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1 Bsenenmne

B nanHoit padbore OyIyT 3aTPOHYTHI JIBE TEMBbI:

A) ['mmoresa OmunenreiiMa 0 3HAYEHUSIX BEIIECTBEHHON KBaJIpaTHIHON
opmbI, He ABJISIONIECST 3HAKOOIIPE I/ IEHHOIA.

B) TloBejieHue yHUIIOTEHTHBIX OPOUT TOUYEK B IIPOCTPAHCTBE

SLy(Z)\SLz(R)

Ha nepsbiit B3risiy1, Bonpoc A) OTHOCHTCS K aHAJTUTUIECKOI Teopun

qucesl B TO BpeMsi KakK BOIPOC B) OTHOCHTCS K 9ProjudecKoi Teopuu
a Takxke Teopun rpymn JIu. OjHAKO MEXKJy HUMH UMEETCs TJIyOOKas
CBsI3b, W OJIHOI M3 Iiesieil paboThl SBJISIETCST PACCMOTPEHNE HEKOTOPBIX
BOIIPOCOB, KACAIONINXCsl ITPUMEHEHHUsI TOIOJIOIMYecKoil TeopeMbl PaTHep
K JlIoKazaTebcTBY runoresbl Onmenreiima. CyIiecTByeT J0BOJIBLHO MHO-
O JIATEPATYPBI, TJIe STOT BOIPOC 3aTPAriBaeTCsl: HAIIPUMED, B KHUTe |3,
OJIHAKO MHOI'ME IMIard JoKa3aTeJbCTBa B JIaHHOI KHUre cOpPMYINpPOBa-
Hbl B BUJle ylpakHeHuii. B jimreparype ke dallie Bcero o0CY»KIaeTcst
JI0Ka3aTe/IbcTBO runore3nl OrrenreiiMa, OJIM3K0e K OPUTHHAJIBLHOMY J10-
KazaTeJIbcTBY Mapry/nca, KOTopblii pemmi 3Ty mnpobemy B 1987 ronuy,
T.e. JIO NOsIBJIEHUsT TeopeM Patnep.
B pabotre npuseieHO oAPOOHOE JJ0Ka3aTeIbCTBO TeopeMbl PaTHep 0 KJjac-
cucdukarn mMep B ciydae G = SLy(R), gactuano wimrocTpupyoree
nJIen U3 OPUIMHAJBHOIO JoKasaTe bcTBa caMoil Paraep. Camo jmokasa-
TEJIbCTBO SBJISIETCS] OY€Hb TEXHUYECKNM, U IIOTOMY OHO CHabO»KEHO HEKO-
TOPBIMI KOMMEHTApPUSAME U MOgCHEHUAMNI. Takyke OoJiee mogpooHO Oy T
PacCMOTPEHBI BOIIPOCHI IIPUMEHEHUsT TeopeMbl PaTHep Jiisl loKa3aTe /b
cTBa runore3nbl OtnieHreiiMa.

2 (CBeneHus u3 3proanvecKoili Teopun

B nanHOM pasjiesie Mbl BBEJIEM OCHOBHBIE OTIPE/IeJICHIs, & TaKzKe chopMy-
JIUPYEM HEKOTOPbIe TeOPeMbl U3 SProJMYecKoil Teopun. BoJibias 4acThb
IPUBEJIEHHOIO MaTepuaJia MOHAI00NTC HaM JIJIst TOKA3aTeIbCTBA Teope-
Mbl PatHep o kiaccudukarym vep B cydae SLo(R)/SLy(7Z).



2.1 OcHOBHBIE IIOHIATUA

Omnpenenenue 2.1 Jlunamuveckoti cucmemoti ¢ Quckpemmvim peme-
HEM HaA3bLeam MmHoxcecmso X emecme ¢ e2o npeobpadosaruem T
X — X. Junamuneckol cucmemoti ¢ HENPEPHIGHBIM BPEMEHEM HA3bl-
sarom mHootcecmeo X emecme ¢ 00HONaPaAMEMPUUECKUM CEMETLCMEOM
omobpascernut Ty : X — X, t € Rsg, xomopwie obpasyrom noayepynny,
m.e. obaadarom. caedyrouwumu ceoticmeamu: TsoTy = Tsiy; Ty - moorcde-
cmeennoe omobpascenue. Ecau T npobezaem R, mo dannoe cemeticmeo
nasvisaemes nomokom, a Ty obpamumo (T_y = T, ).

Onpenenenue 2.2 Henycmoe cemeticmeo F nodmroocecme mroorce-
cmea X HA3bIBAEMCA T-AN2e0p0Tl, ecAu 0HO COOepaHcum 6 cebe nycmoe
MHOAHCECTNGO, O MAKHCE 3AMKHYMO OMHOCUMEALHO ONEPALUT, CUHEMHO20
obsedunenus, cuémmozo nepeceverus u donoanenus. Mepod wa F na-
aweaemcea neompuyamenvran pynruyua p: F — RsglJ{oo}, makorce
ABAANVUGACA T-a0UMUBHOT, MO ecmb OAL A100020 CHEMHO20 HAOOPG
dussronkmuenvir mroocecme A; € F eepro p(lJ; Ai) = >, n(4;).

B ciayuae, korma p(X) = 1, OGyldeM Ha3bIBATH MepY [ 6EPOAMMHOC-
Hot Mepoit, a Tpoiiky (X, F, i) 6y/ieM Ha3bIBATH 6EPOAMHOCTHbIM NPO-
CTPAHCINGOM.

Omnpenesienne 2.3 [Ipeobpazosarnue T : (X, F,u) — (Y, G, v) nasvisa-
EMCA USMEPUMDBIM, €CAU OAA KaAHCD020 UBMEPUMO20 MHoscecmea U CY
e20 npoobpas T~ 1(U) mooice A6AAEMCA USMEPUMBIM MHOHCECTNEOM.

Onpenenenne 2.4 Hamepumoe npeobpaszosarue T : X — Y coxpams-
em mepy, ecru u(THU) = w(U) daa mobozo usmepumozo U C'Y.

Onpenenenue 2.5 Fcau T coxparsem mepy i, mo j nadvieaemea T'-
UHBAPUAHMHOT MEPOT.

Tpajunuonno OyjieM 1nucarhb 0ad NOYMYU 6CET T WIN NOYMU 6CIo-
dy (n.s.) mist obosHauenns: "1jist BCeX 3JEMEHTOB MHOXKecTBa X, 3a HC-
KJIIOYeHNeM 3JIEMEHTOB HEKOTOPOI'O0 MHOYKEeCTBa Mephl Hyisb'". [lajiee Mbl
OylreM mMeThb j1ejio ¢ npeodpazopanusmu 1 @ X — X, ¢ BeposiTHOCT-
HOiT Mepoii p Ha X. OxapakrepusyeMm T-MHBapHaHTHbIE BEPOSTHOCTHbIE
MepBHI.



Jlemma 2.1 Bepoammuocmuas mepa p wa X asasemes T -uneapuanmmot
mozda u moavko mozda, xozda daa noboeo f € LY ewinoaneno:

/fdu:/fonu (1)

1
HoxkaszarenbctBo. 1) Ilycrs (1) BepHO s Beex f € L', Torma jist
J06oro m3mepumoro A nveem

n(A) = /XAd,U - /XT—lAdN - /XA o Tdp = u(T~A).
X X X

2) Tak kaxk f = fT— f~, 10 6e3 orpanuyeHns OOIHOCTH OY/IeM CUUTATh,
qro f nosoxkurenibHa. OOpaTHO UMeeM

/ yadp = u(A) = p(T14) = / Yriady = / ya o Tdp.
X X X

Nrak, (1) Bepno mjs Beex npoctbix dynxuumit. Jist f € LY no onpe-
JleJleHnto nHTerpasia Jlebera cyIecTByeT 1MoC/Ie10BaTeIbHOCTD TPOCTHIX
byrkuuit {f,}, rakux uro onu w.s. cxousares K f, [|fo — fnldu — 0

upu n — oo,m — 0o, [ fdu = lim [ fydu. Tak xak ynxuus f
I0JIOZKHUTE/IbHA, TO TI0CIeI0BATEILHOCTD IIPOCTHIX { f,, } MOKHO BHIOpATDH

MOHOTOHHO Bospactatorefi |10, crp.202|, orkyma {f, o T'} monoromHHO
BO3pacTaeT u 11.B. cxoauted K f o1, u 1o Teopeme Jlebera o MOHOTOHHOI
CXOJIIMOCTH

/fon,uzlim/fnonu:Iim/fnd,u:/fd,u.
n—oo n—o0
X X X X

Onpegenenune 2.6 Mnoowcecrmeo A nazvieaemces T -uneapuarmmvim, ec-
au ono usmepumo u T~H(A) = A.

