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�1. Ïðîñòûå ÷èñëà.

Íàòóðàëüíîå ÷èñëî n íàçûâàåòñÿ ñîñòàâíûì, åñëè ìîæåò áûòü

ïðåäñòàâëåíî â âèäå n = uv , ãäå u > 1, v > 1 öåëûå.

Íàòóðàëüíîå ÷èñëî n > 1, íå ÿâëÿþùååñÿ ñîñòàâíûì,
íàçûâàåòñÿ ïðîñòûì. ×èñëî 1 íå ÿâëÿåòñÿ íè ïðîñòûì, íè

ñîñòàâíûì ïî îïðåäåëåíèþ.

Íàèáîëüøåå èçâåñòíîå ïðîñòîå 282589933 − 1, äåêàáðü 2020ã.

Òåîðåìà (Åâêëèä)

Ìíîæåñòâî ïðîñòûõ ÷èñåë áåñêîíå÷íî.

Äîêàçàòåëüñòâî.

Ïóñòü n - ïðîèçâîëüíîå íàòóðàëüíîå ÷èñëî, M = n! + 1 è p > 1
- íàèìåíüøèé äåëèòåëü M. Òîãäà p|(n! + 1) è, çíà÷èò, p > n.
Ïðåäïîëîæèì, ÷òî p = uv , ãäå u, v > 1. Òîãäà u è v äåëèòåëè

M, ìåíüøèå p, âîïðåêè îïðåäåëåíèþ p. Èòàê, äëÿ ëþáîãî
íàòóðàëüíîãî n íàéä¼òñÿ ïðîñòîå ÷èñëî p > n.
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Ïðîñòûå ÷èñëà.

Äî ñèõ ïîð íå äîêàçàí ôàêò áåñêîíå÷íîñòè ïàð ïðîñòûõ ÷èñåë

âèäà (n − 1, n + 1) (ãèïîòåçà ¾áëèçíåöîâ¿). Ñàìàÿ áîëüøàÿ íà
ñåãîäíÿøíèé äåíü òàêàÿ ïàðà 3756801695685 · 2666669 ± 1,
íàéäåíà â 2011.

Íå ðåøåíà ïðîáëåìà Ãîëüäáàõà: êàæäîå ÷¼òíîå ÷èñëî n > 2
ïðåäñòàâèìî â âèäå ñóììû äâóõ ïðîñòûõ. È.Ì.Âèíîãðàäîâ

äîêàçàë (1937), ÷òî êàæäîå äîñòàòî÷íî áîëüøîå íå÷¼òíîå

÷èñëî ïðåäñòàâèìî â âèäå ñóììû òð¼õ ïðîñòûõ. Ïðîáëåìó äëÿ

òð¼õ ïðîñòûõ ïîëíîñòüþ ðåøèë â 2013ã. Õ. Õåëüôãîòò: êàæäîå

íå÷¼òíîå öåëîå n > 5 ïðåäñòàâèìî â âèäå ñóììû òð¼õ ïðîñòûõ.

Òåîðåìà (Îñíîâíàÿ òåîðåìà àðèôìåòèêè)

Äëÿ ëþáîãî öåëîãî m > 1 ñóùåñòâóåò è åäèíñòâåííî ñ
òî÷íîñòüþ äî ïåðåñòàíîâêè ñîìíîæèòåëåé åãî ïðåäñòàâëåíèå â

âèäå m = pα1
1 . . . pαt

t =
∏

p p
νp(m), ãäå αj íàòóðàëüíûå è pj

ðàçëè÷íûå ïðîñòûå ÷èñëà. ×èñëà p òàêæå ïðîñòûå è νp(m) -
êðàòíîñòü, ñ êîòîðîé p âõîäèò â ðàçëîæåíèå m.
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�2. Òåîðåìà ×åáûø¼âà.

π(x) - êîëè÷åñòâî ïðîñòûõ ÷èñåë, íå ïðåâîñõîäÿùèõ x .
Èñòîðèÿ îïðåäåëåíèÿ àñèìïòîòèêè ôóíêöèè π(x) òàêîâà:
I Åâêëèä: π(x)→∞ ïðè x →∞.

I Ëåæàíäð, 1798 ã.: π(x)x → 0 ïðè x →∞.

I ×åáûøåâ, 1848 ã.: Åñëè ïðåäåë π(x) ln x
x ñóùåñòâóåò, òî îí

ðàâåí 1.
I Àäàìàð è Âàëëå-Ïóññåí, 1896 ã.: π(x) ∼ x

ln x .

N ≥ 3 � íàòóðàëüíîå ÷èñëî. Èñêëþ÷èì èç ìíîæåñòâà ÷èñåë

2, 3, . . . ,N âñå ÷¼òíûå ñîñòàâíûå ÷èñëà:

2 · 2, 2 · 3, , 2 ·m ≤ N. m =

[
N

2

]
, ⇒ .

π(N) ≤ (N−1)−(
[
N

2

]
−1) = N−

[
N

2

]
=

[
N + 1

2

]
≤ N + 1

2
≤ 2N

3
.

Èñêëþ÷èâ ñîñòàâíûå ÷èñëà, äåëÿùèåñÿ íà 3, 5 è ò.ä., ìîæíî

äîêàçàòü óòâåðæäåíèå Ëåæàíäðà.
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Òåîðåìà ×åáûø¼âà.

Óòâåðæäåíèå î òî÷íîì ïîðÿäêå ðîñòà ôóíêöèè π(x) âïåðâûå
áûëî äîêàçàíî â 1852ã. Ï.Ë. ×åáûøåâûì.

Òåîðåìà (Î ðàñïðåäåëåíèè ïðîñòûõ ÷èñåë.)

Äëÿ âñåõ äîñòàòî÷íî áîëüøèõ x ñïðàâåäëèâû íåðàâåíñòâà

a
x

ln x
< π(x) < b

x

ln x
,

ãäå a ≈ 0, 92129, b ≈ 1, 10555.

Èìåÿ öåëüþ ñîêðàòèòü âû÷èñëåíèÿ, ÿ ðàññêàæó ñåé÷àñ

äîêàçàòåëüñòâî ìåíåå òî÷íûõ íåðàâåíñòâ ñ a = ln 2
2 ≈ 0, 3465 è

b = 5 ln 2 ≈ 3, 4657, íî ñïðàâåäëèâûõ ïðè âñåõ x ≥ 6.
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2 ≈ 0, 3465 è

b = 5 ln 2 ≈ 3, 4657, íî ñïðàâåäëèâûõ ïðè âñåõ x ≥ 6.
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Òåîðåìà ×åáûø¼âà.

Ëåììà 1
Ïðè ëþáîì íàòóðàëüíîì n âûïîëíÿåòñÿ îöåíêà íàèìåíüøåãî

îáùåãî êðàòíîãî K := [1, 2, 3, . . . , 2n + 1] > 4n.

Äîêàçàòåëüñòâî.

f (x) = xn(1− x)n = anx
n + . . .+ a2nx

2n, aj ∈ Z.

Ïîñêîëüêó 0 < x(1− x) < 1
4 âñþäó íà îòðåçêå [0, 1], ïðè

x 6= 0, 12 , 1,

I :=

∫ 1

0
xn(1− x)n dx <

1

4n
è I > 0.

I =
an

n + 1
+ . . .+

a2n
2n + 1

,⇒ K · I ∈ Z, K ≥ I−1 > 4n.
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Îáîçíà÷åíèÿ.

Ïóñòü A ìíîæåñòâî äåéñòâèòåëüíûõ ÷èñåë è f (p) ôóíêöèÿ,
îïðåäåë¼ííàÿ íà ìíîæåñòâå ïðîñòûõ ÷èñåë. Â äàëüíåéøåì

ñèìâîëàìè
∏

p∈A pf (p) è
∑

p∈A pf (p) áóäóò îáîçíà÷àòüñÿ

ïðîèçâåäåíèå è ñóììà ÷èñåë âèäà pf (p), âçÿòûå ïî âñåì
ïðîñòûì ÷èñëàì p èç ìíîæåñòâà A. Ïóñòûå ïðîèçâåäåíèÿ è
ñóììû áóäóò ñ÷èòàòüñÿ ðàâíûìè 1 è 0 ñîîòâåòñòâåííî. Åñëè

ìíîæåñòâî A ñîäåðæèò áåñêîíå÷íîå ìíîæåñòâî ïðîñòûõ ÷èñåë,

òî ñîîòâåòñòâóþùåå áåñêîíå÷íîå ïðîèçâåäåíèå è ðÿä

ïðåäïîëàãàåòñÿ ñõîäÿùèìñÿ.

Åñëè ìíîæåñòâà äåéñòâèòåëüíûõ ÷èñåë A è B íå ïåðåñåêàþòñÿ

è C = A
⋃

B , òî∏
p∈C

pf (p) =
∏
p∈A

pf (p)·
∏
p∈B

pf (p),
∑
p∈C

pf (p) =
∑
p∈A

pf (p)+
∑
p∈B

pf (p).
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Òåîðåìà ×åáûø¼âà (äîêàçàòåëüñòâî îöåíêè ñíèçó).

Ïóñòü x ≥ 6 è n =
[
x−1
2

]
, òîãäà 2n + 1 ≤ x < 2n + 3.

Ðàññìîòðèì ðàçëîæåíèå íà ïðîñòûå ìíîæèòåëè:

K := [1, 2, 3, . . . , 2n+1] = pk11 · · · p
kr
r , r = π(2n+1), pkii ≤ 2n+1

K ≤ (2n + 1)π(2n+1).

Ïî äîêàçàííîé ëåììå èìååì

4n < K ≤ (2n + 1)π(2n+1).

π(2n + 1) log2(2n + 1) > n log2 4 = 2n,

òàê ÷òî

π(x) ≥ π(2n + 1) >
2n

log2(2n + 1)
>

x − 3

log2 x
≥ x

2 log2 x
= a

x

ln x
.
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Òåîðåìà ×åáûø¼âà

Ëåììà 2
Ïðè ëþáîì x ≥ 2 èìååì îöåíêó

∏
p≤x p < 4x .

Äîêàæåì ñíà÷àëà, ïîëüçóÿñü èíäóêöèåé, íåðàâåíñòâî äëÿ âñåõ

öåëûõ x ≥ 2. Ïðè x = 2 è x = 3 óòâåðæäåíèå ëåììû âåðíî.

Ïóñòü x ≥ 4 è íåðàâåíñòâî âåðíî äëÿ âñåõ öåëûõ ÷èñåë èç

ïðîìåæóòêà îò 2 äî x − 1. Äîêàæåì åãî äëÿ x .

x = 2m, m ∈ Z, m ≥ 2⇒
∏

p≤2m
p =

∏
p≤2m−1

p < 42m−1 < 4x .

x = 2m − 1, m ∈ Z, m ≥ 2⇒
∏
p≤x

p =
∏
p≤m

p ·
∏

m<p≤2m−1
p.

Èç ðàâåíñòâà (2m − 1)! = m!(m − 1)!
(2m−1

m

)
ïî îñíîâíîé

òåîðåìå àðèôìåòèêè ñëåäóåò
∏

m<p≤2m−1 p ≤
(2m−1

m

)
.
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Òåîðåìà ×åáûø¼âà (çàâåðøåíèå äîêàçàòåëüñòâà ëåììû)

Ëåììà 2
Ïðè ëþáîì x ≥ 2 èìååì îöåíêó

∏
p≤x p < 4x .

x = 2m − 1 ⇒
∏
p≤x

p ≤
∏
p≤m

p ·
(
2m − 1

m

)
.

