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1 Bsenenne

Harmei 1iestp1o B anHOi pabore siByisieTcst n3ydenne sxcroneHt vmnra-Cymmepa
Il palMOHATLHEIX peméTok Z4, Koropwie TecHo cBazanbl ¢ JInobaHTOBBIMMI
9KCIIOHeHTaMU. B wacTHOCTH, OYJyT IOJICIUTAHBI SIBHBIE IIPEJICTABICHUS ITUX
SKCIIOHEHT.

2 OcHoBHasi TeopeMa

IIycrs A € L4. O6o3uaunM depes 5 eIUHUYHBIN 1ap B SuUp—HOPME
B={zcRYz| <1}

[omoxKuM Jy1st Kazkaoro mabopa 7 = (71, ...,7q) € RY

no4 e Te=0,
D, = diag(e™,... ™),
B = D.B.

Beenem cnenyrormue obosnadenns pyHKImit 1y Habopa T

|7+ = max{n|m >0},
| — 7]+ = max{|r|| < 0}.

Kl
\
|

3aMeTum, 4To
7| = max{|7|-, |7[+},

[Tl /(d=1) <[ < (d=1)|7]4.

st kaxkgmoro k = 1,...,d onpenesium k-bIii TIOCTI€OBATE/BHBIN MUHIUMYM, T.€
MUHAMAJIBHOE MTOJIOKUTEIbHOE \ Takoe, 9T0 A\B, comepxkut k JuHEHHO He3aBU-
cuMbIX BeKTOpoB perterku A. O6o3uaunm ero depes A, (B, ). U em@ mist Kazxgoro
k=1,...,d onpenenum HOBYIO yHKIWMO Li(T):

Li(7) = log(Ax(B7)).

Ompenenum Huochue u geprrue kcnonenmyt Illmudma-Cymmepepa nepseozo
muna Kax

¥ (A) = liminf (T), ,;(A) = limsup (T),
- o |7+ oo [T+
U 6Mopo2o muna Kax
Li - Li
W, (A) = liminf (T), U,;(A) = limsup (T)
|7| =00 1<j<i |T‘+ || =00 1<j<i |T|+



Teopema 1 Ixcnonermao, IIImudma-Cymmepepa nepsozo u 6mopozo munos oast
pavuonasvrot pewémxu A = Z¢ pasrv coomsememeenio:

-1, npuk<d, — -1, npuk =1,
A) = A) =
L/}k( ) {1 npu k =d Yi(d) { k—1 npu k > 1

—k, npuk <d, — -1, npu k=1,
Uy (A) = 4 T =9 S,
0, npu k =d -1, npuk>1

3 Jloka3aTesibCTBO TeopeMbl B ciay4dae d = 2
IIycrs A = Z2. Torna pacCMOTPHM €IUHIYHBIN IITap
B={zeR?|z| <1}
¢ HabopoM T
T=(r,7) ER: T + 1 =0

u Marpuriamu D, B
Dy = diag(e™,e™), By =D,B={(z,y) € R?|[z| <e™,[y| <e™}.

Ilocunraem nocjieoBaTe/IbHbIe MUHUMYMBbI JIJIA 3TOH penieTKkn. CuavaJia JIOKa-
2KeM JIBa IIPOCTBIX YTBEP2KIACHUA.

Vreepkaenne 3.1 Ecau M3, codepoicum ueayro nenyaesyro mouxy 6 Z2, mo
AB codeporcum aubo moury (1;0), aubo (0;1).

