
Ñåìèíàð 8 Ïîëèíîìèàëüíûå ñðàâíåíèÿ
Ñèìâîëû Ëåæàíäðà

Ïåðâîîáðàçíûå êîðíè

Ïîëèíîìèàëüíûå ñðàâíåíèÿ

8.1. Ïîëüçóÿñü ìàëîé òåîðåìîé Ôåðìà èëè òåîðåìîé Ýéëåðà, ðåøèòå ñðàâíåíèÿ:

à) x5 + x2 + x+ 1 ≡ 0 (mod 3);
á) x100 + x+ 1 ≡ 0 (mod 5);
â) x239 + x97 + 2 ≡ 0 (mod 45).

8.2. Ïðè ïîìîùè êèòàéñêîé òåîðåìû îá îñòàòêàõ ðåøèòå ñðàâíåíèÿ:

à) x2 + 2x+ 5 ≡ 0 (mod 15);
á) x3 + 8x− 2 ≡ 0 (mod 21);
â) x6 + x+ 5 ≡ 0 (mod 105).

8.3. Èñïîëüçóÿ ìåòîä ïîäú�åìà ðåøåíèÿ ðåøèòå ñðàâíåíèÿ:

à) x4 + 7x+ 4 ≡ 0 (mod 27);
á) 9x2+11x+2 ≡ 0 (mod 64);
â) x2+7x+5 ≡ 0 (mod 125);

ã) x3 + 2x+ 3 ≡ 0 (mod 25);
ä) x2 + x+ 4 ≡ 0 (mod 81);
å) x3 + x− 10 ≡ 0 (mod 27);

æ) x2+7x+4 ≡ 0 (mod 108);
ç) x3+4x+1 ≡ 0 (mod 225);
è) x3 + 2x+ 3 ≡ 0 (mod 75).

8.4. Ðåøèòå ñèñòåìû ñðàâíåíèé:

à)

{
x2 + x ≡ 0 (mod 9)

x3 ≡ 2 (mod 125)
; á)


x ≡ 3 (mod 7)

x2 ≡ 44 (mod 72)

x3 ≡ 111 (mod 73)

.

8.5. Äîêàæèòå, ÷òî äëÿ ëþáîãî ïðîñòîãî p ñðàâíåíèå x2 + y2 + 1 ≡ 0 (mod p) ðàçðåøèìî.

8.6. Äîêàæèòå, ÷òî óðàâíåíèå x2 − y3 = a íå èìååò ðåøåíèé â öåëûõ x, y äëÿ

à) a = −5;
á) a = 7;
â) a = (2b)3 − 1, ãäå b � íå÷�åòíîå öåëîå ÷èñëî (Òåîðåìà Ëåáåãà).

8.7. Ïóñòü α > 3. Äîêàæèòå, ÷òî íå÷�åòíîå a ÿâëÿåòñÿ êâàäðàòè÷íûì âû÷åòîì ïî ìîäóëþ 2α òîãäà

è òîëüêî òîãäà, êîãäà a ≡ 1 (mod 8).

Ñèìâîëû Ëåæàíäðà

8.8. Âû÷èñëèòå çíà÷åíèÿ ñèìâîëà Ëåæàíäðà:

à)

(
111

541

)
; á)

(
529

601

)
; â)

(
2108

2003

)
; ã)

(
19525

1847

)
.

8.9. Âûÿñíèòå, ðàçðåøèìû ëè ñðàâíåíèÿ:

à) x2 ≡ 68 (mod 113); â) x2 + 7x+ 45 ≡ 0 (mod 409);
á) x2 ≡ 219 (mod 383); ã) 5x2 + 11x− 91 ≡ 0 (mod 379).

8.10. Äîêàæèòå, ÷òî äëÿ ëþáîãî ïðîñòîãî p ñðàâíåíèå (x2 − 11)(x2 − 17)(x2 − 187) ≡ 0 (mod p)
ðàçðåøèìî.

8.11. Íàéäèòå âñå ïðîñòûå ÷èñëà p, äëÿ êîòîðûõ ðàçðåøèìî ñðàâíåíèå x2 − 2 ≡ 0 (mod p). Äîêà-
æèòå, ÷òî ñóùåñòâóåò áåñêîíå÷íî ìíîãî ïðîñòûõ ÷èñåë âèäà 8n− 1.

8.12. Íàéäèòå âñå ïðîñòûå ÷èñëà p, äëÿ êîòîðûõ ðàçðåøèìî ñðàâíåíèå x2 + 2 ≡ 0 (mod p). Äîêà-
æèòå, ÷òî ñóùåñòâóåò áåñêîíå÷íî ìíîãî ïðîñòûõ ÷èñåë âèäà 8n+ 3.

8.13. Ïóñòü p, q � ïðîñòûå ÷èñëà, ïðè÷�åì q = 2p + 1, p ≡ 3 (mod 4), p > 3. Äîêàæèòå, ÷òî ÷èñëî
2p − 1 ÿâëÿåòñÿ ñîñòàâíûì.



