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1 Bsenenne

Omupenennm zpomamueckoe wucao X (R™) eBriamaosa npocrpancrea R™ Kak HanMeHb-
1iee 4KuCcJIO IBETOB, B KOTOPblEe MOXKHO TaK PACKPACUTh BCE TOYKU ITOI'O IPOCTPAHCTBA,
qTOOBI JIIOOBIE JBE TOYKH HA PACCTOSHUN 1 OBLIM OKPAIEHbl B Pa3HbIE IBETA. 3a1a4a
HAXOZKJIEHUS XPOMATUYECKOTO YHCJIa BIepBble Oblia nocrasjiena Hemcornom B 1950 romy
as caydaga R? (em. mogpo6uocru B [19], [21], [22], [23]).

TourOe 3HAUEHNE XPOMATHIECKOTO YHCJIa HEU3BECTHO JIazyKe JJIs eBKIUJIOBON TII0CKO-
ctu. JIydmumu oneHKaMy Ha CeTOTHSNIHANR JeHb SBISIIOTCS

1< x(R*) <7

(em. [19]). Hust ciaygast MHOPOMEPHOrO €BKJIHM/IOBA IIPOCTPAHCTBA Palropojckum (HuzK-
Hest oneHka, cM. [18]) m Jlapmanom coBmectHO ¢ Pomzkepcom (Bepxusist onenka, cm. [9])
YCTAHOBJIEHO, YTO

(1.239 + 0o(1))" < x(R™) < (3 +0o(1))".

Mpui pacemorpum ciiydaiil cheprudeckoro mpoCTPAHCTBA. 3aMETHM, YTO TaK Kak Ha cde-
pe HeT 1o 00usI, TO 337a9a O XPOMATHIECKOM YHC/Ie HAYUHAET 3aBUCETH OT 3aIPEIIEHHOTO
paccTosTHuSA. DKBUBATEHTHO, MOYKHO PACCMATPUBATDH 33129y C 3aMPEIIEHHBIM PACCTOSTHI-
eM 1 Ha cdepe paguyca R. B sTom cirydae 0003HAYUM HCKOMOE XPOMATHUIECKOE UYHUCJIO
X(SE). Bamaga omenku x(S}) TakxKe mMeeT HEKOTOPYIO ucropuio. B 1981 rogy Dpmern
[8] BBLABUHYA rUOTE3Y, YTO AUIs s0GOrO dukcupoBannoro R > 1/2) x(SE) crpemures
K GeCKOHETHOCTH ¢ pocToM n. 1o Obuto mokazano Jlosacom ([11]) B 1983 ¢ mcmosb-
30BAHNEM WHTEPECHOTO COYeTaHWs KOMOWHATOPHBIX W TOMOJOTHYECKHX MeTO10B. JloBac,

n+1
2n+4

JUTMHA CTOPOHBI IPABUIBHOTO (1 + 1)-cuMIutekca, BIucaHHOTO B cdepy, MeHbIe 1) mve-
eM x(SE) = n+ 1. Ognako, kak 6bL10 MOKa3aHo Paiiropogckum B [20], 310 3asBiaenue
omm6ouHO: JIoBac HeNpaBUJIbHO OLEHHJ JUAMETD PACCMATPUBAEMBIX UM B 9TOM CJydae
OJIHOIBETHBIX YacTeii. B [20] ObL10 MOKA3aHO, YTO HA CAMOM JeJe JJist JI000ro hUKCHpo-
BaunHoro R > 1/2 sesmunna x(SE) pacTér sKCnOHEHIMAILHO.

OueBuHO, YTO MOCKOJILKY S BKIaapBaercs B R" T 1o

X(Sk) < (3+o(1))".

MOMUMO TIPOYET0, CAeJal B 3TOW cTaThe 3asBIeHWe, 9TO npn R < (T.e. KOTZIA

Hecvorpst Ha naTEpec K 3aja4e, B O0IIEM CIydae HUKAKOI OIEHKU JIydIe JI0 CUX MOop He
ObLII0 TIpeIokKeHo. [ HeOoNbIUX paauycoB cyliecTByeT Oojiee CHJIbHAS OIEHKA, dJe-
MEHTapHO BBITeKalomad u3 pabor Pomzxkepca. Mbl monpocty 6epéM cpeprudecKyio mamod-
Ky Ha S} TaKoro pajmyca, 9To0bl €€ eBKJIMI0B JuaMeTp Oblil Obl 4yTh MEHbIIE € HHUIIBL,
MOKPBIBAEM KOIUAME 3TOH MANMOYKH BCIO MMOBEPXHOCTL Chephbl U KPACUM KazK/IYI0 KOITHIO
B cBO#l 1BeT. Takum oOpa3zoM, Mbl MOJydaeM OIEHKY

X(Sg) < (2R +o(1))".
B nacrosuieii pabore Mbl perbsiBUM HOBYIO oneHky X (ST) npu R > \/75, YJLYUIIUB IPU

JAaHHBIX 3HAQYEHUAX PaJuyCa YIIOMAHYTBIC BbIIIE YzK€ U3BECTHbLIC OIECHKIH. Bousee TOYHO,
ITOJIOZKUM

2 5R? —1



Tora nMeeT MecTo CAeAYIOMAN Pe3yIbTaT:

Teopema 1. Jlas R > ‘/75 sepna ouenra X(SE) < (z(R) + o(1))".