Joxazameavcmeo.
MuoxectBo AB-(\ > 0) comepxur B Z2 me/ayio HeHyJIeBYIO TOUKY, Y/IOBJIe-
TBOPAIONIYIO HEPABEHCTBY

(Alz)(Aly]) < e™e™ =en T = = 1.
3anumenm Tenepb CIEAYIONYIO CUCTEMY HEPABEHCTB

(Alz(Aly]) <1
0< Az| <em (1)
0< Ayl <e™ = Z¢

e’l

Yrobbl MHO2KECTBO AB; COEpKajo JIMIIb OJHY IEIYI0 HEHYJIEBYIO TOUKY, TO

7
JOJIKHO BBITIOJIHATCS OO HepaBeHCTBO €'! < 2, ymbo €™ < 2. Ilepenwmmrem
cucremy (1) jyist mepBoro cirydasi

(Alz)(Alyl) <1

0<Az| <2 (2)
0 <Ayl <1/2



3amernM, UTO B ciiydae €™ < 2, MHOXKECTBO AB, COJNEPKUT NEIYIO HEHYJIEBYIO
rouky (1;0), a B cayuae €™ < 2 comepxkur (0;1). Cienosarensno, ecan AB,
COJIEPKUT OJIHY IEJIYI0 HEHYJIEBYIO TOUKY, TO oHa umeeT By (1;0), smbo (0;1).

Vreepxkaenne 3.2 Ecau \Br codepotcum dee Aunetino He3a8ucumbie mowk
6 Z2, mo ABr codeporcum mowru (1;0) u (0;1).

Zloxazameavcmeo.

Jloka3piBaeTcst aHAJIOMMIHBIM 0bpa3oM. MuoxkecTBO A3, MOXKET cofepKaTh
IIBe TMHEHHO He3aBHCHMBle TOUKH Z2, JIIIL B TOM CIIydae, Korja e’ = e = 1.
Torna n3 cucTeMsl (2) BEITEKAET, 9TO MHOXKECTBO AB, comepxkut Touk (1;0),(0;1)
OJTHOBPEMEHHO.

Hepexomle K BBIIHCJICHUIO IIOCJI€J0BATE/IbHBIX MUHUMYMOB Ak (B-,-)

A1 (Br) = min {\ > 0|A\B, cozepxur nemnyio nenysiesyio Touxy B Z°} =
1

B max (e71,e™) -

— max (71,72)
)

A2(B7) = min {\ > 0|A\B, comepxxut 2 j.1.3. ToukE B Z°} =
1

- min (€7, e™) —°

— min (71,72)

Tenepn naitnem suadenus byuximu Li(7) = log (Ag(B))
Li(r) = log(M(Br)) = —max(m,72) = —|7l4,

Lo(m) = log(Aa(Br)) = —min (11, 72)
Hasee Boraucisiem Yy (A, 7) = Li(7)/|7|+
_ Li(m) Tl
e
_ Lo(m)  —min(7y,72) _ min (71,72)
AT S TS TR T Taax(non)

Hwxane n Bepxaue sxcronenTs! [IImura-Cymmepepa repporo tuia 6yayT pas-
HbI COOTBETCTBEHHO:

yl(A) = liminf (A, 7) = —1,7,(A) = limsup 1 (A, 7) = —1,

|T| =00 || =00
G 0) = i va(A, ) = LT, (0) = msup (A7) = 1
- T|—=© |7|—00

DKCIIOHEHTHI BTOPOTO TUIIA BBIUUCIAIOTCS ¢ oMOIpio dyakimn Yy (A, )
\III(Aa T) = wl(Aa T) = _17 \IIQ(A> T) = wl(Aa T) + ¢2(A7 T)

HOJIy‘II/IM cjreiyromnuye pe3yjbTaThbl JIJis1 9KCIIOHEHT BTOPOr'oO THUIIa

I, (A) = l‘irlninf Uy (A, 7)=—1,¥;(A) = limsup ¥y (A, 7) = —1,
T|—00 |7|—00

Wy(A) = liminf Wy(A,7) =0, ¥y(A) = limsup Yo (A, 7) =0
|| =00 |7 =00



4 JloKa3aTeJIbCTBO TeOpPeMBbI B OOIIEM cJiydae
[ycrs Teneps A = Z%. JTokaxem HECKOJILKO BCTIOMOTATETBHBIX YTBEPIKIeHHil.
VYrBepxkaenue 4.1

Ae(Br) = min {\ > 0|AB; codeporcum xomas 6w k nap +e;} (3)