Ompenesierue 2.7 T asasemcs ap200udeckum npeodbpasosaHuem Ha e-
poammuocmuom npocmpancmee (X, (1), ecau oHo coxpanaem Mmepy, a A10-
boe T-unsapuarnmmoe nodmmoocecmeo A umeem aubo mepy u(A) =1,
aubo mepy p(A) = 0.



Omnpenenenue 2.8 Coxpansrowee mepy npeobpadosarue T obaadaem
c60UCMBOM nepemewusaua wa eepoamuocmmuom (X, i), ecau das aro-
ovir usmepumovir A, B evinoarero

lim u(T""ANB) = u(A)u(B).

n—oo

3ameuanue. AjbTepHATHBHOE ONlpeesenne: J1is goobx f, g € L*(X, )
BBINOJIHCHO

i gf o ")y = [ gdn [ fd
X

X

Takzke sICHO, 9TO W3 CBOWCTBA MEPEMEIINBAHUS CJICILYCT SPrOANTHOCTD
(1t mponsBosibHOro T-naBapuantaoro A umeem u(ANB) = lim (T7"(A)N

B) = p(A)u(B), n ecrm B=A, 1o p(A) = p2(A)). n=»c0

2.2 Teopema Bupxroda-XuHunHa

Teopema 2.1 (Teopema Bupxzzopa-Xuruura)
1) Hyemv (X, A, 1, T) - dunamuveckan cucmema, cOTPAHAIOULAA MEDY.
Tozda dasn nobozo f € Li(p) nowmu ecrody cywecmeyem

@)+ FT@) e (T @)

n—oo n

/f*(x)dx: /f(x)dx

2) Ecau T apeoduueckoe, mo das nowmu écex mouek x € X 6epro

-~ r'@

npUvEMm

Fa) = [ 1@y

uAU, UHa4ve 2060PA

n—o00 n

X



Jl1st mokaszaTebcTBa TeOPEeMbl HAM ITOHAI00UTCSI CJIeyIoast JeMMA.
Jlemma. Ilycrs dpukcupoBano Hekoropoe M > 0, u JaHbI JIBE IOC/IE10-
BaTE/IbHOCTH HEOTPUIATEIbHBIX JefCTBUTEILHBIX Yices {ay, b0 1 {by o,
npuueM st jgroooro n = 0,1,2, ... cymecrsyer m : 1 < m < M, Takoe
qTO

p + "+ Apym—1 an+"'+bn+m—l

Torna jutsa jgoooro N > M
ag+ -+ an—1 Zb0+"‘+bN—M+1

okazaTesbCcTBO. V3 yci0BUS cile/lyeT, 9TO MOYKeM HAlTH duc/ia mgy <
my < --- < mp < N, takue 910 mg < M, mjiq1 — m; < M g Bcex
1=0,k—1,u N —my < M, nupuuem

ap+ -+ my—1 2 bo + -+ b1

am0+"'+am1—1me0+"'+bm1—1

amk,1 + Tt + amk—l Z bmk,1 + U + bmk—l

CutoKum
ap+---+any—1 > ap+- -+ am—1 > bo+-+bp,—1 > bo+- - +bv_pra

]
Hoka3aTenbcTBO TeopeMbl. 1) Byrem cuaurars, aro f > 0 (uHade
f=f"—f7). Beeuem obo3nauenus

Fla) = timsup 20 p(a) = tim g 2212

n—00 n n—00 n

Bamerum, uro f u f MHBapPUAHTHBI OTHOCUTEJILHO 1'. DTO cienyer u3
TOTO, UTO

f(Tx) = limﬁsup fn(gl’) — limﬁsup f:l:l—(f) n: 1 fn?(f)
= lim sup ﬁ”—j_(alj) = f(x)

n—00 n
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Anajornano gs f. st goKas3aTebCcTBa IEPBOH 9aCTH TEOPEMbI
JIOCTaTOYHO JI0Ka3aTh, YTO

/ F(@)dp < / f(x)dp < / f(@)dp

a) Hokaxem, uro [f(z)dp < [ f(x)du. dna sroro suibepem n sadbuk-
X X
cupyem 0 < € < 1 u npoussosbHOe jieiictBuTe/ibHOe ducao L > 0. Ilo

ornpeiesienuio f st r06oro x € X CyIecTByeT HATypaabHoe M, TaKoe

PA8) s min(F(a). )1~ )

Taxzke BepHO, 4TO It Jroboro ¢ > 0 cymecrByer HekKoropoe M > 0,
TaKoe 9TO MHOYKECTBO

Xo={r e X :31 <m < M, upuuem fp,(z) > mmin(f(x),L)(1 —¢€)}

umeer Mepy uXg > 1 — 6. Onpenenum na X dyuknuo F cie Iy oM

obpazom
Flr) = {f(:z:), x € X

L, nHave.

OueBnjino, uro f < F (js Toyek BHe X JOCTATOYHO B3sITh m = 1).
Tenepn BocmosbayeMes jgemMmoit. [ms kaxgoro x € X MOJNoXKUM a, =
an(z) = F(T"z), a b, = b,(z) = min(f,L)(1 — €). Toxaxem, uT0
10CJIEIOBATEILHOCTU YIOBJIETBOPAIOT YCJIOBUAM JieMMbl ¢ M > 0, ompe-
JleJleHHbIM Bbimie. [lefictBurenbio, ecom 1"x € X, TO JI/IsT HEKOTOPOTO
1<m<M

frn(T"2) > mmin(f(T"x), L)(1 —¢€) =

= mmin(f(z),L)(1 —€) =by + -+ + bpsm_1

1 moromy
At = F(T"@) 4+ F(T ) > f(T") 44 f (T ) =

fm(Tnx) Z bn + -+ bn+m—1



B ciayuyae, korga 1"x Jjie2KuT B JIONOJHEHUM K X BCE COBCEM IIPOCTO.
Bosemem m = 1, u Torma

a, = F(T"x) = L > min(f(T"z),L)(1 — €) = b,

Tenepb M0OzKeM BOCIIOJIB30BaThCA JieMMoil. MTak, 1o semme jrg Bcex N >
M BepHO

F(x)+ -+ F(TY %) > (N — M)min(f(x), L)(1 — ¢)

[Ipounrerpupyem obe dacTu, Moab3yACh TeM (PaKTOM, 9TO 1 coxpaHseT
MEpy

N/ 2)dp > (N — M/mm ), L)(1 — €)dy

o [P = [ @+ Lu(x\ X0
/f(af)dﬂ = /f(l’)dﬂ NoM /mm )(1 —e€)du — Lo
X Xo

Ecin Mbl mocsieoBaresibHo 1epeiigem K npejgenam N — oo, 6 — 0 u

e — 0, To
[ f@dn = [min(Fe). s

Tenepb, BOCIIOIB30BaBIIUCH TeOpeMOoil JIeB 0 MOHOTOHHOI CXOAUMOCTH,
nepejieM K mpeaeny L — 0o, 1 MOJIydUM HUHTErpUpPYyeMOCThb f 1 HyzKHOe

HaM COOTHOIIeEHUE
/ Fla)dy < / F()dp

6) doxazkem, 9To ff Ydp < ff Ydp. Badukcupyem € > 0 u oy > 0.
Tak kak f > 0, To 35 >0:VA E G ¢ A < § BBINOTHAETCS ffd,u < dy.

Tak:ke 1o omnpenenenuio [ s jgoboro © € Y CymeCTByeT m, Takoe



qTO me(Lx) < f(x) + e. A smaunt, Moxem BbIOpaTh Taxoe M > 0, uTo

MHOZKECTBO
={re X :31 <m < M, npuuem fo,(z) < m(f(z)+e€)}

nmeer mepy puYy > 1 — 6. Onpegenum na X dyukiuio G cie Iy oM

obpasoM
Glz) = {f(a:), x €Y

0, nHaue.

Jlerxo Bunern, uto G < f. Ilonoxum a, = f(x)+e€, ab, = G(T"z). Otn
IOCJIE/IOBATETLHOCTH YIIOBIETBOPSIOT YCJIOBHSIM JIEMMBbI, OTCEOJIA JIJTsT JTIO-
o6oro N > M BepHO

G(z)+ -+ GTVM2) < N(f(z) + )
Nuarerpupyem

(N — M) / Gx)du > N( / F@)dp+ ¢

X

Tak kax pu(X \Yy) < 6,10 [ f(x)dp < do, orxyna
X\Yo

/f(:c)duz/ du+/f dpJ<N M )+ €)dy + &
X

X\Y,

Eciu mbl mocsieioBaresibio nepeiiiem k mnpegeaam N — oo, § — 0 (u,
cieioBarebio, dg — 0) u € — 0, TO MOJIyIUM HY>KHBINH HAM DE3y/IbTAT.
Urak, nepBast 9acTh TeOPEMbI JOKA3aHA.