OueBHIHO, UTO JJIsl BCeX TaKUX R OCHOBaHUE IKCIOHEHTHI MeHbIe Tpéx. (OHaKo, pH
R — o0 on crpemures K 3.) 13 nokazarenbeTBa TakxKe OyneT SICHO, 9TO OH MEHbIIE, YeM
2R. Ormerny, uto npn 5 < R < \/7‘?’ Yy 9IleHUsT U3BECTHBIX OIEHOK HAMU He MOJIYYeHO, HO
METO/Ibl HACTOSIIEH paboThl MO3BOJISIIOT HA ITOM IPOMEKYTKE HOJLYYUTh aJIbT€PHATHBHOE
nokazarenbcrBo onenkn X(S%) < (2R 4 o(1))™.

Mycrs Bt € R ect esxommmos mmap pajgmyca R (¢ mertpom B 0). Oxasbisaercs,

9TO KOHCTPYKIHA B JOKa3aTEJILCTBE TEOPEMbI 1 Takxke BIEeUET ciaeayrouee YIBep2KIeHue:

Teopema 2. /Tas R > ‘/75 sepha oyenra X(BE) < (z(R) +o(1))". Jas 3 < R < ‘/75

sepro X(BET) < (2R + o(1))™.

[Tociearsas TeopeMa yTBEPIKIaeT, 9To J060i orpanndennbii Kycok R moxkHo nmpa-
BUJIbHO TIOKPACUTH, UCTIOJIB30BAB CYIIECTBEHHO (B 9KCIIOHEHTY pa3) MeHee, yeM (3+o0(1))"
mBeToB (orenka Jlapmana—Pojzkepea). D10 npejcTaBiisieT 0cOObI HHTEpEC B CBSI3U € TEO-
pemoii dpaema—/le Bpeitna |6], Koropast JoKa3bIBaeT, 4TO XPOMATHICCKOE TUCIIO KAZKIOTO
eBKJINI0BA MIPOCTPAHCTBA JOCTUTACTCA HA KOHETHOM NMCTAHIMOHHOM Ipade. ABTop O1a-
rogaper A. B. KymaBckomy 3a ykasaHme TOTO, 9TO TeopemMa 2 JOJKHA CJIEJ0BATH W3
TeopeMblI 1.

JanbHelimas cTpyKTypa paboThl TakoBa. B pazese 2 IpuBOIUTCS CyKaTOE H3JIOKEHUE
MeTO/Ia M JAHBI CCBLIKN HA HEKOTOPbIe pabOThI, CBI3aHHBIE C UCTOJIH30BAHUEM aHAJIOTHY-
HBIX TeXHUK. B pa3/ese 3 BBoAgTCS HeoOXo[nMble 0003HAYeHNS U onpeenenns. B pasnesne
4 MpUBOANTCS JTOKA3aTETbCTBO TEOPEMBI 1, a B pa3jiesie 5 — TeopeMbl 2.

2 N3aoxkeHune meroaa

JlokazarebcTBO Teopembl 1 0a3upyercss Ha MOAXOe, HpeaokeHHOM JlapMmanoMm u
Po/zKepcoM 1Ipu OIeHKe WMH XPOMATHIeCKOr0 YhC/Ia eBKINI0Ba mpocTpancTra [9]. Mbr
IOCTPOMM MHOZKEeCTBO Ha Sp, He cofepzKalee Iapbl TOYeK HA PACCTOSHHH 1, OIEeHHM
€ro IJIOTHOCTD, a 3aTeM ITOKPOEeM KOIIHMSIMH 9TOI0 MHOXKeCTBa BCIO cdepy. 3aMeTuM, 9To
peasim3alms BCeX 9TUX IYHKTOB B crarbe |9] me obobmiaercst na caydait cdepuaeckoro
[POCTPAHCTBA U TpedyeT npuBjedeHus: HOBLIX ujieii. [TocTpoenne MmuoxkecTBa 6€3 paccro-
auusg 1 B 9] ncnonp3yer HekoTophie TyGOKHe Pe3yabTAThl U3 TEOPUH PEenéToK B R n ux
CBA3M C BBINYKJION reomerpueii. Takke cymecTBenHo Hajau4due romoreruu B R” u uzmene-
Hue o0bEéMa IIpu roMoTeTud. B Hatmeit pabore Oyer npeiokeHa ssBHas reoMeTpHIecKast
KOHCTPYKIIAS I TOCTPOEHHS TAKOTO MHOXKecTBa Ha cdepe.

Ornenka KOJNYeCTBA KO ITOCTPOEHHOIO MHOYKECTBA, MOKphiBaomnx Bcé R, mory4da-
eTCst ¢ TIOMOIIBIO MPSIMOTO IIPUMeHeHHsT TeopeMbl Dpenta—Pomkepca 7] 06 omnenke mior-
HOCTH IEPHUOJIMIECKOT0 MOKPBITUS €BKJINJIOBA IIPOCTPAHCTBA € IMOMOIILIO KOIUl BHIITYK-
Joro teja. Ha HacTodmmuii MOMEHT HM3BECTHO HECKOJIBKO PA3JIUYHBIX MOIXOJO0B K JIOKa-
3aTeIbCTBY ITOrO pe3ysbrara (M ero He3HAYUTEJbHBIX YIydlieHuil). Bobias ux 4acThb
HCIIOJIb3YyeT BepOHTHOCTHbIIU/I METOMd, a TaKzKe CYIIEeCTBEHHO 1OJIb3YyeTCd BbIIIYKJIOCTbIO HC-
XOJIHOTO TeJia M HaJimdneM romoreruun. B Hareit pabore HaM 1IpeCTONT TOKPHIBATH chepy
¢ TIOMOTIBIO KOTIHH HEKOTOPOTO HECBSI3HOTO MHOYKECTBA, COCTOSIIETO U3 PAJIUIHBIX “KYC-
KOB”, KOTOpbIe MOT'YT He SBJIATHCA JaxKe cHepUuIeCKH BBITYKIBIMUA. JTH 00CTOATEIbCTBA,



JTEJTAI0T HEBO3MOXKHBIME ITPUMEHEHNEe KaK CAMUX TPAIUIINOHHBIX METO/I0B J0KA3aTEIbCTBA
MO TOOHBIX PE3YIbTATOB, TAK W WJIEH, JIeXKAIINX 33 HUMIU.

