBO

Qj(21, ..z m1, . xp5)| > Qi(L, .. Lwy, . 2ys) 221 Ty, 22125 > 00 (26)
——
!
ansg j=1,...,1.

[TycTsb qamsr HADOPHI KOMILIEKCHBIX THCeNT 4 = (a1, . . . 7@‘5‘),5 = (b1, ..., b)), d=(dy,...,d).
[Tycrb 911 qucsta yaoBaeTBopsiior caenyomum yeaosusm: Reb; > Rea; > 0 mpu 1 < i < |5],
Re d; > 0 u ocrasnbubie d; nb0 paBHbL HYJTI0, JIN0OO JIe2KaT B IIpaBoii nosymiockoct. [Iycrs kxpo-
Me TOTO JIaH HAGOP KOMIUIEKCHBIX duces ¢ = (cq,...,¢;) ¢ yeaobueM Rec¢; > 0 m s 1 < j < [
mmbo Re¢; > 0, smbo ¢; = 0. [Iycrs Takzke Jan HaGOP KOMILIEKCHBIX duces Z = (z1,...,%) C
yeaoBueM |z;| < 1opu 1 < j <1

Bsenewm ciemytoriue 0603HaIEHNA:




U IoJIoxkuM Iy =1 u Jy = 1.

!
Bynem obosnadars diy; = . d;. O6osnaunm ag = dp;. Kpome toro Gymem obo3nadars
=k

j

r; = Y, Sp, ECTECTBEHHO, HoJaras ro = 0.
n=1

/

Omnpenennm teneps BekTOp §' = (87,...,s)) dopmymramu s; = s1, S

L = s;+ 05 , upn

1
1 < j < I. Takum o6paszom [(5) =1(5") =1 u |s| < |5'].

Onpenenum BekTop @ ciaeayommm obpasoM. CHavala IMOCIe KaxKI0To a,, g 1 < 5 <l
upu ycjuopuu d; # 0 gob6asum HOBYIO Koopaunary djiqj. A 3aTeM Ha MeCTO KaxKJOro G, 1Ipu

1 < 7 <[ nocraBum Ar;_; - Takum 0Opa3zoM MOJIYyIUTCA BEKTOP

El/ - (ala ceey Qpi—1, Qo, (dQ,la ) ceey Qpy_5—1,Qp)_g, (dl—Ll) ) ey Qp_ =1, Ay, (dlv ) ceey Qpp—1, arl_1>'

CkoOKH 03HAYAIOT, YTO J00ABISATH HOBble KOODIWHATHI HYXKHO HE BCerja, a TOJIbKO KOTIa
d; # 0.
-, ‘
Beesiem reneps sexkrop b'. Jljist sroro nocie kaxoro b, aug 1 < j < [ upu ycnosuu d; # 0

J106aBUM HOBYIO KOODJMHATY d;;. B pesy/abTrare 10jyunTca BEKTOP

B/ = (b17 ey b’r'lfla b’r'la (dl,ly ) cee brl,2717 brl,27 (dle,la ) s 7brl,1717 b?“l,p (dlfl,h ) s 7br5717 b'r'l)-
[Torpebyem monOTHUTENBHO, YTOOB! BhIIOIANOCH Re b, > Rea,,_, qma 1 < j < 1.
Bsegewm eme sekrop ¢ = (b, — @y, ..., by, — ap,). 3aMeTHM, YTO HpEIICCTBYIOMUME OIPa-

/
HUYeHnsAMHN rapasTupyercs Re ¢ > 0.

Teopema 3.1. B srux obo3naveHudx ¥ HPU YKA3aHHBIX BbIIllE OIPDAHUYEHUAX CHPABE/JIMBO

CJIEJTYIOIee PABEHCTBO:

Is(a;b;d|z) = Jg(a';b';@ |2)

« [lepes Tem, Kak JOKa3bIBaTh CaMO MHTErPAIbHOE PABEHCTBO, MepeOpMYIUpPYyEM ero:

X X
l .]71 brj _arj
[0 1}7‘; H (1 —21...%2; LETJ yp>
’ j=1 p=1
dp#0
-1 -1
dj10—1 di—1 3=
< [Lwi (0 —y)® "t dz [ dy;.
j=1 j=1
d;7#0 d; 70

Jloka3pIBaTh yTBEp:KIeHHE OyaeM MHIAYKIHeH 1o .
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Baza oueBuana, npu [ = 0 nosydaem TpuBHabHOE paBeHCTBO 1 = 1.