22m−1 = 1+

(
2m − 1

1

)
+ · · ·+

(
2m − 1

m − 1

)
+

(
2m − 1

m

)
︸ ︷︷ ︸+ · · ·+1

> 2

(
2m − 1

m

)
⇒

∏
p≤x

p ≤
∏
p≤m

p · 22m−2 < 4m · 4m−1 = 4x .

x ∈ R, x ≥ 2 ⇒
∏
p≤x

p =
∏
p≤[x]

p < 4[x] ≤ 4x .
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Òåîðåìà ×åáûø¼âà (çàâåðøåíèå äîêàçàòåëüñòâà ëåììû)
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Òåîðåìà ×åáûø¼âà (çàâåðøåíèå äîêàçàòåëüñòâà ëåììû)
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Òåîðåìà ×åáûø¼âà (çàâåðøåíèå äîêàçàòåëüñòâà ëåììû)

Ëåììà 2
Ïðè ëþáîì x ≥ 2 èìååì îöåíêó

∏
p≤x p < 4x .

x = 2m − 1 ⇒
∏
p≤x

p ≤
∏
p≤m

p ·
(
2m − 1

m

)
.

22m−1 = 1+

(
2m − 1

1

)
+ · · ·+

(
2m − 1

m − 1

)
+

(
2m − 1

m

)
︸ ︷︷ ︸+ · · ·+1

> 2

(
2m − 1

m

)
⇒

∏
p≤x

p ≤
∏
p≤m

p · 22m−2 < 4m · 4m−1 = 4x .

x ∈ R, x ≥ 2 ⇒
∏
p≤x

p =
∏
p≤[x]

p < 4[x] ≤ 4x .

Òåîðèÿ ÷èñåë, 4 êóðñ, 1 ïîòîê



Òåîðåìà ×åáûø¼âà (äîêàçàòåëüñòâî îöåíêè ñâåðõó)

π(x) =
∑
p≤x

1 =
∑

p≤x2/3
1 +

∑
x2/3<p≤x

1

∑
x2/3<p≤x

1 ≤
∑

x2/3<p≤x

log2 p

log2 x
2/3

<

<
1

log2 x
2/3

∑
p≤x

log2 p <
2x

log2 x
2/3

=
3x

log2 x
.

∑
p≤x2/3

1 = π(x2/3) = π([x2/3]) ≤ 2

3
· [x2/3] ≤ 2

3
· x2/3.

2x ≥ 2[x] ≥ 1 + [x ] > x ⇒ x > log2 x ⇒ x1/3 >
1

3
· log2 x ⇒

2x

log2 x
>

2

3
· x2/3 ⇒ π(x) <

5x

log2 x
= 5 ln 2

x

ln x
.
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Òåîðåìà ×åáûø¼âà.

Òåîðåìà 1

Ïðè ëþáîì x ≥ 6 ñïðàâåäëèâû íåðàâåíñòâà

a
x

ln x
< π(x) < b

x

ln x
,

ãäå a = ln 2
2 ≈ 0, 3465 è b = 5 ln 2 ≈ 3, 4657.

Òåîðèÿ ÷èñåë, 4 êóðñ, 1 ïîòîê



Òåîðåìà ×åáûø¼âà (çàìå÷àíèÿ).

Ïóñòü K (x) - íàèìåíüøåå îáùåå êðàòíîå âñåõ öåëûõ ÷èñåë m ñ

óñëîâèåì 1 < m ≤ x è pα - ñòåïåíü ïðîñòîãî ÷èñëà p, âõîäÿùàÿ
â ðàçëîæåíèå K (x) íà ïðîñòûå ñîìíîæèòåëè. Òîãäà èç ïðàâèëà
âû÷èñëåíèÿ K (x) ñëåäóåò, ÷òî α - íàèáîëüøåå íàòóðàëüíîå

÷èñëî ñ óñëîâèåì pα ≤ x , ò.å. α ≤
[
ln x
ln p

]
< α+ 1. Çíà÷èò,

α =
[
ln x
ln p

]
. Îáîçíà÷èì

ψ(x) = lnK (x) =
∑
p≤x

[
ln x

ln p

]
ln p, θ(x) = ln

∏
p≤x

p =
∑
p≤x

ln p.

Ôóíêöèè ψ(x) è θ(x) áûëè îïðåäåëåíû Ï.Ë. ×åáûø¼âûì è

èñïîëüçîâàëèñü èì â äîêàçàòåëüñòâå òåîðåìû 1. Ìû áóäåì

èñïîëüçîâàòü èõ â äîêàçàòåëüñòâå îñíîâíîãî óòâåðæäåíèÿ

ïåðâîé ãëàâû: àñèìïòîòè÷åñêîãî çàêîíà ðàñïðåäåëåíèÿ ïðîñòûõ

÷èñåë π(x) ∼ x
ln x ïðè x → +∞.

Òåîðèÿ ÷èñåë, 4 êóðñ, 1 ïîòîê



Òåîðåìà ×åáûø¼âà (ñëåäñòâèÿ).

Ñëåäñòâèå 1

Ïóñòü p1 = 2 < p2 < p3 < . . . ïîñëåäîâàòåëüíîñòü âñåõ ïðîñòûõ
÷èñåë. Òîãäà íàéäóòñÿ ïîëîæèòåëüíûå êîíñòàíòû α, β > 0,
òàêèå ÷òî

αn ln n < pn < βn ln n.

Ïðè êàæäîì íàòóðàëüíîì n èìååì π(pn) = n. Ïîäñòàâèâ x = pn
â íåðàâåíñòâà òåîðåìû ×åáûø¼âà, ïîëó÷èì ïðè n ≥ 4:

a
pn
ln pn

< n < b
pn
ln pn

. (1)

Ýòè íåðàâåíñòâà ìîæíî ïåðåïèñàòü â âèäå:

n = cn ·
pn
ln pn

, a < cn < b

Òåîðèÿ ÷èñåë, 4 êóðñ, 1 ïîòîê



Òåîðåìà ×åáûø¼âà (ñëåäñòâèÿ)

n = cn ·
pn
ln pn

, a < cn < b

Èç ïîñëåäíåãî ðàâåíñòâà ñëåäóåò

ln n = ln pn − ln ln pn + ln cn

n ln n

pn
= cn

(
1− ln ln pn

ln pn
+

ln cn
ln pn

)
⇒ 1

2b
n ln n ≤ pn ≤

2

a
n ln n,

åñëè n äîñòàòî÷íî âåëèêî.

Ñëåäñòâèå 2

Ðÿä
∑

p
1
p ðàñõîäèòñÿ.

Óòâåðæäåíèå âûïîëíÿåòñÿ, ò.ê. 1
pn
≥ 1

βn ln n è ðÿä
∑

n≥2
1

n ln n
ðàñõîäèòñÿ.

Òåîðèÿ ÷èñåë, 4 êóðñ, 1 ïîòîê



Íà ñåãîäíÿ âñ¼.

Ïîçäðàâëÿþ Âàñ ñ íà÷àëîì

íîâîãî ó÷åáíîãî ãîäà!

Äî ñâèäàíèÿ!

Òåîðèÿ ÷èñåë, 4 êóðñ, 1 ïîòîê



Ëåêöèÿ 2

Ïîñòóëàò Áåðòðàíà.

Ôóíêöèÿ Ðèìàíà è å¼ ïðîñòåéøèå ñâîéñòâà.

Ëåêöèÿ 2 Ïîñòóëàò Áåðòðàíà. Ôóíêöèÿ Ðèìàíà è å¼ ïðîñòåéøèå ñâîéñòâà.



�3. Ïîñòóëàò Áåðòðàíà

Òåîðåìà 2 (Ïîñòóëàò Áåðòðàíà, 1852ã. Ï.Ë. ×åáûø¼â)

Äëÿ ëþáîãî íàòóðàëüíîãî n ≥ 2 ñóùåñòâóåò ïðîñòîå ÷èñëî p,
óäîâëåòâîðÿþùåå íåðàâåíñòâàì n < p < 2n.

Äîêàçàòåëüñòâî.

Äîêàæåì ñíà÷àëà, ÷òî óòâåðæäåíèå òåîðåìû âåðíî äëÿ ëþáîãî

n ≤ 630. Ðàññìîòðèì äëÿ ýòîãî ïîñëåäîâàòåëüíîñòü ïðîñòûõ

÷èñåë

2, 3, 5, 7, 13, 23, 43, 83, 163, 317, 631.

Êàæäîå èç íèõ ìåíüøå óäâîåííîãî ïðåäûäóùåãî. Ïóñòü n �

ïðîèçâîëüíîå öåëîå ÷èñëî èç ïðîìåæóòêà 2 ≤ n ≤ 630. Òîãäà n
ñîäåðæèòñÿ ìåæäó äâóìÿ ïîñëåäîâàòåëüíûìè ïðîñòûìè q, p èç

âûïèñàííîãî ðÿäà, ò.å. q ≤ n < p. Ó÷èòûâàÿ, ÷òî p < 2q,
çàêëþ÷àåì p < 2q ≤ 2n. Èñêîìîå ïðîñòîå ÷èñëî p íàéäåíî.
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Íàïîìèíàíèå.

Ýéëåðîâû èíòåãðàëû.
Ïóñòü α > 0. Ãàììà-ôóíêöèÿ Ýéëåðà îïðåäåëÿåòñÿ

èíòåãðàëîì

Γ(α) =

∫ +∞

0
xα−1e−xdx .

Íàïðèìåð, ïðè ëþáîì öåëîì n ≥ 0 èìååì Γ(n + 1) = n!.
Áåòà ôóíêöèÿ Ýéëåðà B(α, β) ïðè ëþáûõ ïîëîæèòåëüíûõ

÷èñëàõ α, β îïðåäåëÿåòñÿ èíòåãðàëîì

B(α, β) =

∫ 1

0
xα−1(1− x)β−1dx .

Ñïðàâåäëèâî òîæäåñòâî

B(α, β) =
Γ(α)Γ(β)

Γ(α + β)
.

Ïîäðîáíîñòè ìîæíî íàéòè â ëþáîì êëàññè÷åñêîì ó÷åáíèêå ïî

Ìàòåìàòè÷åñêîìó àíàëèçó.
Ëåêöèÿ 2 Ïîñòóëàò Áåðòðàíà. Ôóíêöèÿ Ðèìàíà è å¼ ïðîñòåéøèå ñâîéñòâà.



Ïðîäîëæåíèå äîêàçàòåëüñòâà.

Äàëåå áóäåì ïðåäïîëàãàòü âûïîëíåííûì íåðàâåíñòâî n > 630.

Ïîëüçóÿñü ñâîéñòâàìè Áåòà- è Ãàììà-ôóíêöèé Ýéëåðà, íàõîäèì

I =

∫ 1

0
xn(1− x)ndx = B(n + 1, n + 1) =

=
Γ(n + 1)Γ(n + 1)

Γ(2n + 2)
=

n!n!

(2n + 1)!
=

1

N
.

Äàëåå, êàê íà ïåðâîé ëåêöèè, îáîçíà÷èì K = [1, 2, . . . , 2n + 1].
Ñîãëàñíî äîêàçàòåëüñòâó ëåììû 1 èç �2, èìååì

K

N
= K · I ∈ Z, N = I−1 > 4n. (1)

Ëåêöèÿ 2 Ïîñòóëàò Áåðòðàíà. Ôóíêöèÿ Ðèìàíà è å¼ ïðîñòåéøèå ñâîéñòâà.



Ïðîäîëæåíèå äîêàçàòåëüñòâà.
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I =

∫ 1

0
xn(1− x)ndx = B(n + 1, n + 1) =

=
Γ(n + 1)Γ(n + 1)

Γ(2n + 2)
=

n!n!

(2n + 1)!
=

1

N
.

Äàëåå, êàê íà ïåðâîé ëåêöèè, îáîçíà÷èì K = [1, 2, . . . , 2n + 1].
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K

N
= K · I ∈ Z, N = I−1 > 4n. (1)

Ëåêöèÿ 2 Ïîñòóëàò Áåðòðàíà. Ôóíêöèÿ Ðèìàíà è å¼ ïðîñòåéøèå ñâîéñòâà.



Ïðîäîëæåíèå äîêàçàòåëüñòâà.