[IprHIMNMAIBHO HHOM TOIXO0M K HOKPBITHSM OJHUX N€OMETPHIECKUX 00bEKTOB JIPYTIH-
mu GbLT ipeiozxked Haconu B crathe [13]. B 910il pabore ¢TpouTest HEKOTOPBIH abeTpaKT-
HbIIl KOHE4YHbIH rutieprpad TakuMm 00pa3oM, 4TO pelleHrne 3a/1a4u O PEOEPHOM MOKPbITUI
9TOTO THIeprpada SKBHBAJIEHTHO DEIIEHWIO MCXOMHON reoMerpumdeckoil 3agadn. Jlasree,
HCIOJIb3YeTCsl U3BeCTHBIN pesyiabrar Jlopaca (cM. mompobHee B CJIEAYIONIEM pa3/esie) o
pasMepe ONTHMAJIBLHOIO MOKPBITUS B KOHEYHOM ruieprpade ¢ OnNTHMAIbHON BeJMIHHON
TaK HA3bIBAEMOI'O APOOHOr0 HMOKpHITHA. lloc/ienHsas cHOBa ONEHHBAETCS U3 eOMeTpHIe-
ckux coobpazkenuii. 113 padorsl Hacosu, B gacTHOCTH, CjejlyeT HOBOE JOKa3aTeJbCTBO
pesyabrara Jdpaerta—Pomkepea, a Takke pesysbrara Pomzkepca o mokpbitun chepsl ma-
MOYKAMH.

Jloka3aTeIbCTBO TPEThero IIYyHKTA HAIlero ILIAHA CYIIECTBEHHO BIOXHOBJIEHO pabo-
Toit [13]. TIocKOJIBKY 9Ta cTaThs HPECeyeT e, He CBsI3aHHble HANPSAMYIO ¢ HAIUMH,
TO MPsSMOE HCIOIL30BAHNE MOIYYEHHBIX B HEil pe3yabTaToB HECKOIBKO 3aTPYIHUTEILHO
(reopema 1.4 orryma Moxer ObITH NIPUMEHEHA B HAIINX YCJIOBUSX, OJHAKO, ITAPAMETDHI,
BXojsIne B €6 GOPMYJIUPOBKY, He CJHITKOM MPOCTO ONEHUTH). B CBsI3M ¢ 5THM, B IIyHKTE
3.3 HAMH TpeIbaBIEHO JTOKA3ATEIHCTBO BCeX HEOOXOMUMBIX HAM YTBEPKIEHH HE3aBUCH-
Mo ot [13]. [logo6ubiit mOAX0/T yiKe ObLT MPUMEHEH aBTOpoM B paborax [16] u [17] B cBs3u
¢ 3aJa9aMH B €BKJIMJIOBBIX IIPOCTPAHCTBAX.

OrmernM, 9TO Tepexo] OT 3a/1a4 JUCKPETHOI reOMeTPUN K IKBHBAJIEHTHBIM 33/adaM
JuTst TUeprpad OB W3BECTEH JABHO W 9aCTO MPUHOCHT BIIEUYATISIONINE LJIO/BI: CMOTPUTE,
HANpHUMeD, JoKa3areabcTBo Asonom u KagittmanoMm (p, ¢)—TeopeMbl (IIPEKPACHO H3JI0-
JKeHHoe B KHuTe [12]) uian HejaBHee nokazaresbeTBo [laxa u [TajBesibu cyIecTBOBAHM
HEPA3JIOKUMOTO MOKPHITHsI [IOCKOCTH OJMHAKOBBIMU Kpyramu [15]. Konnemnmust “npo6-
HBIX  TeOMETPHYECKUX MOKPbITHIT Oblta mpemioxkena Apinreita-Asusisa, Pazom u Ciaom-
Kot B ctaThax 1] u [2]. TTo mogBosy pasnnvIHbIX HOIXOMOB K TOKA3ATEIbCTBY YTBEDIK IEHH
tuna dpaenta-Pojzkepca cmorpute 0630p Hacomm [14].

3 Heobxoammbie pe3yabTaThbl 1 0003HAYEHU

O6osnaunm C(z, ¢) ceprdecKkyro TMANOYKY C IEHTPOM B TOYKe T € S} U yIJIOBBIM
pajuycoMm ¢ < w/2. Eé eBkinioB quamerp paseH 2R sin ¢.

I[Iycts p(.) 970 cTangapTHAS BEPOATHOCTHASE Mepa Ha STy, HHBAPHAHTHASI OTHOCUTEIHHO
spantenuii. To ecth, aisa u3mepumoro muoxecrsa Z C Si, p(Z) = %. Mpur Gyuem
TakKe Has3bBaTh pP(Z) NAOMHOCMBHI0 MHOXKECTBA Z.