CoBepirnuM Terepsb mepexon nHAyKimun. [1peamnosoxum, 9to | >

1 m yTBepK IeHE TOKA3aHO
aas | — 1, mokazkem ero jis L.

IIpeobpasyem unTerpan I, coOBepIINB 3aMeHy s — 1 — Z|s) B HCHOJIbL3Yd TO, YTO TOJLKO
MHOTOYJICH () 3aBHCHUT OT NEpeMeHHON T

|51__[ {L‘?i_l(l _ xi)bz‘*az‘fl xbf\_a\g\_1<1 _ Ilgl)a\g\*l
/ i=1

|5
I= d dz 1 d dz =
1
B 1 e (Ql—l_zl .le'l...{['|§|)l
[0,1]15!
ri-1 . by, —ar, —1
i — i — a;—1 bi—a;—1 v —ar; -1
T (e NS | QR OB D CO e o
o i=1 ri_q1<t<r; di‘
o d1 di—o ~di—1; .
011 1 Wig Wi

d
2.2, X1... T
[0,1]% <1 — ”)
Qi1

113 nepasenTcTB (26) 11e MHOrOWIEHOB (Q; CaegyeT, 9To mph |z1| < 1
HEHO HEPABEHCTBO

,|z| < 1 Bomos-

SZ XYL Ty

’ Ty ... Ty,
Qi1(z1, -y 21,01, -, Ty

Qlfl(l, ey 1,{]31, Ce ,:z:m)

SHauNT, 3HaAMEHATEeb MOCJAeTHET0 HHTErpaaa MOXKHO Pa3/IoKUTh B cXomsimuiica psn Teii-
Jiopa:

(1_ 21 2T Dy )dl: OOF(dl—l—k)( 212X Ty )k
Qi1(z1, - 21,01, ., Ty)) — D(d)k! \ Q- Ty,)

1(217...,21,{,51,...,

< |zl al <1
)

[ToacraBuMm 310 pasz/ioKeHre U BOCHOJIb3YyeMCs PABHOMEPHOH CXOJUMOCTHIO MHTEIPDAJIOB, Me-
HsIsl MeCTaMM CYMMUPOBaHHE U UHTEIPUPOBAHUE!

2y ...z dry...dx, X
T(d)k! ™ ! d; di_y Adi—1,+k 1 Ti-1
0.1]-1 1 W2 Wi

ai+k—1 bi—a;—1 bry—ar+k—1 ar,—1
X / H T (1—a) Tr, (1 =) dry_ 41 - .- day,.
[0 1]81 ri_1<i<r;

Ti—1
- m('],,r%kfl 1 — b;—a;—1
=0

Bropoit unrerpas npejcrasisier coboit npocro 6era-QyHKIKIO 110 KaXK/JI0i U3 IePEeMEHHbIX,
TaK 4TO OH PaBeH

H F(CLZ + k’)F(bZ — ai) ) F(an)f‘(brl — Gy, + kf)
1 <t<n F(bl + k) F(b” + k) ‘
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K nepBomy unTErpajly NpuMEHUM IPEJIIIOJI0KEHUE UHJLYKIIUU:

Ti—1
H l,;zﬁ-k’—l(l _ xi)b"_ai_l

[ Pla, +&) = T, —a. 1—2
/ z;: — — di — F(; 1-1 k) ) H = l() ; —a J H F
b QM Q)™ (diag+ k) 25 Do, A

[0,1]"1-1

-1
H( Il <1—>x<1—>>

J=1 \rj_1<i<r;
X X
-1 Jj—1 brj—ar;
0] 1 <1 TR R AR A | | yp)
' j=1 p=1
dp#0
l
]+1,l+k71 d 1
X H y;)¥ 7 dz dy,
Jj=1
d;#0
-2

rae dy = H dy;.
d ;éo
O6'be,ZI‘I/IHI/IM HOJIy‘{eHHbIe pe3yﬂbTaTbI7 HeperpyHHI/IpOBaB TraMMa-MHOXKHUTEJIN N BOCIIOJB30-
BABIIUCH PABHOMEPHOI CXOIUMOCTBIO:

J=1 \rj_1<i<r;
X
-1

AN — x
0] 1—1 j];[l<1 — 212 T1. .. Ty pl:[l yp>
dp#0
-2 00
djy1,— L r br ar, + k
X Hyj”’l l(l—yj)dJ ! F(bl al )k'> (21...zla:1 Ty IHy] X
j=1 k=0 Tl Tl :
d;#0 d ;éo
« H F(ai + k)F(bZ - CL,’) . F(aﬁfl + k)r(bh - aTzfl) . (dl + k) dz dg
vy 1<y L(b; + k) L(b,, + k) D(d_1+ k)
3aMeTuM, 4TO
1:[ ecan d;_1 =0
=2 j=1 ( d;)’
H dl + k‘) o 7&
F D T +k) ) F 1 I(d + k)T(di-1)
. nHaYe.
d; 1;[ [(d;) T(diy +dy + k)
7&

SaMeTI/IM, 9TO BHYTPHUUHTEI'DaJIbHad CyMMa CaMa ABJAETCA HUHTErpaJioM, TOJIBKO TeIepb

I(d, + k) (di-1)

MHOZKHUTEJIb , €CJIN OH €CTh, /TAeT ellle OJHY MepeMeHHYI0 WHTeIPUPOBAHUSI:
T(di_y +dy + k)
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= [(b,, — a,, +k) R
21T Ty Yi) X
Z Db, —an)kt | o H X
d;#0
% H F(ai + k)F(bz - CL,’) . F(aﬁfl + ]{Z)F(b” B arlfl) . F(dl + k)
e it k) L(br, + F) [(di1 + k)
7']71 K3 7”J
H x?i—l(l - Ii)bifaifl . xﬁ;l—l_l(l - x”)brl_a’“lfl_l

rj—1<t1<T;
= c. X
/ =1\ by—ar, dr_yr - A
(1—21...211101...% yj>

[0,1]° !

1 di—1 dj_1—1
. 1 — yg) 1 dy,
X <F(dll) Y_1 ( Ui 1) Yi-1 |,

r7ie TIOC/IeIHEE BhIPAYKEHNE B CKOOKAX MOSIB/ISIETCS] TOJBKO TOra, Korma d;_1 7 0.

HO,ZLCT&HOBK& 9TOT'O paBEHCTBa B BbIparKeHue JIJ1d I 3aBepIIacT JOKa3aTEJIbCTBO TECOPEMBI:

ai=1(1 _ o \bi—ai—1 _
I / glx (=) i _ Dl li[ L'(b, —a,) ﬁ L
= ~\d F(dl) i—1 F<b""j a/rgfl) i—1 F(dj>
[0,1]%] 11;11 Qi(z 2)% ” jy‘_o

L Qr_

I I ™ —w)etoa (- >)

J=1 \rj_1<i<r;

X X
l Jj—1 brj _ar]
01" I1 (1 —z1.. 250y ] yp)
7j=1 p=1
dp#0
-1 -1
< [T o5 (0 —yy)st dz [ dy;-
=1 j=1
d;#0 d;#0
Teopema 3.1 mokazana. »
Pesyabrarsl pabothi [6] mosyuatores s joxasannoit reopembl npu d = (0,...,0,d) u z =

(z,1,...,1).
BaMeTHM TAKKe, 9TO U3 JOKA3ATENIbCTBA TEOPEMBI CHO, ITO KOOPMHATHI BEKTOPA d BHY TPH
rpymn, Haxoggmmxcest Mexay (d;;) u (dji1,), MOXKHO HPOU3BOJILHBIM OOPA30M IIE€PECTABIIATH,

HAIIPUMEpD CABHHYTH 110 IMUKJIY. 1O ecTb, ecjim 0003HAYUTD
a= (a07 ey Qpp—1, (d2,la) Qpyy ey Qryp_ -1, (dl,h) QAry gy - 7ar171)7
TO IIPH COOTBETCTBYIOINUX OI'PDaHUYICHUAX 6y/1€T CIIpaBeJJIMBO paBE€HCTBO
Is(a;b;d|z) = Jg(a;b';e |2).
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Haso:kuB HEKOTOpBIE OrpaHUYeHNs HA MapaMeTpPhl @;, MOKHO H30€KaTh IIOSBICHUS HOBBIX
IepeMeHHBIX HHTerPUPOBalud. A MMeHHO, norpebyem a,, = d;; npu d; # 0 g 1 < j <l u

oyzem obo3HAYATH

—/ A A~ A~
a = (a’17‘"7a”l”1—17a7”17a"r‘1+1""7a7”2—17a‘7"2aa’7’2+17"‘7a‘7"l—17a7“l)7
vjae Gy, =dyg, a s 1 < j <l
1 L

de, ecJIin dj,1 7é 0
ar;,_, WVHAYE.