Ðàññìîòðèì öåëîå ÷èñëî N è äîêàæåì, ÷òî

N =
(2n + 1)!

n!n!
=

∏
p≤2n+1

pνp(N) ≤ (2n + 1)
∏

p≤2n−1

pνp(N). (2)

Åñëè 2n + 1 ïðîñòîå ÷èñëî, òî ν2n+1(N) = 1 è â (2) èìååò ìåñòî

ðàâåíñòâî. Åñëè æå 2n + 1 � ñîñòàâíîå, òî N =
∏

p≤2n−1 p
νp(N)

è (2) òàêæå âûïîëíÿåòñÿ.

Ëåêöèÿ 2 Ïîñòóëàò Áåðòðàíà. Ôóíêöèÿ Ðèìàíà è å¼ ïðîñòåéøèå ñâîéñòâà.
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n!n!
=

∏
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∏
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∏
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Ëåêöèÿ 2 Ïîñòóëàò Áåðòðàíà. Ôóíêöèÿ Ðèìàíà è å¼ ïðîñòåéøèå ñâîéñòâà.



N =
(2n + 1)!

n!n!
≤ (2n + 1)

∏
p≤2n−1

pνp(N). (3)

1. Ïðåäïîëîæèì, ÷òî óòâåðæäåíèå òåîðåìû íåâåðíî è èíòåðâàë

n < x < 2n íå ñîäåðæèò íè îäíîãî ïðîñòîãî ÷èñëà. Òîãäà èç (3)

ñëåäóåò

N ≤ (2n + 1)
∏
p≤n

pνp(N). (4)

2. Åñëè ïðîñòîå ÷èñëî p óäîâëåòâîðÿåò íåðàâåíñòâàì
2n+1

3 < p ≤ n, òî p ≤ n < 3p−1
2 < 2p è 2p < 2n + 1 < 3p.

Çíà÷èò, νp(n!) = 1 è νp((2n + 1)!) = 2. Òàêèì îáðàçîì,

νp(N) = νp((2n + 1)!)− 2νp(n!) = 0 è èç (4) ñëåäóåò

N ≤ (2n + 1)
∏

p≤ 2n+1
3

pνp(N). (5)
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∏
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3. Ïðåäïîëîæèì òåïåðü, ÷òî
√

2n + 1 < p ≤ 2n+1
3 . Òîãäà, â

÷àñòíîñòè, ln(2n + 1) < 2 ln p. Ïîñêîëüêó N|K , òî

νp(N) ≤ νp(K ) =
[

ln(2n+1)
ln p

]
≤ 1. Íî òîãäà èç (5) íàõîäèì

N ≤ (2n + 1) ·
∏

√
2n+1<p≤ 2n+1

3

p ·
∏

p≤
√

2n+1

pνp(N) ≤

≤ 2n + 1

210
·
∏

p≤ 2n+1
3

p ·
∏

p≤
√

2n+1

pνp(N) . (6)

4. Äàëåå p ≤
√

2n + 1. Òàê êàê N|K , òî

νp(N) ≤ νp(K ) =

[
ln(2n + 1)

ln p

]
≤ ln(2n + 1)

ln p
è pνp(N) ≤ 2n + 1,

Ïðàâîå íåðàâåíñòâî òåîðåìû ×åáûøåâà äà¼ò

∏
p≤
√

2n+1

pνp(N) ≤ (2n+1)π(
√

2n+1) ≤ (2n+1)
5
√

2n+1
log2

√
2n+1 = 45

√
2n+1.

Ëåêöèÿ 2 Ïîñòóëàò Áåðòðàíà. Ôóíêöèÿ Ðèìàíà è å¼ ïðîñòåéøèå ñâîéñòâà.
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N ≤ (2n + 1) ·
∏

√
2n+1<p≤ 2n+1

3

p ·
∏

p≤
√

2n+1

pνp(N) ≤

≤ 2n + 1

210
·
∏

p≤ 2n+1
3

p ·
∏

p≤
√

2n+1

pνp(N) . (6)

4. Äàëåå p ≤
√

2n + 1. Òàê êàê N|K , òî

νp(N) ≤ νp(K ) =

[
ln(2n + 1)

ln p

]
≤ ln(2n + 1)

ln p
è pνp(N) ≤ 2n + 1,

Ïðàâîå íåðàâåíñòâî òåîðåìû ×åáûøåâà äà¼ò

∏
p≤
√

2n+1

pνp(N) ≤ (2n+1)π(
√

2n+1) ≤ (2n+1)
5
√

2n+1
log2

√
2n+1 = 45

√
2n+1.
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Âîñïîëüçîâàâøèñü îöåíêîé ñíèçó èç (1) äëÿ ÷èñëà N è ëåììîé

2, íàõîäèì

4n < N <
2n + 1

210
· 4

2n+1
3 · 45

√
2n+1. (7)

Óìíîæèì ýòî íåðàâåíñòâî íà 2, âîñïîëüçóåìñÿ íåðàâåíñòâîì

x ≤ 2x = 4x/2, ïðè x = 2n+1
105 > 0 è ïðîëîãàðèôìèðóåì

ðåçóëüòàò ïî îñíîâàíèþ 4. Â èòîãå ïîëó÷èì

n +
1

2
<

2n + 1

210
+

2n + 1

3
+ 5
√

2n + 1

èëè ïîñëå óïðîùåíèé

17

105

√
2n + 1 ≤ 5.

Íàêîíåö, ó÷èòûâàÿ, ÷òî
√

2n + 1 ≥
√

1261 > 35 íàõîäèì

17

3
≤ 5,

÷òî, êîíå÷íî, íåâåðíî. Ïîëó÷èâøååñÿ ïðîòèâîðå÷èå äîêàçûâàåò

ñóùåñòâîâàíèå ïðîñòîãî ÷èñëà, óòâåðæäàåìîå òåîðåìîé.
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�4. Ôóíêöèÿ Ðèìàíà è å¼ ïðîñòåéøèå ñâîéñòâà

Äçåòà ôóíêöèÿ Ðèìàíà ζ(s) êîìïëåêñíîãî ïåðåìåííîãî s
îïðåäåëÿåòñÿ ðÿäîì

ζ(s) =
∞∑
n=1

1

ns
. (8)

s = σ + it, ns = es ln n = nσnit = nσe it ln n, |ns | = nσ.

Ëåììà 1
Ðÿä (8) àáñîëþòíî ñõîäèòñÿ â îáëàñòè <s > 1. Îïðåäåëÿåìàÿ
èì ôóíêöèÿ ζ(s) ãîëîìîðôíà â ýòîé îáëàñòè, à ðàâåíñòâî (8)

äîïóñêàåò ïî÷ëåííîå äèôôåðåíöèðîâàíèå ñêîëü óãîäíî ìíîãî

ðàç.

Ñëåäñòâèå 1

Â îáëàñòè <s = σ > 1 âûïîëíÿåòñÿ ðàâåíñòâî

ζ ′(s) = −
∞∑
n=2

ln n

ns
.
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Äîêàçàòåëüñòâî ëåììû 1.

Ðÿä
∑∞

n=1
1
nσ ñõîäèòñÿ â ïîëóïëîñêîñòè σ > 1. Òàê êàê∣∣∣∣ 1

ns

∣∣∣∣ =
1

nσ
, (9)

òî ðÿä
∑∞

n=1
1
ns , îïðåäåëÿþùèé ζ(s) àáñîëþòíî ñõîäèòñÿ â ýòîé

îáëàñòè. Ïðè ëþáîì δ > 0 â îáëàñòè G = {s |<s > 1 + δ}
ñïðàâåäëèâî íåðàâåíñòâî

∣∣ 1
ns

∣∣ < 1
n1+δ , ñì. (9). Èç ñõîäèìîñòè

ðÿäà
∑∞

n=1
1

n1+δ ïî ïðèçíàêó Âåéåðøòðàññà ñëåäóåò

ðàâíîìåðíàÿ ñõîäèìîñòü ðÿäà (8) â îáëàñòè G , àíàëèòè÷íîñòü
ñóììû ýòîãî ðÿäà â îáëàñòè G è âîçìîæíîñòü åãî ïî÷ëåííîãî

äèôôåðåíöèðîâàíèÿ (òåîðåìà Âåéåðøòðàññà) â G . Â ñèëó

ïðîèçâîëüíîñòè δ > 0 âñå ýòè ñâîéñòâà ñîõðàíÿþòñÿ â îáëàñòè

σ > 1.
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Ëåììà 2
Äçåòà-ôóíêöèÿ íå èìååò íóëåé â îáëàñòè <s > 1, è â ýòîé

îáëàñòè âûïîëíÿåòñÿ ðàâåíñòâî

− ζ ′(s)

ζ(s)
=
∞∑
n=2

Λ(n)

ns
, (10)

ãäå

Λ(n) =

{
ln p ïðè n = pk ,

0 â ïðîòèâíîì ñëó÷àå

� ôóíêöèÿ Ìàíãîëüäòà.
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Íàïîìèíàíèå: 1. Åñëè ÷èñëîâûå ðÿäâ
∑∞

i=1 ai ,
∑∞

j=1 bj
ñõîäÿòñÿ àáñîëþòíî è èìåþò ñóììû A è B , òî ðÿä

∑∞
k=1 ck , ãäå

c1, c2, . . . åñòü ïðîèçâåäåíèÿ aibj , âçÿòûå â ïðîèçâîëüíîì
ïîðÿäêå, àáñîëþòíî ñõîäèòñÿ è èìååò ñóììó AB .

2. Åñëè â àáñîëþòíî ñõîäÿùåìñÿ ðÿäå ðàññòàâèòü êàê-íèáóäü

ñêîáêè, òî íîâûé ðÿä ñõîäèòñÿ è èìååò òó æå ñóììó.

3. (Òåîðåìà Âåéåðøòðàññà.) Åñëè ÷ëåíû ðÿäà

∞∑
n=0

fn(z),

ðàâíîìåðíî ñõîäÿùåãîñÿ âíóòðè îáëàñòè G , àíàëèòè÷íû âíóòðè

ýòîé îáëàñòè, òî ñóììà ðÿäà f (z) òàêæå àíàëèòè÷íà â îáëàñòè

G . Êðîìå òîãî, ðÿäû
∞∑
n=0

f
(k)
n (z) òàêæå ñõîäÿòñÿ ðàâíîìåðíî

âíóòðè G è ïðåäñòàâëÿþò òàì ïðîèçâîäíóþ f (k)(z).
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Äîêàçàòåëüñòâî ëåììû 2.

Ôóíêöèÿ Ìàíãîëüäòà îïðåäåëåíà â ôîðìóëèðîâêå ëåììû 2

Λ(n) =

{
ln p ïðè n = pk ,

0 â ïðîòèâíîì ñëó÷àå
⇒ |Λ(n)| ≤ ln n.

Ïîâòîðèì äîêàçàòåëüñòâî ëåììû 1 ïðèìåíèòåëüíî ê ðÿäó∑∞
n=2

Λ(n)
ns . Ïîëüçóÿñü ñõîäèìîñòüþ ðÿäà

∞∑
n=2

ln n

nσ
â îáëàñòè

σ > 1, çàêëþ÷àåì, ÷òî ðÿä
∑∞

n=2
Λ(n)
ns àáñîëþòíî ñõîäèòñÿ â

îáëàñòè <s > 1 è ðàâíîìåðíî ñõîäèòñÿ â îáëàñòè <s > 1 + δ
ïðè ëþáîì δ > 0, à ïîòîìó àíàëèòè÷åí â îáëàñòè <s > 1 + δ, à
â ñèëó ïðîèçâîëüíîñòè δ > 0 è â îáëàñòè <s > 1.

Ëåêöèÿ 2 Ïîñòóëàò Áåðòðàíà. Ôóíêöèÿ Ðèìàíà è å¼ ïðîñòåéøèå ñâîéñòâà.



Ïðîäîëæåíèå äîêàçàòåëüñòâà ëåììû 2.