[Monoxum O(¢) = p(C(z,¢)). Mbl GyjeM 110Jb30BATbCA CJIEAYIONUMEA U3BECTHBIMU

OIlEHKAMU:

JIlemma 1, Bepeuku—Buni, [4]. s 0 < ¢ <7m/2 ul <t < 3 UMEEM MECO

O(tp) <t"0(¢),
R™sin" ¢

)



PaccMorpum HEKOTOpOE MHOXKECTBO /£, ceMeficTBO ero moaMHOKecTB J. MuHnmab-
HYIO MOIIHOCTh Takoro mojcemeiictea G C F, 4T0o 00be/MHEHNE BCEX IJTEMEHTOB § T0-
KpbiBaeT Z, Mbl 0b6o3Hauum 7(Z, F).

Pacemorpum koneunstit runeprpad G = (V,E). Hoxpwwmuem storo runeprpada Ha-
30BEéM cemeiicTBO pébep, B 00beIMHEHNN KOTOPBIX CO/epKaTcs Bee Bepinnabl. O603HATNM
7(G) MuHEMATBHBIA pasMep HOKpbiTusa G.

JIpobrwm nokpwmuem 2unepepaga G HazoBém Takyto dyuknuio v : E — [0;+00), aTo

st kaxkgaoro w € W, >° v(E) > 1. Oupenesnum
EcEweE

7™(G) =inf{ > v(E) : v — apobuoe nokpwirue G}.
Eeg

Mmeer MecTO cenyoniee YyTBep:K/IeHUE:

JIemma 2, Jloac, [10]. Jlaa a06020 koneunozo zunepzpaga G 6binosneno

7(G) < (1 +1In (rgggcﬂED)) (G).

4 Jloka3aTeJabCTBO TeOpeMbI 1

4.1 IlocTpoeHme MJIOTHOTO MHOXKeCcTBa 0e3 paccrogHus 1

@ukcupyem HEKOTOPBIH yron ¢ < /4. Boibepem MakCHMAIbHOE IO MOIMIHOCTH MHO-
xkecrBo X C S Takoe, 90 s Beex o1, 2 € X Bepuo C(x1, @) NC(x2, ¢) = 0. Bamernm,

aro Torga |J C(x,2¢) = SE. Pacemorpum pasbuenne Bopornoro W cdepsr S}, Ha chepu-
zeX
JeCKHe MOJIMIIPHI, CBsI3aHHOe ¢ MHOxKecTBOM X . O6o3Ha4YuM v, cdepuaecKuil moaudap,

cBsi3aHHbIi ¢ Toukoit © € X. Bamernm, uro C(z, ¢) C 1, C C(x,29).

Paccmorpum kacarenbnyo miockocts L x S3 B Touke z. Ilycrs P, ects nuausp,
00pa30BaHHbIl BCEMH HPAMBIME, IPOXOJAAIUME Yepe3 TOYKU 1), IepPHeHIuKyJadpHo L.
3amMeruM, 4TO OH BBHINYKJIBIHA. B camom jnese, myctb a,b € ,. Paccmorpum cdepude-
ckuii Tpeyroiabuuk abzx. [pu ycaosuu, uro a,b € C(x,7/2) HECTOKHO 3aMETUTH, UTO
OpPTOrOHAJIBHAA HPOEKIINs STOrO TPEYTOILHUKA HA L €CTh BBIIYK/I0€ MHOXKECTBO. SHAUNT,
orpesok ab C P,. PaccMoTpuM roMoTeTHIO 3TOr0 NUIUHJAPA ¢ HEHTPOM B TOYKE T U HEKO-
TopbiM Koaddunnentom A, e 0 < A < 1. O603naunm obpa3z P.. Tlosoxnwm ¢, = PLNSE.

r /
Takzke monoxum W' = |J ..
zeX
fdcuo, uro ), sekUT B cHEePUICCKOl MAMOYIKe, eBKJINIOB JTHAMETD KOTOPOH OTJIH-

Jaercst OT eBKaugoBa auamerpa tmanodku C(x,2¢) B A pa3. Takum o6pazom, auamerp
MHOXKeCTBa ¥, He npeBocxoauT 2R\ sin(2¢). YrjioBoii pajauyc 3Toil ManouKku paBeH 7y, rje
7 3a7a6Tcsa ypaBHeHueM siny = Asin(2¢).

[Tokazkem, 94TO YIJIOBOE PACCTOSTHUE OT 1), 10 PPAHUIBI 1, He MeHbIe ¢ — «, TJIe o 3a-
JIaéTcd ypaBHEHHEM Sin v = A sin ¢. ¢, — cepudeckKuil MOJIHIAP, TAK 9TO OH HOJIYUaeTCHd
KaK IepecevdeHne HEKOTOPOTO MOJIMAPAJIBLHOIO KOHYyca ¢ Hatreil cdepoit Sg. Ilycts [ ecTh
HEKOTOpasi TUIIePrpanb 3Toro Konyca. Jlokazxkem, aro yriaoBoe paccrosiaue ot ) 1o [NSE
He MeHbIlle ¢ — . ZICHO, YTO JOCTATOYHO PACCMOTPETh TOUKH U, MPO0OPa3bl KOTOPHIX
npuHagrexkaan [ N SE.