2) Jokaxkewm, uro f*(x) = ¢ mouru Beromy. Beegem obosnauenne E, =
{r €Y : f*(x) > a}. llyctb M ectb Bepxusist rpab f*() ¢ TOYHOCTHIO
JI0 MHOKECTBa Mepbl HyJib, T.e. ((Fyr) = 0, mpu 910M 117151 J1E06010 € > ()
wEy ¢ > 0. Obo3naumm 3a m HUKHIOIO I'paHb. XOTUM JOKa3aTb, UTO
M = m. Bynem J0Ka3bBaTH OT MPOTUBHOTO.

[Tyctes M # m, TO ecThb CyIIeCTBYeT HEKOTOPOE (v, TaKOe 9T0 M < @ <
M, Torna 1o onpenenenuto M u 1o olnpejiesIenuio m

1(Ea) >0 p(Y \ Ey) >0
Ho st MmuoxkecTBa muBapuanTHbl. [IporuBopeune. |
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3 Teopemnbr PaTHep

3.1 HekoTopsbie onpeaeaeHnd

Onpenenenne 3.1 I'pynna Jlu G ecmv 2nadkoe mHoz2000pasue, cHab-
DHICEHMOE 2PYNNOBOT CMPYKMYPOT MaAKUM 00PA30M, 4MO 2PYNNOBvLE ONe-
DAY T, Y — TY U T — T cymb 2aadkue omobpariceni.

Omnpenenenue 3.2 [lodepynnoti JIu 6 epynne JIu nasvieaemcs 3a.mxHy-
moe 2AadKoe NodMH02000pa3ue, 3aMEHYMOE OMHOCUMEALHO ONEPALUL
YMHOACEHUA.

Onpenenenne 3.3 [Ipasoti mepoti Xaapa v 6 G Hasvieaemces onpede-
AeHHAA Ha bopeaesckotl o-arzebpe epynnoe G mepa v, obaadarowasn cae-
AYOUWUMYU CEOTCTNEAMU:

e V(Eg) =v(E) daa mobwx g € G u bopesesckozo E,
e V(K) < 00 das mobozo kKomnaxmmnozo K,

o V(FE)=inf{v(U): E CUU omxpumoe},

o V(E) =sup{v(K): K C E,K xomnaxm}.

N3BectHO, uTO Mepa Xaapa CyIIeCTBYeT U €IMHCTBEHHA ¢ TOUYHOCTHIO 10
MHOYKHUTEJIS.

Onpegenenne 3.4 Pewemxoti I' 6 G nasweaemcs duckpemman noo-
epynna G, ¢arxmopnpocmparcmeo no Komopot umeem KoHeunvil 006Em
6 emuiene mepv, Xaapa.

Oupenesteane 3.5 Anzebpoti JIu g nazvieaemes 6eKmoproe npocmpan-
cmeo 1ad nosem k, char(k) =0, maxoe wmo zadaro

e g X g — g buaunetinoe omobpascenue X, Y — [X,Y]
o [X,Y]=-[Y, X]

e guinoaneno moocdecmeo Hrxobu [ X, Y], Z1+([Y, Z], X|+[[Z, X], Y] =
0

Ha xacameavrom npocmpancmee T.G epynnv JIu G 6 edunuuye ume-
EMCA ECMECMBEHHAA CMPYKMYPa ar2ebpvl JIu, 5mo npocmparcmeo 06o-
anavaom g u nadvearom anzebpoti Jlu epynnot G.

10



3.2 @opMyJUPOBKI OCHOBHBLIX T€OpPEM

Ilycts G ects rpymma Jlu ¢ anredpoit JIu g, a I' — puckpernast moarpyiiia
G, : G — I'\G ecrb npoeknus w(g) = I'g, g € G. I'pynna G geiicreyer
wa ['\G npaseivMu cisuramu x — xg, * € I'\G, g € G.

Onpepesierne 3.6 [lodmmoocecmeo A C I'\G nasvisaemes 001opoo-
noLm, ecau cywecmsyem x € G u samrryman nodepynna H C G ma-
kas, wmo xHxz ™1 NT smo pewemka 6 tHr ' u A = m(x)H

Omnpepesienne 3.7 Hopeaescras eepoammuocmuas mepa jr wa G\I' na-
aweaemca arzebpauveckol, ecau cyuecmeyem v € I'\G u samrny-
mas nodepynna H C G maxas, wmo xH odnopodna u i ecmv H-
uHBaPUAHMHAL bopesesckas mepa ¢ Hocumenem Ha xH .

Hac unrepecyer B nepsyio odepeib rpymmna G = SL,(R). [Ipusenem
JUUIST 9TOM TPYIIIBI OIIpeJIeJIeHIe YHUIIOTEHTHOIO 3JIEMEHTA.

Onpegnenenne 3.8 Saemenm u epynno G = SL,(R) nasvieaemes yru-
nomenmmbLM, ecal cyuecmeyem nexomopoe n € N
makoe, wmo (u — )" = 0.

Boutee obiiiee ompejiesierne MoykeT ObITh HalijeHo, Halpumep, B [1].

Ompepenenue 3.9 [lodepynna U C G wazvisaemcsa yrunomerwmmod,
ECAU OHA COCTMOUM U3 YHUNOMEHMOS.

B konrekcre runoresnl OrireHreiiMa, KOTOPYIO Mbl PACCMOTPUM I1032Ke,
HaMOOJIBINNI UHTEPEC /I HAC MPEJICTABISET CJIeIyIoNas TeopeMa.:

Teopema 3.1 (O 3amwvikarnuu opbum) I[lycmv X = I'\G ecmv 00-
HOPOOHOE NPOCMPAHCMBO € KOHEYHLM 00BeMoM, 2de G ecmb c8A3HGA
epynna Jlu, I' ecmov pewemxa ¢ G, a U — ceaznan nodepynna G, no-
POAHCOEHHAA YHUNOMEHMHBIMU 0OHONAPAMEMPUHECKUMYU NO0DYNNAMU.
Tozda das awbozo © € T\G cywecmsyem 3amkHymas C6A3HAA NOO-
epynna S C G, codeporcawias 6 cebe U, makas wmo xU = x5, npuvem
3amrrymas opouma xS umeem KoHeuHyr S-UHeapuaHmHyYo mepy.

anuas Teopema ObLia moJydeHa B |7 u3 6ojiee CUIBLHOTO pe3y/ibTaTa
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Teopema 3.2 (O pasnomepnoti pacnpedenernrocmu) [lycms X =
[\G ecmv odnopoduoe npocmpancmeo ¢ konewnvim obsemom, 2de G
ecmov ceasnan epynna Jlu, I' ecmv pewemxa 6 G, a U — ceaznas noo-
epynna G, noporcoEnHas YHUNOMEHMHBMU 00HONAPAMEMPULECKUMU
nodepynnamu. Tozda das obozo x € T\G cywecmsyem zamkHyman
ceaznas nodepynna S C G, codepoicawsan 6 cebe U, makas wmo opou-
ma xS samxnyma u mpaekmopus xU pasnomepno pacnpedesena om-
HOCUMEALHO HEKOMOPOU S-UHBAPUAHMMHOT BEPOAMMHOCTMHOT MEPL [L C
nocumenem na xS. JIpyeumu crosamu, 0an 410000 HenpepwvieHotl o2pa-
nuvennol gynxuyuy f na X = D\G

zlijgoo/irf(utx)dtmlfdu.

[IpuBeiennast BhIIIe TeopeMa UCIIOJIb3yeT TeopeMy Paraep o Kiraccudu-
Kallil MHBAPUAHTHBIX 3PTOJNYCCKIX MEP.

Teopema 3.3 (O xaaccupurayuu mep) Ilyemv G ecmv ceasnas
epynna Jlu, I' ecmv duckpemnasn nodepynna 6 G, a U — ceasnas nod-
epynna G, nopoortcOEnmnas YyHUnOMERMHHMU 00HONAPAMEMPULECKUMU
nodepynnamu. Tozda s 210600 duckpemmnoti nodepynnot I' epynnv G
aobas eepoamuocmuan bopesesckan mepa na I'\G, assaowanca speo-
duveckoti U-unsapuarmmnoti mepoti, 6ydem aszebpaureckor.