Ïîëüçóÿñü òåîðåìîé î ïåðåìíîæåíèè àáñîëþòíî ñõîäÿùèõñÿ

ðÿäîâ, ïåðåìíîæèì ðÿä äëÿ ζ(s) è ðÿä èç (10), . Èìååì

∞∑
`=1

1

`s
·
∞∑
k=2

Λ(k)

ks
=
∞∑
n=2

1

ns

∑
k|n

Λ(k)

 . (11)

Çäåñü ïåðåìåííàÿ ñóììèðîâàíèÿ ` áûëà çàìåíåíà íà n ñ

ïîìîùüþ ñîîòíîøåíèÿ ` · k = n.
Âû÷èñëèì ñóììó â ñêîáêàõ. Ïóñòü n = pα1

1 · · · p
αt
t . Íåíóëåâîé

âêëàä â ñóììó äàäóò òîëüêî ÷èñëà k âèäà pβii (1 ≤ βi ≤ αi ).

Ñëåäîâàòåëüíî,
∑

k|n Λ(k) = α1 ln p1 + · · ·+ αt ln pt = ln n.
Çàìåíÿÿ ñóììó â ñêîáêàõ èç (11) è ïîëüçóÿñü ñëåäñòâèåì 1,

íàõîäèì

ζ(s) ·
∞∑
k=2

Λ(k)

ks
= −ζ ′(s).
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Çàâåðøåíèå äîêàçàòåëüñòâà ëåììû 2.

Ïî äîêàçàííîìó òðè ôóíêöèè, ó÷àñòâóþùèå â òîæäåñòâå

ζ(s) ·
∞∑
k=2

Λ(k)

ks
= −ζ ′(s), (12)

àíàëèòè÷íû â îáëàñòè <s > 1. Åñëè s0 - íóëü äçåòà-ôóíêöèè,

ëåæàùèé â ýòîé îáëàñòè, òî ords0 ζ(s)− ords0 ζ
′(s) = 1, è èç

ðàâåíñòâà (12) ñëåäóåò

ords0

∞∑
k=2

Λ(k)

ks
= −1,

÷òî ïðîòèâîðå÷èò àíàëèòè÷íîñòè ñóììû
∑∞

k=2
Λ(k)
ks â îáëàñòè

<s > 1. Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà îñòàëîñü ðàçäåëèòü

òîæäåñòâî (12) íà ζ(s).
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Êîíåö
âòîðîé ëåêöèè.
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Ëåêöèÿ 3

Ïðîñòåéøèå ñâîéñòâà äçåòà-ôóíêöèè.

Àíàëèòè÷åñêîå ïðîäîëæåíèå
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�5 Áåñêîíå÷íîå ïðîèçâåäåíèå.

Ôóíêöèÿ f (n) íàçûâàåòñÿ âïîëíå ìóëüòèïëèêàòèâíîé, åñëè

f (n) 6≡ 0 è f (uv) = f (u)f (v) ïðè âñåõ u, v ∈ N. Âûáðàâ n òàê,

÷òî f (n) 6= 0, íàõîäèì f (n) = f (n)f (1) è f (1) = 1.
Ïðèìåðû. Ôóíêöèè f (n) = ns è f (n) ≡ 1 âïîëíå

ìóëüòèïëèêàòèâíû.

Ëåììà 1
Ïóñòü ôóíêöèÿ f (n) âïîëíå ìóëüòèïëèêàòèâíà è ðÿä

S =
∑∞

n=1 f (n) àáñîëþòíî ñõîäèòñÿ. Òîãäà S =
∏
p

(1− f (p))−1,

òî åñòü
∏
p≤x

(1− f (p))−1 → S , ïðè x →∞.

Ïîêàæåì, ÷òî |f (n)| < 1 ïðè n > 1. Â ñàìîì äåëå, åñëè

|f (n)| ≥ 1, òî è |f (nk)| = |f (n)|k ≥ 1, à ýòî ïðîòèâîðå÷èò

ñõîäèìîñòè ðÿäà äëÿ S .
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�5 Áåñêîíå÷íîå ïðîèçâåäåíèå.
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∏
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Ïðîäîëæåíèå äîêàçàòåëüñòâà ëåììû 1.

Ïóñòü p ïðîñòîå. Ïîñêîëüêó |f (p)| < 1, òî

(1− f (p))−1 =
∞∑
k=0

f (p)k =
∞∑
k=0

f (pk),

è ðÿä â ïðàâîé ÷àñòè àáñîëþòíî ñõîäèòñÿ.

Òàêèå ðÿäû ïðè

ðàçíûõ p ìîæíî ïåðåìíîæàòü, ïîëüçóÿñü ñîîòâåòñòâóþùåé

òåîðåìîé

S(x) =
∏
p≤x

(1− f (p))−1 =
∏
p≤x

∞∑
k=0

f (pk) =
′∑
n

f (n),

ãäå
∑′ îçíà÷àåò ñóììó ïî òåì n, ó êîòîðûõ âñå ïðîñòûå

äåëèòåëè íå ïðåâîñõîäÿò x . Ñóììà
∑′′ îçíà÷àåò ñóììó ïî âñåì

n, êîòîðûå äåëÿòñÿ õîòÿ áû íà îäíî ïðîñòîå ÷èñëî p > x .
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Çàâåðøåíèå äîêàçàòåëüñòâà ëåììû 1

Òîãäà

S − S(x) =
′′∑

f (n)⇒ |S − S(x)| ≤
′′∑
|f (n)| ≤

∑
n≥x
|f (n)| → 0

ïðè x →∞, êàê îñòàòîê ñõîäÿùåãîñÿ ðÿäà. Çäåñü

èñïîëüçîâàëîñü òàêæå, ÷òî êàæäîå íàòóðàëüíîå ÷èñëî n,
èìåþùåå ïðîñòîé äåëèòåëü p > x òàêæå óäîâëåòâîðÿåò

íåðàâåíñòâó n > x .
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Òîæäåñòâî Ýéëåðà.

Ñëåäñòâèå 1

Â îáëàñòè <s > 1 ñïðàâåäëèâî ñëåäóþùåå ïðåäñòàâëåíèå ζ(s) â
âèäå áåñêîíå÷íîãî ïðîèçâåäåíèÿ ïî ïðîñòûì ÷èñëàì

ζ(s) =
∏
p

(
1− 1

ps

)−1
.

Äîêàçàòåëüñòâî.

Âîçüì¼ì â ïðåäûäóùåé ëåììå f (n) = 1
ns . Ïî äîêàçàííîìó â

îáëàñòè <s > 1 ðÿä
∑∞

n=1
1
ns àáñîëþòíî ñõîäèòñÿ. Êðîìå òîãî,

ôóíêöèÿ f (n) = 1
ns âïîëíå ìóëüòèïëèêàòèâíà. Ñïðàâåäëèâîñòü

òîæäåñòâà Ýéëåðà ñëåäóåò èç ëåììû 1 ñ óêàçàííîé âûøå

ôóíêöèåé f (n) è S = ζ(s).
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�6 Àíàëèòè÷åñêîå ïðîäîëæåíèå äçåòà-ôóíêöèè.

Ëåììà 2 (Ïðåîáðàçîâàíèå Àáåëÿ.)

Ïóñòü ak , k = 1, 2, . . . � ïîñëåäîâàòåëüíîñòü êîìïëåêñíûõ ÷èñåë

è g(t) � êîìïëåêñíîçíà÷íàÿ íåïðåðûâíî äèôôåðåíöèðóåìàÿ

íà ìíîæåñòâå t ≥ 1 ôóíêöèÿ. Òîãäà∑
k≤x

akg(k) = A(x)g(x)−
∫ x

1
A(t)g ′(t)dt, (1)

ãäå A(x) :=
∑

k≤x ak .
Åñëè ê òîìó æå ðÿä

∑∞
k=1 akg(k) ñõîäèòñÿ è A(x)g(x)→ 0 ïðè

x →∞, òî
∞∑
k=1

akg(k) = −
∫ ∞
1

A(t)g ′(t)dt.
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Äîêàçàòåëüñòâî ñïðàâåäëèâîñòè ïðåîáðàçîâàíèÿ Àáåëÿ.

Ââåä¼ì îáîçíà÷åíèå ϕk(t) =

0, åñëè t < k ;

ak , åñëè t ≥ k .
Äàëåå

A(x)g(x)−
∑
k≤x

akg(k) =
∑
k≤x

ak(g(x)−g(k)) =
∑
k≤x

ak

∫ x

k
g ′(t)dt =

=
∑
k≤x

∫ x

1
ϕk(t)g

′(t)dt =

∫ x

1

∑
k≤t

ϕk(t)

 g ′(t)dt.

Îñòàåòñÿ çàìåòèòü, ÷òî ïðè t ∈ [1, x ]∑
k≤x

ϕk(t) =
∑
k≤t

ϕk(t) =
∑
k≤t

ak = A(t).

Âòîðîå óòâåðæäåíèå ëåììû ïîëó÷àåòñÿ èç ïåðâîãî ïðåäåëüíûì

ïåðåõîäîì.
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�Àíàëèòè÷åñêîå ïðîäîëæåíèå äçåòà-ôóíêöèè.

Òåîðåìà 3

Ïðè <s = σ > 1 ñïðàâåäëèâî òîæäåñòâî

ζ(s) = 1 +
1

s − 1
− s

∫ ∞
1

{x}
x s+1

dx . (2)

Ïðàâàÿ ÷àñòü ýòîãî òîæäåñòâà àíàëèòè÷íà âñþäó â

ïîëóïëîñêîñòè <s > 0 çà èñêëþ÷åíèåì òî÷êè s = 1, ãäå îíà
èìååò ïîëþñ ïåðâîãî ïîðÿäêà ñ âû÷åòîì 1.
Òîæäåñòâî (2) àíàëèòè÷åñêè ïðîäîëæàåò ôóíêöèþ ζ(s) â
êîìïëåêñíóþ ïîëóïëîñêîñòü <s > 0, ãäå ζ(s) èìååò
åäèíñòâåííûé ïîëþñ â òî÷êå s = 1. Ïîðÿäîê ïîëþñà ðàâåí 1, à
âû÷åò ζ(s) â ýòîé òî÷êå òàêæå ðàâåí 1.
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�6 Àíàëèòè÷åñêîå ïðîäîëæåíèå äçåòà-ôóíêöèè.

Äîêàçûâàÿ òîæäåñòâî (2), áóäåì ñ÷èòàòü, ÷òî <s > 1. Ïóñòü N
� íàòóðàëüíîå ÷èñëî. Ïðèìåíèì ëåììó 2 ê ñëó÷àþ, êîãäà

x = N ∈ N, ai = 1, à g(t) = t−s . Òîãäà g ′(x) = −sx−(s+1), è

A(x) =
∑

k≤x 1 = [x ]. Âîñïîëüçîâàâøèñü ëåììîé 2, ïîëó÷àåì

N∑
k=1

1

ks
=

N

Ns
+ s

∫ N

1

[t]

ts+1
dt =

1

Ns−1 + s

∫ N

1

t

ts+1
dt−

− s

∫ N

1

{t}
ts+1

dt =
1

Ns−1 +
s

s − 1
− s

Ns−1(s − 1)
− s

∫ N

1

{t}
ts+1

dt =

= 1 +
1

s − 1
− 1

Ns−1(s − 1)
− s

∫ N

1

{t}
ts+1

dt.