[Tyctb ¢4 > ¢ 310 yrioBoe paccrosinue oT Touku = 10 [NSE, o 3a1aércd ypaBHeHHEM
sina; = Asin ¢;. 3amerum, 9TO ¢1 — (7 He MeHbIe ¢ — . B camom aesre, J0CTATOYHO
paceMoTperh Tpou3BoaHY 0 byHKIMA ¢ — arcsin(Asin ¢). Oxa paBHa

A cos ¢
V1= A2sin? ¢

Hasbie 6y1eM J0Ka3bBaTh, 9TO YIJIOBOE paccTosiaue ot 1, 1o [N S} He MeHbIe ¢ — a;.
['eomeTpudeckoe MecTO TOUeK S, VIATEHHBIX 0T [N S} Ha YIVIOBOE PACCTOsHNE He MeHbIIe
¢1 — (1 U JeKAMAX [0 Ty K€ CTOPOHY OT [, 9TO U T, 3TO HEKOTOpas cdepruueckas mamno4-
Ka, TojlydaeMas nepecevenuemM Sy ¢ HOJIyIPOCTPAHCTBOM, OIPAHUYEHHBIM ILJIOCKOCTHIO [,
napaJiiesibHOM [ 1 BeIOpaHHOIT Tak, 4T00b! chepudeckoe paccrosinue Mexkay [NSF u (NS
ObL10 OBI PaBHO ¢ — Q.

PacemorpuM Tenepb npon3BosibHYIO TOUKY @ € [ N SE. Ilyers o' — coorsercrByiomast
TOYKa Ha TPaHHIE 1, T.e. IoJydaeMas mepecedenueM Sp ¢ TPAMOH, KOTOpast eCTh TOMO-
TeTusl MepIeHIuKy/asipa K L, npoBeaéaaoro depes a. OO03HAUUM G TOUYKY IepecevdeHns [

1— > 0.

u ayrn ra'a. Ham Hy»KHO 10Ka3aTh, 4TO TOYKA @ JEXKHT HA ITOH Jyre MeKIy TOUYKAMA
a n a'. Tlonoxxum yros a'Ox = aw, yroa aOx = @, a yroa aOx = ¢g > ¢q, T.K. YIIOBOE
paccrosiHue oT TOYKH x Jio [ N S} paBHO ¢1. VI3BecTHO, 4TO

sin oy sin oy

sin ¢q sin ¢y
[Tockosbky [ n | mapa/ieabHbl, TO OHU JEASIT BCe OTPE3KH BUIA AT B OJWHAKOBOM OTHO-
mennu. OTco1a uMeeM

sin(¢y — G)  sin(¢) — o)
sin QZ§2 sin ¢1 ’

HocTaTouHo JTOKa3aTh, 4YTO

sin o sin g9

sin Gy > sinap = Asin ¢y = -
sin ¢

Y

9TO PABHOCHJIBLHO ([MOCKOJIBKY BCE PACCMATPHBAEMbBIE YIUIbI HE MPEBOCXOAAT 7/4)
sinday _ sinay
>

singy = sing,

[osmozkum . B _
. SlIl(Q‘SQ — Qy) _ sm(g'bl — o) 1
sin ¢y sin ¢
Pacemorpum a(¢) = ¢ — arcsin(c - sin¢) u
_ sina(e)

f(9)

o = cos(arcsin(c - sin ¢)) — ¢ - cos .

1

V1—¢2 sinng.

[Tpu 0 < ¢ < w/4 ycnosue f'(¢) > 0 paBHOCHIBHO

f'(¢) =c-sing —c* - sin¢cos ¢

1> *(sin® ¢ + cos® ¢) = .



CaeoBareibHo, 91a (byHKIU Bo3pacraer Ha npomexyrke (0;7/4), uro goka3biBaer
HUCKOMOE HEPABEHCTBO.

AHaOrH4IHO MBI MOYKEM JIOKA3aTh, YTO YIJIOBOE PACCTOSHUE OT JIIOOOH TOUKH 1), 110
J060it chepudeckoil rumeprpann, COCTABISIONIEH TPAHUILY 1), He MEHbIIE ¢ — Q.

Tenepb ICHO, 4TO YIJIOBOE PACCTOSIHUE MEYKJLY JIIOOBIMHU JIBYMsl TOYKAMU U3 MHOYKECTB
Y}, u ¥y, He Menbie 2(¢—a). B camom Jiesie, paccMOTPHM Napy TOYEK Z; U 2, COOTBETCTBEH-
HO. BBIIIycTHM reosie3nvecKyo u3 z; B 2,. Bbljennm Ha Heit JBe Jyru: OT 2, 10 TDAHHIBI
1y ¥ OT TPAHUIIEL Y, JI0 %, COOTBETCTBCHHO. JTH JYTH He MEHBIIe ¢ — (v, 3HAYUT YIJI0OBOE
PACCTOSTHIE MEXKIY 2, U z, He MeHble 2(¢ — a). Torna paccrosane Mex 1y MHOXKECTBAMA
Yy u ), e menbuie 2R sin(¢ — a).

Haiiném takue ¢ u A\, aTo

2R\ sin(2¢) =1
sina = A\g sin ¢
2Rsin(¢p —a) =1

Torma mig r060ro A < Ag MHOKecTBO V' He Oymer cojepzKaTh TOYEK Ha €BKJIHI0BOM
paccrogaun 1.

CuavaJia nojiyanM ypaBuenue ua Ao ot ¢. [I[pupaBauBas jeBbie 4acTH HEPBOTO U TPE-
THEr0 YPaBHEHUsI, 8 TaK:Ke UCIOJIb3Ysl BTOPOE, MOy IaeM

2\ sin ¢ cos ¢ = sin ¢ cos & — sin v cos ¢ =

= sin ¢/ 1 — A2sin® ¢ — \g sin ¢ cos ¢.

