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1 Bsenenne
Hnst ancna x € [0, 1] MBI paccMarpuBaeM pasiioyKeHne B OObIKHOBEHHYTO IIEIHYIO JpoOb

1
xr=la1,a2,...,04n,...] = ————, aj € L4

1
a + ———
az+ -

KOTOpOe OECKOHEYHOH JJIMHBI M OINPEIe/IsieTCsl eIMHCTBEHHBIM obpaszoM, Korma & ¢ (Q u KoHeYHOH IIuHbI JJIst
parmona/bHBIX . Kaxkmoe panponaabHOe & UMeeT 1Ba Pa3/I0XKeHUs

I:[(Il,ag,...,an_]_,an], n x:[a17a2a"'7an—17an_171]) rme CLnZQ
O6o3Ha4nM 34
Py
— :=[ay,...,ax
qdk

k-10 nojxosyo apobs K x. 3a Bj, Mbl 0603HauaeM n-Hblil yposenb jepesa [Itepua-Bpoko, To ecTsb
B, :={x=la1,...,ax] :a1+...+ar =n+1}.

B [8] MumkoBckuit BBoauT dyHKIHIO 7(2), KOTOpas MOXKeT OBITH OIpeIe/IeHa KaK Ipe/iesl (yHKIUN PACIIPe1esIeHIs
MHOXKeCTB Bj,. D1y byHKIWMIO HepeoTKpbiBaan 1 udydasn muorue asrops! (em. [71,[6],[1],[4],[11]). duas pannonasns-
HOT'O WJIM HUPPAIHOHAJIBHOIO & = [a1, a2, . .., 0p, . . .| HOPMyIa

e (_1)k+1

?(z) = ZW (1)

k=1

upescrasinentas derxya [2 3] u Canemom [13], moxker 6T paccMOTpeHa KakK OJIHO U3 SKBUBAJIEHTHBIX OILPEJe-
nenuit pynknun 7(x).
Ussectro, uto ?(r) - HEmpepbIBHAS CTPOro Bo3pacramomas (DyHKIHUs, ee nmpousBogHas !’ (r) cymecTByer modarn
Beoay B [0, 1] B embicsie Mepsr JleGera, u ?(z) = 0 miua x € Q.

Tak Kak 7(x) HenpepbIBHA U

1 1
MbI BUJIHUM, 9TO CyIIeCTBYET KaK MUHUMYM 2 TOUKH I S (O, %) n I S (%, 1), TaKnue 4To
7(.%]) = Ty, ] = 1,2.
W3BecTHag rumnoresa COCTOUT B CJIe Ay IOIieM:

I'mmoresa 1. Bonpoc-gynruyus Munkosckozo 7(x) umeem 6 mownocmu 5 nenodsusicnor mouek. Cyuecmeyem
moavko odna nenodsuoicnas mowra dywyuu ?(z) na unmepsane (0, 3).

1o orkpbITas runioresa (cm. npenpuat Momesuruna [9]). Oanako, eciu cyiecTByer 60siee OHON HEOBUKHOI
rouku Ha unrepnase (0; %), 10 60s1ee 1em 4000 repBBIX HEIMOJHBIX YACTHBIX B UX PA3JI0KEHUAX B IEIHYIO J1P0O0h
coBmagaioT. HecMoTpss Ha TO, UYTO MBI He 3HaeM, JeHCTBUTEIBLHO JIU CYIIECTBYET BCETO JIUIIL 2 UPPAIMOHAJIbHLIE
HEIO/[BIKHbIE TOUYKH QYHKIUK 7 (), MBI MOXKEM KOe-4TO CKa3aTh O JMOMAHTOBLIX CBOMCTBAX HEKOTOPBIX U3 HUX.
B nannoit pabore npuBOIATCH sABHbIE HUXKHUE OIEHKHM Ha MEPY HPPAIMOHAJBHOCTU CAMON MaJjIeHbKOW U CaMoit
6OJIBIIION HEMOABUKHBIX TOUeK ¢ uHTepBaa (0, %) , TO €CTh HUKHHUE OIIEHKH CJIEJIYIONIETO BU/IA!

P 1 1
_ £ — >
’:C q’> ?-1(q) @’ o(9) 20

IUIsl MOOBIX P, q € Z,q > qo, TAe 3aBucHMOCTb 1(q) oT q sBHAs u qg 3agan0. O6prano, MunnmMyM infgez, (2 + 6(q))
HA3bIBAIOT MepOii( UM SKCIIOHEHTOI) UPPAIMOHAIBLHOCTH TUCIIA T



2 OcHoBHBIE pPeE3yJIbTaThbl

[Tepsblil pesysbrar 3ajaeT OrpaHUYeHHe HA OTHOCHTEJbHBI POCT HEIOJHBIX YaCTHBIX HEKOTOPBIX HEIO/(BUKHBIX
Touek byHKIuu 7 ().

Teopema 1. Ilycmo © = [a1,...,an,...] - CAMAA MAAEHOKAA UAU CAMAA DONDULAA HENOOBUINCHAA MOUKA PYNKUUL
Munxosckozo na unmepsane (0, %) Tozda a1 =2 u

n
Ap+1 S Zai (2)
i=1

ona ecexn € N.

JHokasarenscrso Teopemst [I] nano B Tmase [@] Cuenyromas teopema ecrsb ycunenue Teopewmst [I} oamako jyist
JIOKA3aTeIbCTBA UCIOJIb3yeTCs JPYyTHe COOOPAKEHNUS.

Teopema 2. ObosHavum K1 = 210g2(@) —1~0.38848383. ... [lycmb T - Henodsustchas mouka u3 Teope./mn

2
an+1 < K1 Z a; + 2log, (Z ai) (3)

i=1 =1

moezda

ons scexn > 1.
Dopmyna JaeT sSIBHYIO OIIEHKY Mephbl UPPaIllMOHAJBbHOCTHU JIJIsl paCCMaTPUBAEMbIX HEIIOJBUXKHBIX TOYEK.
Teopema 3. [Tycmov x - nenodeusicras mouxa us Teopemwi [1], mozda

1

(1?;12 log ¢ + O(loglog q)> q?

oas ecex ¢ > qo € N;p € N,

HoxazarenbcTBo Teopewmnr [3| nano B ['mase |§| Apubiit Buy wiena O(loglog q) Takxke npusejieH.
Cureyromee yTBep:KI€HIE CBOIUT MUIIOTE3Y O HEIIOJBUKHBIX TouKax dyHKuuu ?(z) K coiicrBaMm 3Hauenuii 7 (z)

)

evinoareno o 6cex p,q € Z,q > qo, mo Iunomesal[l] sepra.