B crarbe Parnep [1] mpuBeseno HeCKOBKO JOKA3ATETLCTB it CDOPMY-
JMPOBAHHBIX BbIle TeopeM B ciaydae rpyinbl G = SLy(R). B nanxom
pasjiesie Mbl CKOHIIEHTPUPYEMCS Ha JIOKa3aTeIbCTBE CJIEYIONIel Teope-
MBI

Teopema 3.4 Ilycmov I' ecmov duckpemmnas nodepynna G = SLy(R), a p
ecmv eeposmuocmuan bopesesckan mepa na U\G, asasowanca makoice
apeoduneckoti U-unsapuanmmot mepoti. Tozda aubo I' amo pewemxa u
1 G-unsapuarnmmas Mepa, AUO0 (L IMO MeEPA Ha NEPUOIuYEckoti opoume

U.

Byner paccmoTpeHo J10Ka3aTebcTBO, KOTOpoe 60Jj1ee BCero nLIOCTPUpY-
eT UJen 13 JoKa3aTe/lbCcTBa 00Ieil TeopeMbl. Tak Kak JI0Ka3aTeIbCTBO,
IIPUBEJIEHHOE B CTAThE, SIBJISIETCS OYEHb TEXHUYECKUM, OY/IyT TaKKe j1a-
Hbl HEKOTOPble KOMMEHTAPUU OTHOCUTEJILHO UJell J0Ka3aTeIbCTBA.
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3.3 Jloka3aTejIbCTBO TeOpeMbI O KJacCUuMPUKAIINN I

G = SLs(R)
Paccmorpum citerytonnye oJiHoIapaMeTpruiecKue MoArpyIsl Ipyibl G:

U:{ut::((l) i),teR}

Lo
A:{at::<% €_t>,teR}

10
H = {ht = , t e R}
1
HerocpeicTBeHHO TMepeMHOXKUB MATPUIIBI MEXKJY CODOM, MOXKHO YBH-
A€Thb, 9TO IIOAIPYIIIILI YAOBJICTBOPAIOT CJICAYIOIINM KOMMYTAaTUBHBIM CO-
OTHOIIEHNUAM JIJIs BCEX AEeiCTBUTENbHBIX S U T:

UsQr = ArUge—2t

hea; = a;Ugp2t.

Takzke Mbl paceMmoTpum nogrpyiiy W, nopoxxaénnyio A u H, u rpymiy
B, nopoxxaénnyio A u U. Beeném ciemyrommne 0003HAUEHUS:

W () :={ahy: |7| <6, |b] <}
B(9) :={a,us : || <6, |s| < I}

Torna okpectnocts x € G B nojrpyrnmne W MoKHO 0003HAYATH KakK
xW () n anajormdHo okpectHOCTb B B Kak xB(0).

[Iycts ssement y € xW(J) takos, uro y = xa,hy s HEKOTOPBIX
7| <6, |b] < 6. Ecm 6 > 0 gocTaTotdHO Maso, TO M3BECTHO, UTO JJIsS
moboro y = xarhy € W (5) u st moboro s € [0, 1] cyiecrByer ejiuH-
crernas yukiws a(y, s) > 0, a(y,0) = 0, KoTopast cTporo Bo3pacraer
Kak (QPYHKIUS OT §, HelpepbiBHA Kak (GyHKIUA oT (Y, S), a TakxkKe yJo0-
BJIETBOPSIET YCJIOBHIO

Ylo(ys) € TusW(106) (2)

Orobpaxenne P(y) = yu(a(y,s)) ecrb romomMopdusM, KOTOPbIii
toukn u3 xW () mepeBoauT B OKPECTHOCTH TOUKU Tus B W, a nmeH-
1o B xus W (100). Mozkem omnpejesinrh

V(x;6,1) = U{vs(W(z,0)) : 0 < s < 1}.

13



Torna
Vi(z;6,1) = U{o,(1) :y € W(x,9)}

rie
o,(1) = {yu, : 0 < s < ay, 1)} € yU

st y, z € W (6)
Oy (Vs(y)) = ¥s(2) € Ys(W(x;9)).

I[Ipusesiennoe Beiie orobpaskenue ects guddeomopdusm us o,(l) B
0.(1). B wacrnocru, ¢, .(p) ecrs C* ornocurensuo (y, z,p), Tie y, 2 €
W(x;6) up € o,(1), oTKy/a MBI [OJIyHdaeM TaKOe YTBEPIK/eHUe:

Jlemma 3.1 Jlasa mobozo € > 0 cywecmeyem 6y = do(e) > 0, makras
umo ecau 0 < & < &y, mo daa aobozo y,z € xW(J) u das aoboz0
bopenescrozo mroocecmea C' C o,(1).

' AC)
Ma(y, 0))
Bdecy Myus : 0 < s <t} =1t dan scext>0.

-1l <e

[To cyTu sTa jemma TOBOPUT HAM O TOM, 4TO S U (Y, S) JOCTATOYHO

OJIM3KH JIPYT K JPYTY.
Pemrast |1, crp.11] momydenmyio cucremy JuHEHHBIX ypaBHeHnii (2),

MBI HOﬂqu/IM CJIGAYIOH_H/IG COOTHOIIIEHNd:
YUa(y,s) = TUsr(y,s)Pi(y,s): (3)

aly,s) = %sb’ (4)

—tau)) (5)
b(y, s) = b(1 — bse 7). (6)

DTO MOXKHO IIPONJIJIIOCTPUPOBATDL CJICIYIOIIUM o6pa30M:

7(y,s) = In(e” — sbe

T Tl

iy Ar(y.s)

I Bly.s)

YUaiy s))
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Bamerun, uro Gyukiuu (4)-(6) onpeesnenn ToabKo st sb < €27, Jlan-
HOE CBOMCTBO, B YaCTHOCTHU, TOBOPHUT HAM O TOM, UTO PA3HUIA MEXK]Ly
OJIMBKUMME JIPYT K JIPYT'Y TOYKAMU B HEKOTOPOI OKPECTHOCTH Oy/IeT 0YeHb
MaJia B HAIpaBJeHuu Ipymsl W, HO TPOrnopIiuonabHo BpeMeH! 110 Ha-
npasennto U. Hanpumep, ecimm mbl pacemorpum b = 0, To jiBe opOUTHI
Oy/LyT pacxXoJUThCA JAPYT OT JPyra MCKJIOUNTENIbHO B Hanpasjienun U.
B obpatnom ke cirydae OyJIeT CyIecTBOBATH HeKOTOpoe 3Hadenne s > 0,
Takoe 4To cymiectsyer y € xW (), rie yur He nepecekaer rurW . Bak-
HO OTMETHTDb, YTO MPUBEJICHHOE BBLIINIE PACCYXKJEHNE MOXKHO MPOBECTH
JIst J1I000ro gocrarodno masioro & > 0. IIpuBesennbie BbIIIe COOTHOIIE-
HUS JIAIOT HAM BayKHOE CBOMCTBO OPUITUKJIOB, UI'PAIOIIEe KII0UEBOE POJIb
B JI0KA3aTe/bCTBE TEOPEMBI.

Jlemma 3.2 (R-ceoticmeo das opuyukaos)
Cywecmeyrom maxue n € (0,1) u C' > 1, umo ecau

max{|7(y,s)|, 0 < s <t} =|7(y,t)| =0

dan mexomopozo t > 1, 2de y € xW(65), 106 < 0, mo dan ecex s €
(1 —n)t, t] ewnoanero

O60bIeHHAsT BepCUst JaHHOIO CBOWCTBA /I MPOCTHIX CBA3HBIX YHUIIO-
TEHTHBIX TPyl JIm Moxker ObITH Haiigena B [5].

Teneppb mycThb ( 3TO TPOM3BOJIBLHAS dprojuydeckasd U-nHBapuaHTHAL
BEPOSITHOCTHAsT Mepa Ha Harrem ojgHopogaoM X = ['\G u mycrb A =
A(p) = {g € G : neiicreue g na X coxpansier p}. Torna usz onpejese-
uuit ciemyer, aro U C A(u).

JIlemma 3.3 Mnoowcecmso A = A(p) ecmo samknymasn nodepynna G.

dokazaTreabcTBO. PaccMoTpuM MPOM3BOIBHYIO CXOAMIIYIOCSI K ¢ T10-
cienoarebHOCTh {g,} C A. IIpocTpancTBO HerpepbiBHBIX (DYHKIHI €
KOMTIAKTHBIM HOCHUTEJIEM TIJIOTHO B LP, TIO9TOMY J0CTATOYHO JIOKA3ATh,
YTO JIJIsI BCEX HENPEPBIBHBIX (DYHKINI [ ¢ KOMIAKTHBIM HOCUTEJIEM

/f(g:v)dﬂ= /f(:v)du-
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Hanubiit daxt cieayer u3 teopemsl Jlebera o MazKOpHPYEMOit CXOIMO-
cru u Toro, 9to f(g,x) — f(x) ais mourn Beex

n—1l

[ f@yin =t [ fgadn = [ floz)an

Teriepb MBI HAKOHEI[ MOYKEM IIepeiiTh K JOKa3aTeIbCTBY CaMOil Teo-
pembl. bynem pasbupars gBa ciayudas: A ¢ A u A C A. Jlna naga-
JIa pACCMOTPUM CJIydail, Korjga u He siBiaseTcs A-mHBapuaHTHOI Mepoi.
Crenaem 9T0 B JiBa miara.