Hoxazameavemeo. Bocronb3yeMcst ompeiesieHneM MOCIeI0BATEIHHOTO MIHIIMY-
Ma PEIIeTKH. DTO MUHUMAIHHOE MOJOKUTETHLHOE A Takoe, IT0 A3, CONEpKUT
X0TsI GBI k JTMHEHO HE3aBUCHMBIX TIeJIBIX ToUeK permerkn Z%. U1 oHn nmMeoT Bu

+e; = (0,..., £1,...,0), Tak KaK yJOBJIETBOPSIOT CJIEJYIONIEMY YCJIOBHIO:
i
. o1 r .
e,;EAB,-@elzxé)\Ze Y, roe i, ke(l,...,d). (4)

YrBepxkaenue 4.2
Ae(Br) = min {\ > 0| 3k pasavurwx i maxuzx, wmo A > e "} (5)

Jokazameavcmeo. Bocnosnbayemcst nepaBeHcrBoM (4) 1yist eq, ea:

1
elex\Bfﬁelexﬁ)\Ze_“,

1
626)\87-@67—22X<:>>\2€77—2 (6)

Eciu 7 > 19, To ™™ < €72, TakuMm 006pa30M, MBI MOXKEM IOJy9IUTh BCETO k
PA3IMYHBIX ¢ U YIOPSIOYUTH 110 BO3pacTauio e~ i1 < e Tz ... < e T,

Yr1Bepxkaenue 4.3
Ap(Br) = e (7)

Jlokaszamesvemeo. VI3 TpebIAyIEro yTBEpXKIACHUS CIIEIYeT, 9TO IOCJIeI0Ba-
TesIbHBI MUHUMYM A1 (B, ) Gy/ieT paBeH e~ "1 JIsi IEPBOrO MUHUMAJBHOTO 3Ha-
YeHUs § U Jajee 10 BozpactaHuio Aq(B,) = e~ Tiz. CooTBeTcTBEHHO, k-blil 1O-
citeoBaTebHbI MUHUMYM Ak (Br) = e k.

YrBepxkaenue 4.4
Li(7) = log (A(Br)) = =i, (8)

ﬂonasamefbbcmeo. Nz IIOCJIETHETO YTBEP2KJACHUA HaM M3BECTHO CJICAYIOIIEE pa-
BEHCTBO:

)\k(B.,-) =e Tk,

Orcioma nostyuaeM, 9To

Ly (1) = log (A (Br)) = log(e™ ™) = =7y .



[Tpucrymaem k Boranciienuto skcrnoneHT [Imuara-Cymmepepa. Haarem ¢ sxcmo-
HEHT IePBOro THIIA, UMEIONINUX CJIE YOIl BUJI;:

Ly,
v, (A) = lln‘n inf |k(|7-) — HIDKHsSI 9KCIIOHeHTa 1-ro THIIa,
- T|—=o00 |T|4+

P (A) = limsup 7Lk (7)

— BEPXHAA SKCIIOHCHTa 1-ro Tuma.
|7 o0 T+

Pacemorpum coornomenue Ly (7)/|7|4+ u Bocnonbayemest paBeHCTBOM (8)
Li(T) = =iy,

a |T|4+ 1o onpenesneHno

|7+ = max{r;|7; >0} =7, (v 75y > 2T, > > Ty).
IMosnyunm coorHomenue st Ly (7) u | 7|+

Ly(t) _ 7y

7]+ B Tiy .

(9)
Teneps, BOCIIOIB30BABIINCH IBYMsI U3BECTHBIMU YCJIOBUSIMU Jjist Habopa T:

Tiy 22T > 2T,

(10)
Ti1+"‘+’rik+"‘+7id:0

Li(T) _ Tig

HUM CBEPXY OTHOIIICHI = . HAIUM 1 MOTPHM
orie CBe OTHOIICHHE ~T— - Yepes S obosna accMo
1