B palMOHAJIbHBIX TOYKaX.

Teopema 4. Ecau nepasencmeso

> — (4)

Mpur nokaswiBaem Teopewmy |4 B [Ipunoxkenun.

3 BcmomorarenbHble yTBEePXK/IeHUS
Yepes Fj Mbl obo3HadaeM k-e quciao PuboHAYYIN, TO €CTh

Fo=F =1,Fy11 =F,+ Fy1.

n—1 k
JIemma 3.1. ITycmo ?(lai,ag,...,an-1]) = [b1,b2,...,b] u > a;=s+1>2, moada > b; > s+ 1.
i=1 =1



Zloxazamesvcmeo. IlpuBonsa K 00IleMy 3HAMEHATE IO, MBI ITOJIyIaeM
2a2+...+an,1 _ 2a3+...+an,1 4 (_1)7171 . 90n-1 4 (_l)n
nil
a;—1
2i=1 '

(5)

(la1, az, ..., an-1]) =

3HaMeHaTe b JaHHOM JIpodu paBeH 2°, a YUC/IUTEIb €CTh HEYETHOE YKMCJI0, 3HAUYUT JPo0b HecOKpaTuMas. PaccMor-
puM ypoBHb By nepesa [llrepra-Bpoko, KOTOPBIH COMEpKUT 9UCIIO [a1, a2, ..., Gp—1]. Hanboabimmii 3HamMeHaTes b
Ha 9TOM ypoBHE paBeH Fyio. MbI 3HaeM, 4TO mjis j1000ro s > 2 BeIMoHEHO Fyig9 < 2°. ChemoaresnbHO, 00pa3
qucaa [aj,ag, ..., ay—1|, 3aJaHHBI HOPMYIIOi , [MPUHAJJIEKUT YPOBHIO By 11 HEKOTOporo k > 1, Tak Kak
3HaMeHaTe/ib 0bpa3a 6oJibiile YeM MaKCUMaJbHBIN 3HAMEHATe/ b HA YpoBHE By. O

CJ'[e,IICTBI/Ie 3.1. V é’yH’KIuUU Munxosckozo cywecmseyem 6 MoYHOCmU 3 pPayUOHaANbHDBLE HENOJGUIHCHDBLE MOYKU:
1
0, b) u 1.

Joxazameavcmeo. Ml 3HaeM, uTO Fsyo = 2° TonmbKo it s = 0, 1, To ecTh a71s1 dncest ¢ 0-ro u 1-To ypoBHeit gepeBa
[IITepua-Bpoko, Ha KOTOPBIX HAXOASITCA JIAIIL dnca 0, % u 1. JIast mr060ro Ipyroro parmuoHaJIbHOIO YUCTa, CYMMa
HEITOJTHBIX YAaCTHBIX yBEJIMINBACTCs MO jeficTBueM yHKIuu 7 (), a 3HAYAT YUCJIO0 MEPEBOJUTCSA HE B CeDsl. ]

Crenyromast jiemMMa 0 3HadeHUsiX (pyHKImH MUHKOBCKOTO B PAIMOHAJBHBIX TOUKAX CBSI3aHA C YTBEPKIEHUEM,
nzsectHbiM Kak "Folding lemma (see [12]).

Jlemma 3.2. Hycmb S - NPoU36OABHOE HEOMPUUAMEADHOE UEAOE YUCAO U
?([al,ag, PPN an,l]) = [bl, b2, PN ,bk], bk 75 1.

Pacemompum wucao
n—1

0 = [a1,a9,...,an_1,0a,], 20e an = g a; + s.
i=1

Tozda
1. Ecaun = k(mod 2), mo ?2(0) = [by,ba, ..., bg_1,bp —1,1,25FL — 1 bp, ... by
2. Ecaun =k + 1(mod 2) mo 2(0) = [b1,ba, ..., bg, 25T — 1,1, by — 1, b1, ..., b1].

Joxazameavcmeo. Moer 3uaem, ato by # 1. Boibepem oo m3 TpejcTaBIeHU % = [b1,ba,...,b] nm % =
[b1,b2,...,br — 1,1] Takum o6pazoMm, 4T0OBI JMHA | PA3JIOKEHUsI B IEHHYIO JPpo0b Oblia ObI TOI Ke YeTHOCTH,
n—1
S ai—1

aroun+ 1, roectb [ =n+1 (mod 2), ul =k wml=Fk+ 1. U3 (5)) mbr 3HAEM uTO ¢f = 2i=1 :
Bes orpanmuenust obaocTH, npemnosokuM, uto n =k + 1 (mod 2), Torma

—1)nt+1 —1)ntl -1 l 9s+1 _ - B
7(0) :?([aba27 o 7an—1]) + ( ) _ Y ( ) _ Pk ( ) _ hq (pl(ﬂ 1 — qipi 1) _

2'ni:1 o 1ts a 92s+1 . qu - a 9s+1 'ql2 - 23+1ql2
2 i=1

p(2 =T + o Q-1
= = [b1,ba, ... by, 25T — E2] = [by, b, ... by, 25T — 1,1, b, — 1, b1, ..., b1).
@257 = 22) g | Q I=1 ! ]

1
B IIoCJIeIHEM PDaBE€HCTBE MbI UCIIOJIb30BaJIN —T = 0 + 1 . D
—1+
1+ !
r—1

Bameuanne 1. X.Huueppeiirep B [10] mokazas, aro eciau m - 910 4ucio Buaa 2F 10 cymecTByer HedeTHOE IesI0e
qucsio a, Takoe 4o 1 < a < m u BCce HelOJIHbIe YaCTHBIE B PA3JIOXKEHUU YHUCJIA a/Mm B IENHYIO JIPOOb, OrpAHIYEHbI
quciom 3. OkazbiBaeTcsi, OH 6pas urepanun GyHKIn MIHKOBCKOTO B PAIHOHAIBHBIX TOYKAX CIEIUAIBHOTIO BUIA,
y KOTOPBIX KarKJI0e HEIIOJIHOE YaCTHOE PABHO CyMMeE BCEX MPEIbIIYIINX WU CyMMe BCeX MPEJbIIYIuX IIoc 1.