Jlemma 3.4 Ecau A ¢ A, mo cywecmeyem mmnoocecmeo Y C X, ma-
koe wmo w(Y)=1uY NYq=10 dan ecex ¢ € B\A.

Hoxkazarennbcrso. 1) Jlis goka3aTebeTBa 9TOr0 yTBEPKICHUS J0CTa~
TOYHO JI0Ka3aTh GoJiee CHIIBHOE CBOWCTBO, & MMEHHO: JJIs JIOOro q €
B — A cymecrsyer muoxkectso X, € X, u(X,) = 1 u nosnoxuresnsHoe
e(q) > 0, Takue uTo

X,NX,g=10

a1 BeeX g € qB. g = Be(g)(e), To ectb B, () ecTh e-map B B BOKpyT
TOYKHU I, TO €CTh MHOXKECTBO BCeX TOYEK BUJA o5, Haxomdmuxcs oT &
Ha PACCTOSIHUU, KOTOPOe MeHblie €. JeficTBUTe/IbHO, ecjil 3TO Tak, TO

(0]
MBI MOZKeM HOKPBITH MuOKecTBo B\A C J B.(y,)(¢i) cuernbM uunciom
i=1
oKpecTHOCTeil Touek ¢;, ¢ € N. [lasee monoxum Y = (] X,,. Jlerko Bu-
i=1
neth, aro u(Y)=1uY NYq=0 nna scex ¢ € B — A.
2) [okaxkem chOpMyJHPOBAHHOE B TEPBOM IIyHKTE YTBEpKJeHHe. 3a-
¢dbukcupyem Hekoropoe g € B\A. 3amernm, aro Mepa

te(E) = p(Eq) nis kazkioro 60pesieBCKoro MuozkecTsa £

OTJINYAETCS OT [4, MMOCKOJBKY 110 IPEJIIOJIOXKEHNIO ¢ He COXpaHseT [,
ojiHako nojrpyimna U no-npexkHemy J1eficTByeT 3progudHO Ha IPOCTPaH-
ctBo (X, ty), T.K. B nopmasusyer U. To ects y HAC jBe 3projidHble
MEpBI L U [lg, & 3HAUYUT, OHU CUHLYJIAPHDI, T.€. CYIIECTBYEeT MHOXKECTBO
By cp(Ey) =1 n pu(Eyq) = pe(Ey) = 0. Pacemorpum E) = E; — Eyq.
Kak suano, u(FEy) =1 n E,N Eq = 0.
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Tenepb BbiOepeM KoMmakT K C E(’] IIOYUTH IIOJIHON Mephl, HaIlpuMep,
BosbMeM p(K) > 0.99. Tax xax E; N Eq = (), a K conepxnt Bee npe-
JeJIbHBIE TOUKH, TO cymecTByer (q) > 0, Takoe 4To

dx (K, K,) > ¢(q).

DTO 03HAYAET, YTO MO/ JeHCTBUEM ¢ BCE TOUKM MHOXKeCTBa K yXOJdT Ha
KaKoe-TO HEHYJIEBOEe PACCTOSHIE OT MHOYXKeCcTBa K .

U sprojuuno jeiicreyer Ha (X, ), u 1o reopeme Bupxroda-Xununua
cymecryer Muoxkectso X, C X, u(X,) = 1, takoe uro smodast TOUKa
X, OoJiblLy10 YacTb BpeMeHu 1posoJuT BuyTpu K. eiicTBuTesbno, jis
Beex T € X,

t

1
Suet) = 3 [ xlou)ds > u(), ¢ = 0
0

Teneps nokazkem, uro X, N X9 = () mna moboro g € B.y(q). Do
MOYKHO JIOKa3aTh OT IPOTUBHOIO: MYCTh & = Y¢ JJisd HEKOTOPLIX X,y €
X, o onpenesnennio g = a(7)u(r) Jyist HEKOTOPBIX T, 7. 3aMETHM, 4TO
YlUs§ = YUsOrlly = YArUplge-2r = Tlge—2r JJIS BCEX JEACTBUTEILHBIX S.
st nocraTrouno 6osbmux t > 1 opOUTBI TOYEK T U Y IOYTH BCE CBOE
BpeMd IIPOBOJAT B K, T.e.

SfK (ya t) > 097

Se(z,e72) > 0.9,

a suauur cymecrsyer s € [0,t], takoe uro yus = z € K u zg € K, HO
zg = zqp o ompenenenuio g, rae p € B (e). B nrore npuxomuM
IIPOTUBOPEUHIO

dx (K, Kq) < dx(zg,2q) < &(q).

Teopema 3.5 Fcau A ¢ A, mo cywecmeyem anemenm x € X, marot
YMOo [ €CMb MEPA Ha 3aMkHymot opoume xU.

HHokazarenabcTBo. Tak Kak A siBjsleTcst 3aKPBITOIl MOATPYIIONH, TO Cy-
mecrByer 0 < 6 < 0.1, Takoe 4to a, € A Juig Bcex T, TakKuxX 4UTO
0 < || < 0. Byaem makxke caurarh, uro 6 < 0¢(0.1) u3z jgemmbr 3.1.
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U3 roit ke jiemmbl BosbMem ) € (0,1) u C' > 1

[Iycts Y C X - MHOXKeCTBO U3 NMpeablayIeil JeMMbl. PaccMoTpuM KOM-
nakt K nourn nosnoit mMepnl (u(K) > 1—1073n) u 6 = 6(K) > 0,
TaKne 4To

dX(K? KCLT) Z 5 (7>

JUIST BCEX JIOCTATOIHO OoJIbIuX | 7|, a umenno st 6/2 < |7] < 6.

Tax kak U JjieficTByeT SprojinaHo, TO cyliecTByeT Muoxkectso ' C X
MOJIOYKUTETBHON MEPHI, TAKOe UTO

SfK(xat) Z 1 - 1072777

i Beex x € F\t > ty, T.e. mocsie JOCTATOYHO OOJIBITOTO KOJIUIECTBa,
Bpemenn U-opbuta Kaxkjjoro x € F' mposejeT noutu Bcé BpeMs B K. Mbr
XOTHM IT0Ka3aTh, YTO CYIIECTBYET HEKOTOpasd TOUYKa T B F' ¢ OKpPeCTHO-
cTbio Henys1eBoit Mepsbl 11(O¢) N F', KoTopast BBINISIINT KAK 9aCTh OPOUTHI
xU, nanpumep, zU (€). Torma nocie mbl emoxkem " gsurats 91y OKpect-
HOCTDb T10J1 JlefictBueM U, TIOKa He TOJIYYMM MHOYKECTBO IOJTHONU MepHhI.
Kak MBI JJOKazKeM, 9TO CyIecTByeT Takasi OKPECTHOCTH !

IA

[Iycts 0 < € < 0.016 nacronbko maso, aro ecan max{|7(y, s)|, 0
s <t} = |r(y,t)| = 6 naa wexkoropeix y € W(x;€), x € Gut >
TOTJIA

—_

)

t > 10to u CO/t < 0.016.

Xorum JoKazarh, 9ro ecin x,y € F u dx(z,y) < &, 10
y e B(x,f) - {SCCLTUS : |T‘7 |S‘ < 5}

Bamerum, 9To B jgaHHOM ciaydae B(x;&) - okpecTHOCTD ToUKN * € X B
npocrpancrse X (B owinune oT Be(z) u3 npejpliyIeit J1eMMbl, Ijie Mbl
paccMaTpUBAJI OKPECTHOCTH TOUKE ¢ € (G ByjieM f1e/1aTh 970 0T IIPOTHB-
woro. Ilyers 310 He Tak. Bes orpanndenus oOIIHOCTH MOXKEM CUUTATD,
aro y = xazhy, € W (). Torma b # 0, a 3naunt, Kak ciaeayer u3 (5),
cymectByer t = t(y) > 0, takoe uro max{|7(y,s)[, 0 < s < t} =
I7(y,t)| = 0. Torma u3 Boibopa £ u 0 BuguM, ato t > to u a(y,t) > to.
3 BeiGOpa kommaxTa (7)

Ser(z,t) > 1— 1077,
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Ser(y, a(y,t)) >1—10""n.