B Takux o6o3HaYEHUSX ¥ ¢ YIETOM OTPAHMYCHHI MpeIblAyIneil TeopeMbl OKa3bIBaeTCS BEPHA,

Teopema 3.2.

Is(a;b;d|z) = Js(a';b; ¢ |2),

<« CHoBa nrepeopMy/IEpyeM yTBEPKICHIE TEOPEMBI IIepe/l HauaJ oM JIOKa3aTe/IbCTBA:

l r(d b, —a
[0,1]15! H Qj(g,i')di ( l) j=1 ( T r])
Jj=1
: & bi—ai—1 , p,0mi ! by —ar. —1
'H1 ' i = )bt (1 — )7
=1 \r,_ <i<r;
% / — dz
! by.—ar,

3Ty
[0,1]™ H1<1 —21...Z5 T1... Ty )
j:

Jloka3bpIBaeM yTBepzKjieHHe ToxKe MHyKIuei 1o [, 6a3a [ = 0 oueBHIHA.
IIycrs [ > 1 u yTrBepsKaenne J0Ka3aHo s [ — 1, 1okaxkeM ero i [.
[IpeoGpasysa maTerpaa I COBEpIIEHHO TaK Ke, KaK M B XOJe JTOKA3aTeJIbCTBa MpeIbLayIeil

TEeOPEMBI, TMOJydaeM 9TO

rﬁl x?i+k5_1(1 _ xi)bifaifl

o
E F(dl+k) P =1 dry...dz, . X
TR i i i B

[0,1]"1-1

ai+k—1 bi—a;—1 bry—ar+k—1 ar,—1
X H x (1 —ay) Tr, (1 =)™ dwyy_ 41 - .- day,.

2

[071]31 r—1<i<r]
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K nepBomy unTErpajly NpuMEHUM IPEJIIIOJI0KEHUE UHJLYKIIUU:

Ti—1
H x;zr&-k:—l(l _ xi)bi_‘”_l
=1

/ dry...dz,, | = Dlan, £F) T L(br, —ar,) X
d di—s di_1.+k o Qg = —
o @U@ @ D1y +k) 33 Tbr, = ar,)
= , ar,+k—1 )
Il ( ) A R Lo S A (B >>
J= Ti—1<t<T;
X / =] r— dzy . ..dx,,
[0,1]7t-1 11 <1 —Z1...2 T1. .. Dy >

Jj=1

Bosznmem BTOpOU MHTErpaJl dBHO 1 IMOJIYUYUM CJCAYIOIIee BbIpaKEeHNEe JIJId I, MEHAA MECTaMU

raMMa-MHOXKHUTEJIM M II0JIb3YCh PABHOMEPHOM CXOIMMOCTBIO:
= i—1 ar;—1 by~ —1
I1 IT =y (1- xi)brarl e (1= xT’j) AN
I I'(ar,) H L(b,, — ar;) / j=1 \rj_1<i<r; y
I(dy) L(b., — ay,

-1 ar
j:l rj ) 1 b'rj Qr
[0,1]71-1 [I(1=2...2521...2,,
Jj=1

J

Z F(bn — O k) (21 21 L1 .. -Irl_l)k H F(ai —;(?i(%)_ ai)

k=0 ri_1<i<r]
L(a,,_, + k) T(d + k)
I, —a,,)- - coodx,,
X ( l a l) F(brl _|_ k) F(dlf]_,l + k) xl X -1
I'(d; + k
3amernm™, uto ecau dj—; = 0, T0 Gy, = Qy,_, 1 F(d(lll——li_—i—)k) =1,aecmn di_y #0, 10 Gy, = q;
F(aTl—1 + k)

U B CHJIy YCIOBHUHl TeOpeMHl a,, , = dj_1;, OTKyIa = 1. To ecTb B J1000M Caydae

F(dl—l,l + k’)

6yﬂeT BBIIIOJIHATBHCA

(b, —a)- L(an , +k)T(di+k)  T(b, —ay) T(ar,+KT(by, — ay)
T T F(brl + k) F(dl—l,l + ]{3) - F(brl — d’rl) F(brl + ]{3) .