JIemma 3.3. Ilyemov ay,...,apn—1 - nepsve (n — 1) HENOAHDIT YACTHBIE HENOOBUNHCHOT MOYKY T, M020a, 6 346U~
CUMOCTU O, YEMHOCTIU T, CAECOYIOUEE HENOAHOE YACTIVHOE Uy YIOBAEMBOPAEM 00HOT U3 CACOYIOWUL CUCTNEM

[a1,...,an-1,an] <?([a1,...,an—1,an + 1]),
1. Ecau n wemmno, mo a, ydosiemseopsem
Aty ..., an-1,0n + 1] >7([a1, ..., an_1, an)).
at, ..., 0p_1,an] >7(la1,...,an_1,an +1
2. Ecau n nevemno, mo a, ydoeiemeopaem (@1, an-1; an} >2([a1; s an-1, an 1)),
[a1,...,Gn—1,an + 1] <?([a1,...,an_1,an]).
Jlokasameavemeo. Ilycrb x = [a1,...,ap,...] - 970 HenoxBuKHast Touka. [lokaxkeM ciydait 1).

Tak Kak n 9eTHOe YUCJIO, TO U3 TEOPHHU IEIHBIX IPoOeii Mbl 3HAEM, YTO
[a1,...,an] <la1,...,an,...] <[a1,...,a, +1].

To ecTb MBI mOJIydnsIH, 9TO [a1,...,a,| ¥ [ai,...,ay + 1] JeKaT 0 pasHble CTOPOHBI OTHOCUTEJIHHO T, & 3HAYUT U
ux o0pas3bl JIeXKAT 110 PA3HbIe CTOPOHBI, U MbI IMeeM

[al, C. ,an_l,an] <?([a1, ce ey Qp—1,0p + 1]),

[a1,...,an—1,an + 1] >?([a1,...,an—1,an]).
Coy4ail 2) paccMaTpUBaeTCsl AaHAJOTUIHBIM 00PA30M, TAK KaK JJisi HEYETHOTO 7 Mbl UMEEeM

[a1,...,an + 1] <[a1,...,an,...] <[a1,...,ap].

CHG,ILYIOIU,E%H JIEMMa JIOKAJIM3YET HEIIOJIBU2KHbIE TOYKH.

JIemma 3.4. Bce nenodsuotcrvie mowku gynryuu ?(x) ¢ unmepsana (0, %) NPUHAONEINHCATN, UHMEPBANY (%, %)

Jlokxasamenvemeso. Jljist nadgasia IOKayKeM, 9TO He CYIIECTBYeT HEMOABUKHBIX ToueK Ha nuTepsade (0, %) Pazmoxum

oo
unrepsad (0, %) B 00beuHeHne 110/ piHTepBaoB (0, %) \Q=U (n%_l, %) \ Q. Ilpeamonoxkum, 4To JJIsi HEKOTOPOI'O
n=3

L) raxoe uro ?(xg) = 2. Torma

1
ng CyHeCTBYeT xg € (m, e

1 1 1
— < zg =7 <M — ==
ng+1 zo ="(wo) <n0> no—1

To ectb ng + 1 > 2"+ aro HeBepHO M5t Vg > 3.
DTO O3HAUAET, YTO MEPBOE HENOJIHOE YacTHOe pasHO 2. (1 MCKIIOMaeTcs, TaK KaK Mbl HAXOIMMCS HA WHTEPBAJIE
0.1)).

Tenepsb cieyeT HOKa3aTh, 9TO He CYMIECTBYeT HElOJBUKHBEIX TOYEK Ha HHTEpBAJIe (%, 3). Paccmorpum pasiio-

no no+1 )
2no+17 2no+3/°

oo
xenue (3,3)\ Q = U4(ﬁ, %) \ Q. IIpennosoxum, 910 JIJII HEKOTOPOIO N CYIIECTBYeT & € (
n—=

Takoe 4ro ?7(r) = .
ng + 1 no 1 1
— > x0 =" ST —m— ) == — .
2ng + 3 0 (o) <2n0 + 1) 2  9214no

[Tosyammu, aro 2™ < 2ng + 3, ITO BBIOJHEHO TOJIBKO pHu ng = 1,2, 3.
Jljist Toro, 94ToOBI OKA3aTh, YTO HE CYIIECTBYET HEIOJBUKHBIX TOYEK Ha MHTEPBajIaxX (%, %) u (%, ), 3aMeTuM,

aro 2(2(2)) =2(3) = 15 < 3 1 7(°(3) =T(55) = & > 5 =

Ol

JIeMMa O3HAYAET, YTO BCe HeNoABHKHBIe TOUKH ynkimu ?(x) ¢ nnrepsana (0, 3) umeror sug [2,2,...].

Cremytoriiee yTBEPKIECHUE SIBJISIETCS OUEBUJIHBIM CBOWCTBOM HeNpepbiBHBIX (yHKIW. [IpuBogum ero 6e3 jjokaza-
TEeJILCTBA.

JIemma 3.5. [Tyemow f(x) - amo nenpepuwenan pynruus. Paccmompum ompesox [a,b], maxod wmo enympu (a,b)
nem nenodsustcnox movex gynrkyuy f(x). Toeda f(x) — x ne mensem 3nax wa (a,b).