Èòàê,

N∑
k=1

1

ks
= 1 +

1

s − 1
− 1

Ns−1(s − 1)
− s

∫ N

1

{t}
ts+1

dt.
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Ïåðåõîäÿ ê ïðåäåëó ïðè N →∞, ïîëó÷àåì òîæäåñòâî èç

ôîðìóëèðîâêè òåîðåìû

.ζ(s) = 1 +
1

s − 1
− s

∫ ∞
1

{t}
ts+1

dx . (3)

Äëÿ äîêàçàòåëüñòâà àíàëèòè÷íîñòè ïðàâîé ÷àñòè (3) è

óòâåðæäåíèÿ î ïîëþñå äîñòàòî÷íî óñòàíîâèòü àíàëèòè÷íîñòü

èíòåãðàëà èç (3) â îáëàñòè <s > 0. Ïóñòü s = σ + it. Ðàçîáü¼ì
èíòåãðàë íà ÷àñòè. Ïóñòü

fn(s) =

∫ n+1

n

{t}
ts+1

dt =

∫ n+1

n

t − n

ts+1
dt =

n1−s − (n + 1)−s(n + s)

(1− s)s)
.

Ôóíêöèè fn(s) àíàëèòè÷íû â <s > 0 (â òî÷êå s = 1 óñòðàíèìàÿ

îñîáåííîñòü). Çíà÷èò, èíòåãðàë â ïðàâîé ÷àñòè åñòü ñóììà ðÿäà

èç àíàëèòè÷åñêèõ ôóíêöèé. Ýòîò ðÿä ðàâíîìåðíî ñõîäèòñÿ, òàê

êàê ïðè σ ≥ δ > 0 îí ìàæîðèðóåòñÿ ÷èñëîâûì ðÿäîì

|fn(s)| ≤
∫ n+1

n

{x}
xσ+1

dx ≤ 1

nσ+1
≤ 1

nδ+1
.

Îñòàëîñü ïðèìåíèòü òåîðåìó Âåéåðøòðàññà.
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�7 Îöåíêè äçåòà-ôóíêöèè Ðèìàíà.

(a)
1 ≤ σ ≤ 2, |t| ≥ 3
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�7 Îöåíêè äçåòà-ôóíêöèè Ðèìàíà.

Ëåììà 3
Ïóñòü s = σ + it, 1 ≤ σ ≤ 2, à |t| ≥ 3. Òîãäà

|ζ(s)| ≤ 5 ln |t|, |ζ ′(s)| ≤ 8 ln2 |t|.

1) Îöåíèì ñíà÷àëà ζ-ôóíêöèþ. Âûøå ïðè <s > 0 äîêàçàíû

òîæäåñòâà

ζ(s) = 1 +
1

s − 1
− s

∫ ∞
1

{x}
x s+1

dx .

N∑
n=1

1

ns
= 1 +

1

s − 1
− 1

Ns−1(s − 1)
− s

∫ N

1

{x}
x s+1

dx .
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∫ ∞
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∫ ∞
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ds
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Çàâåðøåíèå äîêàçàòåëüñòâà ëåììû 1
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n ≤

∫ n
n−1

ln x
x dx , ñïðàâåäëèâûì äëÿ n ≥ 4, òàê
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x ïðè x ≥ e ìîíîòîííî óáûâàåò. Èìååì∣∣∣∣∣
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ln n
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dx ≤
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+
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ln2 3 ≤ ln 2
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2
ln2N < ln2N ≤ ln2 |t|.

Íàêîíåö, ïîëó÷àåì îöåíêó äëÿ ïðîèçâîäíîé äçåòà-ôóíêöèè

Ðèìàíà

|ζ ′(s)| ≤ 1

9
+
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ln |t|+ 1

2
+ 5 ln |t|+ ln2 |t| ≤ 8 ln2 |t|.
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x ïðè x ≥ e ìîíîòîííî óáûâàåò. Èìååì∣∣∣∣∣

N∑
2

ln n

ns

∣∣∣∣∣ ≤
N∑
2

ln n

n
≤ ln 2

2
+

ln 3

3
+

∫ N

3

ln x

x
dx ≤

≤ ln 2

2
+

ln 3

3
+

1

2
ln2N−1

2
ln2 3 ≤ ln 2

2
+

1

2
ln2N < ln2N ≤ ln2 |t|.

Íàêîíåö, ïîëó÷àåì îöåíêó äëÿ ïðîèçâîäíîé äçåòà-ôóíêöèè

Ðèìàíà

|ζ ′(s)| ≤ 1

9
+

1

3
ln |t|+ 1

2
+ 5 ln |t|+ ln2 |t| ≤ 8 ln2 |t|.
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Ãèïîòåçà Ðèìàíà î íóëÿõ äçåòà-ôóíêöèè.

Â 1859ã. Á. Ðèìàí äîêàçàë, ÷òî ôóíêöèÿ

π−s/2Γ(s/2)ζ(s)

íå ìåíÿåòñÿ ïðè çàìåíå s íà 1− s. Îòñþäà ñëåäóåò, ÷òî ζ(s)
èìååò îäíîêðàòíûå íóëè â òî÷êàõ -2, -4, -6, . . . . Ýòè íóëè

íàçûâàþòñÿ òðèâèàëüíûìè, òàê êàê ñâÿçàíû ñ ïîëþñàìè

Γ(s/2). Îñòàëüíûå íóëè íàçûâàòñÿ íåòðèâèàëüíûìè. Âñå îíè

ëåæàò â êðèòè÷åñêîé ïîëîñå: 0 < σ < 1. Ãèïîòåçà Ðèìàíà

óòâåðæäàåò: âñå íåòðèâèàëüíûå íóëè äçåòà-ôóíêöèè ëåæàò íà

êðèòè÷åñêîé ïðÿìîé, ò.å. ó íèõ σ = 1/2. Â 1914ã. Õ. Õàðäè

äîêàçàë, ÷òî íà êðèòè÷åñêîé ïðÿìîé ëåæèò áåñêîíå÷íîå

êîëè÷åñòâî íóëåé äçåòà-ôóíêöèè. A. Ñåëüáåðã â 1942 ãîäó

óñòàíîâèë, ÷òî ïîëîæèòåëüíàÿ äîëÿ âñåõ íóëåé äçåòà-ôóíêöèè

Ðèìàíà (èõ ìíîæåñòâî áåñêîíåíî) ëåæèò íà êðèòè÷åñêîé

ïðÿìîé <(s) = 1
2 . Â íàñòîÿùåå âðåìÿ ãèïîòåçà Ðèìàíà � îäíà

èç ñàìûõ èçâåñòíûõ íåðåøåííûõ ìàòåìàòè÷åñêèõ çàäà÷.
Ëåêöèÿ 4 Îöåíêè äçåòà-ôóíêöèè. Îòñóòñòâèå íóëåé íà åäèíè÷íîé ïðÿìîé.



Íèæå ìû äîêàæåì, ÷òî íà åäèíè÷íîé ïðÿìîé σ = 1 íå ëåæèò

íè îäèí íóëü äçåòà - ôóíêöèè. Ýòîãî áóäåò äîñòàòî÷íî äëÿ

äîêàçàòåëüñòâà àñèìïòîòè÷åñêîãî çàêîíà ðàñïðåäåëåíèÿ

ïðîñòûõ ÷èñåë.

Ëåììà 2

Äëÿ ëþáûõ äåéñòâèòåëüíûõ ÷èñåë ϕ è r , 0 < r < 1,
âûïîëíÿåòñÿ íåðàâåíñòâî

P =
∣∣(1− r)3(1− re iϕ)4(1− re2iϕ)

∣∣ ≤ 1.

Äëÿ äîêàçàòåëüñòâà ìû âîñïîëüçóåìñÿ òîæäåñòâàìè

|z | < 1 ⇒
∞∑
n=1

zn

n
= − ln(1− z); < ln(1− z) = ln |1− z |.
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Äîêàçàòåëüñòâî ëåììû 2.

P =
∣∣(1− r)3(1− re iϕ)4(1− re2iϕ)

∣∣ ≤ 1.

− lnP = −3 ln |1− r | − 4 ln |1− re iϕ| − ln |1− re2iϕ| =

= −3< ln(1− r)− 4< ln(1− re iϕ)−< ln(1− re2iϕ) =

= 3<
∞∑
n=1

rn

n
+ 4<

∞∑
n=1

rn

n
e inϕ + <

∞∑
n=1

rn

n
e2inϕ =

=
∞∑
n=1

rn

n
(3 + 4 cos nϕ+ cos 2nϕ) = 2

∞∑
n=1

rn

n
(1 + cos nϕ)2 ≥ 0.
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Íóëè íà åäèíè÷íîé ïðÿìîé <s = 1.

Òåîðåìà 4

Ôóíêöèÿ ζ(s) íå èìååò íóëåé íà ïðÿìîé <s = 1.

Êàê è ðàíåå áóäåì èñïîëüçîâàòü îáîçíà÷åíèÿ: s = σ + it,
ñ÷èòàÿ 1 < σ ≤ 2 â ñëåäóþùåì äîêàçàòåëüñòâå. Ïîëüçóÿñü

òðèæäû òîæäåñòâîì Ýéëåðà, íàõîäèì∣∣ζ(σ)3 · ζ(σ + it)4 · ζ(σ + 2it)
∣∣ =

=
∏
p

∣∣(1− p−σ)3(1− p−σ−it)4(1− p−σ−2it)
∣∣−1 ≥ 1.

Ïîñëåäíåå íåðàâåíñòâî ïîëó÷åíî ñ ïîìîùüþ ïðåäûäóùåé

ëåììû, ãäå äëÿ êàæäîãî ïðîèçâåäåíèÿ ñ ôèêñèðîâûííûì p
èñïîëüçóåòñÿ r = p−σ, ϕ = −t · lnp.
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Çàâåðøåíèå äîêàçàòåëüñòâà.

Ïðåäïîëîæèì, ÷òî äçåòà-ôóíêöèÿ îáðàùàåòñÿ â íóëü â òî÷êå

s0 = 1 + it0, t0 6= 0, ëåæàùåé íà åäèíè÷íîé ïðÿìîé. Ïîëüçóÿñü

àíàëèòè÷íîñòüþ ζ(s) â òî÷êàõ s0 = 1 + it0 è 1 + 2it0 è òåì, ÷òî

îíà èìååò ïîëþñ ïåðâîãî ïîðÿäêà â òî÷êå 1, äëÿ s = σ + it0 ïðè
σ → 1 íàõîäèì

ζ(s) = ζ(1 + it0) + O(σ − 1) = O(σ − 1),

ζ(σ + 2it0) = O(1), ζ(σ) = O((σ − 1)−1).

Ïîýòîìó íàõîäèì

1 ≤
∣∣ζ(σ)3ζ(σ + it0)4ζ(σ + 2it0)

∣∣ = O((σ−1)−3(σ−1)4) = O(σ−1).

Ïîëó÷èâøååñÿ ïðîòèâîðå÷èå çàâåðøàåò äîêàçàòåëüñòâî

òåîðåìû 4.
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�7 Îöåíêè äçåòà-ôóíêöèè Ðèìàíà.

0
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Îöåíêà ëîãàðèôìè÷åñêîé ïðîèçâîäíîé äçåòà-ôóíêöèè.

Ëåììà 3

Åñëè s = σ + it, |t| ≥ 3, 1 ≤ σ ≤ 2, òî∣∣∣∣ζ ′(s)

ζ(s)

∣∣∣∣ ≤ c ln9 |t|, ãäå c = 223.

Äëÿ äîêàçàòåëüñòâà ðàññìîòðèì äâà ñëó÷àÿ.

1) 2 ≥ σ ≥ 1 + 1
c ln9 |t| = σ1. Òîãäà

|ζ(σ)| =
∞∑
n=1

1

nσ
≤ 1 +

∫ ∞
1

dx

xσ
=

2

σ − 1
≤ 2c ln9 |t|,

|ζ(σ + 2it)| ≤ 5 ln 2|t| < 16 ln |t|

Ëåêöèÿ 4 Îöåíêè äçåòà-ôóíêöèè. Îòñóòñòâèå íóëåé íà åäèíè÷íîé ïðÿìîé.



|ζ(σ)| ≤ 2c ln9 |t|, |ζ(σ + 2it)| < 16 ln |t|

1 ≤ |ζ(σ)3ζ(σ + it)4ζ(σ + 2it)| ≤ (2c)3 ln27 |t| · |ζ(s)|4 · 16 ln |t|,

|ζ(s)|−1 ≤
(
(2c)3 · 16

)1/4
ln7 |t| = 2−4c ln7 |t|,

|ζ(s)| ≥ 24c−1 ln−7 |t|.