8.14. Ïóñòü p � ïðîñòîå ÷èñëî, p > 3. Íå èñïîëüçóÿ êâàäðàòè÷íûé çàêîí âçàèìíîñòè, âû÷èñëèòå

ñèìâîë Ëåæàíäðà
(
3
p

)
. Äëÿ ýòîãî äîêàæèòå ðàâíîñèëüíîñòü ñëåäóþùèõ òð�åõ óòâåðæäåíèé:

à)
(
−3
p

)
= 1;

á) ñðàâíåíèå x2 + x+ 1 ≡ 0 (mod p) ðàçðåøèìî;

â) p ≡ 1 (mod 3).

8.15. Äîêàæèòå, ÷òî åñëè p � íå÷�åòíîå ïðîñòîå ÷èñëî, a, b � öåëûå ÷èñëà, p - a, òî
p∑

n=1

(
an+ b

p

)
= 0.

8.16.∗ Òåñò Ïåïèíà. Äîêàæèòå, ÷òî ÷èñëî Ôåðìà fn = 22
n
+ 1 ÿâëÿåòñÿ ïðîñòûì òîãäà è òîëüêî

òîãäà, êîãäà âûïîëíÿåòñÿ ñðàâíåíèå

3(fn−1)/2 ≡ −1 (mod fn).

Ñèìâîëû ßêîáè

8.17. Ðåøèòå çàäà÷ó 8.8, ïîëüçóÿñü ñâîéñòâàìè ñèìâîëà ßêîáè.

8.18. Âûÿñíèòå, ðàçðåøèìû ëè ñðàâíåíèÿ:

à) x2 ≡ 17 (mod 21);
á) x2 ≡ 19 (mod 35);
â) x2 ≡ 70 (mod 187).

8.19. Ïóñòü P � íå÷�åòíîå íàòóðàëüíîå ÷èñëî, îòëè÷íîå îò êâàäðàòà. Äîêàæèòå, ÷òî ñóùåñòâóåò

òàêîå öåëîå a, ÷òî
(
a
P

)
= −1.

8.20. Ïóñòü P � òàêîå æå, êàê â ïðåäûäóùåé çàäà÷å. Äîêàæèòå, ÷òî ðîâíî ïîëîâèíà ïðèâåä�åííûõ

âû÷åòîâ ïî ìîäóëþ P óäîâëåòâîðÿåò ñîîòíîøåíèþ
(
a
P

)
= −1.

8.21. Îáîáùèòå íà ñëó÷àé ïðîèçâîëüíîãî íå÷�åòíîãî çíàìåíàòåëÿ çàäà÷ó 8.15.

Ïåðâîîáðàçíûå êîðíè

8.22. Ïóñòü n ∈ N, n > 2. Ñêîëüêî ñóùåñòâóåò ïåðâîîáðàçíûõ êîðíåé ïî ìîäóëþ n?

8.23. Íàéäèòå ïåðâîîáðàçíûå êîðíè ïî ìîäóëÿì 9, 18, 25, 27, 41, 49, 50, 81, 125, 243, 250, 343.

8.24. Ðåøèòå ñðàâíåíèÿ:

à) 3x ≡ 2 (mod 17);
á) 2x ≡ 11 (mod 25);
â) 2x ≡ 11 (mod 21);

ã) x3 ≡ 11 (mod 17);
ä) x119 ≡ 2 (mod 19);
å) x7 ≡ 17 (mod 33).

Ðåçåðâ

8.25. Ïóñòü p � ïðîñòîå ÷èñëî, m � íàòóðàëüíîå. Äîêàæèòå, ÷òî

p∑
x=1

xm ≡

{
−1 (mod p), åñëè p− 1 |m,

0 (mod p), åñëè p− 1 - m.

8.26. Ïóñòü p � ïðîñòîå ÷èñëî, f(x1, . . . , xn) ∈ Z[x1, . . . , xn], deg f < n(p− 1). Äîêàæèòå, ÷òî∑
16xi6p
16i6n

f(x1, . . . , xn) ≡ 0 (mod p).

8.27. Ïóñòü p � ïðîñòîå ÷èñëî, f(x1, . . . , xn) ∈ Z[x1, . . . , xn], deg f < n − 1. Äîêàæèòå, ÷òî ÷èñëî

ðåøåíèé ñðàâíåíèÿ f(x1, . . . , xn) ≡ 0 (mod p) â (Zp)
n äåëèòñÿ íà p.

8.28. Ïóñòü p � ïðîñòîå ÷èñëî, f(x1, . . . , xn) ∈ Z[x1, . . . , xn] � îäíîðîäíûé ìíîãî÷ëåí, deg f < n.
Äîêàæèòå, ÷òî ñðàâíåíèå f(x1, . . . , xn) ≡ 0 (mod p) èìååò íåíóëåâîå ðåøåíèå.