4



4 JlokazareabcTBO TeopeMbl

1

Paccmorpum ciryvaii camoit sieBoii HenossrkHOM Toukn dbyakmuu ?(x) #a uarepsaie (0, 5). O6o3HauuM ee 3a

x =lay,...,an,...]. Byaer nokassiBarh ot nporusHoro. Ilpemmonoxum, 4To cyrmecTByer n > 3, TAKOe 9TO
n—1
an > Z a;. (6)
i=1
Paccmorpum [ay, ..., an—1] u uycrs ?([a,...,an—1]) = [b1,...,bk],bx # 1. Tenepsr paccmorpum caydau 1) - 4) u

HECKOJIBKO TI0JIC/TydaeB. B KaxkoM u3 ciiydaeB Mbl IpujeM K nporusopednto. Ciydaii 1) paccMOTpPUM JIETATBHO.
Ciyuan 2) - 4) cuIbHO NOXOXKHU Ha caydail 1), mosTomMy Mbl GyJieM OIlyCKaTh HEKOTOPBIE MOJAPOOHOCTH.

1) n - meuernoe, k - negernoe. Torma o I[eMMe ?([a1, a2, ... an]) = [b1,b2, ..., bp_1,bp—1,1,25T 1 by ... by
ITo Jlemme [3.3| ay, TOKHO yIOBIETBOPATH

[al, R ,an_l,an] >?([CL1, ceyQp—1,0p + 1]) = [bl,bg,. ey b1, — 1, 1,28+2 —1,b,.. .,bl],
[al, vy Qp—1,0p + 1] <?([(I1, ... ,an,l,an]) = [bl,bz,. ey b1, — 1, 1,25+1 —1,bg,.. .,bl].

(7)

Tenepb paccMOTpPUM 3 TIOZCITY sl
k n—1
1.1) k < n—1. Torga mo Jlemme 3.1| Mt umeem Y, b; > > a;, 3Hauur cymecrsyer ¢ € {1,...,k}, Takoe uro a; # b;.
i=1 i=1
Eci MBI pacCMOTPHM HENIOJTHOE YaCTHOE C HANMEHBIINM HHIEKCOM ¢ < k, JJIst KOTOPOTO @; 7 b;, MBI IIOJTy9nM, 9TO
cucrema (7)) HeCOBMeCTHA 110 [IPaBU/IAM CPaBHEHHUsI IIEIHBIX JAPOOeii.
1.2) k > n. Eciu cymecrsyer i € {1,...,n — 1}, Takoe uro a; # b;, Torna anajorudHo ciaydaio 1.1) cucrema
HECOBMECTHA. 3HAUUT IpeJiosaraeM, 9To st Beex ¢ € {1,...,n — 1} BbimoONHEHO a; = b;.
Paccmorpum 4 BapuamTa.

1.2.1) b, < a, — 1. IlepBoe HEpaBEHCTBO B MOXKET OBITH IEPENnCcaHo Kak
[ala s 7an717an] > [alv az, ..., 0p-1, bn7 R bk—h bk - 17 1> 28+2 - 1a bk7 R bl] (8)

Ho n - weyernoe uucio u b, < a, — 1. 3nauntr (§)) He MOKET BBIIOIHATHCS.
1.2.2) b, > ay, + 2. Bropoe HepaBeHCTBO B MOKeT OBITH IEPENNCAHO KaK

[al, ce oy Qp—1,0p + 1] < [al,ag, ey G 1,bn, .. b1, — 1, 1,25+1 —1,bg, ... ,bl]. (9)

Ho n - mewernoe uncio b, > a, + 2. 3HaauT @ He MOXKET BBITIOTHATHCS.
1.2.3) b, = a, + 1. Ilepenuniem cucremy @ B COOTBETCTBUU C IIPEAINOJOKEHUSIMHI JTAHHOTO CIy4das B BUJE

[al,...,an] >?([a1,...,an+l]) = [al,...,an—i—l,bnﬂ,...,bk_l,bk—1,1,25+2—1,bk,...,a1],
[al,...,an—i—l] <?([a1,...,an]) = [al,...,an+1,bn+1,...,bk_1,bk—1,1,25+1 —1,bk,...,a1].

Bropoe HepaBeHCTBO HE BBIIOJIHAETCS, TaK KaK 3HaYEHUE IEIHON JIpoOU BCerja MeHbIEe YeM ee HedeTHasl I10JIXO-
Jstast 1po0b.

1.2.4) b, = ay,. Teneps pasencrso ?([a1,...,an—1]) = [b1,...,bx] Jaer Ham
7([@1, - ,an_l]) = [al, ey p—1,Qpy e ey bk] > [al, R ,an_l].
ITocsie/iHeE HEPABEHCTBO BBINOJIHSIETCS U3-3a TOrO 4To N HederHo. Ho [a1,...,an—1] < & - 970 TOXKe 1OXO/ISIIIIAS

apobb K x. [Tosromy
[a1,...,an—1] <?([a1,...,an—1]) < a1,...,an,...] = .

ITokazkeM, a0 910 HpoTuBopednt Jlemme [3.5] HeitcrBurensho, o Jlemme HE CYIIEeCTBYET HEMOABUKHBIX TOYEK
ua unrepsaie (0, %), a 3HAYHUT T > % Pacemorpum orpesok [0, z]. On yjaossersopsier yciaoBusiv Jlemmbr u It
TUCTIA % BBITIOJTHEHO ?(%) = % < 1/4. CnenoBarenbHo, o Jlemme HepaBeHCTBO ?(y) < y BBINOJHEHO JIJIS BCEX

y € (0,x), HO MBI HOCTPOMJIN YHUCJIO Y = [a1,. .., an—1] € (0,2) miasa koroporo ?(y) > y.



1.3) k = n. Anamornuso ciaygaro 1.2) Mbr ostydaem a; = b; st Beex @ = 1,...,n — 1. Pacemorpum 4 mojiciydast.
1.3.1) by, < ay,. B arom cirydae Mbl ostydaeM IIPOTHBOPEYNe aHAJOIMYHO ciry4dao 1.2.1)

1.3.2)

1.3.3)

by, > an + 3. B aToM cirydae MBI IosrydaeM MPOTHBOPEUNEe AHAIOTUIHO cirydao 1.2.2)
bn, = an, + 1. PaBencrso 7([a1,...,an—1]) = [b1,...,bx] HOI IPEIIONOKEHUSIMU JJAHHOTO CJIyUac JAeT HaM

?([al,... ,an_l]) = [al,...,an_l,an + 1] > [al,... ,an_l].