I3 Boibopa 6 mosydaem, arto cymecrsyet s € [(1 — n)t, t], Takoe aTo

rus € K

TUsr(y,5)Po(y,s) € K.

Tornma u3 R-cBoiicTBa ciieryer, 94To

0 co

5 S0y, s)[ <0, |bly, s) < — < 0.19,

S
qTO O3Ha4dacT

dx(K, KCLT(%S) < 0.016.

B wurore nostyaaem mporusopeune ¢ (7).

Tak kak G MOKHO HOKDBITH CUYETHBIM 4ncIoM okpecTHocTell O, (z),
riae O-(x) ecth map ¢ meaTpom r € X, To MOXKHO Hafitn x € F'NYm
aro u(FNO(x)) > 0 mst Becex € > 0. JI1s1 10CTATOTHO MAJIOTO € MMeeM

FNO.(z)=FnNnaB(e), rne u(B(x;e)) > 0, a 3naunt
p(B(z;£) NY) > 0.

Takxke nMeeMm

B(x;&)nY c zU(§)

BCJICJICTBHE TOrO, 9T0 it Masioro |7| < &Y u Ya, He nepecekaroTcsl.

Tak xkak U geiictByer na (X, ) sprogmano, o u(xU) = 1.

Teneps nepeiinem k cayaaio A C A(p), T.e. g ecth A—uHBapUAHTHAST

Mepa. Hagrem co cieayroreil JseMMBbI.
Jlemma 3.5 Fcau A C A, mo A ecmv nepemewusarue.

JokazareabcTBO. /locTaTouHo J10Ka3aTh, 4TO

/¢($)f(xaf)dﬂ — 0 npu 7 — 00
b's

JUIsE JIIOOBIX JIBYX OI'PAHUYEHHBIX PABHOMEPHO HEIPEPBIBHBIX (DYHKIIMI

¢ u f na X rakux, uro f, = [ fdu = 0.
X
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[Iycts € > 0 dukcuposano. Beibepem 0 < § < 1 takoe, uro |p(z) —
©(2)| < e mg mobeix x,z € X ¢ d(x,z) < 0.

Beuty sproguanoctu jeiicrsust U wa (X, p) naitayrest top > 1u Y C
X raxwe, uto ((Y) > 1 —ecu Sy(y,t) < e ma Becex y € Y, t >ty (37€ch
St(y,t) aT0, KaK Bcerjia, BpeMeHHOe cpejiHee U3 TeopeMbl Bupxroda-
XuHIrHA JJIST Uy ).

BosbMeM HACTOIBLKO 6ouibIoe Ty > 0, 4To e~ 20ty = § 1 IycTh T > Ty.
Torna mst Yy = Ya, nonyaum p(Y;) = p(Y) > 1 — . B urore nmeem
CJICAYIOIIYIO LIEHOYKY PABEHCTE:

I
S| =
o\c’)
5
&

c
N
=
&

2
V5]

IS
L

QL
=

QU

V)

o(x)Sr(xa_r,s:)du + e

[
S~

= / o(y)Sy(ya_r, s7)dp + €1+ &2
YT

:€1+82+83%0,

rie s, = 0e?” > ty. 31ech OleHKa Ha €] BLITEKAeT U3 PaBHOMEPHOl
HEITPEPBIBHOCTH (p, OIleHKa Ha €9 BHITEKAET U3 OTPAHUICHHOCTH f U ¢, a
Ha €3 — U3 BbIOOpa MHOXKECTBa Y . |
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Teneps nycrs x € X u H(x;0) = {xhs : |s| <} Eemm 0 < 0 < 0.1
JIOCTATOMHO MAJIO, TO Jist Kakaoro y € B(x;0) n xaxoro z € H(x;6)
nepecedernne H(y; 105) N B(z;100) cocronT n3 poBHO OJHON TOUKU p =
p(y, z). Oupenennm

H(y) = H(p) = {p(y,v) : v € H(z;0)}
B(z) = B(p) = {p(w,z) : w € B(z;4)}
Vitz)= | H().

yeB(x;0)

Nmeem

q€H (p) reB(p)

mist Beex p € Vs(x). Bes orpannuenust 00IHOCTH MOXKEM CIUTATH, ITO
/
u(Bs(x)) > 0 u m ectb onHO3HAUHOE OTOOpazkeHue Ha map T Oy €
2
nenrpom &' € 7w} uz rpynmsr G.

Ornpeem
Q=U{Vs(z)ay : k € Z}.

Torma pu(2) = 1, rak xak geiicrBue A wa (X, p) sproguano. Taxzke
neiicrere A na (), v) coxpansier mepy. Ilycrs 7 ecth GopesieBckast Mepa

Ha X, ompenesenHas Kak U = v(D N Q) mist Kaxa0ro 60peseBCKoro
D C X.

Jlemma 3.6 1) v(Q2) < oo; 2) u=7/v(Q).

HoxkazareabcTBo. [lycTh f ecTh HenpepbiBHAs QyHKINSA HA X € KOM-
makTHBIM HOcuTesieM. Tak kak geiictBue A wa (X, p) sproamdHo, To
moxkno Hafitn muoxkectso Cp C Vi(z), u(Cr) = pu(Vs(x)), cocrosiee
3 Tovuek y € X, JIJIsT KOTOPBIX

—_

n—

Staly) = % flyai) = fu = /fd,u, npn n — oQ. (8)

¢ X

I
o

TMycrs Cy C Vy(z), u(Cy) = u(Vs(x)) Takoso, u4ro

A(Cy A B(2))/MB(2)) = 1
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JUIST BCeX 2 € C'f, rjge A 910 B-unBapuaHTHasi Mepa Ha zB (B ectb Ta
noarpynua B (G, KOTOPyIo Mbl onpejesisiin panee). Boibepem Z € Cf u
OIIpe e IuM

Vi =U{H(y) :y € Cy N B(2)} C Vs(x),

Qf:U{VfakikEZ}CQ.

Nmeem (V) = u(Vs(z)) n u(Qf) = p(2). Teneps nycrs z € Vy, Torma
z € H(y) nna nexkoroporo y € Cy. Unmeem

dx(za_p,ya_,) — 0,n — 0.
B urore, ¢ yaerom (8) 1 Toro, 4to f paBHOMEPHO HENPEPBIBHA, TTOJIYYaeM
Stn(2) = fu,n — 00
aiid Beex z € V. Takeke 11a Beex w € (2
Sta(w) = fu,n — oco. (9)

Ilycts f ectb meoTpunatrenbHas gynkuuda Taxkad, uro f, # 0. U3
neMMbl Dary

n—r00
Q

far(Q) = ({ fudv < lim / Spndy = Q/ fdv < .

!

D70 IOKA3BIBALT TePBOe yTBepKaeHne JeMMbl. Mcrnosb3ys (9) u reopemy
Jlebera o MarkKopupyeMmoil CXOUMOCTH, JjIsT KayKI0i HelpepbiBHON f Ha
X ¢ KOMIIAKTHBIM HOCUTEJIEM HUMEEM

fr= /fdz/: /Sf,ndv—> /fﬂdvz fuv (&)
0 Q

Q

YTO JIOKA3bIBAET IYHKT 2. [
Haxkomnery, Mbl MOYKeM JIOKa3aTh CJIEIYIONLYIO TEOPEMY.

Teopema 3.6 Ilycmv A C A(u), moeda ' ecmv pewemka u p ecmo
G-unsapuanmmnasn mepa.
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HoxkazaTesbcTBo. OcTaioch J10Ka3aTh, 4To v = . st aToro jgocra-
TOYHO IIOKa3aTh, YTO I Jitoboro p € X

1(Oo15(p) — ) = 0.
Paccmorpum
QO ={weQ:wa, € Vsp(z) na Geckoneunoro kommiectsa n € Z*}.
Tak xax p = 7/v(§2), a A jeficreyer sprojuano na (§2, 1), TO uMeem
p(2) =1uv(Q) =rv). Ecmw e Q, ro H(w;108)a_,, C H(y) mia

HekoToporo n € Z* u uekoroporo y € Vy(z). 9ro u Tor dakt, uro )
ecTh A-MHBApUMAHTHOE MHOYKECTBO, JAET HaM

H(w,100) C Q2
111 Beex w € ). Boutee Toro, wH C s Beex w € €. Pacemorpum
Q={weQ: \NQNB(w;108))/A(B(w,108)) = 1}.
Tak kak 7 = U/v(§)) = y B-uHBapHaHTHBI, TO UMeeM
v(Q) =v(Q). (10)
113 onpeenenns ) BHIM, 9TO 1151 J060T0 w € )
V(Vs(w) N1Q) = v(Vi(w). (11)
113 (10) BBITEKAET, YTO /15T BCEX W € )
v(Vs(w) N Q) = v(Vs(w)).
Tenepn pacemorpum npoussosibioe p € X. Jljig HEro Mbl MOZKeM HalTn

r = wy,...w, Takyo, 910 w; € Vs(w;—1) N m1st Bcex @ = 2,...,n u
Op.15 C Vs(wy). U3 aroro u yenosus (11) Hakorer mojydaeM, 9To

1(Oo1s(p) — €2) = 0.