2X\ocos ¢ = 1/1 — A2sin? ¢ — Ay cos ¢,

9\ cos® ¢ = 1 — A3 sin” @,
= L
O 1+8cos2¢
Teneps, moacTaBIsAd 3T0 B epBoe ypaBHeHHe, HOIYyYUM ypaBHEeHHe Ha ¢:

1 + 8cos® ¢ = 16R*sin? ¢ cos® ¢.

CaenoBaTe/ibHO,

Pemrasg 310 ypaBHeHUE, HAXOINM:

2 _
g L L, [T B
2 4R? 4 16 R4
[TocKOIbKY HAC MHTEPECYIOT TOJIBKO pelleHus ¢ ¢ < /4, To sICHO, YTO HaM HYyZKeH
KODEHb ¢ ITI0COM. BbisicauM, Korya o Gosibire 1/2. Hajio penmurs HepaBeHCTBO:

1 1 n 1 bHR?2-1 - 1
2 4R? 4 16 R4 2
Pemast, noaygaem R > */75

OueBuHO, 9TO \) = % Taxkke, MOCKO/IBKY U3 [IEPBOTO YPaBHEHHUS UMEEM
1

A= R 2o

TO BHIUM, 9TO Ao > ﬁ.



4.2 OneHka IJIOTHOCTH MHOXKecTBa U/

PacemorpuM x € X u BBIGEpeM OpPTOrOHAJBHYIO cHCTeMy KoopamuHaT B R™! rak,
a106b1 0cb O,y coBagata ¢ aydoM Oz. Obozmaunm ) u ' npoekunn wgc 15 COOT-
BETCTBEHHO HA KOOPJMHATHYIO rUnepIuiockocTb Oy...x,. O4eBHIHO, 4TO Q’ = Q.

s muoxkecTBa Z C ST o6o3naunm vol(Z) ero cdepudeckuii 00béMm. I/IMeeM.

ol(1h,) / / Rdz, .. / / Rdxy .. .dx,
Vi = -
VR — 27 —. —x2 VR2—a? — . —a2

1

> \

/ /\/Rfdm% M)

BamernM, uTo mockoabky ¢, C C(z,7), 1o @ C B(O, Rsiny) = B(O, RAsin(2¢)),
rae B(o,r) a1o map B R™! ¢ menTpoM B ToUKe 0 m paamycoM 7.

R2—7"

Paccmorpum dyukuuio f(r) = o

. g goboro 0 < rg < AR 3ta dyHKIUAS

)‘2

JOCTHraeT MakcuMyMa Ha otpeske [0,79] B Touke 7. Torma ma orpeske [0; RAsin(2¢)]
dbyukuus f(r) upuHEMaeT MaKCUMAJIbHOE 3HAYEHHE HA IpaBoM Kouue. Tora jyist ao6oro
7 M3 9TOI0 OTPE3KA HMEET MECTO HEePABEHCTBO

\/ — R2\Zsin’(29) 1

RQ)\2 sm R2X2sin?(2¢) R2 — 2 ’

Torma MBI MOKeM OIEeHUTH HHTerpast B (1) ciaeayronmM o6pasom

vol(¢,) < A™" R? — R2\%sin®(2¢) Rdzy . ..dx, B
) X R2 _ R2)\2 sln2(2q5) \/R — le o+ x% B

i [1=X2sin*(29) ,
= \/ T—anZ2g) oY)

[lepexo/isl K TIJIOTHOCTH, MOJIYYaeM CJIeIVIONIYIO OIeHKY:

vol(¢) . [ 1 —sin*(20)
p(V) = min vol(th,) = \/1 — A2sin?(2¢)

4.3 IlokpsiTue S} ¢ momouisio konuii maooxkecrsa U’

Badukcnpyem vHekoropoe 0 < § < 1. [Tasa roukn x € X nycrs P ectb 06pa3 muinHapa,
P! upu romorerun ¢ meHTpoM B Todke ¥ U Kodddumuentom 1 — 0. Takke momoxum

Y= PI/NSE, aV” = |J ¢). Obosnaunm F' u F” cemeiicTBa U3 BeeX 00pa30B MHOKECTBA
rzeX

U u U coorBercTBenno npn pamenusax cdepsr Si. Ham meobxomumo omenuts 7(S%, F').



Boibepem takoe umcsio 3, uto sin2f = Adsin¢. Oboznauum W C S} Takoe makcu-
MaJTbHOE M0 MOIIHOCTH MHOYKECTBO TOYEK, 4TO Jjist Beex wi, wy € W Bepno C(wy, 5) N
C(ws, B) = 0. Torga, nmo oueBumabM coobpaxkenusm, S = |J C(w,205).

weWw

JIemma 3. 7(S}, F') < 7(W, F").

Jloxasamenvemeo. Mbl OKaxKeM, 9TO eC/ii HEKOTOPHIH Habop Bpalienuiit MHozKecTBa W
nokpbiBaer Muoxkectso W, To aror ke nHabop Bpamennit muoxkecrsa VU HOKpbIBaeT BCIO
chepy Sg.

[Tycrs w € U”. Torga B cuiay toro, uro Sp = |J C(w,20), nocrarouno jgoka3arh,

weW
gro C(w,2p) C W',

Pacemorpum Takoe x, aro w € 1. O6o3uaunm ) obpas muaunapa P, 1pu KOMIO3HITHH
FOMOTETHH C IEHTPOM B T M KO3(pPUImeHToM A) M ¢JIBUra Ha BeKTOp w — x. Tak Kak
Kazk bl numaap P, conepxut cepuueckyio manouky C(x, @), a 3HaUUT, COMEPKUT AP
B(z, Rsin ¢), To Q) conepxur map B(w, \dRsin ¢) = B(w, Rsin25). Torga C(w,28) C
(Q N S}). CraenoBaresbHO, JOCTATOYHO JIOKa3aTh, 9T0 Pl D Q.