D10 mporuBopedunt Jlemme Tak e, Kak 1 B ciaydae 1.2.4).
1.3.4) b, = ay, + 2. Cucrema JaeT HaM

[a1,...,an] > la1,...,a, +1,1,2572 — 1 ay,, ..., a1],
[a1,...,an+1] <[a1,...,an +1,1,25" — 1 ay, ..., a1].

Bropoe mepaBeHCTBO He BBIMTOIHAETCS, TAK KaK HETETHAS MOIXOAIIA TPOOb Beerma GOIbINe TeM 3HAUEHNE TeTTHOM
poou.

2) n - gerHoe, k - yernoe. Torma no Jlemme ?([a1, a2, ... an]) = [b1, b2, ..., bp_1,bp — 1,1,25FL — 1 by, ... by
ITo Jlemme [3.3| a,, TO2KHO yIOBIETBOPATH

[al, ... ,an,l,an] <?([a1, ceyQp_1, 0y + 1]) = [bl,bg,. . 'abk—17bk -1, 1,28+2 — 1,b1€,. . .,bl],

10
[al, ey Qp—1,0n + 1] >?([a1, ... ,an_l,an]) = [bl,bg,. vy b1, — 1, 1,28+1 —1,b,.. .,bl]. ( )

Kak u pambIe, Mbl paccMaTpuBaeM 3 Crydast

2.1) k <n— 1. B nanHOM cjiydae MbI HOJIy9YaeM IIPOTUBOPEYNE aHAJOTHIHO ciaydaio 1.1)
2.2) k > n. Tak xe, kak u B ciaydae 1.2), paccmarpuBaeM 4 BapuaHTa

2.2.1) b, < a, — 1. B aT0M citygae Mbl [oJIydaeM IpOTUBOPEYNe aHAJOTHIHO ciydaio 1.2.1)
2.2.2) by > ap, + 2. B 3T0M citydae Mbl [OJIy4aeM IIPOTUBOPEYNe aHAJIOTUIHO ciaydaro 1.2.2)
2.2.3) by, = a,, + 1. Torna cucrema MOYKET OBITH ITEPENUCAHO KaK

[a1,...,an—1,a,) <?([a1,...,an—1,an +1]) =[a1,...,an + 1, bpq1,...,bp_1,bp — 1, 1,2572 — 1, by, ... ,ai),
[al, ce ey Qp—1,0p + 1] >?([a1, - ,an_l,an]) = [al, e, Gyt 1,bn+1, L. ,bkfl,bk —1, 1,28+1 — 1,bk, - ,al].

Bropoe HepaBeHCTBO He BBIMOJIHSIETCS, TaK KaK IeTHasl MOIXOIAINast JpoOb BCEro MeHbIe YeM 3HadeHHe IeITHOM
Ipoomu.

2.2.4) b, = ay. PaccmorpuM 4eTHY0 MOAXOJMAILYIO JPO0b (a1, ..., a,] Halleil HEIOJBUKHON TOYKM, & TOUHEE ee
obpas nox dyuknpeii MUHKOBCKOrO. YIuThIBast IPEIONOKEHUs 1 uenoub3ys Jlemmy [3.2] Mbr momygaem
?([a1, .-y an]) = [a1,- s Qnybpgty - b — 1, 1,257 — 1 b o Jag] > [aq, - . ., ap]. Tlomyuaem nmpoTuBopedne anaso-

MUYHO cirydaro 1.2.4), Tak KaK MbI HAIILIH 9UCJIO0, MEHBIIEE UM CaMaA MANEHLKAA HETIOJBIKHAS TOIKA, TAKOE ITO
obpa3 moJryuniicst 6oJIbIlle CaMOT0 YHCJIA.

2.3) k = n. Anasorn4so ciydaro 1.2) Mbl IPUXOJAUM K IIPEANOJIOKeHUT0, 4To s Beex ¢ € {1,...,n—1} a; =b; n
Tenepb paccMaTpuBaeM 4 ciaydast

2.3.1) b, < a,. B aToM ciyvae MbI moJydaeM OPOTUBOPEYHE aHAJOIMMYIHO ciaydaro 1.2.1)

2.3.2) by, > a, + 3. B aT0M citydae Mbl [oJIydaeM IpOTUBOPEYNe aHAJIOTUIHO ciaydaio 1.2.2)

2.3.3) by, = an + 1. neem ?([aq, ..., an]) = [a1,. .., an, 1,257 — 1 ay,, ... a1] > [a1, ..., ay]. Tenepb M1 momydaem
IPOTHBOpEYNE TaK ¥Ke, KaK B ciydae 1.2.4).

2.3.4) b, = a, + 2. Ilepenuceiasi cucremy B HaIlIUX IIPEIOJIOKEHUAX, Mbl II0JIydaeM

[a1,...,an] <la1,...,a, +1,1,2572 — 1 an, ..., a1],
lai,...,an +1] > [a1,...,a, +1,1,257 — 1 a,, ... a1].

Bropoe HepaBeHCTBO He BBIMIOJHSIETCsI, TAK KaK YeTHAsT TMOJXO/AINast IpoOb BCEr/ia MEHbIIe YeM 3HAUYEHUE IEeITHON
JIpO6H.