2) Ïóñòü òåïåðü 1 ≤ σ ≤ σ1 s = σ + it, s1 = σ1 + it. Èìååì

|ζ(σ + it)− ζ(σ1 + it)| =

∣∣∣∣∫ σ1

σ
ζ ′(u + it) du

∣∣∣∣
≤ |σ1 − σ| · 8 ln2 |t| ≤ 8c−1 ln−7 |t|.

Ïî íåðàâåíñòâó òðåóãîëüíèêà èìååì

|ζ(s)| ≥ |ζ(σ1 + it)| − 8c−1 ln−7 |t| ≥ 8c−1 ln−7 |t|.

|ζ(s)|−1 ≤ 2−3c ln7 |t|.
Ëåêöèÿ 4 Îöåíêè äçåòà-ôóíêöèè. Îòñóòñòâèå íóëåé íà åäèíè÷íîé ïðÿìîé.



Îáúåäèíÿÿ âìåñòå íåðàâåíñòâà, äîêàçàííûå äëÿ ïåðâîé è

âòîðîé îáëàñòè, íàõîäèì

|ζ(s)|−1 ≤ max
(
2−4c ln7 |t| , 2−3c ln7 |t|

)
= 2−3c ln7 |t|, ,

ïðè |t| ≥ 3, 1 ≤ σ ≤ 2. È äàëåå∣∣∣∣ζ ′(s)

ζ(s)

∣∣∣∣ ≤ 8 ln2 |t| · 2−3c ln7 |t| = c ln9 |t|.

Ëåììà 3 äîêàçàíà.
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Êîíåö
÷åòâ¼ðòîé ëåêöèè.
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Ëåêöèÿ 5.

Äîêàçàòåëüñòâî àñèìïòîòè÷åñêîãî çàêîíà

ðàñïðåäåëåíèÿ ïðîñòûõ ÷èñåë.
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Òåîðåìà 5 (Àñèìïòîòè÷åñêèé çàêîí)

Ïðè x →∞ ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà

π(x) ∼ x

ln x

Íàïîìèíàíèå

π(x) =
∑
p≤x

1, ψ(x) =
∑
p≤x

[
ln x

ln p

]
ln p.

Ëåììà 4
Ïðè x → +∞ ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà

π(x) ln x − ψ(x) = o(x).
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Ëåììà 4
Ïðè x →∞ ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà

π(x) ln x − ψ(x) = o(x).

π(x) ln x−ψ(x) =
∑
p≤x

ln x−
∑
p≤x

[
ln x

ln p

]
ln p =

∑
p≤x

{
ln x

ln p

}
ln p ≥ 0.

π(x) ln x − ψ(x) =
∑
p≤x

ln x −
∑
p≤x

[
ln x

ln p

]
ln p ≤

∑
p≤x

(ln x − ln p) =

=
∑
p≤x

ln
x

p
=
∑
p≤ x

ln x

ln
x

p
+

∑
x

ln x
<p≤x

ln
x

p
≤ π

( x

ln x

)
ln x+π(x) ln ln x ≤

≤ b
x

ln x

ln x
ln x

ln x + b
x

ln x
ln ln x = o(x).
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Ñëåäñòâèå 1

Åñëè ψ(x) ∼ x , òî π(x) ∼ x
ln x .

Ðàçäåëèì íà x ðàâåíñòâî

π(x) ln x − ψ(x) = o(x).

Òîãäà
π(x)

x/ ln x
− ψ(x)

x
= o(1)→ 0

ïðè x → +∞ è

lim
x→+∞

π(x)

x/ ln x
= lim

x→+∞

ψ(x)

x
= 1.
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x
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ε

ln(1 + ε)
≥ lim sup

x→+∞

ψ(x)

x
≥ lim inf

x→+∞

ψ(x)

x
≥ −ε

ln(1− ε)
.

Óñòðåìëÿÿ ε ê íóëþ, íàõîäèì

1 ≥ lim sup
x→+∞

ψ(x)
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≥ lim inf
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ψ(x)
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≥ 1.

Çíà÷èò,

lim
x→+∞

ψ(x)

x
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Ëåììà 6
Ïóñòü a > 0, b > 0. Òîãäà∫ a+i∞

a−i∞

bs

s2
ds =

{
ln b ïðè b ≥ 1,

0 ïðè b < 1,

Ïðè÷¼ì èíòåãðàë àáñîëþòíî ñõîäèòñÿ.

Çàìåòèì, ÷òî íà ïðÿìîé èíòåãðèðîâàíèÿ âûïîëíÿþòñÿ

ðàâåíñòâà ∣∣∣∣bss2

∣∣∣∣ =
ba

|s|2
=

ba

a2 + t2
.

Çíà÷èò, èíòåãðàë àáñîëþòíî ñõîäèòñÿ. Ðàññìîòðèì äàëåå äâà

ñëó÷àÿ.
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b ≥ 1.
1

2πi

∫
Γ
⋃

C1

bs

s2
ds = Ress=0

bs

s2
= ln b.

Ðÿä Ëîðàíà:
bs

s2
=

1

s2
+

ln b

s
+

ln2 b

2!
+ . . .

∣∣∣∣ 1

2πi

∫
C1

bs

s2
ds

∣∣∣∣ ≤ 1

2π
· b

a

|s|2
· 2π|s| =

ba√
a2 + u2

→ 0,

ïðè u →∞. Íà C1 ïðè b ≥ 1 èìååì |bs | = bσ ≤ ba.

1

2πi

∫
Γ

bs

s2
ds =

1

2πi

∫
Γ
⋃

C1

bs

s2
ds − 1

2πi

∫
C1

bs

s2
ds = ln b + o(1).

∫ a+i∞

a−i∞

bs

s2
ds = ln b.
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a−iu
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s2
ds = 0.

Ëåììà 6 ïîëíîñòüþ äîêàçàíà.
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Ñëåäóþùàÿ òåîðåìà áûëà äîêàçàíà íåçàâèñèìî äâóìÿ

ìàòåìàòèêàìè Àäàìàðîì è Âàëëå-Ïóññåíîì â 1896 ãîäó.

Òåîðåìà 6 (Àñèìïòîòè÷åñêèé çàêîí)

Ôóíêöèÿ π(x), ðàâíàÿ êîëè÷åñòâó ïðîñòûõ ÷èñåë íà îòðåçêå îò

1 äî x , óäîâëåòâîðÿåò àñèìïòîòè÷åñêîìó ðàâåíñòâó
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Íà ýòîé ëåêöèè áûëî äîêàçàíî, ÷òî ïðè x →∞

1. Åñëè ôóíêöèÿ ×åáûøåâà ψ(x) ∼ x , òî π(x) ∼ x
ln x ;

2. Åñëè ôóíêöèÿ ω(x) =

∫ x

1

ψ(t)

t
dt ∼ x , òî ψ(x) ∼ x .
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Èíòåãðàëüíîå ïðåäñòàâëåíèå ôóíêöèè ω(x).

Ëåììà 7
Äëÿ ëþáîãî x > 1 ôóíêöèÿ ω(x) ïðåäñòàâëÿåòñÿ àáñîëþòíî

ñõîäÿùèìñÿ èíòåãðàëîì

ω(x) =
1

2πi

∫ 2+i∞

2−i∞

(
−ζ
′(s)

ζ(s)

)
· x

s

s2
ds. (2)

Èíòåãðàë áåð¼òñÿ ïî âåðòèêàëüíîé ïðÿìîé <s = 2.

Íà ïóòè èíòåãðèðîâàíèÿ ñîãëàñíî ëåììå 2 ëåêöèè 2 èìååì∣∣∣∣−ζ ′(s)

ζ(s)

∣∣∣∣ =

∣∣∣∣∣
∞∑
n=2

Λ(n)

ns

∣∣∣∣∣ ≤
∞∑
n=2

log n

n2
= c1,

à òàêæå |x s | = x2 è
1

|s2|
=

1

4 + t2
. Çíà÷èò, ìîäóëü

ïîäèíòåãðàëüíîé ôóíêöèè íå ïðåâîñõîäèò
c1x

2

4 + t2
íà ïóòè

èíòåãðèðîâàíèÿ, è èíòåãðàë àáñîëþòíî ñõîäèòñÿ.
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Âûáåðåì íàòóðàëüíîå ÷èñëî N > x , îáîçíà÷èì áóêâàìè J(x)
ïðàâóþ ÷àñòü òîæäåñòâà (2) è ïðåäñòàâèì ñóììó ðÿäà äëÿ

ëîãàðèôìè÷åñêîé ïðîèçâîäíîé ζ(s) â âèäå

− ζ ′(s)

ζ(s)
=

N∑
n=2

Λ(n)

ns
+ RN(s), RN(s) =

∞∑
n=N+1

Λ(n)

ns
(3)

Óìíîæèì òåïåðü òîæäåñòâî (3) íà 1
2πi ·

xs

s2 è ïðîèíòåãðèðóåì

êàæäîå ñëàãàåìîå ïîä çíàêîì ñóììû

Λ(n)

2πi

∫ 2+i∞

2−i∞

(
x
n

)s
s2

ds =

{
0, ïðè n > x ;

Λ(n) ln
(
x
n

)
, ïðè n ≤ x .

Äàëåå

|RN(s)| ≤
∞∑

N+1

Λ(n)

n2
≤ ρN =

∞∑
N+1

ln n

n2
, ρN → 0, N →∞. (4)

J(x) =
∑
n≤x

Λ(n) ln
(x
n

)
+I , |I | ≤ ρNx

2

2π

∫ +∞

−∞

dt

4 + t2
= O(ρN)→ 0.
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Èòàê, äîêàçàíî, ÷òî

J(x) =
1

2πi

∫ 2+i∞

2−i∞

(
−ζ
′(s)

ζ(s)

)
· x

s

s2
ds =

∑
n≤x

Λ(n) ln
(x
n

)
.

Äàëåå âîñïîëüçóåìñÿ ïðåîáðàçîâàíèåì Àáåëÿ, ñì. ëåììó 2 èç

òðåòüåé ëåêöèè, ïîëîæèâ ak = Λ(k) è g(t) = ln x
t . Òîãäà

A(x) =
∑
k≤x

Λ(k) =
∑
pα≤x

Λ(pα) =
∑
p≤x

[
ln x

ln p

]
ln p = ψ(x).

Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Àáåëÿ íàõîäèì∑
n≤x

Λ(n) ln
(x
n

)
=
∑
n≤x

an · g(n) = ψ(x) · ln 1 +

∫ x

1
ψ(t)t−1dt =

=

∫ x

1

ψ(t)

t
dt = ω(x), =⇒ J(x) = ω(x).

Ëåììà 7 äîêàçàíà.
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Çàâåðøåíèå äîêàçàòåëüñòâà àñèìïòîòè÷åñêîãî

çàêîíà ðàñïðåäåëåíèÿ ïðîñòûõ ÷èñåë.
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1

ψ(t)

t
dt ∼ x , òî ψ(x) ∼ x .
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(a) Ïóòü Γ(T , η) (b) Ïóòü Γ

Ðèñ.: 1. Ïóòè èíòåãðèðîâàíèÿ
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Ñäâèã êîíòóðà.

Ëåììà 8
Ïóñòü 0 < η < 1, T ≥ 3 è äçåòà-ôóíêöèÿ íå îáðàùàåòñÿ â íóëü

â îáëàñòè η ≤ σ ≤ 1, −T ≤ t ≤ T . Òîãäà

ω(x)

x
= 1 + R(x), ãäå R(x) =

1

2πi

∫
Γ(T ,η)

(
−ζ
′(s)

ζ(s)

)
· x

s−1

s2
ds,

ïðè÷¼ì ïîñëåäíèé èíòåãðàë àáñîëþòíî ñõîäèòñÿ.