B camom meste, Q = 0(P, —x)+2x4+w—o =6(P, —x)+w C §(P, —z)+ P! =
P, —z)+ (1 =6)(P, —x)+x =P, 910 1 Tpe6OBAIOCD. O

Paccvorpum runeprpad GG, BepiuimHamMu KOTOPOTO siBisitorcs Toukn u3 W, a pébpavu
muoxkecTBa Brugia WNAY  rie A € SO(n+1) — Hekoropoe Bparenue cdepbl. HamomummM,
g0 £ 0603HAYAETCsI MHOKECTBO BCeX ero pébep. dAcuo, uro 7(W, F") = 7(G).

U3 memm 2 m 3 cremyet, 9T

T<gfq<<1+m<%gqm0>7wey

Pacemorpum HopMman3oBanuyio Mepy Xaapa o ua SO(n + 1). OueBugno, 9to s
kaxkaoro E € £ muoxkectBo S(E) = {A € SO(n+1) : AV" N W = E} usmepumo.

Omupenennm Ha € dbyukmuio v: v(E) = U/E(S\I(f)))

S(w)={A € SO(n+1):we AV"}; 310 Takxke U3MepuUMOe MHOKECTBO. QUeBHIHO, ITO

. Takxke mis kaxkmoro w € W nosmoxum

Ee&EweFrE p(\I/”)

(kazxmoe A € S(w) nexur posHo B opHom S(E) takom, uro w € E, a Takke Kazkjioe
takoe S(F) neaukom gexut B S(w)). C apyroii cropoust, st aw60it w € S§,

c({A e SOn+1):we AV"}) =

=oc({A€SOn+1):we AN} =

=c({A € SOn+1): Aw e ¥"} = p(¥").

Torma misa Bcex w € W, % = 1. IlorygaeM, 9TO v ecTh KOPPEKTHOE JIPOOHOE TTOKPbHI-

tue runeprpada G. Orcioga umeem

. o(SO(m+1)) 1
T (G) < EZ@S‘U(E> < p(\If”) - p<\I;//)



Mepy p(¥”) mecnoxuo onenutsb mo anagorun ¢ p(¥'), samensss A na A\(1 —9):

1 — sin?(2¢)
1—A2(1 —6)2sin*(2¢)

p(¥") = A"(1 - 5)”\/

Tenepnb ornenum

max(|F|) = max (JWNAV").
Eef AESO(n+1)

dAcuo, uro | X| < ( 5 [Tycts ' 3amaércst ypasaenuem siny’ = A(1 — §)sin(2¢). Tak

"

kak " C C(z,7'), ro ectm w € Y’ 1o C(w,B) C C(x,y + ). Tockosnbky st Beex
wy, we € W Bepuo C(wy, f) N C(we, 5) = 0, To umeem (upumendas semmy 1)

e +s  (1+F) VT T
WOFls = 5E— < e <1+6> Rrsin” g

OKoHYATEJILHO UMEEeM:

7(Sk, F') <

Y o [1T=22(1 = §)%sin®(2¢) A ‘ 1
(1-0) \/ T — sl (20) (1 +nln(1+ E) —nln(Rsin ¢) + 3 In(2m(n + 1))) :

[MoacraBum 6 = W MCTOJIb3yeM (mpu GOJIbITIX 1)

2nlnn

(-g) <o () <1 o
2nlnn = &P Inn Inn’

npu (PUKCHPOBAHHOM R CTPEMUTCS K KOHCTAHTe. AHAJIOIHIHO BEIET

Asin ¢
dnlnn’

1-X2(1—6)2 sin?(2¢)
1—sin?(2¢)

cebs . JIumn 5 ~

To ectb BCE, Kpome A", Benér cebs kax nlnn. Torma

7(Sp, F') < (A +o(1))".

<R

~

DO =

4.4 3amedaHUe O pPaJNycax M3 ANAMNA30HA

[Tycts % < R K ‘/75 Paccmarpupas cucremy ypaBHeHuit u3 pasjena 3.1, HECJIO0KHO

3aMeTUThb, 4TO Jyisd Jboro 0 < ¢ < /4, nojgoxus \ = m — ¢ (e — mpou3BOJIb-
HOE TIOJOKUTENBHOE TUCI0) MBI HOJyduM MHOKecTBO W' 6e3 paccrognus 1. [liorHoCTh
9TOr0 MHOZKECTBA ACUMITOTHYECKH MakcuMusupyercs npu ¢ — 7 /4. (Tlo-Bumumonmy, Bes
KOHCTpYKIust paboraer u nupu ¢ = /4. OHAKO, B 9TOM CJydae IPU OUEHKE ILJIOTHOCTH
HOJIy4aTCsH HeCOOCTBEHHbIE HHTeIPAJIbL, U HY2KHO OyIeT HPOUu3BecTH 60/1ee TOHKYIO OLEHKY

ux cxoaumoctu. Mbr He Gynem yuensth sroMy BHuManue.) [Toaydaem, 9To B 9TOM CiIydae

X(Sk) < (2R +o(1))".