Cayyan
3) n —gernoe, k — mederHoe m  4) n — HedeTHOe, k — YeTHOE

paccMaTpUBAIOTC TIOX0KUM obpasoM. Hamnpumep, B ciaygae 3) mo Jlemme
?([al,ag, ce ,an]) = [bl, ey bk, 25+1 - 1, 1, bk - 1, bkfl, ey bl]
ITo Jlemme [3.3] a,, ymoBieTBOpsieT

[CLl,« ' ';anflaan] < [blv .. '7bk728+2 - 17 17bk‘ - 17bk‘—17 .. '7b1]7
[al,...,an_l,an + 1] > [bl,.. . ,bk,28+1 —1,1,bp —1,bp_1, ... ,bl],

¥ HaM HaJI0 PaCCMOTPETh TOJIbKO 2 mojciydast (ciaydail n = k HEBO3MOXKEH, TakK KaK YeTHOCTh 1 U Kk pasJindHa)
3Nk<n-1 u 3.2)k > n. (11)
B cayqae 3.2), anasoruauo ciydaio 1.2), Mol
3.21)b, = an + 1, 3.2.2) b, = ay, 3.23) b, < a, — 1, 3.2.4) b, > a, + 2. (12)

B kaxk10M cirydae Mbl TIOJIy9UM [TPOTHBOPEIHE.
B ciayuae 4) mbl umeer o Jlemme

?([al,ag, e ,an]) = [bl, .. .,bk,25+1 — 1,1,bk — 1,bk,1, .. .,bl],

u o Jlemwme (3.3} a,, yaoBmerBOpsieT

[al, .. .,an_l,an] > [bl, R ,bk,23+2 —1,1,bp — 1,bp_1, .. .,bl],
[al,...,an_l,an+ 1] < [bl,.. . ,bk,25+1 —1,1,bp — 1,bp_1, ... ,bl].

Teneps paccMoTpuM Takue ke mojciaydan kak u B (11)), a Bropoii moacyyaii pazobbem Ha BapuaHThl Kak B ((12)).
MpsI ucdepnajin Bce BO3MOXKHBIE BAPUAHTHI, ITOJIyINB [IPOTUBOPEYNE B KAXKJIOM U3 HUX, 8 3HAUUT IIPEJIITOJIOKEHTE
@ OBLJIO JIOKHBIM. [

Bameuanue 2. Yrobsr gokazars Teopemy [I] auist camoii 60JIbIION HEIOABIZKHO TOYKH Y, MBI JJOJZKHBI PACCMOTPETH
OTPe30K [y, %] U 4UCJIO %, KOTOPO€e MPUHAJIEIKUT 3TOMY 0Tpe3Ky (1o Jlemme , YTOOBI MOJIyIUTH TPOTUBOPEYIHE,
ucnosb3ys Jlemmy [3.5

3ameuanue 3. MoxXHO 3aMeTUTh, 9TO aHAJIOT Teopemsl (1| MOKHO 060OIUTE CO CIydasi caMOil MaJIEeHbKOW U CaMOil
OOJIBITION HEMOABIKHON TOYKN Ha JIFOOYIO HEMOABUXKHYIO TOYKY &, M30JUPOBAHHYIO W HECTAOMJILHYIO XOTd OBI C
OJTHO!l CTOPOHBI.

Hanpumep, x sBjsieTcst n30JIMpOBAHHON M HECTAOMJIBHOI CJIeBa TOTJA U TOJBKO TOIJIa, KOTIA

Je >0:Vy € (x —e,z) Bhmoseno |y — x| < |?(y) — z|.

J171sT M30/TMPOBAHHON W HETIO/IBUKHON TOUKM BMecTO TeopeMbl 1| MOXKHO TTOKa3aTh, YTO HEPABEHCTBO BBIIIOJIHEHO
IS BCEX TOCTATOYHO OOJIBIUX 1.

5 JokazareabcTBO TeopeMbl

PaccMoTpuM 1poM3BONIBHYIO HENHYIO Apobb [a1,. .., a4y, ...]. Obosnaunm S, = ai + ...+ a,. Ham nonamoburcs
crenytomast gemma u3 (5], Teopema 4).



Jlemma 5.1. Obosnavum ¢ = @ Has mobozo n € N umeem
Gn < Fs,41 < 9" (13)

Ternrepb MBI T'OTOBBI JIOKa3aTh TeopemMy MpbI paccMOTPHUM TOJBKO CIy4Yail caMoil MaJeHbKOM HENOIBUKHON
TOYKU HA UHTEpBaJe (O, %) Cuy4aii camoii GOJIBIION HEIIOABUKHOM TOUKH PACCMATPUBAETCST AHAJIOITIHBIM 00Pa30M.

Zoxazameavcmeo. s nadasa, 3ameruM, 9T0o Teopema [2| BoimosiHeHa mpu n < 36, TaK Kak MbI 3HaeM mepBbie 36
HETOJTHBIX YACTHBIX uncia . [locaenoBarelbHOCTD HEMOMHBIX acTHBIX ecTh B OEIS A058914. Ilycrh n - geTHOE

ancio. Torna no Jlemme [3.5 mpr nveem ?(22) < 22 <z = 2. Suaunt
n n

1 Pn (pn> (pn+1> (m) 1
— < —-—=<N )= )<= |- =) = . 14
(an—i-l + 1)‘]721 dn ( ) Gn dn+1 dn 25ntani1—1 ( )

[Tostyuniu HEpaBeHCTBO

(an—H + 1)(]%

25n+an+1—1 > 1. (]‘5)

[Ipennonoxum, 9To apy1 > k1S, + 210gy Sy [lpuMenum BepxHIOO OIEHKY 13 JIeMMBbI U ACHOJIb3YyeM TOT (DaKT,
4TO 55 €CTh CTPOro yObIBatomast byHKIMs npu = > 4.

(an + 1)g _ (k1Sn + 2108, S, + g _ 2(miSy + 210y S + 1)

1< 28n+an+1—1 928n(k1+1)+2logy Sn—1 S721

. (16)

Mo2KHO JIErKO 3aMETUTD, UTO

2(kSy, + 2logy Sp + 1)

<1
Si

upu S, > 4. llonyuwimu nporuBopevne.