3aBepIienne JOKA3aTeIbCTBA ITON TEOPEMbI aHAJIOIMIHO TTPEIbI Y IIei.

Teopema 3.2 nokazana. »

Dra Teopema Tozxke 06001IaeT TEOpeMY U3 paboThl [6], KoTopas noaydaercs npu d = (0,...,0,d))
uZz=(z1,...,1), rak kak npu d; = 0 HEKAKUX OIDAHUYCHUIl HA IMAPAMETPDI @; HE HAKJIAIbI-
BaeTCA.

AHaMOruYHO HpeIbIIYIIeMy, H3 I0KA3aTeILCTBA TEOPEMbI SICHO, 9TO KOOPJUHATHI BEKTOpA a
BHYTPH IPYII, HAXOJXAIMXCA MEKILY (yp; U Gy |, MOKHO IPOM3BOJIBHBIM 00PA30M IEPECTABIATE,

HalpUMEpP CJABUHYTH 110 HUKJLY. 1O ecTb, ecjii 0003HAYUTD

a = (a(b sy Q=15 Qrgy A1y« ooy Ay —15 Ay Qg5+ vy a”rl—l)a
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TO HPHU COOTBETCTBYIOIIMX OlPaHUYEHUsIX Oy/IeT CIIPAaBE/IJIMBO PABEHCTBO
— 7 3= ~ 7 = | =
Li(a;b;d|z) = Js(as;b';c |2).
Onpenesnm Temephb eime pas BEKTOP

—/ A~ N
A = (0, - s Q15 Qg s Qg 15« s Qg Gy Gy 415 -5 Q—1)

rae ap, qia 1 < j <l ompepengercs Tax:

. Jan, ecan d; = 0
ar; =
dj+17l, Cl,nj ecJin dj 7& On CLT]. 7é de,
aecmn dj #0n ar; = dji, TO B Ka4eCTBe d,, MOXKHO OpaTh Kak dji1i, Gr,, TaK U djy1. To

eCThb UHOT/IA dr; 3AMEHSETCA Ha OIHY, a WHOTJA Ha JIBeé KOOPJAUMHATHL. B coorBercTBUM € 3TUM
HOBBIM BEKTOpOM @’ hopmupyercst BeKTop 5. To ecTb ecyin 100aBUIACH O/[HA HOBAs KOODJAMHATA,
TO M §; yBeawunBaercda Ha 1. Amasormunbiv oOpasom ¢opMupyercsa BeKTOD b/, T0 ecTh TpH
J1006aBJIeHIN HOBOM KOODJIMHATHI dji1; B BEKTOP @ B BEKTOD b 106aBIsgeTCa KOOPMHATA d;;. B
TUX 00O3HAYEHUSX W COOTBETCTBYIOIMNUX OTPAHNYEHUSIX OKA3BIBAETCS CITPABE/IJINBO CIEIYIOTIee

PABEHCTBO, YTO HEMEJIEHHO CJIeJyeT M3 JIOKA3aTeJbCTB IPEBLIY X TeOPeM:
e 7. Jl= JR— _,c 7 /; _/ ~
Is(a; 0;d|2) = Je(a’;b";c |2).

Pesyibrarsl ganHO riaBsl MOKHO Hafitu B [11].
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4 3akJodeHue

OcHOBHO# TIeTBbIO TaHHOM pabOTHI OBLIO W3JI0XKEHNe KAK Y2Ke M3BECTHBIX Pe3yJIbTaTOB, TaK
U [IOJIYYeHHBIX aBTOPOM BIepBble. V3maras ayKue pe3yabTaThl, Mbl CTAPAJINACH JTHOO 000OITUTH
uX, Kak 310 ObLJIO B 1EpPBO# 1JiaBe, JUOO YHPOCTUTH UX, KaK 3TO ObLIO BO BTOPO#l rjiase. Mbi
CTPEMUJINCH CJIe/IATh M3JI0KEHUE MaKCUMaJIbHO CaMOCTOSATEIbHBIM, NMpuberas K CCbLIKAM Ha
Jipyrue paboThl TOJBKO TaM, IJIe 9TO HEOOXOIUMO.