Teopema mokazana. [ |
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4 T'mnore3a OnmneHreiiMma

4.1 PopmyampoBKa

Teopema 4.1 [Iycmwv () ecmv Hesupootcdernas keadpamuyunas popma,
HE ABAANOULAACA 3HAKOONPEICAECHHOT U 3ABUCAULAA OM N > 3 NEpemeH-
norx. Tozda aubo QQ NPoONoOPUUOHAALHO KEadpamuuHot opme ¢ UEAbLMU
koagppuvuenmamu, subo Q(Z") naomno 6 R.

BameTnm, 9TO ycsiosue n < 3 IEHCTBUTEIBHO 00SI3aTE/IBLHO, TTOCKOIBKY
JJIsT KBAIPATHIHON NPPAIMOHATBHOCTH (aarebpandeckoro Irucjia CTere-
Hu 2) a uz Teopembl JInTrasya ciaenyer, uro |a — p/q| > C/q¢* nns

nekoroporo C' u Beex p/q € Q, a snaunt aua Q(z,y) = y* — o’x? umeem

Q)| = |2*(y/z — a)(y/x + a)| = Clal,

TO ecTb Touka () gBJIsieTcst N30JIMPOBAHHOI TOUYKOI oOpasa ().

Takzke sicHO, 9TO B cJIydae, Korja () siBJISIeTCsT 3HAKOOIPEICJCHHOI, TO
Q(Z") s1o muckperHOe MOAMHO)KECTBO R" (T.K. CyIIECTBYeT Takasi KOH-
craata C' > 0, aro |Q(x)| > C||x|| ans Beex = € R™.

4.2 JlokazarenabcTBO rumiore3nl OrreHreiima

JlokazaTe/IbcTBO OOIIEro ciydasi n > 3 MOXKET ObIThb CBEJIEHO K CJIydalo
n = 3, J0Ka3aTeIbCTBO ITOIO MOYKHO HafiTh B [2].

[Ipexk e 4em IpUCTYIUTD K JI0KA3aTeILCTBY, BBEJEM HEKOTOPhIE 000-
3HAYEHNSI.

Onpenenenne 4.1 Ecau (Q ecmov seuecmeentan Keadpamuinas hop-
MG O N, NEPEMEHHBIT, MO €€ 2PYNNA ABMOMOPHUIMOE IMO MHOHCECTNEO

SO(Q) =1{h € SL,(R)|Q(vh) = Q(v), das mobozo x € R"}.

O6oznaunm SO(Q)Y kak ceasuyio xommonenty SO(Q), cojeprKaiiyio
equnmaHbIi ssement SO(Q). Taxkxke obozHax M

QO(xla o, xS) == 2331:173 — l’%

Hamomunm, 910 MbI XOTUM BbiBecTH rurore3y OImeHreiiMa Kak cJjie/-
CTBUE U3 CJEJIYIONICH TeOpeMbI:
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Teopema 4.2 (O samwvikarnuu opbum) I[lycmv X = T'\G ecmwv 00-
HOPOOHOE NPOCMPAHCMBO € KOHEYHbIM 0bsemom, 2de G ecmb ceA3HaA
epynna Jlu, I' ecmo pewemxa 6 G, a H — cea3nas nodepynna G, no-
DOAHCOEHHAA YHUNOMEHMHDLMU 0OHONAPAMEMPUMECKUMU N00PYNNAMU.
Tozda dnn mobozo x € T\G cywecmeyem 3aMKEHYMAA CAZHAA NO0-
epynna S C G, codeporcawasn 6 cebe H, maxas wmo xH = xS, npuvem
aamrHymas opouma .S umeem KoHeuHyro S-UHBAPUAHMHYIO MEPY.

Bynem mucars H BMmecTo U, OCKOJBLKY B IPEABIAYIIEM pasjelie B
JIOKA3aTe/IbCTBE MBI TOjIpa3yMeBaJsin, 91o U MoJIHOCTBIO COCTOUT U3 YHU-
MOTEHTOB, B TO BpeMd Kak 3jiecb H Oyaer nopoxKjieHa yHUITOTEHTAMU.

Msr pacemarpuBaem G = SL3(R) u I' = SL3(Z). Unesa nokazaresn-
CTBa TaKoBa, uTO ecji Mbl nojtoxknM H = SO(QY) u jokazkem, 4To ona
MOPOZKJIeHa YHUIIOTEHTAMHU, a TaKyKe FBJIIeTCS MAaKCHMAJIbHOM CBSI3HOI
noarpynmnoit G, To 1o Teopeme ParHep CyIecTByeT BCErO JBa BO3MOXK-
HBIX BapuanTa: jubo zH miorno (a suwaunt Q(Z3) miorno B R), ambo
xH 3amMkHYTO (TO ecTh () MPOMOPIMOHAIBLHO KBaJIpaTHIHOI dopme ¢
nesbiMu Koa(uimeHTaMm ).

Tertepb cchopMysInpyeM HECKOJIBKO BCIIOMOTATE/IbHBIX YTBEPKICHUI.

Jlemma 4.1 (Jlemma Mapeyauca) I[lyemv n > 2, {u;} - yruno-
menmmuasn oononapamempuyeckan nodepynna SL,(R), ux € SL,(Z)\SL,(R).
Tozda cywecmsyem rkomnaxmmoe mnodicecmeo K C SL,(Z)\SL,(R)
maroe, wmo {t > Olxu, € K} ne oepanueno.

JlokazaTesibcTBO JaHHOM JIeMMbl MOXKHO HaiiT B [2]. Takzke st yerern-
HOTO IPHUMEHEHHsT TeopeMbl ParHep HaM TMOHAJI0OUTCA €IME HECKOJIBKO
JIEMM.

Jlemma 4.2 Aaneebpa Jlu epynnv SO(Qy) evieanadum caedyrouyum o6pa-
30M:

a b 0
50(@0) = Xa,b,c = c 1l b \a, b, ceR
0 ¢ —a

Jloka3aTeabCTBO. DTO MOKHO BBIUUC/IUTH, PACCMOTPEB IIPON3BOJIbHY O
matpuiy A u3 §0(Qg) u BeiOpaB TpaekTopuio a : J — §0(Qy), a(0) =1
u a'(0) = A. Torna a(t)Tna(t) = n, rae n ecTb MaTpuia Hamrel KpaJl-
paruuanoii popmer Q. IIpoanddepennupoBas 9T0 cOOTHOIIEHNE 110 T 1
os10xkuB t = 0, mosyvyaem

Afn+nA=0.
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HaJstee, pernas 1moJydeHHyI0 CUCTEMY YpaBHEHUIT, TIOJIYYNM YTBEPK IeHIe
JIEMMBI. [ ]

Jlemma 4.3 1) Coasnan xomnonernma SO(Qg)® nopoorcdena yrnunomenm-
HOMU 0OHONAPAMEMPUUECKUMY NOJZPYNNAMU.

2) Henmpaauzamop SO(Qy) ¢ GL3(R) cocmoum moavko u3 sne-
menmos suda ol

HoxkazareabcTBo. [lepBolii yHKT ciieyeT u3 Bia 3J1eMEHTOB COOTBET-
crBytomeit anredper Jlu, u Toro, aro [Xo1,0, X001 = X100, CM. HIZKe
3aMedaHue.

BTopoil IyHKT JIerko JI0Ka3aTh, PACCMOTPEB HEIOCPEeJCTBEHHO IIPON3-
BOJIbHYIO 3 X 3 Marpuily A U 1I0CMOTPEB, Kakue YyCJIOBUS HAKJIA/IbIBa-

t 0 0
I0TCS Ha He€, ecjn OHa KOMMYTHPYET C MaTpHUIaMU 01 0 u
00 ¢!
1t t?)2
01 ¢ , KOTOpBIE JiesKaT B rpytie H.
00 1

SaMedaHnue. DieMeHTaM Xgp o € f COOTBETCTBYIOT MaTPUIIbI

1t t?)2
Vi=1 01 ¢ ,
00 1
sjleMeHTaM X o . MaTpUIbI
1 00
vi=|( t 10|,
t2/2 t 1
a seMenTaM X, 0,0
t 0 0
A=101 0
00 ¢!