Ciyuail Korja n - He4eTHOe YHC/I0 HEMHOTO cjioxKHee. Temephb Mbl nmeem 7 (Ertl) < Pntl

< z = x. Ucnonpays

dn+1 dn+1
TE 2KeE C006pa}K€HI/IH, IoJrydaeM, 9TO
2
(@ny2 +1)g; <1
2Sn+an+1+an+2_1 :
n +1
Tak kax n+1 < (an+1 + 1)(]n n a2;;L2+2 < 17
a +1)2¢?
(@nt1+1)7q; > 1. (17)

2577 +an+1 -1

[Tpentosokum 910 apnt1 > K1Sp +2logy Sy,. Toraa, kKak u B npeabLIyIneM ciaydae, IpuMeHnM Jlemmy ¥ UCIOJIb-
2
3yeM TOT (haKT, UTO gz CTPOro yowisaromas GyHkmus npu x > 7. meem

(an + 1)2‘1727, (Hsn + 210g2 Sn + 1)29023n < Q(Ksn +2 10g2 Sﬂ + 1)2

1< 28n+an+1—1 928n(k+1)+2logy Sp—1 S% (18)
Us [I0JIy4aeM
2logy S, 1 1
KM+—(g—+5>—F7=. 19
s YT 1)
Ho nmepasenctso (|19) He BbIMONHSIETCS 131 S,y > 36, & 3HAYUT MbI TIOJIYIHJIA IIPOTHBOPEYHE. O

3amedanue 4. Boobiiie roBopsi, MOXKHO JI0Ka3aTh 0oJjiee CHILHOE YTBEPIKICHHE, 8 IMEHHO
Ont1 + o F prr < K15, + 2k logy Sh.

U3 (L7]) mbr 3HAEM YTO VN

(@1 + 1)

23n+an+1_1 > 1



Paccmorpum 310 HepaBencTBo mua n =m + k — 1:

(@mirk + 1)@ 1

28mir 1 > 1. (20)
Otennu JieByto uacTb HepasercTsa (20)):
1< (@ 1)y < 2amn + 12 (s + 1)y,
2Sm4r—1 2Smtami1t+..+amik ’

[Ipennonarast, 9T0 Qi1+ . .+ Amrk 2> K1Sm~+2klogy Sy 1 IpuMensist cOOOparKeH s, AaHAJIOTTYHbIE JJOKA3ATe/bCTBY

Teopewmst [2, MBI Oy 1M
K1 log, S. 1 1
M QM >
k Sm Sy~ 21/(2k)
U 9TO HEPABEHCTBO HE BBINOJIHAETC i Jitoboro k > 1 korma S, > 36.
Bameuanue 5. Teopema [2] 1aer (HeonTuMAaIbHYIO) BEPXHIOIO OIEHKY Ha HEMOJIHbIE YacTHbIe dnciaa x. OmaHako, ux

[IOBeJIeHHE B cpeiHeM HaMHOTro mpoirne. O603HaYNM

i+ Vi +4 5log Ay — 4log A5

A/]/ pr— ; pu—
2 "2 0.5log2 + log M — log As

~ 4.40104874 . . . (21)

B [4] Qymmcrosa, Momesurnn u Kan jnokazamnu, 9o

JIemma 5.2 ([4], Theorem 3). ITycmo das uppayuonaivhozo wucia T cywecmesyem koncmarwma C, maxas 4mo
ons A1006020 HAMYPAALHO20 T BVIMOAHEHO

Sx(t) Z /igt - C.

Tozda ' () cywecmeyem u pasra 0.

Tor dakr, aro ?(z — §) < x — § JyIs1 J1I0OOTO HOTOKUTEJIHLHOTO ¢ BIIeYeT B HaIeM ciydae Sy(t) < kot — C 1pn
nexoropoM C'. IIpocThbIME BLIMHCIEHUSME, MOXKHO IOKa3aTh, 9TO MOKHO B3aTh C' = (. Teneps umeem ciemyiomee
ouesmjIHOE ciiejicTBre 13 Teopemsl [2l u JIeMMbl

CnencrBue 5.1. [Tycmov © - nenodeusichas mowka us Teopemwi [1, mozda
an+1 < K1kan + 2logy(kan) (22)

ons scex n > 2.

6 JlokazarenncTBo Teopembl
Jlokazamenavcmeo. W3 (15) u (17) umeem, uro mist r060oro n € N BbIIOJIHEHO

(an+1 + 1)2(]7%

2Sn+an+171 > 1. (23)
2
Tak kak (;;‘I%_lz < %, MBI IMeeM
2
623" < QEL
nJjin

2 9

Tak Kak ap41 < K19, + 2logy Sy, nMeem

2 9 2 2 9
1 1 — —1 1 1 — .
Ontl < K1<log2 08 ¢n + 1082 2>+10g2 Og<log2 08 Gn + 1083 2)



PaccMoTpumM npou3BOJIBHYIO TOAXOASITYIO J1pobb K x. M3 Toro uro

) S
qn (@ny1 + 1)%%’
MBI HOHy‘{aeM
1
P LI BN
an

1 <10g2 log gn + log, g) +log2 1Og(logQ log g, + logy g) +1 qu

IIpunoxkenue

Jlokazamenvemeso. TlpeAmnooKum, 9To CyImecTByeT Kak MUHIMYM JIBE HEMOJBIKHbIC ToUKH Ha nHaTepsase (0, %),

KOTOPbIE 0003Ha4YUM 34 Ir1 u .fL'll PaCCMOTpI/IM IIPOU3BOJIBHOEC pallMOHAJIbHOE YUCJIO g Me2K/1y HUMMU. BaMeTI/IM, q9TO

HOCJIE/IOBATE/ILHOCTD urepanuii z, = 7(7(...7 (%) ...)) MOHOTOHHA U CXOJUTCsI K HEKOTOPOIl HEIOJBUKHOI TOUKe
——

n iterations
Ha orpeske [r1,2)] . IIpeauosoxkum, 910 9Ta HOCIE0BATENILHOCTL yobiBaeT. OG03HAUNM ee Hpe,zgeﬂ lim Zn 38

xY, KoTopwlit MoxkeT coBnagaTh ¢ 1. OBOZHAYUM N-HYIO MOIXOJANLYIO JApoOb K 4mciay = uepes 22 CymeCTByeT
n
HaTypaﬂbﬂoe N, rakoe wro Vn > N spmonmeno zf < 2= < B Tak xak ?(£) <, 1o no Jlemme MBI IMeeM
xf <?(Bn=l) < B2nct L aist Beex 1> N. Buaunr,

q2n—1 q2n—

_ _ _ 1

0<p2n 1_?<p2n 1><p2n 1_$/1/< . ' (24>
g2n—1 q2n—1 q2n—1 a2nq5,_1

3aMeTuM, 9TO eCJIH [OCJIe0BATEILHOCTD 2y, BO3PACTAET, TO UCIIOJIB3Ysl Te 2Ke COODPAXKEHMs, MBI MOJIYIHM, UTO
zf > p 2 n > % JUIs BCEX JlocTaTovHo 6osbmux n. HepaBencrso 1) B TaKOM CJIydae 3aMeHHUTCsI HEPABEHCTBOM