WNHTerpanbable KOHCTPYKINH Beifikepca yke oIBeprajnch MoApoOHOMY U3YUeHHUI0 U 0000-
IEHUSIM, OJIHAKO IOJIyYeHHbIC B YTBEDXK/JACHUN 1.4 MHTErPaJibl, KAK HAM KaXKeTCsl, [TOJIyIeHbI
Hamu Brepebie. Camu 10 cebe MOJTydYeHHble MHTErPaJibl MOKa He TMO3BOJIUIN MOJIYIUTh HOBBIX
Pe3yIbTATOB, OJHAKO MBI HAJIEEMCsI, YTO WX HOBBIM BHENTHUI BUJI TTOMOZXKET B OYAYIIEM TOJIy-
YUTH 3HAUYUMbIE PE3YIbTATHI. [1JIs TOTHOTH KAPTUHBI MbI H3JIOZKHIH KJIACCHIeCKUe Pe3yJIbTaTHI,
KOCMeTu4Ieckd 0000IuB yreepxkaenne 1.1.

JlokazarenbcTBo 3/100MHA TPUBEIEHO HAMH B MAaKCHMAaJIbHO TPOCTOM W IIOHSITHOM BHJE,
Ge3 JuntHAX JIs uppannonaabHoctn ((3) obobrmennii. B mokazaresbcrre gsemmvbl 2.1 1 yTBEp-
KJeHus 2.6 MbI OOOILINCH JUITH TPOCTBIMU COOOPAKEHUSIMHI O PAIaxX, He TPUMeHIsT HUKAKHX
UHTErPAJTBHBIX TOXK1eCTB. VIeiiHO 9TO HECyIeCTBeHHBIE H3MEHEHUs B TOKA3ATEIbCTBE, OTHAKO
9TH M3MeHeHus TPeOyIOT TeXHUYeCKO padoTbhi. Pe3yiabrarsl BTOpOil 1yiaBbl ObLIN H3JI0XKEHbBI
aBTopoM Ha KoHdepennuu ‘Maremarnka u mndopmaruka’, npoxoausiieii B mapre 2016 r. B
MIIIY.

[ToMuMO TexXHUUECKOH TTPOPAOOTKH, J0KA3ATEIbCTBO 3J00HMHA H3J1arajoch HAMHU €Ile U C
HEJIbI0 TMOATOTOBATH MOYBY ISl M3JIOZKEHUSI TEOPEM TPEThell IIaBbl. DTH TEOPEMBI MOy 9eHbI
aBTOpPOM BIIepBbie u onyOanKkoBaHbl B [11]. HOBBIX pe3ysbraToB ¢ HOMOIIBIO 3THX TEOPEM MOKa
HOJIYIUTHh He YIAJOCh, OJIHAKO MBI HaJleeMCs, YTO 3TU TOXKJIeCTBA MOATOJKHYT JaJbHeHIne
UCCJIe/IOBAHNS B 9TOM HalpaBiaeHUU. C MOMOIIBIO STUX TeOpeM MOXKHO MOJIYyYaTh COOTHOIIEHUS
HA UHTErPAJIBI PA3HOI PA3MEPHOCTH, YTO MOYXKET UMeTh nHTepecHbIil 3dekT. lanubie BOnpocsl,
BO3MOYKHO, Oy/IyT M3y9aThCsd HAMH B JajbHEHIIEM.

['nmobaibHO 3a/1a9a, KOTOPYIO MBI CTaBUM Iiepei cob0il, MAKCUMaJIbHO aMOUIUO3HA — ITOIIbI-
TaThCs TOTYYUTh 3HAYUMBIE TTPOJBUKEHUS B BOIMPOCAX UPPAIMOHAJTHHOCTH HEYETHBIX JI3eTa-
3nadenuit Beca Oosbine 3. [Toka 4ro 3Ta 3aja4a ocraercs He TOJBKO HEPEHIEHHOI, HO U OY€Hb
caoxkuoi. OIHAKO MBI Ha/IEeMCsl, ITO B JajbHEHIeM HaM yIaCTCs BHECTH BECOMBIil BKJIAJ B

pellleHne JaHHOTO BOIIPOCA.
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