OjionapaMerpuyeckue noArpyist Vi u VI spjisiiorest yHIIOTEHTHBIMIY.
Kponme Toro, ognonapamerpuieckue noarpymnst Vi, ViL', Ay nopoxpaior
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Bce H. [Ipnmep Toro, Kak a/1eMeHT Ipynnsl A; MOKHO ITOPOJUTE JI€MEH-
tamu rpymi Vi u VI

100 1t /2 1 00 1 v v%/2
w 10 01 ¢ u 10 01 w =
w?/2 w1 00 1 w?/2 w1 00 1
a2 0 0
01 0 :
0 0 a2
€CJIH TIOJIOZKHM W = —=, U = —ﬁ, a=1+ %t Taxmm 0OpazoM, MbI UMeeM

TPU OJIHOIIAPAMETPUYECKUE MTOJIPYIIIBI, TIOPOXKICHHbIE YHUIIOTEHTHBIMU
9JIeMeHTaMU. ZICHO, YTO BCsl CBSA3HAsT KOMIIOHEHTHI I'PYIIIBI aBTOMOPQU3-
MOB TOPOXKJIAETCA STUMU MOJATPYIIIAMUA.

Taxoke oTMeTUM TPUHIUTINAIBHYIO PA3HUITY MEXKTY CIydasiMu 1 = 2
un = 3 g ciaydad n = 2 Ipylia aBTOMOP(U3MOB He TOPOXKIEHA
YHUIIOTEHTHBIMU 3JIEMCHTAMU.

[Tonb3ysichk Teopemoii Paraep m jaHHBIME BBIIE COOOPaYKEHUSIME, B
JIAHHOM pas/iesie Mbl OyIeM JIOKa3bIBATH CJICIYIONLYI0 TCOPEMY:

Teopema 4.3 [Iycmov () ecmv nesupootcdernas keadpamuyunas dopma,
HE ABAANOULAACA 3HAKOONPEIEAECHHOT U 3ABUCAULAA OM N = 3 NEpeMmeH-
Howr. To2da Aubo (Q nponopuuoHasbHO KeadpamuuHot Gopme ¢ UEAbLMU
Koadppuyuermamu, aubo Q(Z3) naomno 6 R.

HoxkazaresberBo. [lycrs gg € SL3(R) u A € R* rakosbl, uto () =
AQo © gg. Torna SO(Q)Y = gQHgél.

H = SO(Q)° nopoxiena yHUIOTEHTHBIMU 3jeMeHTaMu, a S L3(7Z)
ectb pererka B S L3(R). Ilpmvensis reopemy Parnep, mosydanm, 9to cy-
EeCTBYeT 3aMKHyTasi cBsi3Has noarpymna S C SL3(R), aist koropoit
BBINIOJIHCHO:

e HCS
* goH = g@S
e cymlecTByeT S-IHBapUaHTHAas BEPOATHOCTHAA Mepa Ha gosS.

Tak kax H 510 MakcumasbHas|l1| cesasuast noarpyimna G, 1o ecrb
Bcero JiBa Bapuanta: S = H n S = (G. PaccMoTpuM UX 10 OTJAETHHOCTH.
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1) Ilycrs S = SL3(R). Torna SL3(Z)goH mnorno B SL3(R). Umeem

Q(Z7) = Qu(Z’gq) = Qu(Z’SLs(Z)gq) = Qu(Z*SLs(Z)goH ).

3J1ech T009EPeIHO NCHOJIB30BAHbI olpeieaeHne (Qy, paBeHcTBo Z° =
SL3(Z) u onpenenenue H. Q(Z3) mnorno B Qo(Z3G), T.K. Qo nenpepbis-
no. Onnako Qo(Z*G) = Qo(R? — {0}) = R.

2) Ilycts S = H, To ectb opbuta goH 3amknyra. Torga H-opbuta
snementa SL3(Z)gg € I'\G. Teneps nycrs x = Fgél u xg = I, Torma
20SO(Q) = v Hgg Toxke 3amkmyTo. Pacemorpnm A = SO3(Z)NSO(Q),
T.e. MHOYKECTBO BCEX IIeJI0UNCJIEHHBIX aBTOMOP(MU3IMOB ().

Uest nokasaTesibcTBa CISIYIONAsa: PACCMOTPHUM CHCTEMY JIMHEHHBIX
ypaBHEHUT HA CUMMETPUIHBIE 3 X 3-MATPHUIIBI O

Voy = o, s mobsx v € A.

Tor daxT, 4TO IPOCTPAHCTBO PEIICHU HE ABJISICTCS IIYCTBIM, OYeBUJICH
(BosbMeM 0(), cooTBeTcTByIOIIee Marpure (). Ecin Mbl jjokaxeM, 4T0
IIPOCTPAHCTBO PEINeHnit JaHHOI CHCTeMBbI OIHOMEPHO, TO B CBA3H C TEM,
9TO 9T CUCTEMA OIPEIeJIeHa Ha E/IbIX YUCIax, y JaHHO crucTeMbl Oyaer
XOTd Obl OJIHO PAlMOHAJILHOE peIlleHre, a 3HAYUT, () IPOIOPIUOHAIBLHO
HEKOTOPOil KBaJApaTUIHO popMe ¢ paIrmoHaIbHBIMU KOI(MDPUITUEHTAMU.

PaccMOTpuM HPOU3BOJILHOE PelleHre CUCTEMbI 0, COOTBETCTBYIOIICE
kBaJipaTuuHoil dpopme Q'. B Tepmunax kpajpaTudHbx gpopM Yoy = o
osnauaer 1o, uro A C SO(Q'), To ecTb Bce MEIOUNCICHHBIE ABTOMOD-
busMbl ) TakzKe sBJISIOTC aBToMOphu3MaMu s Q'

[Tokaxkem, uro eciim A C SO(Q'), T0 Bce YHUIIOTEHTHbIE OJIHOAPA-
metpudeckne noarpytisl SO(Q) Takxe comepxkares B SO(Q)).

Badukcupyem p € R3, u

fr:50(Q) = R,g = Q'(pg ")
A C SO(Q'), mosromy f, MOKHO (baKTOPH30BATE
£, A\SO(Q) — R.

BosbMeM yHHUTIOTEHTHYO ojiHOTapamMerprdecKyto moarpymmny {u(t)}gr, n
orrpeaeuM (PYHKITHIO

q:R =Rt — fy(u(t)).

28



Taxk Kax u; yHUIOTEHTHDBI, TO JJisi HEKOTOPOI'O HUJILIOTEHTHOrO A mMe-
eMm u; = exp(tA). C ydaerom Toro, uto () TOXKE SABJISETCS MOJTUHOMOM,
IOJIy9aeM, UTO ( - IIOJIMHOM.
[To nmemme Maprynuca HaiigeTcsd Takoil HeOrpaHWYIEHHBIN KOMIAKT
K C X, B koropblit u(t)-opbuta TOUKN x( OyIeT MOCTOSTHHO BO3BpAa-
MATHCS, & UMEHHO: MHOXKecTBO {t > 0 : xgu(t) € K} He orpanndeno.
Tak kax SO(Q) 3aMKHYTO, TO KAHOHIIECKOE 0TOOpazKeHe

¢ : A\SO(Q) = 2050(Q), Ag — w0y

ecth romomopdusmM. 1o oznauaer, uro K’ = ¢ 1(K) Toxke KOMIIAKTHO,
a suHauut, f,(K') xomnakrHOoe mopMHOKecTBO R. C IPYyroit CTOPOHBI, U3
BbIOOpa, K MBI IMeeM HeOTpaHUYeHHOE MHOZKECTBO

{t e Rlq(t) € f,(K")}.

DTO 03HAYAET, IYTO HA CAMOM JIeJe (¢ sIBJISIeTCA KOHCTAHTOM, U U3 Olpe-
JeJICHNsT ¢ U TIPOU3BOJIbHOCTH P nostydaeM, 110 Q' (u(t)v) = Q' (v) mia
moobIx v € R3,

Nrak, Mbl J0Ka3aJ1H, 9T0 BCe oHOnapamMeTpudeckne moArpyisl SO(Q)
nexkar B SO(Q'), a snaunt, SO(Q)° C SO(Q').

Tenepn nycrb o u ¢’ aBe CUMMETPUYHDBIE MATPUILI, COOTBETCTBYIO-
mue KpagparuaabiM hopmam Q u Q' coorsercrsenno. Torma ns 106010

h € SO(Q)°
ho'o th™! = (hJ'hT)((h_l)TU_lh_l) — oo L.

970 03HAUAET, uTO 0’0 ! KoMMyTHpyer ¢ H, T.e. 9TO 3JICMEHT IeHTPaJIH-
saropa H, a 3Hauut, 570 KoHcTanTa. [losyuaem »kKemaeMblil pesysbrar:
() u ) IpoNOPIMOHAJIBLHDI.
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