P2n D2n n D2n 1
0<?< - < - < (25)
q2n q2n q2n 2n4-195,
3aKOHYUM JI0KA3aTEIbCTBO TOJILKO B CIydae yObIBAIOIIEH TOCAEI0BATEILHOCTH Zy,, TaK KaK BTOPOI CIydail ¢
9TOr0 MOMEHTA PACCMATPUBAETCS AHAJIOTHIHO.
Us (24) cremyer, uro eciu agy, > 2 BBIIOJHEHO OHECKOHEYHOIO MHOTO pas3 1pu 1 > N, TO MbI [OJIYYUM IIPOTUBO-
pedne ¢ . BHauUT CcylecTByeT Takoe duciao M, 9ro as, = 1 s Bcex n > M. Mbl 3HaeM, 9TO

1 D2n—1 D2n—1
s kg g(Pnt) g,

9on—1 q2n—1 q2n—1

HpaBaH JaCThb IIPpEAbIAYIIECTIO HEpaBEHCTBa MO2KET OBbITD OIlE€HEHa CJICYIOITUM o6pa30M:

p?n 1 2 17 1 1 1
{ —-(3?1) > g Y - > . )
q2n—1 252n—1+a2n— 252n—1+0a2n+a2n+1— 952n—1+azn

3HAYUT, TaK Kak a9, = 1 mist n > M, MBI OJIydaem

q% 1
" —
252»@71—&-1 <1 (26)

Eciu cymiectByeT 6€CKOHETHO MHOTO §, TAKUX 9TO ! <§225) > 5 ;S TO UMEET MECTO CJIE/IYIONIas CUCTEMa HEPABEHCTB
S

s s > N

P2s—1 o[ P2s—1 P2s—1 "
0< q2s—1 <q25—1> < q2s—1 -
2| P2s P2s / _ D2s
0 < <q23> q2s <z q2s

10



Knaccraeckast TeopemMa 13 TeOPUU UHCES yTBEPKIAET, 9TO JjIst oboro s € N KaKk MUHIMYM OHO W3 HEPABEHCTB
P2s—1 _ N 1
q2s—1 Ty < 2q3,_,

n .1'/1/ - % < ﬁ BBITIOJIHACTCH. C.He,Z[OBaTe.HbHO, MBI ITOJTYYIUJIX IIPOTUBOpPEYNE C .
S 2s

Terepsb PEITIOIOKUM, UTO JJIsI BCEX JIOCTATOYHO OOJIBIITUX 71 MBI UMEEM 7 <§22”> < %. Torpa us 1’ u
n n

MBI UMEEM 9
1
(a2nt1 + 1)q3, <1
9252n—1t+a2n+1
Uz (26) un (27) mbr momysaem
2
1
( d2n ) A2n+1 +1 o1 (28)
Gon—1) 2%2n+17
3amerum, 9TO
q2
o nl =1+ [agn,l, a2n—2,02p-9, . . ] <1+ [1, aon—2,1,.. ] (29)
—

Kak wmbl yke ormedann, as, = 1 for all n > M. BHayuT MbI MOYXKEM OIIEHUTH MPABYIO 4acThb HepaBeHCTBa ([29))
CJIEIYIOIINM 0Opa30M

2
(q%> < (p+en)? <1622 =26244 st OCTATONHO GOTBIIHEX 70 . (30)
2n—1

31ech €, ecTb HEKOTOpas PYHKIUsI, KOTOPas 3KCIIOHEHIINAIbHO cTpeMuTcst K 0 Ipu n crpeMsineMcst K 6eCKOoHed-
Hoctu. Temepb MBI BHINM, UTO G2p41 < 4, TOTOMY 9TO €CJHU G2p+1 > D, TO U3 (29) MBI mOTYyInM

2
Q2on a1 +1 6
<q2n1) T < 2624450 <1, (31)

HPUJs K IPOTHBOPEUMIO. SHAYUT CylecTByeT ducyo K, Takoe 4o jyist jiro6oro n > K BeimosseHo a, < 4. ITo ([4],
Theorem 3), mbr umeem ?'(z]) = +o00. B cuiy Toro, aro

()

P2n—1 " <1
2 — gff
q2n—1
JId BCEeX N > N, MBI IIPUXOJIUM K IIPOTHUBOPEIHIO. T0 IIPOTUBOPEYNE 3aBepHIacT JOKa3aTe/JILCTBO. O]

3ameuanue 6. Hepasencrpo OBLITIO TIPOBEPEHO IS BCEX g € [0, %] co 3uamenarensmu ¢ < 30000 u, oTmeBHO,

nst iepBbix 5400 moaxozsAmux Apobeit K HenoBiKHOM Touke dyHkmn ?(x). EquHCTBeHHBIMI KOHTPIIPUMEPaMH,
KPOMe TpeX TPUBUAJIBHBIX PAIMOHAJIBHBIX HETOIBU2KHBIX TOYeK (), % u 1, 6putn % u %,
MOAXONANMYI K HEMONBUKHON ToUKe. Tak 9TO KOMIBIOTEPHBIE BBIUHUCIEHUS TO3BOJISIOT HAaM MIPEIOJI0KITh, ITO

HEpPaBEHCTBO BBITIOJIHSETCS ITpU Bcex g > 19.

npudeM obe Ipodu sIBIISTFOTCST
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