Âûáåðåì êàêîå-íèáóäü äåéñòâèòåëüíîå ÷èñëî U > T è

ðàññìîòðèì òî÷êè B = 2 + iU,C = 1 + iU,H = 1− iU,
A = 2− iU, ëåæàùèå íà ïðÿìûõ <s = 1 è <s = 2. Ïî
äîêàçàííîìó ðàíåå äçåòà-ôóíêöèÿ íå èìååò íóëåé â

ïîëóïëîñêîñòè <s ≥ 1. Êðîìå òîãî, ïî óñëîâèþ ëåììû ó íå¼

îòñóòñòâóþò íóëè â ïðÿìîóãîëüíèêå η ≤ σ < 1, −T ≤ t < T ,
ñì. ðèñ. 1(a).
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Ñäâèã êîíòóðà.

Ïîýòîìó ôóíêöèÿ

g(s) =

(
−ζ
′(s)

ζ(s)

)
· x

s

s2

âíóòðè è íà ãðàíèöå ìíîãîóãîëüíèêà, èçîáðàæ¼ííîãî íà ëåâîì

ðèñ. 1, íå èìååò îñîáûõ òî÷åê, âîçìîæíî ëèøü â òî÷êå s = 1.
Ñîãëàñíî òåîðåìå 3 èç òðåòüåé ëåêöèè èìååì ζ(s) = f (s)

s−1 ãäå

ôóíêöèÿ f (s) àíàëèòè÷íà â òî÷êå s = 1 è f (1) = 1. Ïîýòîìó

−ζ
′(s)

ζ(s)
=

1

s − 1
− f ′(s)

f (s)
,

îòêóäà ñëåäóåò, ÷òî ôóíêöèÿ g(s) èìååò ïîëþñ ïåðâîãî ïîðÿäêà
â òî÷êå s = 1 è Ress=1 g(s) = x . Ïî òåîðåìå Êîøè èìååì

1

2πi

∫
Γ
g(s)ds = Ress=1 g(s) = x . (2)
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Ñäâèã êîíòóðà.

Íà ëó÷å, ñîåäèíÿþùåì òî÷êè D = 1 + iT è 1 + i∞,

âûïîëíÿþòñÿ ñîîòíîøåíèÿ∣∣∣∣ζ ′(s)

ζ(s)

∣∣∣∣ ≤ c ln9 |t|, |x1+it | = x , |s|2 = 1 + t2 T ≤ t <∞.

∣∣∣∣ζ ′(s)

ζ(s)
· x

s

s2
ds

∣∣∣∣ ≤ xc ln9 |t|
1 + t2

. (3)

Îòñþäà ñëåäóåò àáñîëþòíàÿ ñõîäèìîñòü èíòåãðàëîâ∫ 1+i∞
1+iT g(s)ds è àíàëîãèíîãî èíòåãðàëà ïî ëó÷ó îò 1− iU äî

1− i∞. Îöåíèì èíòåãðàëû ïî ïåðåìû÷êàì BC è HA.∣∣∣∣ 1

2πi

∫
BC

g(s)ds

∣∣∣∣ ≤ ∣∣∣∣ 1

2πi

∫ 2

1
g(σ + iU)dσ

∣∣∣∣ ≤ x2

2π
· c ln9 U

U2 + 1
= o(U−1)

Òî÷íî òàê æå îöåíèâàåòñÿ èíòåãðàë ïî îòðåçêó HA.
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Ñäâèã êîíòóðà.

Ðàâåíñòâî (2) òåïåðü ìîæíî ïåðåïèñàòü â âèäå

1

2πi

∫
AB

g(s) = x − 1

2πi

∫
CDEFGH

g(s)ds + o(U−1).

Óñòðåìëÿÿ â ýòîì ðàâåíñòâå ïåðåìåííóþ U ê áåñêîíå÷íîñòè è

ïîëüçóÿñü äîêàçàííûìè ôàêòàìè, íàõîäèì

ω(x) = x +
1

2πi

∫
Γ(T ,η)

(
−ζ
′(s)

ζ(s)

)
· x

s

s2
ds = x(1 + R(x)).

Ëåììà 8 äîêàçàíà.
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Çàâåðøåíèå äîêàçàòåëüñòâà.

Íà êîíòóðå <s = 2 ñïðàâåäëèâî ðàâåíñòâî |x s | = x2, èç

êîòîðîãî ñëåäóåò, ÷òî ÷åì ëåâåå ðàñïîëîæåí êîíòóð

èíòåãðèðîâàíèÿ â ëåììå 8, òåì ìåíüøèå çíà÷åíèÿ ïðè áîëüøèõ

x ïðèíèìàåò ìîäóëü ôóíêöèè x s . Áóäåì ñòðåìèòüñÿ ïåðåíåñòè

êîíòóð èíòåãðèðîâàíèÿ ïî âîçìîæíîñòè ëåâåå. Ïðåïÿòñòâèåì ê

ýòîìó áóäóò ñëóæèòü îñîáûå òî÷êè ïîäûíòåãðàëüíîé ôóíêöèè.

Ïåðâîé èç íèõ áóäåò òî÷êà s = 1 � ïîëþñ ôóíêöèè ζ(s), à

ñëåäîâàòåëüíî, è ôóíêöèè −ζ
′(s)

ζ(s)
. Âû÷åò, â ýòîé òî÷êå äàåò

ãëàâíûé ÷ëåí àñèìïòîòèêè äëÿ ω(x). Îñòàëüíûå îñîáûå òî÷êè
ëåæàò â íóëÿõ ôóíêöèè ζ(s). Èìåþùàÿñÿ â íàøåì

ðàñïîðÿæåíèè èíôîðìàöèÿ î íóëÿõ, à èìåííî òî, ÷òî îíè

îòñóòñòâóþò íà ïðÿìîé <s = 1, ïîçâîëèò ïîëó÷èòü
àñèìïòîòè÷åñêîå ðàâåíñòâî ω(x) = x + o(x).
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Çàâåðøåíèå äîêàçàòåëüñòâà.

Óëó÷øåíèå îñòàòî÷íîãî ÷ëåíà o(x) ñâÿçàíî ñ âîçìîæíîñòüþ
äàëüíåéøåãî ïðîäâèæåíèÿ êîíòóðà èíòåãðèðîâàíèÿ âëåâî, à

çíà÷èò, ñ ïîëó÷åíèåì èíôîðìàöèè î ðàñïîëîæåíèè íóëåé äçåòà

- ôóíêöèè Ðèìàíà ëåâåå ïðÿìîé Res = 1. Èçâåñòíî, ÷òî â
êðèòè÷åñêîé ïîëîñå 0 ≤ <s ≤ 1 ôóíêöèÿ ζ(s) èìååò
áåñêîíå÷íîå ìíîæåñòâî íóëåé, à èç ôóíêöèîíàëüíîãî óðàâíåíèÿ

äëÿ ζ(s) ñëåäóåò, ÷òî íóëè åå â êðèòè÷åñêîé ïîëîñå

ðàñïîëîæåíû ñèììåòðè÷íî îòíîñèòåëüíî ïðÿìîé <s = 1/2.
Ñïðàâåäëèâîñòü ãèïîòåçû Ðèìàíà î òîì, ÷òî âñå íóëè äçåòà

ôóíêöèè â êðèòè÷åñêîé ïîëîñå ëåæàò íà ïðÿìîé <s = 1/2,
äàëà áû âîçìîæíîñòü ñäâèíóòü êîíòóð èíòåãðèðîâàíèÿ

äîñòàòî÷íî áëèçêî ê ïðÿìîé <s = 1/2, ÷òî ïðèâåëî áû ê

íàèëó÷øåé îöåíêå îñòàòî÷íîãî ÷ëåíà.
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Âûáîð ïàðàìåòðà T .

Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà àñèìïòîòè÷åñêîãî çàêîíà

îñòàëîñü ïîêàçàòü, êàê âûáðàòü äåéñòâèòåëüíûå ÷èñëà T , η,
óäîâëåòâîðÿþùèå óñëîâèÿì ëåììû 8 è äîêàçàòü, ÷òî ïðè òàêîì

âûáîðå îïðåäåë¼ííûé â ýòîé ëåììå îñòàòîê R(x) ñòðåìèòñÿ ê

íóëþ ñ ðîñòîì x äî áåñêîíå÷íîñòè. Âûáåðåì è ôèêñèðóåì â

äàëüíåéøèõ ðàññóæäåíèÿõ êàêîå-íèáóäü ÷èñëî ε > 0.
Èç äîêàçàííîé ðàíåå â ýòîé ëåêöèè îöåíêè (3) ïðè äîñòàòî÷íî

áîëüøîì T ñëåäóþò íåðàâåíñòâà∣∣∣∣ 1

2πi

∫ 1+i∞

1+iT

ζ ′(s)

ζ(s)
· x

s−1

s2
ds

∣∣∣∣ ≤ c

2π

∫ ∞
T

ln9 t

1 + t2
dt <

ε

5
. (4)

Èíòåãðàë, ó÷àñòâóþùèé â ïîñëåäíåì íåðàâåíñòâå, åñòü îñòàòîê

àáñîëþòíî ñõîäÿùåãîñÿ èíòåãðàëà è ïîòîìó ñòðåìèòñÿ ê íóëþ ñ

ðîñòîì T > 0. Çíà÷èò, T ìîæíî âûáðàòü ñòîëü áîëüøèì,

÷òîáû ýòîò îñòàòîê áûë ìåíüøå ε/5. Äëÿ ïðåäûäóùåãî

íåðàâåíñòâà ñóùåñòâåííî, ÷òîáû âûïîëíÿëîñü T > 3.
Ëåêöèÿ 6 Çàâåðøåíèå äîêàçàòåëüñòâà àñèìïòîòè÷åñêîãî çàêîíà ðàñïðåäåëåíèÿ ïðîñòûõ ÷èñåë.



Âûáîð ïàðàìåòðà η.

Â òî÷íîñòè òàêîå æå íåðàâåíñòâî âûïîëíÿåòñÿ äëÿ âòîðîãî

áåñêîíå÷íîãî ó÷àñòêà ïóòè Γ(T , η).∣∣∣∣ 1

2πi

∫ 1−iT

1−i∞

ζ ′(s)

ζ(s)
· x

s−1

s2
ds

∣∣∣∣ < ε

5
. (5)

Îñòàåòñÿ ïîäîáðàòü íóæíîå η. Ïîñêîëüêó íà îòðåçêå
[1− iT , 1 + iT ] ôóíêöèÿ ζ(s) â íóëü íå îáðàùàåòñÿ, òî äëÿ
êàæäîé òî÷êè P ýòîãî îòðåçêà íàéäåòñÿ îòêðûòûé êðóã ñ

öåíòðîì â P , â êîòîðîì ζ(s) 6= 0. Îòðåçîê êîìïàêò, ïîýòîìó
ìîæíî âûáðàòü êîíå÷íîå ïîäïîêðûòèå åãî òàêèìè êðóãàìè, è

íàéä¼òñÿ ÷èñëî η, ñòîëü áëèçêîå ê 1, ÷òî âåñü îòðåçîê
[η − iT , η + iT ] áóäåò ñîäåðæàòüñÿ â îáúåäèíåíèè êðóãîâ èç

ïîäïîêðûòèÿ.
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Îöåíêà èíòåãðàëîâ ïî îòðåçêàì ED è GF .

Ôóíêöèÿ ζ′(s)
ζ(s) àíàëèòè÷íà, à ïîòîìó íåïðåðûâíà è îãðàíè÷åíà

íà ëîìàíîé çàìêíóòîé ëèíèè DEFG . Îáîçíà÷èì

M = maxDEFG

∣∣∣ ζ′(s)
ζ(s)

∣∣∣, M = M(T , η) = M(ε) > 0.