CyMMY T;; + -+ Ti, + -+ + 75,. Ilycrs nepsble k — 1 ajlemenTa OyyT paBHBI
Tiy» & ocTanbpHble d — k 4 1 pasusl 7;, . Ilocie aTux npeobpasoBanuil 3ameTHM,
q10 S YBEJIMYUTCS U BBIMOJIHUTCS TaKoe ycjioBue, ato S > 0

d—k

—_———
0<S=mi 4+ +Tiy +Ti + Ty T+ 73y <
—_———

k—1
< (k? — 1)7}‘1 + 7, + (d— k’)Tik = (k‘ — 1)7’1‘1 + (d— k + 1)Tik

ITo ycnoBuio 7;, He MOXKeT IPUHUMATb OTPULIATE/IbHbIE 3HAUEHNsI, TOIJIa Pa3/ie-
JINM IIOCJIe/IHee HepaBeHCTBO Ha T;, > 0, yMHOXHUM Ha —1 ¥ HMOJIyYUM BEPXHIOIO

Li(T)
OIEHKY JUIs ~ -
L i k—1
Lilr) _ 7 < ——o (11)
"T|+ 7_2'1 d — k —+ ].
Hepasencrso (11) Bomonusierca mys Beex k > 1. Ecom k = 1, To noxydnm
cIIeyIoliee PaBeHCTBO
M:_@:_l:_l (12)
|T|+ Tiy Tiy



B nepasercrse (11) paBeHCTBO J0CTHrACTCS TOI/IA, KOL/Ia HAbop (7, ) nMeeT BUJ,
rze nepsble k — 1 asmemenTa OyayT paBHEL 75, , a ocTajbHble d — k + 1 paBHEI 7;, .

d—k+1
——N—
T — (Til,...,Til,Tik,...,Tik)
————

k—1

CrenoBarenbHo, nucnonb3ys oneHku (11) n (12), MOXKeM BLIYHCIUTD BEPXHIOO
sKcroHeHTy Py (A):

_ L ; -1, k=1,

¥ (A) = limsup k() = lim sup LT _ P (13)
k . k>1
|| =00 |T‘+ |7| =00 d—k+1° npn > L.

Ly .
Tenepsb OIEHUM OTHOIICHHE % cuu3y. Tak Kak 7;, > 7;, u3 ycjosuii (10), To
[OJIyHUM IIPOCTYIO0 HUZKHIOIO OIEHKY

I (14)
T i
Hepagencrso (14) sbimonusercs s Beex k > 1. Ecau k = d, 1o oneHKy MOKHO
yanyammTh. B rakom nabope (7;;) HepBblil 371eMenT GyIeT PaBeH T;, , 8 OCTaIbHbIe
d — 1 paBubl T;,. 3HadeHHe S TAKOro HabOOpa OyIET OTPHUIATEIBHBIM. JHAYUT
MOXKEM 3aIUCATH OIEHKY

d—1
—_——N—
025:T¢1+Tiz+"'+7-id:Ti1+(d_1)7—ida
1 o T

15

d—1"— Tia ( )
Papencrso B nepasencrse (14) mocruraercsa, Korja Habop (7;;) UMeeT BuJ, Tje
k-prit snement 6y1yT paBen T;,, a B Hepasenctse (15), Korma nabop (7;;) mmeer

BUI, Iae HepBbeI JJIEMEHT 6y,qu paBeH T;,, a OCTaJIbHbIC d—1 PaBHBI T, .
d—1
——
T — (Ti177—id7"'77—id)

CuiesioBaTesIbHO, Telepb, UCIOJb3ys ouneHku (14) u (15), MOXKeM BBIYUCIUTDH
HIDKHIOIO 9KCIIOHEHTY 1, (A):

b (A) = timint 25T g ing (”) T mrEed g

—k |7]—00 |T|+ || =00 ﬁ’ upu k=d.