DT0 HEYANBUTEIHHO: IPH ¢ = 7 /4 KazKI0e u3 MHOXKecTB 1), gexut B mamnouke C(z, ),
KOTOpasi B 3TOM CJIydae dBJsercd Manodkoii juamerpa mouru 1. To ecrb, onenka Poj-
JKepCa MOJIYUYAeTCsd KaK pas3 U3 NOKPHITUA chepbl TAKKMMHU MIAIIOYKAME. 1Ipd 9TOM M3BeCT-
HO, 4TO Ha cepy Heab3sl yIAKOBAThH SKCIOHEHIINATBHOE KOMndecTBo manouek C(z, 7/4)
(MOZKHO JiuIb JMHEHOe): cMoTpuTe, Hanpumep, [3]. To ecrsb, Hame MHOKecTBO U B 9TOM
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caydae npescTaBisier coboit 00be IMHeHIe IHHETHOTO [0 1 9UC/Ia KYCKOB, IIOTHOCTh KazK-
JIOTO W3 KOTOPBIX HE MPeBocxoauT mioTHocTr manodku C(x,y). fcHo, 910 9T0 He MOXKeT
JTATh SKCIOHEHITHATBHOTO YIIyUIlenusi oleHKn Pomzkepca. Takzke 3aMeTHM, 9TO U3 HUK-
HUX ACHMITOTHYECKHX OIEHOK IIOTHOCTH YIIAKOBKH IMAMOYeK (cM. Takxke [3]) cmemyer,
4TO 1pu GOJIBIIUX 7 HEBO3MOXKHO ITOCTPOUTH MHOZKECTBO TOYEK X TaKuM 00pa3oM, 4To0bI

U C(z, ¢) 6u10 661 ynakosxkoii, a |J C(z, ud), tae p < 2, — nokpeiruem. 13 Bcero 3Toro
reX reX
CJIJIyeT, 4TO I JAHHBIX 3Ha4YeHuil R, HCIONb3ys MOJ00HYI0 KOHCTPYKIMIO MHOMKECTBA

0e3 paccrosinug 1, MO-BUJIMMOMY, HEJIb3s YAYUIIUThL OleHKY Pojzkepca.

5 Jloka3aTejibCTBO T€OPEMBI 2

Beibepem masoe €. Ilycts A, ¢ ectb permenuns cuctembr ypapaenwit 4.1. Tlomoxum
A = Ao — € u nocrpoum MHOKecTBo W' cooTBeTcTBYIOIIEE 3TOMY A. 3aMeTHM, 4TO JIJId
HEKOTOPOro 0. g > 0 auamerp 06010 1), Menblire 1 — ;. g, a PACCTOSTHAE MEZKIY PA3HBIMU
(T 1% Goabie 1+ 4. z. YlcHO, UTO ecu ISt HEKOTOPHIX ToUeK a,b € R™™ gepuo, uro
paccTosiHre MeKLy HUMU MeHbIte 1 —¢§ uin 6obine 149, To paccTosiHue MexK/ Ly JIFOOBIME
JIByMsl TOUKAME U3 UX 0 /2-OKpecTHOCTel He paBHO 1.

CormoctaBuM 3TOMY TOKPBITHIO packpacky. [lomoxkum Ry = R, a Ry = Ry — 65%
Mpr MozKeM HOKDBITH S% He Gosee, deM (x(Ri) + € + o(1))" xomuamu V', Paccmorpum
cdepuveckuii mosgc Dy = {z € B}gl\x ¢ Bﬁjl}. [TpomozkuM Hamry packpacky Ha Di:
TOUKY = € [y moKpacum B TOT K€ [BET, 4TO U TOYKa rnepecedenus jyda Or u chepb

k.- 970 packpacka D) Ge3 paccrosnus 1. Tenepb anajorudno paccMOTPUM [jisl TOTO

xe € coorsercreyomee muoxkecrso W' na chepe Sp, . Tlonoxum Rz = Ry — 55,2327 D, =
{z € Bgﬂx ¢ B;’gl} 1 MOCTPOMM TAaKUM ke 06pas3om packpacky Do 06e3 paccrosnuns 1 B
He Gouee, geM (x(Ry) + €+ o(1))™ nuBeros (Bce nBeTa BO3bMEM HOBBIE). IIPOJOIIKIM 9TOT
nporecc. Ecin mokaszarb, 9to 0. g, He crpemsarcd K 0, TO paHO WA MO3THO MBI JTOHIEM
no Ry < 1/2. Bee Toukn BE:l MBI HOKpacuM B 1 HOBBIH IBeT. MBI MOXKeM BHIOMPATH
Jc» HenpepbiBrO 10 7. Torpa dyuknust d., Ha orpeske [1/2, R] npuanmaer MUHEMAIbHOE
snagenne 6ompie 0. CiemosarensbHo, 0. g, W npasaa #e crpeMutes K 0.

Teneps 3ameTum, uT0, BO-IEPBHIX, HA oTpe3ke [1/2, R] dyukius x(r) MOHOTOHHO yObI-
BAET, TI09TOMY B HTOT€ MbI HCIIOJIb30Ba He Gosee k(z(R)+e40(1))" nseros. Bo-BTophix,
k 3aBuCAT TOIBKO 0T R ¥ € 1 He 3aBUCHT OT N. [[03TOMY, MBI TIOJIy9aeM aCUMITOTHIECKY IO
OLEHKY

V(B < (8(R) + = + o(1)"
B cuity mpou3BOJBLHOCTH € OTCIONA BHITEKAET

X(BE™) < (2(R) +o(1))".

Aptop BeIpaxkaer Gsaromapaoctb A. M. Paidiropoackomy m H. I. Momesutuny 3a
BHMMAaHHe K 3Toi pabore, a Takxke A. b. Kymasckomy u [I. Yepkaimmay 3a moje3HBIE
0bCy K IeH M.
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