Îòðåçîê ED

ìîæåò áûòü ïàðàìåòðèçîâàí ïåðåìåííîé σ. Äåéñòâèòåëüíî,
s = σ + iT , η ≤ σ ≤ 1. Ïðè äîñòàòî÷íî áîëüøîì x èìååì∣∣∣∣ 1

2πi

∫
ED

(
−ζ
′(s)

ζ(s)

)
· x

s−1

s2
ds

∣∣∣∣ ≤ 1

2π

∫ 1

−∞
Mxσ−1dσ =

=
M

2π

xσ−1

ln x

∣∣∣∣∣
1

−∞

=
M

2π ln x
<
ε

5
,

è àíàëîãè÷íî

∣∣∣∣ 1

2πi

∫
GF

(
−ζ
′(s)

ζ(s)

)
· x

s−1

s2
ds

∣∣∣∣ ≤ M

2π ln x
<
ε

5
.
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Îöåíêà èíòåãðàëîâ ïî îòðåçêàì ED è GF .

Ôóíêöèÿ ζ′(s)
ζ(s) àíàëèòè÷íà, à ïîòîìó íåïðåðûâíà è îãðàíè÷åíà

íà ëîìàíîé çàìêíóòîé ëèíèè DEFG . Îáîçíà÷èì

M = maxDEFG

∣∣∣ ζ′(s)
ζ(s)

∣∣∣, M = M(T , η) = M(ε) > 0. Îòðåçîê ED

ìîæåò áûòü ïàðàìåòðèçîâàí ïåðåìåííîé σ. Äåéñòâèòåëüíî,
s = σ + iT , η ≤ σ ≤ 1. Ïðè äîñòàòî÷íî áîëüøîì x èìååì∣∣∣∣ 1

2πi

∫
ED

(
−ζ
′(s)

ζ(s)

)
· x

s−1

s2
ds

∣∣∣∣ ≤ 1

2π

∫ 1

−∞
Mxσ−1dσ =

=
M

2π

xσ−1

ln x

∣∣∣∣∣
1

−∞

=
M

2π ln x
<
ε

5
,

è àíàëîãè÷íî

∣∣∣∣ 1

2πi

∫
GF

(
−ζ
′(s)

ζ(s)

)
· x

s−1

s2
ds

∣∣∣∣ ≤ M

2π ln x
<
ε

5
.
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Îöåíêà èíòåãðàëà ïî îòðåçêó EF .

Îòðåçîê EF ìîæåò áûòü ïàðàìåòðèçîâàí ïåðåìåííîé t.
Äåéñòâèòåëüíî, s = η − it, −T ≤ t ≤ T . Íà îòðåçêå
èíòåãðèðîâàíèÿ ëîãàðèôìè÷åñêàÿ ïðîèçâîäíàÿ äçåòà-ôóíêöèè

ïî àáñîëþòíîé âåëèèíå íå ïðåâîñõîäèò M, |x s−1| = xη−1 è

|s|2 = η2 + |t|2 ≥ η2. Äëèíà îòðåçêà èíòåãðèðîâàíèÿ ðàâíà 2T .
Ïîýòîìó ïðè äîñòàòî÷íî áîëüøîì x èìååì∣∣∣∣ 1

2πi

∫
EF

(
−ζ
′(s)

ζ(s)

)
· x

s−1

s2
ds

∣∣∣∣ ≤ 1

2π

∫ T

−T

M

η2
xη−1dt =

MT

πη2
xη−1 <

ε

5
.

Äëÿ çàâåðøåíèÿ ëîêàçàòåëüñòâà äîñòàòî÷íî ñëîæèòü îöåíêè

èíòåãðàëîâ ïî ïÿòè óêàçàííûì âûøå îòðåçêàì. Èç ïîëó÷åííûõ

îöåíîê ñëåäóåò, ÷òî äëÿ ëþáîãî ε > 0 è âñåõ x , ïðåâîñõîäÿùèõ
íåêîòîðóþ ãðàíèöó, çàâèñÿùóþ îò ε, âûïîëíÿåòñÿ íåðàâåíñòâî

|R(x)| < ε. Äðóãèìè ñëîâàìè R(x)→ 0 ïðè x →∞.
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Ñëåäñòâèå 1

Ïðè n→∞ ñïðàâåäëèâî àñèìïòîòè÷åñêîå ðàâåíñòâî

pn ∼ n ln n,

ãäå pn � ïðîñòîå ÷èñëî ñ íîìåðîì n.

Èç àñèìïòîòè÷åñêîãî çàêîíà ñëåäóåò, ÷òî ïðè n→∞
ñïðàâåäëèâî ðàâåíñòâî

n = π(pn) =
pn

ln pn
· (1 + an),

ãäå an → 0. Ñëåäîâàòåëüíî, ïðè n→∞ èìååì

n ln n = pn(1 + an) · (ln pn − ln ln pn + ln(1 + an)) ∼ pn.

Ñëåäñòâèå äîêàçàíî.
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Ãëàâà II. Òåîðåìà Äèðèõëå î ïðîñòûõ ÷èñëàõ â

àðèôìåòè÷åñêîé ïðîãðåññèè.
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�1. Òåîðåìà Ýéëåðà.

Òåîðåìà 6

Ñïðàâåäëèâû ðàâåíñòâà∑
p≡1 mod 4

1

p
=∞,

∑
p≡3 mod 4

1

p
=∞. (6)

Ââåäåì ôóíêöèè äåéñòâèòåëüíîãî ïåðåìåííîãî s > 1

L0(s) := 1 +
1

3s
+

1

5s
+ . . . =

∞∑
k=0

1

(2k + 1)s
,

L1(s) := 1− 1

3s
+

1

5s
− . . . =

∞∑
k=0

(−1)k

(2k + 1)s
.

Îáà ðÿäà àáñîëþòíî ñõîäÿòñÿ â óêàçàííîé îáëàñòè, à âòîðîé,

ïî ïðèçíàêó Ëåéáíèöà, óñëîâíî ñõîäèòñÿ è ïðè 1 ≥ s > 0.
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Îïðåäåëèì ôóíêöèè

χ0(n) =

0, n=2k;

1, n=2k+1.

χ1(n) =


0, n=2k;

1, n=4k+1;

−1, n=4k-1.

L0(s) =
∞∑
n=1

χ0(n)

ns
, L1(s) =

∞∑
n=1

χ1(n)

ns
.

Ëåãêî ïðîâåðèòü, ÷òî χ0 è χ1 âïîëíå ìóëüòèïëèêàòèâíûå

ôóíêöèè. Òàêèìè æå áóäóò è ôóíêöèè χ(n)
ns , ãäå χ = χ0(n) èëè

χ = χ1(n). Çíà÷èò, ê ôóíêöèÿì L0(s), L1(s) ìîæíî ïðèìåíèòü
òîæäåñòâî Ýéëåðà è ïîëó÷èòü

L0(s) =
∏
p≥3

(
1− χ0(p)

ps

)−1

, L1(s) =
∏
p≥3

(
1− χ1(p)

ps

)−1

.
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Ëîãàðèôìèðóÿ ëåâóþ è ïðàâóþ ÷àñòè ïîëó÷åííûõ âûðàæåíèé,

ïîëó÷àåì

ln L(s) = −
∑
p≥3

ln

(
1− χ(p)

ps

)
=

∑
p≥3

(
χ(p)

ps
+ rp(s)

)
.

Îöåíèì rp(s). Åñëè |x | < 1
2 , òî ln(1− x) = −

(
x + x2

2 + . . .
)
,

ïîýòîìó

| ln(1− x) + x | ≤ |x |
2

2
+
|x |3

3
+ . . . ≤ 1

2
(|x |2 + |x |3 + . . .) =

=
|x |2

2(1− |x |)
≤ |x2|.

è |rp(s)| ≤ 1
p2 . Çíà÷èò,

∣∣∣∑p≥3 rp(s)
∣∣∣ ≤∑p≥3

1
p2 ≤

∑∞
n=3

1
n2 ≤ 2.

Ñëåäîâàòåëüíî

ln L(s) =
∑
p≥3

χ(p)

ps
+ O(1), s > 1.
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Òåîðåìà Ýéëåðà.

Èç ïîñëåäíåãî ðàâåíñòâà íàõîäèì∑
p≡1(4)

1

ps
+
∑

p≡3(4)

1

ps
= ln L0(s) + O(1),

∑
p≡1(4)

1

ps
−
∑

p≡3(4)

1

ps
= ln L1(s) + O(1).

Ñêëàäûâàÿ è âû÷èòàÿ ýòè ðàâåíñòâà, ïîëó÷àåì∑
p≡1(4)

1

ps
=

1

2
(ln L0(s) + ln L1(s)) + O(1).

∑
p≡3(4)

1

ps
=

1

2
(ln L0(s)− ln L1(s)) + O(1).
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Òåîðåìà Ýéëåðà.
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∑
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∑
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∑
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p≡1(4)

1

ps
=

1

2
(ln L0(s) + ln L1(s)) + O(1).

∑
p≡3(4)

1

ps
=

1

2
(ln L0(s)− ln L1(s)) + O(1).
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Òåîðåìà Ýéëåðà.

Ïåðåéä¼ì ê ïðåäåëó s → 1+ â ðàâåíñòâàõ, ïîëó÷åííûõ â êîíöå

ïðåäûäóùåãî ñëàéäà. Åñëè áû ðÿäû (6) ñõîäèëèñü, òî ýòî

îçíà÷àëî áû, ÷òî ñóùåñòâóþò ïðåäåëû ïðàâûõ ÷àñòåé ðàâåíñòâ.

Ïîêàæåì, ÷òî îíè íå ñóùåñòâóþò. Èìååì

L0(s) =
∞∑
0

1

(2n + 1)s
≥ 1

2s

∞∑
0

1

(n + 1)s
=

=
ζ(s)

2s
→∞, s → 1+,

ïîñêîëüêó äçåòà - ôóíêöèÿ â òî÷êå 1 èìååò ïîëþñ.

Òåïåðü îöåíèì L1(s). Ïðèçíàê Äèðèõëå ðàâíîìåðíîé
ñõîäèìîñòè ðÿäà: ïóñòü (1) ÷àñòè÷íûå ñóììû∑N

n=1 an(s) ðàâíîìåðíî îãðàíè÷åíû íà ìíîæåñòâå S ;
(2) bn ⇒ 0 íà S ; (3) ïðè êàæäîì ôèêñèðîâàííîì s ∈ S
÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü bn(s) ìîíîòîííà. Òîãäà ðÿä∑∞

n=1 an(s)bn(s) ðàâíîìåðíî ñõîäèòñÿ íà S .
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Òåîðåìà Ýéëåðà.

Â íàøåì ñëó÷àå an(s) = (−1)n, à bn(s) = 1
(2n+1)s . Çíà÷èò, ðÿä

L1(s) ðàâíîìåðíî ñõîäèòñÿ íà ìíîæåñòâå S = {s|s ≥ 1}.
Ôóíêöèè an(s), bn(s) íåïðåðûâíû íà S . Ïîýòîìó ñóììà ðÿäà
L1(s) òàêæå íåïðåðûâíà íà S , è äàëåå

lim
s→1+

L1(s) = L1(1) = 1− 1

3
+

1

5
− 1

7
+ . . . .

Ó÷èòûâàÿ íåðàâåíñòâà

1− 1

3
+ . . .+

1

4k + 1
> 1− 1

3
+ . . .+

1

4k + 1
− 1

4k + 3
> 1− 1

3
=

2

3
,

ñïðàâåäëèâûå ïðè ëþáîì k ≥ 1, çàêëþ÷àåì, ÷òî L1(1) > 2
3 è

ln L1(1) <∞. Çíà÷èò, ðÿäû (6) ðàñõîäÿòñÿ è ñëàãàåìûõ â

êàæäîì èç íèõ áåñêîíå÷íî ìíîãî. Òåîðåìà 6 äîêàçàíà.
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Êîíåö
øåñòîé ëåêöèè.
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