[Ipucrymaem K BBIYHCIECHUIO YKCIIOHEHT BTOporo Tumna. CHadajga Mbl XOTUM
OLIEHUTDH CYMMY

3 Li(T) _ 3 (_::) :_TL 3 Tij:_%(7i1+...+m) (17)

- :
1<j<k Il 1<5<k <<k “




Bocnonb3yemcest ypaBueHnem
Ti1+(7—i2+"'+7—ik)+(7_ik+1+”'+Tid):0 (18)

u3 cucrembl (10). g narrero ygo6cTBa BBEJIEM HOBblE O0O3HAYEHMUS:

a = Tiqs
1
b= (Tt T,
1
¢ = m(’rik+1 +oo Tid)' (19)

C yuerom (19) nepenumem ypasrerue (18) kax
a+(k—1)b+(d—k)c=0, (20)

a cymmy (17) kak

a+(k—1b (d—k)c

— = 21
. " (21)

3ameTnM TakKe, 9TO BEPHO HEPABEHCTBO
a>b>c, (22)

KOTODOE JIEFKO BBIBOJUTCsI U3 HepaseHcTBa cucreMbl (10). Teneps Hamma 3amada
B TOM, 4TOOBI OlEHUTDb BbIpazkeHue (21) ceepxy u cHu3sy. Passenus ypaBHeHue
(20) n HepaseHcTBO (21) HA —a, MOTYYNM CHCTEMY

{(k—1)~b+(d—kz)-ac:1

a 23
_lg;bg c ()

3ameTnm, 9T0 U3 HepaBeHcTBa —1 < _Tb CJIEIyeT, YTO CyMMa,
i k—1)b k—1)b
3 <’T1> __at(k-1p (k-1 > 1—(k—1)=—k (24)
- Tiq a a
1<5<k

JIETKO OIEHUBAETCA CHU3Y. B HepaBeHcTBe (24) paBEeHCTBO JOCTHTAETCs TOTJIA,
Kor/ia Habop (7;,) MMeeT Takoil BuJ

T3 — (Ti17"'7Ti17Tik+17'"7Tid)7
————
k
IJle IIepBbIe Kk 3JIEMEHTOB Oy/IyT paBHBI T;, . Bcau k = d, TO 1IOJIyIuM PaBeHCTBO

2:(’%)—:@h+m+ng—& (25)

pn
1<j<d ' '



Tenepb, ncnomnb3ys oneHkn (24) u (25), BBIYACINM HIKHIOW 9KcoHeHTY U, (A):

Ly(T)

U, (A) = liminf
|| =00 - |T|+
1<j<k

= lim inf ——
npu k = d.

— ( T
TP G N T

Ti].):{ok, npu k < d, (26)

B cucreme (23) nocMOTpUM HA HEPABEHCTBO %b < =£. B newm ornenka cHusy Jjist

—¢ JIOCTUTAeTCs TOr/Ia, KOrJa
—c b
- _ 27
pallion (27)
IMoncrasnss Beipazkenne (27) B paBEHCTBO CHCTEMBI (23), HOIydaeM
—c 1
S 28
a —d-1 (28)
ITonb3ysicy HepaBeHcTBOM (28), OlleHUBAEM CYMMY CBEPXY
Ty d—k)c d—k
> (D)= (29)
Tiy a d—1

1<j<k
., Ti, KOTODOTO

rJ1e paBE€HCTBO JOCTUra€TCdA Ha Ha6ope (Tij)7 9JIEMEHTBI T;,,

1 .
OyIlyT PaBHBl — =T,
T4 — (Ti17Ti27"'aTik>Tik+17---;Tid)

d—1

Ecmu k = 1, To mosyuuM paBeHCTBO:
T
1<j<k "

CiresioBaresIbHO, UCITONB3Yst OleHKH (31) 1 (32), BBIUUCANM BEPXHIOI SKCIOHEH-

(30)

Ty Ui(A):

Li(r) = lim sup Z (—7—1’) =
Tiq

7]+ [Tl=o0 1 <k

Wy (A) = limsup

|| =00 1<j<k



5 3akJrodeHne U BbIBObI

Jj1s1 panmuoHaNbHBIX peneToK Z% mosTy<miu sBHbIE MPEICTABICHHS SKCIOHEHT
MImuara-Cymmepa.
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